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S OLVE two out of the four exercises given below.



PROBLEM 1

N a D-dimensional flat Minkowskian space-time, you are given a field

theory having an energy-momentum tensor 7}, which is: ) conserved
o*T,, = 0, #) symmetric T, = T,,, and ) traceless T#, = 0. We also
assume that the operator £ = [dP~'x Ty, (energy) is well defined with a
spectrum E > 0. Given a state |V), let

E(t, @) = (V| Too(t, ¥) |T)

be its spatial energy distribution at the time ¢. Show that for all positive
energy state |¥) the average square radius of the region in which (¢, 7) is
not zero grows with time at a speed which rapidly approaches the speed of
light. Comments on the implications of the result for the particle spectrum
of the theory are welcomed.



PROBLEM 2

C ONSIDER a quantum field theory model involving two real scalars ¢;,
1 = 1,2, with canonical kinetic term and potential

1 A N
Vior o) = —sif@+ )+ 2@+ P+ St )
where p? >0 and A > 0.

1. Under which conditions the potential is bounded from below?

2. Identify the internal global symmetries, continuous and discrete, in the
two cases ' =0 and X # 0.

3. Find the minimum of the potential and the corresponding mass spec-
trum of the physical particles.

4. Identify the symmetries unbroken in the vacuum in the two cases ' = 0
and \ # 0.



PROBLEM 3

T HE one-dimensional Schroedinger equation for a particle of mass m sub-
ject to a potential V(x) is

2 2
SO0t [ &

5 S d? + V(z)| Y(z,t). (1)

Suppose that V' (z) has the following form:

0 x <0

0 0<z<a
Vi) = vg a<xz<b (2)
0 z>b

where vy and a are positive.

1. Write down and describe the generic form of the solution with energy
E <.

2. Compute the integration constants in the previous solution.

3. Consider the limit b — a. Find the phase of the reflected wave in this
case.

4. Find the phase of the reflected wave to the lowest order in b — a.

5. Without doing any explicit calculation: what is the probability of find-
ing the particle in any finite interval of the positive real axis?



PROBLEM 4

The 3-neutrino mixing matrix in the charged current weak interaction
Lagrangian — the Pontecorvo, Maki, Nakagawa, Sakata (PMNS) matrix, U =
(Uij), l =e,pu, 7, j =1,2,3, can be written as:
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(1)
Here ¢;; = cos0;;, s;j = sinb;;, 012, 013 and 033 are neutrino mixing angles
which are measured in neutrino experiments, 0 < 6;; < /2, § is a Dirac
CP violation (CPV) phase, and we have neglected the possible presence of
Majorana CPV phases in U. The angles 65, #13 and 693 have been found
experimentally to have the values corresponding to

sin? 01 22 0.31, sin®fy =048, sin®fi3 22 0.024. (2)

In an approach aiming to describe the neutrino mixing using symmetries, the
PMNS mixing matrix in eq. (1) is assumed to originate from:

U = Ria(0y) P(¢) Urbn (3)

where 6, is a real angle, ¢ is a real phase, P(¢) is a digonal phase matrix,
P(¢) = diag(1,¢€*, 1),
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Ri5(655) = | —sin®5, cosb§y, 0|, Urpy=|-2L L
0 0 1 v Y
V3

NG

1. Express sin? f)5, sin® f53 and sin? 63 in terms of 65, and ¢. What cor-
relation between sin? ,3 and sin? #;5 do you find? Comment the result
taking into account the values quoted in eq. (2).

2. Find an expression for cos¢ in terms of #;5 and 6;3. Obtain an es-
timate for the value of cos ¢ using the values of sinf5 = 0.557 and
sin fy3 = 0.155 from eq. (2).



3. Find a relation between ¢ and 0 involving also only the angles 6,5 and
013. Use the fact that the imaginary and the real parts of the product
UaU;3UesUpa of elements of U, obtained using the expressions for U
given in eq. (1) and in eq. (3), should be equal.

4. Using the results obtained by solving problems 2 and 3, derive an ex-
pression for cosd in terms of the angles 615 and ;3. Using the values of
sin #12 = 0.557 and sin 63 = 0.155 from eq. (2), obtain predictions for
the values cos d and d in the approach considered. Comment the result
found for 9.

5. In a similar way, derive an expression for cosé in terms of the angles
015 and 013 and obtain predictions for the values cosd and d in the case
when the matrix Urpgys in eq. (3) is replaced by the bi-maximal mixing
matrix Ugy,
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Comment the result obtained for §.



