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T

here are 6 problems. Problems 1, 3 and 6 deal with quantum me
han-

i
s; problems 2 and 5 with the phenomenology of parti
le physi
s and

problem 4 with a simple example of �eld theory. The 
andidate should try

and solve as mu
h as possible of two problems. The 
andidate should

�nish within 3 hours.
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1. Charged Parti
le in a Constant Magneti
 Field

C

onsider the motion of a parti
le of 
harge e in a 
onstant magneti
 �eld

in the dire
tion z, denoted by B = B ê

z

. Choose the following ve
tor

potential

A = (�By; 0; 0) and V = 0 : (1)

1. Write the time-independent S
hr�odinger equation for the problem.

2. Show that the following separation of variables

 (x; y; z) = exp i [(p

x

x + p

z

z)=�h℄'(y) ; (2)

used after substituting y = y

0

�p

x


=(eB), leads to the equation of a harmoni


os
illator.

3. What are the energy eigenvalues? The energy states thus de�ned are

known as Landau levels.

C

onsider now the same problem for a relativisti
 fermion.

4. What is the time-dependent equation in this 
ase?

5. By writing the 4-
omponent wave fun
tion as

 = exp i [Et=�h℄

 

'

�

!

; (3)

where ' and � are 2-
omponent spinors, show that the Dira
 equation leads

again to a harmoni
 os
illator plus a part depending on the spin.

Hint: Re
all that (~� �

~

A)(~� �

~

B) =

~

A �

~

B+ i ~� � (

~

A�

~

B) and then try again the

separation of variables '(x; y; z) = exp i [(p

x

x+ p

z

z)=�h℄ u(y).

6. Show that in the relativisti
 
ase the eigenvalues are

E

2

n;k

= 


4

m

2

+ p

2

z




2

+ �h

eB




(2n+ 1� k) (4)
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where n labels the level of the os
illator and k = �1 depends on the spin

eigenfun
tion.

Hint: The 2-
omponent spin wave fun
tion are of the form

u =

 

u

1

0

!

for k = 1 and u =

 

0

u

�1

!

for k = �1 :

4
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2. Dis
rete Symmetries in Strange De
ays

C

onsider the hadroni
 de
ays of the neutral strange mesons K

0

into two

or three pions: K

0

! ��. Knowing that kaons and pions are pseudo-

s
alar parti
les:

1. Show that the two-parti
le states j�

+

�

�

i and j�

0

�

0

i are CP even

eigenstates, where C represents the 
harge 
onjugation operation, whi
h a
ts

as follows

CjK

0

; r

K

i = j

�

K

0

; r

�

K

i

Cj�

+

; r

+

i = j�

�

; r

�

i

Cj�

0

; r

0

i = j�

0

; r

0

i ;

(1)

and P is the parity transformation,

P j�; r

�

i = �j�;�r

�

i : (2)

Hint: 
onsider the de
aying kaon in its rest frame and use translational in-

varian
e to write j�

1

�

2

; r

1

; r

2

i / j�

1

�

2

; r

1

� r

2

i .

2. Show that the CP eigenvalues of the three pion state j�

+

�

�

�

0

i depend

on the orbital angular momentum ` of �

0

with respe
t to the 
enter of mass

of the �

+

�

�

system:

CP j�

+

�

�

�

0

i = (�)

`+1

j�

+

�

�

�

0

i ; (3)

while the state j�

0

�

0

�

0

i is CP odd:

CP j�

0

�

0

�

0

i = �j�

0

�

0

�

0

i : (4)

T

he physi
al eigenstates of the K

0

�

�

K

0

system are denoted by K

L

(long-

lived) and K

S

(short-lived). What 
an you infer on the CP symmetry

of weak intera
tions and the K

L;S

properties from the experimental eviden
e

that:

3. Both K

L

! �

+

�

�

and K

L

! �

0

�

0

�

0

are seen,
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and

4. The de
ay rate for K

L

! �

+

�

�

is mu
h smaller than the rate for

K

S

! �

+

�

�

?

C

onsidering the results of the dis
ussion above and given thatm

K

' 500

MeV and m

�

' 140 MeV,

5. Can you give a qualitative argument for the large di�eren
e in lifetimes

of K

L

and K

S

(experimentally �

L

=�

S

� 600) ?

Assume that the 2 and 3 pion modes are responsible for a large fra
tion of

the K

L;S

de
ay widths.
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3. Spin-1/2 Parti
le in a Magneti
 Field

A

spin 1/2 parti
le with magneti
 moment ~� = g

~

S = g�h~�=2 is initially

in the state S

z

= �h=2. A magneti
 �eld of absolute value B is swit
hed

on in the x-dire
tion for 0 � t � t

1

.

