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Foreword

This thesis deals with the physics of the 80’s. Almost all of the results obtainedhere could have been achieved by the end of that decade. This also means thatthe field of grand unification is becoming quite old. It dates back in 1974 with theseminal papers of Georgi-Glashow [1] and Pati-Salam [2]. Those were the years justafter the foundation of the standard model (SM) of Glashow-Weinberg-Salam [3, 4, 5]when simple ideas (at least simple from our future perspective) seemed to receivean immediate confirmation from the experimental data.Grand unified theories (GUTs) assume that all the fundamental interactions of theSM (strong and electroweak) have a common origin. The current wisdom is that welive in a broken phase in which the world looks SU(3)C⊗U(1)Q invariant to us and thelow-energy phenomena are governed by strong interactions and electrodynamics.Growing with the energy we start to see the degrees of freedom of a new dynamicswhich can be interpreted as a renormalizable SU(2)L ⊗ U(1)Y gauge theory sponta-neously broken into U(1)Q1. Thus, in analogy to the U(1)Q Ï SU(2)L ⊗ U(1)Y case,one can imagine that at higher energies the SM gauge group SU(3)C⊗SU(2)L⊗U(1)Yis embedded in a simple group G .The first implication of the grand unification ansatz is that at some mass scale
MU � MW the relevant symmetry is G and the g3, g2 and g ′ coupling constants of
SU(3)C⊗SU(2)L⊗U(1)Y merge into a single gauge coupling gU . The rather differentvalues for g3, g2 and g ′ at low-energy are then due to renormalization effects. Actuallyone of the most solid hints in favor of grand unification is the fact that the runningwithin the SM shows an approximate convergence of the gauge couplings around1015 GeV (see e.g. Fig. 1).This simple idea, though a bit speculative, may have a deep impact on the under-standing of our low-energy world. Consider for instance some unexplained featuresof the SM like e.g. charge quantization or anomaly cancellation2. They appear justas the natural consequence of starting with an anomaly-free simple group such as
SO(10).

1At the time of writing this thesis one of the main ingredients of this theory, the Higgs boson,is still missing experimentally. On the other hand a lot of indirect tests suggest that the SM worksamazingly well and it is exciting that the mechanism of electroweak symmetry breaking is beingtested right now at the Large Hadron Collider (LHC).2In the SM anomaly cancellation implies charge quantization, after taking into account the gaugeinvariance of the Yukawa couplings [6, 7, 8, 9]. This feature is lost as soon as one adds a right-handedneutrino νR , unless νR is a Majorana particle [10].
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Figure 1: One-loop running of the SM gauge couplings assuming the U(1)Y embedding into G .
Most importantly grand unification is not just a mere interpretation of our low-energy world, but it predicts new phenomena which are correlated with the existingones. The most prominent of these is the instability of matter. The current lowerbound on the proton lifetime is something like 23 orders of magnitude bigger thanthe age of the Universe, namely τp & 1033÷34 yr depending on the decay channel [11].This number is so huge that people started to consider baryon number as an exactsymmetry of Nature [12, 13, 14]. Nowadays we interpret it as an accidental globalsymmetry of the standard model3. This also means that as soon as we extend theSM there is the chance to introduce baryon violating interactions. Gravity itselfcould be responsible for the breaking of baryon number [17]. However among allthe possible frameworks there is only one of them which predicts a proton lifetimeclose to its experimental limit and this theory is grand unification. Indeed we canroughly estimate it by dimensional arguments. The exchange of a baryon-number-violating vector boson of mass MU yields something like

τp ∼ α−1
U
M4

U
m5

p
, (1)

and by putting in numbers (we take α−1
U ∼ 40, cf. Fig. 1) one discovers that τp &1033 yr corresponds to MU & 1015 GeV, which is consistent with the picture emergingin Fig. 1. Notice that the gauge running is sensitive to the log of the scale. Thismeans that a 10% variation on the gauge couplings at the electroweak scale inducesa 100% one on MU . Were the apparent unification of gauge couplings in the window1015÷18 GeV just an accident, then Nature would have played a bad trick on us.Another firm prediction of GUTs are magnetic monopoles [18, 19]. Each time asimple gauge group G is broken to a subgroup with a U(1) factor there are topo-logically nontrivial configurations of the Higgs field which leads to stable monopole

3In the SM the baryonic current is anomalous and baryon number violation can arise from in-stanton transitions between degenerate SU(2)L vacua which lead to ∆B = ∆L = 3 interactions forthree flavor families [15, 16]. The rate is estimated to be proportional to e−2π/α2 ∼ e−173 and thusphenomenologically irrelevant.



FOREWORD 9
solutions of the gauge potential. For instance the breaking of SU(5) generates amonopole with magnetic charge Qm = 2π/e and mass Mm = α−1

U MU [20]. The cen-tral core of a GUT monopole contains the fields of the superheavy gauge bosonswhich mediate proton decay, so one expects that baryon number can be violated inbaryon-monopole scattering. Quite surprisingly it was found [21, 22, 23] that theseprocesses are not suppressed by powers of the unification mass, but have a crosssection typical of the strong interactions.Though GUT monopoles are too massive to be produced at accelerators, theycould have been produced in the early universe as topological defects arising viathe Kibble mechanism [24] during a symmetry breaking phase transition. Experi-mentally one tries to measure their interactions as they pass through matter. Thestrongest bounds on the flux of monopoles come from their interactions with thegalactic magnetic field (Φ < 10−16 cm−2 sr−1 sec−1) and the catalysis of proton decayin compact astrophysical objects (Φ < 10−18÷29 cm−2 sr−1 sec−1) [11].Summarizing the model independent predictions of grand unification are protondecay, magnetic monopoles and charge quantization (and their deep connection).However once we have a specific model we can do even more. For instance the hugeratio between the unification and the electroweak scale, MU/MW ∼ 1013, reminds usabout the well established hierarchy among the masses of charged fermions andthose of neutrinos, mf /mν ∼ 107÷13. This analogy hints to a possible connectionbetween GUTs and neutrino masses.The issue of neutrino masses caught the attention of particle physicists since along time ago. The model independent way to parametrize them is to consider theSM as an effective field theory by writing all the possible operators compatible withgauge invariance. Remarkably at the d = 5 level there is only one operator [25]
YνΛL

(`Tε2H)C(HTε2`) . (2)
After electroweak symmetry breaking 〈H〉 = v and neutrinos pick up a Majoranamass term

Mν = Yν
v2ΛL

. (3)
The lower bound on the highest neutrino eigenvalue inferred from √∆matm ∼0.05 eV tells us that the scale at which the lepton number is violated is

ΛL . Yν O(1014÷15 GeV) . (4)
Actually there are only three renormalizable ultra-violet (UV) completion of the SMwhich can give rise to the operator in Eq. (2). They go under the name of type-I [26, 27, 28, 29, 30], type-II [31, 32, 33, 34] and type-III [35] seesaw and are respectivelyobtained by introducing a fermionic singlet (1, 1, 0)F , a scalar triplet (1, 3,+1)H and afermionic triplet (1, 3, 0)F . These vector-like fields, whose mass can be identified withΛL , couple at the renormalizable level with ` and H so that the operator in Eq. (2)is generated after integrating them out. Since their mass is not protected by the
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chiral symmetry it can be super-heavy, thus providing a rationale for the smallnessof neutrino masses.Notice that this is still an effective field theory language and we cannot tell at thislevel if neutrinos are light because Yν is small or because ΛL is large. It is clear thatwithout a theory that fixes the structure of Yν we don’t have much to say about ΛL

