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S OLVE TWO AMONG THE THREE PROBLEMS PRESENTED.



PROBLEM 1

Consider a theory described by the Lagrangian density

1 M?2
Ly =~ FuwF" + 1D,.S|? + TSSTS — As(519)%+

+ Yy Db, + YrY Dybr + (yp LS + hec.) |

(1)

where S is a complex scalar field coupled to a U(1)x gauge field A, with
charge Xg = 1, 9y, and ¢ are chiral fermions (left-handed and right-
handed, respectively) with U (1) x charges X and Xg. The covariant deriva-
tives are defined as D ¢ = (0, — igx Xy A.)¢, where ¢ represents any field
and X, its U(1)x charge. Take M2, Ag > 0 and y, real.

1. Discuss the symmetries of the theory and compute the spectrum.
vs+s(z) /

[Hint: you can work in the unitary gauge, S(z) = ¥
Let us now introduce a coupling of this theory with the Standard Model
(SM) via the following interaction of S with the SM Higgs boson H (often
called Higgs portal)

Lportal = —Asu(STS)(HTH) | (2)

where 0 < Agyg < 1 is a small coupling. Recall that the SM Higgs potential
is given by Lsv D pd(HTH) — N(HTH)?, with 2, A > 0. Consider the limit
where the physical scalar s and the gauge field A, are much heavier than

the electroweak scale, but the fermions 11, p are instead light (y, < 1).

2. Discuss the condition for electroweak symmetry breaking to occur.
[Hint: focus only on the effects of Lportal on the SM Higgs potential,

given the results from point 1.]

3. For very heavy s and A,,, derive the lowest-dimension effective operator
describing the interactions of the Higgs with the fermions ¥y, ¥r.

[Hint: integrate out s considering only its interactions with light fields.]



4. In the unitary gauge one can write H(x) = (0, Ut/h%x) )¢, where v is the

Higgs vacuum expectation value. Compute the decay width I'(h —
b).

[Hint: in this case the integral of the two-body phase space reduces to
1 (M

B mh)’ where p’ is the momentum of either final-state particle in the
center of mass frame.]|

Bonus point: How could this be tested experimentally at the LHC?



PROBLEM 11

Consider a one-dimensional quantum-mechanical system of a particle with

mass m and wave function

N

V() = cosh(z/L) "’

where L > 0 and N is the appropriate normalization factor.
1. Show that this particle is in an eigenstate of an Hamiltonian with

classical potential

h2

Viz) = mL? cosh?(z/L) ’

with energy eigenvalue E = —h?/(2mL?).
2. Show that (x) = 0 and (p) = 0.
3. Determine N (take it real and positive) and compute (x?) and (p?).
4. Show, by explicit computation, that the Heisenberg inequality, is obeyed.

5. Consider now a two-well potential Va(x) = V(x—b)+V (z+b), each of
the weels defined as V(x) above. Assume the two weels to be very far
apart, that is 2b >> L. Call 11 and 9 the wave functions associated
to V(z — b) and V(x + b), respectively, and define

Yy =1+, Yo = — o .

Which wave function between ¢, and ¢ _ has minimal energy? Moti-

vate your answer.

In solving the exercise, you may need the following integrals
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ProOBLEM II1

Consider a real self-interacting scalar field in four dimensions, with action

1
Sy = /d4x [—2(a¢)2 _vieY)| . (1)
(Here the signature is — + ++).

1. Derive the corresponding Euclidean action.

2. Use the background field expansion ¢ = ¢ + n and the functional
integral to derive the formal expression for the effective action at one

loop:
- -1
T(¢) = S(9) + 5 Trlog(A/p?) , (2)
where A is the appropriate Laplace-type operator and the scale u has

been inserted for dimensional reasons.

The effective potential Vs is defined by

I(d) = / BaVers(3) |

where ¢ is constant.

Write the effective potential as a momentum integral by making the

form of Tr in (2) explicit.
3. Now assume the classical potential
Lo 1y

Using a momentum cutoff (or another regularization, if preferred) cal-

culate the logarithmically divergent part of the effective potential.

4. Define the renormalized quartic coupling as the coefficient of ¢*/4! in

the effective potential.

e (Calculate the beta function, which is the logarithmic derivative of
the renormalized coupling with respect to the scale p. (Assume

that the effects of the mass can be neglected.)



e What does this say about the asymptotic behavior of the theory

at very large momentum?

In solving the exercise, you may need the following integral

2 (:1:2 - A2) log (A+ z) + 24%log(A) + 2Az — :L‘2]
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