1. Disregarding the spa
e dependen
e, what is the spin eigenfun
tion of

the parti
le during this interval? How mu
h time does it take for the spin to


ip to S

z

= ��h=2?

C

all t

0

the time found at point 1 and set t

1

= 3 t

0

=2. Now suppose that

for t > t

1

the magneti
 �eld gets doubled.

2. What is the eigenfun
tion for t > t

1

?

3. What is the probability of �nding the parti
le in the eigenstate S

x

=

�h=2 at t = 2 t

1

?

Notation: The Pauli matri
es needed in the problem are

�

x

=

�

0 1

1 0

�

and �

z

=

�

1 0

0 �1

�

:
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4. S
alar Field Theory

L

et �

i

, i = 1; 2, be two real s
alar �elds. The Lagrangian

L

0

= 2�

�

�

1

�

�

�

2

(1)

des
ribes two independent modes.

1. Explain why one of them is unphysi
al. Write the Lagrangian in a

form that makes this expli
it.

2. What is the symmetry group G of L

0

, besides the rigid translations of

�

i

.

C

onsider now the intera
ting Lagrangian

L = L

0

�

1

2

2

X

i=0

m

2

i

�

i

1

�

i�2

2

�

1

4!

4

X

i=0

�

i

�

i

1

�

4�i

2

(2)

3. Find the values of m

i

; �

i

for whi
h the unphysi
al mode de
ouples

from the physi
al one.

4. Find the values of m

i

; �

i

for whi
h the symmetry G is preserved.

5. In the latter 
ase, indi
ate graphi
ally the Feynman rules and the


ontributions to the 2-, 3- and 4-point fun
tions up to one loop.

Notation: The metri
 has signature (1;�1;�1;�1).
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5. Propagation of High-Energy Cosmi
 Rays

1. Find the energy threshold of the rea
tion


 + p! � +N; (1)

where N is the nu
leon and the initial proton is at rest.

T

he 
ross-se
tion of the rea
tion (1) is about 5� 10

�28


m

2

at the energy

of photon E � 1:2� 1:3 GeV.

2. Consider propagation of the 
osmi
 rays (take for de�niteness, pro-

tons in the Universe �lled in by the 
osmi
 mi
rowave (ele
tromagneti
)

ba
kground radiation with temperature 2:7K.) Find the energy E




of 
osmi


rays at whi
h the rea
tion (1) be
omes important.

3. Cal
ulate the distan
e from whi
h 
osmi
 rays with energies E > E





an rea
h the Earth?

The density of the 
osmi
 mi
rowave ba
kground radiation is � 400 
m

�3

;

1eV = 1:16 � 10

4

K.
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6. Nonrelativisti
 S
attering

C

onsider a non relativisti
 s
attering pro
ess for a spinless parti
le with

mass m from a potential V. In the Dira
 formalism (set �h = 1) the two

kets j~p

1

i and j~p

2

i represent states of de�ned momentum of the parti
le before

and after the 
ollision.

The observable properties of the s
attering are provided by the so 
alled

s
attering amplitude f (~p

1

; ~p

2

) whose squared modulus gives the di�erential


ross se
tion of the pro
ess. In the so 
alled Born approximation one has:

f (~p

1

; ~p

2

) = �4 �

2

m h~p

2

jVj ~p

1

i (1)

where V is the operator asso
iated to the potential energy of the problem.

Call ~q = ~p

2

� ~p

1

the momentum transfer of the pro
ess, q its modulus, p

the modulus of ~p

1

and � the s
attering angle between the �nal and the initial

momentum, su
h that

q = 2 p sin

�

2

: (2)

1. What relationship must exist between the two ve
tors ~p

1

; ~p

2

in order

that the 
ollision is an elasti
 one?

2. Write the expression of the s
attering amplitude for a 
entral potential

V=V(r), where r is the (three dimensional) distan
e between the parti
le and

the s
attering 
entre (suggestion: introdu
e a 
omplete set of proje
tors on

the position ~r variable).

3. Show that in the limit � ! 0 (forward s
attering) the value of the s
at-

tering amplitude is �nite if the potential vanishes at in�nite r more qui
kly

than the inverse third power of r. Show that in this 
ase the value of the

amplitude does not depend on the parti
le energy.

4. In the previous limit, the s
attering amplitude is real in Born ap-

proximation. What fundamental property of the s
attering pro
ess does this

approximation violate? In parti
ular, what theorem is violated?
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