4.As an example of a predictive theory which can fix both Yν and ΛL we canmention SO(10) unification. The most prominent feature of SO(10) is that a SMfermion family plus a right-handed neutrino fit into a single 16-dimensional spinorialrepresentation. In turn this readily implies that Yν is correlated to the chargedfermion Yukawas. At the same time ΛL can be identified with the B − L generatorof SO(10), and its breaking scale, MB−L . MU , is subject to the constraints of gaugecoupling unification.Hence we can say that SO(10) is also a theory of neutrino masses, whose self-consistency can be tested against complementary observables such as the protonlifetime and the absolute neutrino mass scale.The subject of this thesis will be mainly SO(10) unification. In the arduous attemptof describing the state of the art it is crucial to understand what has been done sofar. In this respect we are facilitated by Fig. 2, which shows the number of SO(10)papers per year from 1974 to 2010.
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Figure 2: Blue: number of papers per year with the keyword "SO(10)" in the title as a functionof the years. Red: subset of papers with the keyword "supersymmetry" either in the title or in theabstract. Source: inSPIRE.
By looking at this plot it is possible to reconstruct the following historical phases:
• 1974 ÷ 1986: Golden age of grand unification. These are the years of thefoundation in which the fundamental aspects of the theory are worked out.

4The other possibility is that we may probe experimentally the new degrees of freedom at thescale ΛL in such a way to reconstruct the theory of neutrino masses. This could be the case forleft-right symmetric theories [30, 34] where ΛL is the scale of the V + A interactions. For a recentstudy of the interplay between LHC signals and neutrinoless double beta decay in the context ofleft-right scenarios see e.g. [36].
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The first estimate of the proton lifetime yields τp ∼ 1031 yr [37], amazinglyclose to the experimental bound τp & 1030 yr [38]. Hence the great hope thatproton decay is behind the corner.
• 1987÷1990: Great depression. Neither proton decay nor magnetic monopolesare observed so far. Emblematically the last workshop on grand unification isheld in 1989 [39].
• & 1991: SUSY-GUTs. The new data of the Large Electron-Positron collider(LEP) seem to favor low-energy supersymmetry as a candidate for gauge cou-pling unification. From now on almost all the attention is caught by supersym-metry.
• & 1998: Neutrino revolution. Starting from 1998 experiments begin to showthat atmospheric [40] and solar [41] neutrinos change flavor. SO(10) comesback with a rationale for the origin of the sub-eV neutrino mass scale.
• & 2010: LHC era. Has supersymmetry something to do with the electroweakscale? The lack of evidence for supersymmetry at the LHC would undermineSUSY-GUT scenarios. Back to nonsupersymmetric GUTs?
• & 2020: Next generation of proton decay experiments sensitive to τp ∼ 1034÷35yr [42]. The future of grand unification relies heavily on that.
Despite the huge amount of work done so far, the situation does not seem veryclear at the moment. Especially from a theoretical point of view no model of grandunification emerged as "the" theory. The reason can be clearly attributed to the lackof experimental evidence on proton decay.In such a situation a good guiding principle in order to discriminate amongmodels and eventually falsify them is given by minimality, where minimality dealsinterchangeably with simplicity, tractability and predictivity. It goes without sayingthat minimality could have nothing to do with our world, but it is anyway the best wecan do at the moment. It is enough to say that if one wants to have under control allthe aspects of the theory the degree of complexity of some minimal GUT is alreadyat the edge of the tractability.Quite surprisingly after 37 years there is still no consensus on which is theminimal theory. Maybe the reason is also that minimality is not a universal anduniquely defined concept, admitting a number of interpretations. For instance it canbe understood as a mere simplicity related to the minimum rank of the gauge group.This was indeed the remarkable observation of Georgi and Glashow: SU(5) is theunique rank-4 simple group which contains the SM and has complex representations.However nowadays we can say for sure that the Georgi-Glashow model in its originalformulation is ruled out because it does not unify and neutrinos are massive5.

5Moved by this double issue of the Georgi-Glashow model, two minimal extensions which cancure at the same time both unification and neutrino masses have been recently proposed [43, 44].
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From a more pragmatic point of view one could instead use predictivity as a mea-sure of minimality. This singles out SO(10) as the best candidate. At variance with

SU(5), the fact that all the SM fermions of one family fit into the same representationmakes the Yukawa sector of SO(10) much more constrained6.Actually, if we stick to the SO(10) case, minimality is closely related to the com-plexity of the symmetry breaking sector. Usually this is the most challenging andarbitrary aspect of grand unified models. While the the SM matter nicely fit in three
SO(10) spinorial families, this synthetic feature has no counterpart in the Higgssector where higher-dimensional representations are usually needed in order tospontaneously break the enhanced gauge symmetry down to the SM.Establishing the minimal Higgs content needed for the GUT breaking is a basicquestion which has been addressed since the early days of the GUT program7. Letus stress that the quest for the simplest Higgs sector is driven not only by aestheticcriteria but it is also a phenomenologically relevant issue related to the tractabilityand the predictivity of the models. Indeed, the details of the symmetry breakingpattern, sometimes overlooked in the phenomenological analysis, give further con-straints on the low-energy observables such as the proton decay and the effectiveSM flavor structure. For instance in order to assess quantitatively the constraintsimposed by gauge coupling unification on the mass of the lepto-quarks resposiblefor proton decay it is crucial to have the scalar spectrum under control. Even inthat case some degree of arbitrariness can still persist due to the fact that the spec-trum can never be fixed completely but lives on a manifold defined by the vacuumconditions. This also means that if we aim to a falsifiable (predictive) GUT scenario,better we start by considering a minimal Higgs sector8.The work done in this thesis can be understood as a general reappraisal of theissue of symmetry breaking in SO(10) GUTs, both in their ordinary and supersym-metric realizations.We can already anticipate that, before considering any symmetry breaking dy-namics, at least two Higgs representations are required9 by the group theory in order

