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F

our problems are given. Ea
h of them has three questions, the

�rst being introdu
tory. Try to do as mu
h as you 
an within three

hours. You are not expe
ted to solve all the problems.
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Problem 1. Quantum Field Theory

C

onsider the quantum �eld theory des
ribing two intera
ting real s
alar

�elds,� with massM and � with mass m, withM > m, with the a
tion:

S =

Z

d

4

xf

1

2

(�

�

��

�

��M

2

�

2

) +

1

2

(�

�

��

�

��m

2

�

2

)�

g

2

��

2

g (1)

1)Write the expression for the probability amplitude des
ribing the de
ay

of the � parti
le, at the lowest order in the 
oupling 
onstant g.

2) Find the de
ay probability per unit time, and therefore its inverse that

is the lifetime, of the � parti
le, at the lowest order in g and in the limit

M � m. (It is allowed to ignore numeri
al fa
tors, powers of �, et
. You


an do the standard 
omputation or use a short
ut argument).

3) Consider the elasti
 s
attering of two � parti
les, say

�(p

1

) + �(p

2

)! �(p

3

) + �(p

4

) ; (2)

where p

1

, p

2

, p

3

and p

4

are the four-momenta of the 
orresponding parti
les.

Draw the Feynmann diagrams 
ontributing at the lowest order in g; �nd

the value of the 
orresponding s
attering amplitude in the resonan
e limit

(p

1

+p

2

)

2

!M

2

and in the limit g ! 0 (make use of the result of question 2).
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Problem 2. Majorana Spin 1/2 Fields and Parti
les

C

onsider a free massive spin 1/2 �eld �

�

(x), � = 1; 2; 3; 4, whi
h satis�es

the Dira
 equation and the additional Majorana 
ondition:

C(��(x))

T

= � �(x); j�j

2

= 1; (1)

where C is the 4 � 4 
harge-
onjugation matrix, ��(x) = (�(x))

y




0

is the

Dira
 
onjugated �eld, 


0

being the 4th Dira
 gamma matrix, and � is a

phase fa
tor. The matrix C satis�es

C

�1




�

C = �(


�

)

T

; (2)

where 


�

are the Dira
 gamma matri
es. In the Bjorken-Drell representation,

for instan
e, one has: (


1;2;3

)

y

= �


1;2;3

, (


0

)

y

= 


0

. It follows from eq. (2)

that C

T

= �C. One 
an always 
hoose C to be unitary: C

y

= C

�1

.

1)What, a

ording to you, are the physi
al 
onsequen
es of the Majorana


ondition? Show also that the Majorana 
ondition is not invariant with

respe
t to global U(1) phase transformations. Give a physi
al interpretation

of this fa
t.

2) Prove that the ve
tor, tensor and pseudo-tensor 
urrents of a free spin

1/2 (se
ond-quantized) Majorana �eld are equal to 0:

: ��(x)) 


�

�(x) : = 0; (3)

: ��(x)) �

��

�(x) : = 0; �

��

�

1

2

(


�




�

� 


�




�

) ; (4)

: ��(x)) �

��




5

�(x) : = 0 (


5

� 


0




1




2




3

): (5)

Indi
ate possible physi
al 
onsequen
es of these results.

N.B.: The double-dot sign : ::: : in equations (3) - (5) means \normal ordering of

the operators". Under this sign ��(x) and �(x) anti-
ommute.
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Problem 2. (
ont.)

3) Under the CP-symmetry operation the �eld �(x) transforms as follows:

U

CP

�

�

(x) U

y

CP

= �

CP

(


0

)

��

�

�

(x

0

); (6)

where U

CP

is the unitary operator of the CP-transformation, x

0

= (x

0

;�x),

and �

CP

is the CP-parity of the �eld �

�

(x). Prove that

�

CP

= � i: (7)

Note that the operator U

CP

does not a
t on the Lorentz index of the �eld �

�

(x),

e.g., that U

CP

(


0

)

��

�

�

(x) U

y

CP

= (


0

)

��

U

CP

�

�

(x) U

y

CP

, et
.
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Problem 3. Classi
al Field Theory

C

onsider a 
lassi
al real s
alar �eld � (x

�

), with lagrangian

L =

1

2

�

�

� �

�

�� V (�) (1)

(let the metri
 be g

��

= diag(1;�1;�1;�1)), whi
h undergoes a phase tran-

sition that shifts V as follows:

V (�) =

1

2

m

2

(� (x

�

))

2

) V (�) =

�

4

h

(� (x

�

))

2

� �

2

i

2

; (2)

where m, � and � are real 
onstants, and � > 0.

1) Sket
h the two potentials and �nd the 
orresponding shift of the

ground-state values of the �eld �, say, e.g.,

�

0

) �

+

0

and �

�

0

: (3)

2) Suppose that, after the transition is 
ompleted and the system has


ome to a stationary equilibrium state, instead of taking everywhere the

same 
on�guration, the system has evolved in su
h way that in some region

of spa
e the ground state is �

+

0

while in others it is �

�

0

; for simpli
ity assume

� to be just a fun
tion of the spatial 
oordinate z, i.e. �(t; x; y; z) � �(z),

with �(z = �1) = �

�

0

and �(z = +1) = �

+

0

. Verify that the 
lassi
al

solution with the appropriate boundary 
onditions has the form:

�(z) = A tanh

�

z

B

�

(4)

and �nd the parameters A and B.
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Problem 3. (
ont.)

3) Find the energy density � and the pressure ~p for the system, using

their relation to the stress energy tensor

T

�

�

= diag(�;�p

x

;�p

y

;�p

z

); (5)

write down the Poisson's equation for the resulting Newtonian gravitation

potential � applying the Newtonian limit R

00

! �� in Einstein's equation:

R

00

= 8�G

N

�

T

00

�

1

2

T

�

�

g

00

�

(6)

(T

�

�

is the tra
e of T

�

�

). Qualitatively, how would a test mass behave in the

resulting Newtonian gravitation potential �?
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Problem 4. Statisti
al Me
hani
s

C

onsider a system of �ve spins as shown in the �gure below, where

only the 
entral spin (denoted as �

0

) intera
ts with the other four spins

(denoted as �

1

; : : : �

4

), with 
oupling 
onstant J; thus the Hamiltonian of the

system is:

H = �J �

0

4

X

i=1

�

i

: (1)

Ea
h spin has values � = �1.

σ0

σ1 σ2

σ
3σ4

1) Write the expression for the partition fun
tion for the system.

2) Compute the partition fun
tion and the internal energy.

3) Derive the magnetization in the presen
e of an external magneti


�eld h. Has the system spontaneous magnetization?

Hint:

X

�

1

=�

: : :

X

�

N

=�

�

1

� : : : � �

N

=

X

�

1

=�

�

1

� : : : �

X

�

N

=�

�

N
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