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F IVE PROBLEMS are given. You should try and solve as many as you
can within three hours. We do not expect anyone to solve them all.



1. ON THE HYPERFINE STRUCTURE OF THE HYDROGEN
ATOM

A NUCLEUS having magnetic moment ]\7[, generates a static magnetic field
with magnetic potential

M x 7
7»3

A=

1) Write the nonrelativistic Pauli Hamiltonian for an electron moving in
this electromagnetic field, keeping at most terms linear in M.

2) Identify spin-orbit and spin-spin interactions.

3) Estimate the size of these corrections to the energy levels of a Hydrogen
atom in the lowest states, that is the size of the ratio of the correction to the
unperturbed energy. Remember that the Bohr magneton of a particle with
mass m is e/2m, that the Bohr radius is 1/m.e* and the ground state energy
of the Hydrogen atom is mee* (in units h = ¢ = 1).

Note: the determination of signs and numerical factors is not required, but
pay attention to dimensionful parameters.



2. SCATTERING AMPLITUDES AND NONRELATIVISTIC PO-
TENTIAL IN SCALAR THEORY

ONSIDER a complex scalar field ® describing a scalar particle of mass
M with possible charges e minimally coupled to the electromagnetic
field.

1) Write the Lagrangian for the system.

2a) Write the Feynman diagram describing at the lowest order the scat-
tering of two scalar particles of the same charge, and the corresponding am-
plitude in momentum space.

2b) Suppose that the field ® also interacts with a neutral massless scalar
field ¢ with an interaction L;,; = —A®*®yp. Compute the lowest order
contribution due to this additional interaction to the amplitude of question
2a).

3) In the nonrelativistic Born approximation the scattering amplitude is
expressed in terms of the potential describing the interaction.

Find the interaction potential (as a function of the coordinates) which in
the Born approximation reproduces the amplitude of question 2) in the limit
in which the ratio three-momentum/mass is put to zero.

NOTE: the precise determination of numerical factors or powers of 7 is not
required, but pay attention to the dimensionful parameters.



3. SYMMETRIES OF FREE FERMIONS

L ET ¥* a =1,...,N, be a set of free Dirac fermion fields with masses
mi,...,mMy.

1) Starting from the general variation of the action under linear trans-
formations of the fields (acting on the index a) find the global internal sym-
metries of the theory:

- What is the symmetry group if all the masses are different?

- What is the symmetry group if all the masses are equal?

- What happens if some of the masses are zero?

2) Using the canonical equal time anticommutation relations show that
the Noether charges generate the symmetry transformations of the fields.



4. COSMIC GAMMA RAYS

NE of the main sources of the diffuse Galactic y-ray radiation is the decay
O of pions produced by the interaction of primary cosmic rays (mainly
protons) with the interstellar medium. Once 7% are produce, they rapidly
decay and the dominant process is:

70— 27 (1)
with photons emitted isotropically in the pion rest frame.

1) Derive the minimum total energy of the pion E, (rest mass plus kinetic
energy) needed to produce a photon of energy E.,.

2) Sketch the photon energy spectrum and show that its main features
are independent of details in the chain of 7° production.

3) Given that the process in Eq. (1) is the dominant 7° decay mode, how
large a branching ratio do you expect for the process 7 — 37 (consider
both processes as electromagnetic)



5. PHYSICS OF e"e~ ANNIHILATION

ONSIDER the process of electron-positron annihilation into a muon-antimuon
C pair to the lowest perturbative order in the two ideal situations corre-
sponding to the exchange of a single photon and of a single Z boson respec-
tively. In both cases, consider two different initial conditions that correspond
to the presence of right -handed (R) and left-handed (L) electrons in the ini-
tial beam.

1) Write the interaction Lagrangian in the four separate cases.

2) Consider the differential cross sections in the center of mass frame, for
c.m. energies much larger than the muon mass, for the 4 different cases.

- Which expressions do you expect for the ratios of the left-handed to the
right-handed differential cross sections, in the single photon and in the single
Z cases? Why?

- What form of angular dependence (versus the cosine of the c.m. scat-
tering angle #) can exist for the 4 differential cross sections? Why?

3) Following the discussion (2), define at least one, possibly two, experi-
mental observables of the process that will differ essentially in the two ideal
cases, namely the exchange of a photon or a Z. Try to find two different c.m.
energy values for which the real physical process can be treated to a good
approximation, to the lowest perturbative order, as only due to either photon
or Z exchange. Try to provide, in the two cases, a simple expression for these
special observables and, possibly, stress the presence of relevant features.