6Notice that here we do not have in mind flavor symmetries, indeed the GUT symmetry it-self already constrains the flavor structure just because some particles live together in the samemultiplet. Certainly one could improve the predictivity by adding additional ingredients like lo-cal/global/continuous/discrete symmetries on top of the GUT symmetry. However, though there isnothing wrong with that, we feel that it would be a no-ending process based on assumptions which aredifficult to disentangle from the unification idea. That is why we prefer to stick as much as possibleto the gauge principle without further ingredients.7 Remarkably the general patterns of symmetry breaking in gauge theories with orthogonal andunitary groups were already analyzed in 1973/1974 by Li [45], contemporarily with the work of Georgiand Glashow.8As an example of the importance of taking into account the vacuum dynamics we can mentionthe minimal supersymmetric model based on SO(10) [46, 47, 48]. In that case the precise calculationof the mass spectrum [49, 50, 51] was crucial in order to obtain a detailed fitting of fermion massparameters and show a tension between unification constraints and neutrino masses [52, 53].9It should be mentioned that a one-step SO(10)Ï SM breaking can be achieved via only one 144Hirreducible Higgs representation [54]. However, such a setting requires an extended matter sector,including 45F and 120F multiplets, in order to accommodate realistic fermion masses [55].
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to achieve a full breaking of SO(10) to the SM:
• 16H or 126H : they reduce the rank but leave an SU(5) little group unbroken.
• 45H or 54H or 210H : they admit for little groups different from SU(5) ⊗ U(1),yielding the SM when intersected with SU(5).While the choice between 16H or 126H is a model dependent issue related to thedetails of the Yukawa sector, the simplest option among 45H , 54H and 210H is givenby the adjoint 45H .However, since the early 80’s, it has been observed that the vacuum dynamicsaligns the adjoint along an SU(5)⊗U(1) direction, making the choice of 16H (or 126H )and 45H alone not phenomenologically viable. In the nonsupersymmetric case thealignment is only approximate [56, 57, 58, 59], but it is such to clash with unificationconstraints which do not allow for any SU(5)-like intermediate stage, while in thesupersymmetric limit the alignment is exact due to F-flatness [60, 61, 62], thus neverlanding to a supersymmetric SM vacuum. The focus of the thesis consists in thecritical reexamination of these two longstanding no-go for the settings with a 45Hdriving the GUT breaking.Let us first consider the nonsupersymmetric case. We start by reconsideringthe issue of gauge coupling unification in ordinary SO(10) scenarios with up to twointermediate mass scales, a needed preliminary step before entering the details of aspecific model.After complementing the existing studies in several aspects, as the inclusion ofthe U(1) gauge mixing renormalization at the one- and two-loop level and the re-assessment of the two-loop beta coefficients, a peculiar symmetry breaking patternwith just the adjoint representation governing the first stage of the GUT breakingemerges as a potentially viable scenario [63], contrary to what claimed in the litera-ture [64].This brings us to reexamine the vacuum of the minimal conceivable Higgs poten-tial responsible for the SO(10) breaking to the SM, containing an adjoint 45H plus aspinor 16H . As already remarked, a series of studies in the early 80’s [56, 57, 58, 59]of the 45H ⊕ 16H model indicated that the only intermediate stages allowed by thescalar sector dynamics were SU(5) ⊗ U(1) for leading 〈45H〉 or SU(5) for dominant

〈16H〉. Since an intermediate SU(5)-symmetric stage is phenomenologically not al-lowed, this observation excluded the simplest SO(10) Higgs sector from realisticconsideration.One of the main results of this thesis is the observation that this no-go "theorem"is actually an artifact of the tree-level potential and, as we have shown in [65], theminimization of the one-loop effective potential opens in a natural way also theintermediate stages SU(4)C⊗SU(2)L⊗U(1)R and SU(3)C⊗SU(2)L⊗SU(2)R⊗U(1)B−L ,which are the options favoured by gauge unification. This result is quite general,since it applies whenever the SO(10) breaking is triggered by the 〈45H〉 (while otherHiggs representations control the intermediate and weak scale stages) and bringsback from oblivion the simplest scenario of nonsupersymmetric SO(10) unification.
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It is then natural to consider the Higgs system 10H ⊕16H ⊕45H (where the 10H isneeded to give mass to the SM fermions at the renormalizable level) as the potentiallyminimal SO(10) theory, as advocated long ago by Witten [66]. However, apart fromissues related to fermion mixings, the main obstacle with such a model is given byneutrino masses. They can be generated radiatively at the two-loop level, but turn outto be too heavy. The reason being that the B−L breaking is communicated to right-handed neutrinos at the effective level MR ∼ (αU/π)2M2

B−L/MU and since MB−L �MUby unification constraints, MR undershoots by several orders of magnitude the value1013÷14 GeV naturally suggested by the type-I seesaw.At these point one can consider two possible routes. Sticking to the request ofHiggs representations with dimensions up to the adjoint one can invoke TeV scalesupersymmetry, or we can relax this requirement and exchange the 16H with the126H in the nonsupersymmetric case.In the former case the gauge running within the minimal supersymmetric SM(MSSM) prefers MB−L in the proximity of MU so that one can naturally reproducethe desired range for MR, emerging from the effective operator 16F16F16H16H/MP .Motivated by this argument, we investigate under which conditions an Higgs sec-tor containing only representations up to the adjoint allows supersymmetric SO(10)GUTs to break spontaneously to the SM. Actually it is well known [60, 61, 62] thatthe relevant superpotential does not support, at the renormalizable level, a super-symmetric breaking of the SO(10) gauge group to the SM. Though the issue can beaddressed by giving up renormalizability [61, 62], this option may be rather problem-atic due to the active role of Planck induced operators in the breaking of the gaugesymmetry. They introduce an hierarchy in the mass spectrum at the GUT scalewhich may be an issue for gauge unification, proton decay and neutrino masses.In this respect we pointed out [67] that the minimal Higgs scenario that allows fora renormalizable breaking to the SM is obtained considering flipped SO(10)⊗ U(1)with one adjoint 45H and two 16H ⊕ 16H Higgs representations.Within the extended SO(10) ⊗ U(1) gauge algebra one finds in general threeinequivalent embeddings of the SM hypercharge. In addition to the two solutionswith the hypercharge stretching over the SU(5) or the SU(5) ⊗ U(1) subgroups of
SO(10) (respectively dubbed as the “standard” and “flipped” SU(5) embeddings [68,69]), there is a third, “flipped” SO(10) [70, 71, 72], solution inherent to the SO(10)⊗U(1)case, with a non-trivial projection of the SM hypercharge onto the U(1) factor.Whilst the difference between the standard and the flipped SU(5) embedding issemantical from the SO(10) point of view, the flipped SO(10) case is qualitativelydifferent. In particular, the symmetry-breaking “power” of the SO(10) spinor and ad-joint representations is boosted with respect to the standard SO(10) case, increasingthe number of SM singlet fields that may acquire non-vanishing vacuum expecta-tion values (VEVs). This is at the root of the possibility of implementing the gaugesymmetry breaking by means of a simple renormalizable Higgs sector.The model is rather peculiar in the flavor sector and can be naturally embeddedin a perturbative E6 grand unified scenario above the flipped SO(10)⊗ U(1) partial-
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unification scale.On the other hand, sticking to the nonsupersymmetric case with a 126H in placeof a 16H , neutrino masses are generated at the renormalizable level. This lifts theproblematic MB−L/MU suppression factor inherent to the d = 5 effective mass andyields MR ∼MB−L , that might be, at least in principle, acceptable. As a matter of facta nonsupersymmetric SO(10) model including 10H ⊕ 45H ⊕ 126H in the Higgs sectorhas all the ingredients to be the minimal realistic version of the theory.This option at the time of writing the thesis is subject of ongoing research [73].Some preliminary results are reported in the last part of the thesis. We have per-formed the minimization of the 45H ⊕ 126H potential and checked that the vacuumconstraints allow for threshold corrections leading to phenomenologically reason-able values of MB−L. If the model turned out to lead to a realistic fermionic spectrumit would be important then to perform an accurate estimate of the proton decaybranching ratios.The outline of the thesis is the following: the first Chapter is an introduction tothe field of grand unification. The emphasis is put on the construction of SO(10)starting from the SM and passing through SU(5) and the left-right symmetric groups.The second Chapter is devoted to the issue of gauge couplings unification in non-supersymmetric SO(10). A set of tools for a general two-loop analysis of gaugecoupling unification, like for instance the systematization of the U(1) mixing run-ning and matching, is also collected. Then in the third Chapter we consider thesimplest and paradigmatic SO(10) Higgs sector made by 45H ⊕ 16H . After reviewingthe old tree level no-go argument we show, by means of an explicit calculation, thatthe effective potential allows for those patterns which were accidentally excluded attree level. In the fourth Chapter we undertake the analysis of the similar no-gopresent in supersymmetry with 45H ⊕ 16H ⊕ 16H in the Higgs sector. The flipped
SO(10) embedding of the hypercharge is proposed as a way out in order to obtaina renormalizable breaking with only representations up to the adjoint. We concludewith an Outlook in which we suggest the possible lines of development of the ideasproposed in this thesis. The case is made for the hunting of the minimal realisticnonsupersymmetric SO(10) unification. Much of the technical details are deferredin a set of Appendices.
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Chapter 1

