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PROBLEM 1

T HE most general form of the matrix element of the electromagnetic cur-
rent j*(x) between two electron states 11, 1, characterized by momenta
p1, p2 and by spinor wave functions wuy, us respectively is

(17" (2)[2) =
ey [ig"(f1 + ig1ys) + 7 (f2 + 9275) + 10" (f3 + ig375)] ua,

where ¢ = ps — p1, fi = fi(q2>7 gi = gi<q2)> ol = (i/Q)[’Y“,”YV]-

1. Show that the conservation of the electromagnetic current implies ¢ f; =
0 and ¢%¢; + 2mgo = 0, where m is the electron mass.

2. Derive the constraints on the functions f; and g; following from the
hermiticity of the electromagnetic current.

[Reminder: u' = 43, with 572@ = Yy, 57;,@ = —;, 16 =1]

3. Consider a parity transformation on the electron states such that p —
pp = (po, —p1, —P2, —p3) and u — up = e?yyu, where 6 is an arbitrary
phase. Assuming invariance under parity, so that the electromagneric
current correspondingly transforms as, j#(x) — j,(zp), show that the
functions g;, ¢« = 1,2, 3 must vanish.



PROBLEM 2.

C ONSIDER slow neutrons with spin initially in some given direction.

1. What are the spin measurements in the x and y directions expected to
yield if the neutron spin is in the z direction?

2. At time t = 0 a constant uniform magnetic field of absolute value H is
switched on along the positive y direction.
2a. Write the Schrodinger equation for these neutrons.

2b. Disregarding the kinetic energy of the neutrons, what is their eigen-
function at time ¢, if their spin is initially aligned with the positive y
axis?.

2c. When are the neutrons expected to have the spin aligned to the
positive x axis?

3. Answer question 2a, in the case in which H = Hjt.

Hint: write the neutron magnetic moment as p= 2 o, with

(01 O (1 0
9%2=\1 0)> %= \; o) =7 \o -1



PROBLEM 3.

ONSIDER the following classical Lagrangian describing the interactions
between two complex scalar field doublets ¢ = (¢1,¢2)7 and y =

(X1, x2)":
£ = (9,9)"(9"9) + (9,)7(0"x) = Mdixa + dixal® = Nléaxa — dxal*, (1)
where A\, A" > 0.
1. Identify the global continuous internal symmetries of L.

2. Find the corresponding conserved currents expressed in terms of the
fields ¢ and y.

3. Add to L the following term:
Le=e(gip2 — d301), (2)

where € is a purely imaginary parameter. Identify the global internal
symmetries and conserved currents of £ + L.

4. Which is the maximal global continuous internal symmetry of £ when

A=N=07

Hint: you may use o, = —030,0,, where o, are the standard Pauli
matrices (a = 1,2, 3).



PROBLEM 4. MAJORANA NEUTRINOS AND NEUTRINOLESS
DOUBLE BETA DECAY

C ONSIDER the effective (V-A) (-decay Hamiltonian in the case of three-
neutrino mixing;:

3

HI = % Pl (1 = ys)n(x) e(@)yu(l —75) > Uaxu(z) + e, (1)

where G is the Fermi constant, p(x), n(x) and e(x) are the proton, neutron
and electron fields, respectively, U, are the elements of the first row of
the 3x3 unitary neutrino mixing matrix U and yy(x), k = 1,2, 3, is the (4-
component) field of Majorana neutrino with mass my, satisfying the Majorana
condition,

C (Xe(@)" = xu(2), O, 0 = =(3,)", C7'sC = ()", O =-C', (2)
C being the charge conjugation matrix and y(z) = (x& (7)) 0.

1. Using the Hamiltonian (1) show that if the neutrino fields x(z) satisfy
the Majorana condition (2), the process of neutrinoless double beta
((BB)ov-) decay n+n — p+p+e +e is allowed and can proceed
in second order of perturbation theory in the Fermi constant Gp. Draw
the Feynman diagram of the process.

2. Consider the case when the two initial state neutrons and the two fi-
nal state protons are at rest. Show that if the neutrino masses my,
k =1,2,3, are sufficiently small, i.e., if m? are negligible with respect
to (m, —m,)? —m? in the case specified above, m,,, m, and m, being
the neutron, proton and electron masses, respectively, the dependence
of the (8()o,-decay amplitude A(33)o, on my and Uy, factorizes in the
effective Majorana mass <m>:

A(BB)oy = <m> M, |<m>| = |mU% + maU% +msU%| , (3)

where M is matrix element of the process. Only a schematic expression
for M can be given.



3. Derive approximate leading order analytic expressions for |<m >| for
the following three types of neutrino mass spectrum:
a) m; < mg < mg (normal hierarchical or NH), with m; = 0;
b) ms < my < my (inverted hierarchical or IH), with mg = 0;

c)m=my X my = mz, m?*=mi > |Am3 |, |Am3|, k= 1,2,3, where

Amj,; = mi — m? (quasi-degenerate or QD).

In solving this problem use i) the standard parametrisation of Uy,
U% = cos?Op(1 — sin?0y3), U2 = €@ sin05(1 — sin?fy3), UL =
e’ sin? 0,5, where 615 and 6,3 are neutrino mixing angles and « and
(3 are physical phases (Majorana CP-violating phases), and ii) the fact
that, as it follows from the existing experimental data, sin®6,3 <
cos 2019, sin? 15, and Am2, < |Am2,| = |Am2,|. Express the results

in terms of the mixing angles, Amj; and phases.

4. For each of the three types of spectra, NH, IH, and QD, determine
the interval of values |<m >| can take using the existing data on 6,
013, Am2, and Am2,, sin® 61, = 0.30, sin® 613 < 0.04, Am3, = 8.1 x
107° eV?, |[Am3,| = 2.5x1073 eV?, and the fact that the phases o and 3
are unconstrained and can have any value in the interval 0 < «, § < 2.
In the case of the QD spectrum use 0.1 eV < m < 0.6 eV. Comment
the results. What is the role played by the Majorana phases o and (37

Hint: use the Majorana condition and take into account the fact that
the Majorana neutrino field yx(x) has a standard propagator

] d'q eV (¢ + mid)ay
<O (uio () T)0 > By SE ) = 8y [ 8 el
@)

where 1 is the unit 4 x 4 matrix.