From the standard model to SO(10)
In this chapter we give the physical foundations of SO(10) as a grand unified group,starting from the SM and browsing in a constructive way through the Georgi-Glashow SU(5) [1] and the left-right symmetric groups such as the Pati-Salam one [2].This will offer us the opportunity to introduce the fundamental concepts of GUTs,as charge quantization, proton decay and the connection with neutrino masses in asimplified and pedagogical way.The SO(10) gauge group as a candidate for the unification of the elementaryinteractions was proposed long ago by Georgi [74] and Fritzsch and Minkowski [75].The main advantage of SO(10) with respect to SU(5) grand unification is that allthe known SM fermions plus three right handed neutrinos fit into three copiesof the 16-dimensional spinorial representation of SO(10). In recent years the fieldreceived an extra boost due to the discovery of non-zero neutrino masses in the sub-eV region. Indeed, while in the SM (and similarly in SU(5)) there is no rationale forthe origin of the extremely small neutrino mass scale, the appeal of SO(10) consistsin the predictive connection between the local B− L breaking scale (constrained bygauge coupling unification somewhat below 1016 GeV) and neutrino masses around25 orders of magnitude below. Through the implementation of some variant of theseesaw mechanism [26, 27, 28, 29, 30, 31, 32, 33, 34] the inner structure of SO(10) andits breaking makes very natural the appearance of such a small neutrino mass scale.This striking connection with neutrino masses is one of the strongest motivationsbehind SO(10) and it can be traced back to the left-right symmetric theories [2, 76, 77]which provide a direct connection of the smallness of neutrino masses with the non-observation of the V + A interactions [30, 34].
1.1 The standard model chiral structure

The representations of the unbroken gauge symmetry of the world, namely SU(3)C⊗
U(1)Q , are real. In other words, for each colored fermion field of a given electric
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charge we have a fermion field of opposite color and charge1. If not so we wouldobserve for instance a massless charged fermion field and this is not the case.More formally, being g an element of a group G , a representation D(g) is saidto be real (pseudo-real) if it is equal to its conjugate representation D∗(g) up to asimilarity transformation, namely

SD(g)S−1 = D∗(g) for all g ∈ G , (1.2)
whit S symmetric (antisymmetric). A complex representation is neither real norpseudo-real.It’s easy to prove that S must be either symmetric or antisymmetric. Suppose
Ta generates a real (pseudo-real) irreducible unitary representation of G , D(g) =exp igaTa, so that

STaS−1 = −T∗a . (1.3)Because the Ta are hermitian, we can write
STaS−1 = −TT

a or (S−1)TTT
a ST = −Ta , (1.4)

which implies
Ta = (S−1)TSTaS−1ST (1.5)or equivalently [

Ta, S−1ST] = 0 . (1.6)But if a matrix commutes with all the generators of an irreducible representation,Schur’s Lemma tells us that it is a multiple of the identity, and thus
S−1ST = λI or ST = λS . (1.7)

By transposing twice we get back to where we started and thus we must have λ2 = 1and so λ = ±1, i.e. S must be either symmetric or antisymmetric.
1 As is usual in grand unification we use the Weyl notation in which all fermion fields ψL areleft-handed (LH) four-component spinors. Given a ψL field transforming as ψL Ï eiσωψL under theLorentz group (σω ≡ ωµνσµν , σµν ≡ i2 [γµ, γν] and {γµ, γν} = 2gµν) an invariant mass term is given by

ψTLCψL where C is such that σTµνC = −Cσµν or (up to a sign) C−1γµC = −γTµ . Using the followingrepresentation for the γ matrices
γ0 = ( 0 11 0 ) , γi = ( 0 σi

−σi 0 )
, (1.1)

where σi are the Pauli matrices, an expression for C reads C = iγ2γ0, with C = −C−1 = −C† = −CT .Notice that the mass term is not invariant under the U(1) transformation ψL Ï eiθψL and in order toavoid the breaking of any abelian quantum number carried by ψL (such as lepton number or electriccharge) we can construct ψ′TL CψL where for every additive quantum number ψ′L and ψL have oppositecharges. This just means that if ψL is associated with a certain fundamental particle, ψ′L is associatedwith its antiparticle. In order to recast a more familiar notation let us define a field ψR by the equation
ψR ≡ ψ′TL C. In therms of the right-handed (RH) spinor ψR , the mass term can be rewritten as ψRψL .
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The relevance of this fact for the SM is encoded in the following observation:given a left-handed fermion field ψL transforming under some representation, re-ducible or irreducible, ψL Ï D(g)ψL , one can construct a gauge invariant mass termonly if the representation is real. Indeed, it is easy to verify (by using Eq. (1.2) andthe unitarity of D(g)) that the mass term ψTLCSψL , where C denotes the Dirac chargeconjugation matrix, is invariant. Notice that if the representation were pseudo-real(e.g. a doublet of SU(2)) the mass term vanishes because of the antisymmetry of S2.The SM is built in such a way that there are no bare mass terms and all themasses stem from the Higgs mechanism. Its representations are said to be chiralbecause they are charged under the SU(2)L ⊗ U(1)Y chiral symmetry in such away that fermions are massless as long as the chiral symmetry is preserved. Acomplex representation of a group G may of course become real when restrictedto a subgroup of G . This is exactly what happens in the SU(3)C ⊗ SU(2)L ⊗U(1)Y Ï

SU(3)C ⊗ U(1)Q case.When looking for a unified UV completion of the SM we would like to keep thisfeature. Otherwise we should also explain why, according to the Georgi’s survivalhypothesis [78], all the fermions do not acquire a super-heavy bare mass of the orderof the scale at which the unified gauge symmetry is broken.
1.2 The Georgi-Glashow route
The bottom line of the last section was that a realistic grand unified theory is such thatthe LH fermions are embedded in a complex representation of the unified group (inparticular complex under SU(3)C⊗SU(2)L⊗U(1)Y ). If we further require minimality(i.e. rank 4 as in the SM) one reaches the remarkable conclusion [1] that the onlysimple group with complex representations (which contains SU(3)C⊗SU(2)L⊗U(1)Yas a subgroup) is SU(5).Let us consider the fundamental representation of SU(5) and denote it as a 5-dimensional vector 5i (i = 1, . . . , 5). It is usual to embed SU(3)C ⊗ SU(2)L in sucha way that the first three components of 5 transform as a triplet of SU(3)C and thelast two components as a doublet of SU(2)L5 = (3, 1)⊕ (1, 2) . (1.8)
In the SM we have 15 Weyl fermions per family with quantum numbers
q ∼ (3, 2,+16 ) ` ∼ (1, 2,−12 ) uc ∼ (3, 1,−23 ) dc ∼ (3, 1,+13 ) ec ∼ (1, 1,+1) . (1.9)

How to embed these into SU(5)? One would be tempted to try with a 15 of SU(5).Actually from the tensor product
5⊗ 5 = 10A ⊕ 15S , (1.10)

2The relation CT = −C and the anticommuting property of the fermion fields must be also takeninto account.
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and the fact that 3 ⊗ 3 = 3A ⊕ 6S one concludes that some of the known quarksshould belong to color sextects, which is not the case. So the next step is to try with5 ⊕ 10 or better with 5 ⊕ 10 since there is no (3, 1) in the set of fields in Eq. (1.9).The decomposition of 5 under SU(3)C ⊗ SU(2)L ⊗ U(1)Y is simply

5 = (3, 1,+13 )⊕ (1, 2,−12 ) , (1.11)
where we have exploited the fact that the hypercharge is a traceless generator of
SU(5), which implies the condition 3Y (dc) + 2Y (`) = 0. So, up to a normalizationfactor, one may choose Y (dc) = 13 and Y (`) = −12 . Then from Eqs. (1.10)–(1.11) weget 10 = (5⊗ 5)A = (3, 1,−23 )⊕ (3, 2,+16 )⊕ (1, 1,+1) . (1.12)Thus the embedding of a SM fermion family into 5⊕ 10 reads

5 =


dc1
dc2
dc3
e
−ν

 , 10 =


0 uc3 −uc2 u1 d1
−uc3 0 uc1 u2 d2
uc2 −uc1 0 u3 d3
−u1 −u2 −u3 0 ec
−d1 −d2 −d3 −ec 0

 , (1.13)
where we have expressed the SU(2)L doublets as q = (u d) and ` = (ν e). Notice inparticular that the doublet embedded in 5 is iσ2` ∼ `∗3.It may be useful to know how the SU(5) generators act of 5 and 10. From thetransformation properties

5i Ï (U†)ik 5k , 10ij Ï Uk
i U l

j 10kl , (1.14)
where U = exp iT and T† = T , we deduce that the action of the generators is

δ 5i = −T i
k 5k , δ 10ij = {T, 10}ij . (1.15)

Already at this elementary level we can list a set of important features of SU(5) whichare typical of any GUT.
1.2.1 Charge quantization and anomaly cancellationThe charges of quarks and leptons are related. Let us write the most general electriccharge generator compatible with the SU(3)C invariance and the SU(5) embedding

Q = diag (a, a, a, b,−3a − b) , (1.16)
where TrQ = 0. Then by applying Eq. (1.15) we find

Q(dc) = −a Q(e) = −b Q(ν) = 3a + b (1.17)
3Here σ2 is the second Pauli matrix and the symbol "∼" stands for the fact that iσ2` and `∗ transformin the same way under SU(2)L .
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Q(uc) = 2a Q(u) = a + b Q(d) = −(2a + b) Q(ec) = −3a , (1.18)so that apart for a global normalization factor the charges do depend just on oneparameter, which must be fixed by some extra assumption. Let’s say we require

Q(ν) = 04, that readily implies
Q(ec) = −Q(e) = 32Q(u) = −32Q(uc) = −3Q(d) = 3Q(dc) = b , (1.19)

i.e. the electric charge of the SM fermions is a multiple of 2b.Let us consider now the issue of anomalies. We already know that in the SMall the gauge anomalies vanish. This property is preserved in SU(5) since 5 and10 have equal and opposite anomalies, so that the theory is still anomaly free. Inorder to see this explicitly let us decompose 5 and 10 under the branching chain
SU(5) ⊃ SU(4)⊗ U(1)A ⊃ SU(3)⊗ U(1)A ⊗ U(1)B5 = 1(4)⊕ 4(−1) = 1(4, 0)⊕ 1(−1, 3)⊕ 3(−1,−1) , (1.20)10 = 4(3)⊕ 6(−2) = 1(3, 3)⊕ 3(3,−1)⊕ 3(−2,−2)⊕ 3(−2,−2) , (1.21)
where the U(1) charges are given up to a normalization factor. The anomaly A(R)relative to a representation R is defined by

Tr {Ta
R, Tb

R}Tc
R =A(R)dabc , (1.22)

where dabc is a completely symmetric tensor. Then, given the properties
A(R1 ⊕ R1) =A(R1) +A(R2) and A(R) = −A(R) , (1.23)

it is enough to compute the anomaly of the SU(3) subalgebra of SU(5),
ASU(3)(5) =ASU(3)(3) , ASU(3)(10) =ASU(3)(3) +ASU(3)(3) +ASU(3)(3) , (1.24)

in order to conclude that A(5⊕ 10) = 0.We close this section by noticing that anomaly cancellation and charge quantiza-tion are closely related. Actually it is not a chance that in the SM anomaly cancel-lation implies charge quantization, after taking into account the gauge invariance ofthe Yukawa couplings [6, 7, 8, 9, 10].
1.2.2 Gauge coupling unificationAt some grand unification mass scale MU the relevant symmetry is SU(5) and the
g3, g2, g ′ coupling constants of SU(3)C⊗SU(2)L⊗U(1)Y merge into one single gaugecoupling gU . The rather different values for g3, g2, g ′ at low-energy are then due torenormalization effects.

4That is needed in order to give mass to the SM fermions with the Higgs mechanism. The simplestpossibility is given by using an SU(2)L doublet H ⊂ 5H (cf. Sect. 1.2.6) and in order to preserve U(1)Qit must be Q(〈H〉) = 0.
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Before considering the running of the gauge couplings we need to fix the relativenormalization between g2 and g ′, which enter the weak interactions

g2T3 + g ′Y . (1.25)We define
ζ = TrY 2TrT23 , (1.26)

so that Y1 ≡ ζ−1/2Y is normalized as T3. In a unified theory based on a simple group,the coupling which unifies is then (g1Y1 = g ′Y )
g1 ≡√ζg ′ . (1.27)Evaluating the normalization over a 5 of SU(5) one finds

ζ = 3 (13)2 + 2 (−12)2(12)2 + (−12)2 = 53 , (1.28)
and thus one obtains the tree level matching condition

gU ≡ g3(MU ) = g2(MU ) = g1(MU ) . (1.29)At energies µ < MU the running of the fine-structure constants (αi ≡ g2
i /4π) is givenby

α−1
i (t) = α−1

i (0)− ai2π t , (1.30)where t = log(µ/µ0) and the one-loop beta-coefficient for the SM reads (a3, a2, a1) =(−7,−196 , 4110 ). Starting from the experimental input values for the (consistently nor-malized) SM gauge couplings at the scale MZ = 91.19 GeV [79]
α1 = 0.016946± 0.000006 ,
α2 = 0.033812± 0.000021 , (1.31)
α3 = 0.1176± 0.0020 ,it is then a simple exercise to perform the one-loop evolution of the gauge couplingsassuming just the SM as the low-energy effective theory. The result is depictedin Fig. 1.1As we can see, the gauge couplings do not unify in the minimal framework, al-though a small perturbation may suffice to restore unification. In particular, thresh-olds effects at the MU scale (or below) may do the job, however depending on thedetails of the UV completion5.By now Fig. 1.1 remains one of the most solid hints in favor of the grand unifi-cation idea. Indeed, being the gauge coupling evolution sensitive to the log of thescale, it is intriguing that they almost unify in a relatively narrow window, 1015÷18 GeV,which is still allowed by the experimental lower bound on the proton lifetime and aconsistent effective quantum field theory description without gravity.

5It turns out that threshold corrections are not enough in order to restore unification in theminimal Georgi-Glashow SU(5) (see e.g. Ref. [80]).
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Figure 1.1: One-loop running of the SM gauge couplings assuming the U(1)Y embedding into
SU(5).
1.2.3 Symmetry breakingThe Higgs sector of the Georgi-Glashow model spans over the reducible 5H ⊕ 24Hrepresentation. These two fields are minimally needed in order to break the SU(5)gauge symmetry down to SU(3)C ⊗ SU(2)L ⊗ U(1)Y and further to SU(3)C ⊗ U(1)Q .Let us concentrate on the first stage of the breaking which is controlled by the rank-conserving VEV 〈24H〉. The fact that the adjoint preserves the rank is easily seen byconsidering the action of the Cartan generators on the adjoint vacuum

δ 〈24H〉ij = [TCartan, 〈24H〉]ij , (1.32)
derived from the transformation properties of the adjoint

24ij Ï (U†)ikU l
j 24kl . (1.33)

Since 〈24H〉 can be diagonalized by an SU(5) transformation and the Cartan gener-ators are diagonal by definition, one concludes that the adjoint preserves the Cartansubalgebra. The scalar potential is given by
V (24H ) = −m2Tr 242

H + λ1 (Tr 242
H
)2 + λ2Tr 244

H , (1.34)
where just for simplicity we have imposed the discrete symmetry 24H Ï −24H . Theminimization of the potential goes as follows. First of all 〈24H〉 is transformed intoa real diagonal traceless matrix by means of an SU(5) transformation

〈24H〉 = diag(h1, h2, h3, h4, h5) , (1.35)
where h1 +h2 +h3 +h4 +h5 = 0. With 24H in the diagonal form, the scalar potentialreads

V (24H ) = −m2∑
i

h2
i + λ1

(∑
i

h2
i

)2 + λ2∑
i

h4
i . (1.36)
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Since the hi ’s are not all independent, we need to use the lagrangian multiplier µin order to account for the constraint ∑i hi = 0. The minimization of the potential
V ′(24H ) = V (24H )− µTr 24H yields

∂V ′(24H )
∂hi

= −2m2hi + 4λ1
∑

j

h2
j

hi + 4λ2h3
i − µ = 0 . (1.37)

Thus at the minimum all the hi ’s satisfy the same cubic equation
4λ2x3 + (4λ1a − 2m2)x − µ = 0 with a =∑

j

h2
j . (1.38)

This means that the the hi ’s can take at most three different values, φ1, φ2 and φ3,which are the three roots of the cubic equation. Note that the absence of the x2 termin the cubic equation implies that
φ1 + φ2 + φ3 = 0 . (1.39)

Let n1, n2 and n3 the number of times φ1, φ2 and φ3 appear in 〈24H〉,
〈24H〉 = diag(φ1, . . . , φ2, . . . , φ3) with n1φ1 + n2φ2 + n3φ3 = 0 . (1.40)

Thus 〈24H〉 is invariant under SU(n1)⊗SU(n2)⊗SU(n3) transformations. This impliesthat the most general form of symmetry breaking is SU(n) Ï SU(n1) ⊗ SU(n2) ⊗
SU(n3) as well as possible U(1) factors (total rank is 4) which leave 〈24H〉 invariant.To find the absolute minimum we have to use the relations

n1φ1 + n2φ2 + n3φ3 = 0 and φ1 + φ2 + φ3 = 0 (1.41)
to compare different choices of {n1, n2, n3} in order to get the one with the smallest
V (24H ). It turns out (see e.g. Ref. [45]) that for the case of interest there are twopossible patterns for the symmetry breaking

SU(5)Ï SU(3)⊗ SU(2)⊗ U(1) or SU(5)Ï SU(4)⊗ U(1) , (1.42)
depending on the relative magnitudes of the parameters λ1 and λ2. In particular for
λ1 > 0 and λ2 > 0 the absolute minimum is given by the SM vacuum [45] and theadjoint VEV reads

〈24H〉 = V diag(2, 2, 2,−3,−3) . (1.43)Then the stability of the vacuum requires
λ1 (Tr 〈24H〉2)2 + λ2Tr 〈24H〉4 > 0 ÍÑ λ1 > − 730λ2 (1.44)

and the minimum condition
∂V (〈24H〉)

∂V = 0 ÍÑ 60V (−m2 + 2V 2(30λ1 + 7λ2)) = 0 (1.45)
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yields

V 2 = m22(30λ1 + 7λ2) . (1.46)
Let us now write the covariant derivative

Dµ24H = ∂µ24H + ig
[
Aµ, 24H] , (1.47)

where Aµ and 24H are 5× 5 traceless hermitian matrices. Then from the canonicalkinetic term,
TrDµ 〈24H〉Dµ 〈24H〉† = g2Tr [Aµ, 〈24H〉] [〈24H〉 , Aµ] (1.48)

and the shape of the vacuum
〈24H〉ij = hjδij , (1.49)where repeated indices are not summed, we can easily extract the gauge bosonsmass matrix from the expression

g2 [Aµ, 〈24H〉]ij [〈24H〉 , Aµ]ji = g2 (Aµ)ij (Aµ)ji (hi − hj)2 . (1.50)
The gauge boson fields (Aµ)ij having i = 1, 2, 3 and j = 4, 5 are massive, M2

X = 25g2V 2,while i, j = 1, 2, 3 and i, j = 4, 5 are still massless. Notice that the hyperchargegenerator commutes with the vacuum in Eq. (1.43) and hence the associated gaugeboson is massless as well. The number of massive gauge bosons is then 24 − (8 +3 + 1) = 12 and their quantum numbers correspond to the coset SU(5)/SU(3)C ⊗
SU(2)L ⊗U(1)Y . Their mass MX is usually identified with the grand unification scale,
MU .
1.2.4 Doublet-Triplet splittingThe second breaking step, SU(3)C ⊗ SU(2)L ⊗ U(1)Y Ï SU(3)C ⊗ U(1)Q , is driven bya 5H where 5H = ( T

H

)
, (1.51)

decomposes into a color triplet T and an SU(2)L doublet H . The latter plays the samerole of the Higgs doublet of the SM. The most general potential containing both 24Hand 5H can be written as
V = V (24H ) + V (5H ) + V (24H , 5H ) , (1.52)

where V (24H ) is defined in Eq. (1.34),
V (5H ) = −µ2 5†H5H + λ

(5†H5H)2
, (1.53)

and
V (24H , 5H ) = α 5†H5HTr 242

H + β 5†H242
H5H . (1.54)
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Again we have imposed for simplicity the discrete symmetry 24H Ï −24H . It isinstructive to compute the mass of the doublet H and the triplet T in the SM vacuumjust after the first stage of the breaking

M2
H = −µ2 + (30α+ 9β)V 2 , M2

T = −µ2 + (30α+ 4β)V 2 . (1.55)
The gauge hierarchy MX � MW requires that the doublet H , containing the would-be Goldstone bosons eaten by the W and the Z and the physical Higgs boson, live atthe MW scale. This is unnatural and can be achieved at the prize of a fine-tuning ofone part in O(M2

X/M2
W ) ∼ 1026 in the expression for M2

H . If we follow the principlethat only the minimal fine-tuning needed for the gauge hierarchy is allowed then
MT is automatically kept heavy6. This goes under the name of doublet-triplet (DT)splitting. Usually, but not always [83, 84], a light triplet is very dangerous for theproton stability since it can couple to the SM fermions in such a way that baryonnumber is not anymore an accidental global symmetry of the low-energy lagrangian7.A final comment about the radiative stability of the fine-tuning is in order. Whilesupersymmetry helps in stabilizing the hierarchy between MX and MW against ra-diative corrections, it does not say much about the origin of this hierarchy. Othermechanisms have to be devised to render the hierarchy natural (for a short dis-cussion of the solutions proposed so far cf. Sect. 4.4.3). In a nonsupersymmetricscenario one needs to compute the mass of the doublet in Eq. (1.55) within a 13-loopaccuracy in order to stabilize the hierarchy.
1.2.5 Proton decayThe theory predicts that protons eventually decay. The most emblematic contributionto proton decay is due to the exchange of super-heavy gauge bosons which belongto the coset SU(5)/SU(3)C⊗SU(2)L⊗U(1)Y . Let us denote the matter representationsof SU(5) as 5 = (ψα, ψi) , 10 = (ψαβ, ψαi, ψij) , (1.56)where the greek and latin indices run respectively from 1 to 3 (SU(3)C space) and 1to 2 (SU(2)L space). Analogously the adjoint 24 can be represented as

24 = (Xα
β , Xi

j , Xα
α − 32Xi

i , Xα
i , Xi

α
)
, (1.57)

from which we can readily recognize the gauge bosons associated to the SM un-broken generators ((8, 1)⊕ (3, 1)⊕ (1, 1)) and the two super-heavy leptoquark gauge
6In some way this is an extension of the Georgi’s survival hypothesis for fermions [78], accordingto which the particles do not survive to low energies unless a symmetry forbids their large massterms. This hypothesis is obviously wrong for scalars and must be extended. The extended survivalhypothesis (ESH) reads: Higgs scalars (unless protected by some symmetry) acquire the maximummass compatible with the pattern of symmetry breaking [81]. In practice this corresponds to therequirement of the minimal number of fine-tunings to be imposed onto the scalar potential [82].7Let us consider for instance the invariants qqT and q`T∗. There’s no way to assign a baryoncharge to T in such a way that U(1)B is preserved.
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bosons ((3, 2) ⊕ (3, 2)). Let us consider now the gauge action of Xα

i on the matterfields
Xα
i : ψα Ï ψi (dc Ï ν, e) , ψβi Ï ψβα (d, uÏ uc) , ψij Ï ψαj (ec Ï u, d) . (1.58)Thus diagrams involving the exchange of a Xα

i boson generate processes like
ud Ï ucec , (1.59)whose amplitude is proportional to the gauge boson propagator. After dressing theoperator with a spectator quark u, we can have for instance the low-energy process

p Ï π0e+, whose decay rate can be estimated by simple dimensional analysis
Γ(p Ï π0e+) ∼ α2

Um5
p

M4
X

. (1.60)
Using τ(p → π0e+) > 8.2× 1033 years [11] we extract (for α−1

U = 40) the naive lowerbound on the super-heavy gauge boson mass
MX > 2.3× 1015 GeV (1.61)which points directly to the grand unification scale extrapolated by the gauge running(see e.g. Fig. 1.1).Notice that B − L is conserved in the process p Ï π0e+. This selection rule isa general feature of the gauge induced proton decay and can be traced back to thepresence of a global B− L accidental symmetry in the transitions of Eq. (1.58) afterassigning B − L (Xα

i ) = 2/3.
1.2.6 Yukawa sector and neutrino massesThe SU(5) Yukawa lagrangian can be written schematically8 as

LY = 5FY510F5∗H + 18ε510FY1010F5H + h.c. , (1.62)
where ε5 is the 5-index Levi-Civita tensor. After denoting the SU(5) representationssynthetically as

5F = ( dc
ε2`

) 10F = ( ε3uc q
−qT ε2ec

) 5H = ( T
H

)
, (1.63)

where ε3 is the 3-index Levi-Civita tensor and ε2 = iσ2, we project Eq. (1.62) over theSM components. This yields
5FY510F5∗H = (dc `εT2 )( ε3uc q

−qT ε2ec
)(

T∗
H∗

)
Ï dcY5qH∗ + `Y5ecH∗ , (1.64)

8More precisely 5FY510F5∗H ≡
(5F)αxm Cxy (Y5)mn (10F )yαβn (5∗H )β and ε510FY1010F5H ≡

εαβγδε (10F )xαβm Cxy (Y10)mn (10F )yγδn (5H )ε , where (α, β, γ, δ, ε), (m,n) and (x, y) are respectively SU(5),family and Lorentz indices.
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18ε510FY1010F5H Ï 12uc (Y10 + YT10) qH . (1.65)

After rearranging the order of the SU(2)L doublet and singlet fields in the secondterm of Eq. (1.64), i.e. `Y5ecH∗ = ecYT5 `H∗, one gets
Yd = YT

e and Yu = YT
u , (1.66)

which shows a deep connection between flavor and the GUT symmetry (which isnot related to a flavor symmetry). The first relation in Eq. (1.66) predicts mb(MU ) =
mτ(MU ), ms(MU ) = mµ(MU ) and md(MU ) = me(MU ) at the GUT scale. So in orderto test this relation one has to run the SM fermion masses starting from their low-energy values. While mb(MU ) = mτ(MU ) is obtained in the MSSM with a typical20 − 30% uncertainty [85], the other two relations are evidently wrong. By exploit-ing the fact that the ratio between md/me and ms/mµ is essentially independent ofrenormalization effects [86], we get the scale free relation

md/ms = me/mµ , (1.67)
which is off by one order of magnitude.Notice that md = me comes from the fact that the fundamental 〈5H〉 breaks SU(5)down to SU(4) which remains an accidental symmetry of the Yukawa sector. So oneexpects that considering higher dimensional representations makes it possible tofurther break the remnant SU(4). This is indeed what happens by introducing a 45Hwhich couples to the fermions in the following way [87]

5F10F45∗H + 10F10F45H + h.c. . (1.68)
The first operator leads to Yd = −3Ye , so that if both 5H and 45H are present morefreedom is available to fit all fermion masses. Alternatively one can built an effectivecoupling [88] 1Λ5F10F (〈24H〉 5∗H )45 , (1.69)which mimics the behavior of the 45H . If we take the cut-off to be the planck scale
MP , this nicely keeps b − τ unification while corrects the relations among the firsttwo families. However in both cases we loose predictivity since we are just fitting
Md and Me in the extended Yukawa structure.Finally what about neutrinos? It turns out [89] that the Georgi-Glashow modelhas an accidental global U(1)G symmetry with the charge assignment G(5F ) = −35 ,
G(10F ) = +15 and G(5H ) = +25 . The VEV 〈5H〉 breaks this global symmetry but leavesinvariant a linear combination of G and a Cartan generator of SU(5). It easy to seethat any linear combination of G + 45Y , Q, and any color generators is left invariant.The extra conserved charge G + 45Y when acting on the fermion fields is just B− L.Thus neutrinos cannot acquire neither a Dirac (because of the field content) nor aMajorana (because of the global B−L symmetry) mass term and they remain exactlymassless even at the quantum level.
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Going at the non-renormalizable level we can break the accidental U(1)G sym-metry. For instance global charges are expected to be violated by gravity and thesimplest effective operator one can think of is [90]1

MP
5F5F5H5H . (1.70)

However its contribution to neutrino masses is too much suppressed (mν ∼ O(M2
W /MP)

∼ 10−5 eV). Thus we have to extend the field content of the theory in order to gener-ate phenomenologically viable neutrino masses. Actually, the possibilities are many.Minimally one may add an SU(5) singlet fermion field 1F . Then, through itsrenormalizable coupling 5F1F5H , one integrates 1F out and generates an operatorsimilar to that in Eq. (1.70), but suppressed by the SU(5)-singlet mass term whichcan be taken well below MP .A slightly different approach could be breaking the accidental U(1)G symmetry byadding additional scalar representations. Let us take for instance a 10H and considerthen the new couplings [89]
L10 ⊃ f 5F5F10H +M 10H10H5H . (1.71)

Since G(5F ) = −35 and G(5H ) = +25 there’s no way to assign a G-charge to 10H inorder to preserve U(1)G . Thus we expect that loops containing the B − L breakingsources f and M can generate neutrino masses.So what is wrong with the two approaches above? In principle nothing. Butmaybe we should try to do more than getting out what we put in. Indeed we arejust solving the issue of neutrino masses "ad hoc", without correlations to otherphenomena. In addition we do not improve unification of minimal SU(5)9.Guided by this double issue of the Georgi-Glashow model, two minimal extensionswhich can cure at the same time both neutrino masses and unification have beenrecently proposed
• Add a 15H = (1, 3)H ⊕ (6, 1)H ⊕ (3, 2)H [43]. Here (1, 3)H is an Higgs tripletresponsible for type-II seesaw. The model predicts generically light leptoquarks(3, 2)H and fast proton decay [91].
• Add a 24F = (1, 1)F⊕ (1, 3)F⊕ (8, 1)F⊕ (3, 2)F⊕ (3, 2)F [44]. Here (1, 1)F and (1, 3)Fare fields responsible respectively for type-I and type-III seesaw. The modelpredicts a light fermion triplet (1, 3)F and fast proton decay [92].Another well motivated and studied extension of the Georgi-Glashow model isgiven by supersymmetric SU(5) [93]. In this case the supersymmetrization of thespectrum is enough in order to fix both unification and neutrino masses. Indeed,if we do not impose by hand R-parity conservation Majorana neutrino masses areautomatically generated by lepton number violating interactions [94].

9An analysis of the thresholds corrections in the Georgi-Glashow model with the addition of the10H indicates that unification cannot be restored.
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1.3 The Pati-Salam route
In the SM there is an intrinsic lack of left-right symmetry without any explanationof the phenomenological facts that neutrino masses are very small and the weakinteractions are predominantly V − A. The situation can be schematically depictedin the following way

q = ( u1 u2 u3
d1 d2 d3

)
` = ( ν

e

)
dc = (dc1 dc2 dc3)
uc = (uc1 uc2 uc3) ec? (1.72)

where q = (3, 2,+16 ), ` = (1, 2,−12 ), dc = (3, 1,+13 ), uc = (3, 1,−23 ) and ec = (1, 1,+1)under SU(3)C ⊗ SU(2)L ⊗ U(1)Y .Considering the SM as an effective theory, neutrino masses can be generated bya d = 5 operator [25] of the type
YνΛL

(`Tε2H)C(HTε2`) , (1.73)
where ε2 = iσ2 and C is the charge-conjugation matrix. After electroweak symmetrybreaking, 〈H〉 = v , neutrinos pick up a Majorana mass term MννTCν with

Mν = Yν
v2ΛL

. (1.74)
The lower bound on the highest neutrino eigenvalue inferred from √∆matm ∼0.05 eV tells us that the scale at which the lepton number is violated isΛL . Yν O(1014÷15 GeV) . (1.75)Notice that without a theory which fixes the structure of Yν we don’t have much tosay about ΛL.Actually, by exploiting the Fierz identity (σi)ab(σi)cd = 2δadδcb − δabδcd , one findsthat the operator in Eq. (1.73) can be equivalently written in three different ways

(`Tε2H)C(HTε2`) = 12(`TCε2σi`)(HTε2σiH) = −(`Tε2σiH)C(HTε2σi`) . (1.76)
Each operator in Eq. (1.76) hints to a different renormalizable UV completion of theSM. Indeed one can think those effective operators as the result of the the integrationof an heavy state with a renormalizable coupling of the type(`Tε2H)Cνc (`TCε2σi`)∆i (`Tε2σiH)CTi , (1.77)where νc , ∆i and Ti are a fermionic singlet (Y = 0), a scalar triplet (Y = +1) anda fermionic triplet (Y = 0). Notice that being νc , ∆i ⊕ ∆∗i and Ti vector-like statestheir mass is not protected by the electroweak symmetry and it can be identifiedwith the scale ΛL , thus providing a rationale for the smallness of neutrino masses.This goes under the name of seesaw mechanism and the three options in Eq. (1.77)are classified respectively as type-I [26, 27, 28, 29, 30], type-II [31, 32, 33, 34] andtype-III [35] seesaw.
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1.3.1 Left-Right symmetryGuided by the previous discussion on the renormalizable origin of neutrino masses,it is then very natural to to fill the gap in the SM by introducing a SM-singlet fermionfield νc . In such a way the spectrum looks more "symmetric" and one can imaginethat at higher energies the left-right symmetry is restored, in the sense that left andright chirality fermions10 are assumed to play an identical role prior to some kindof spontaneous symmetry breaking.The smallest gauge group that implement this idea is SU(3)C⊗SU(2)L⊗SU(2)R⊗
U(1)B−L ⊗ Z2 [2, 76, 77], where Z2 is a discrete symmetry which exchange SU(2)L ↔
SU(2)R. The field content of the theory can be schematically depicted as
q = ( u1 u2 u3

d1 d2 d3
)

` = ( ν
e

)
qc = ( dc1 dc2 dc3

−uc1 −uc2 −uc3
)

`c = ( ec
−νc

) (1.78)
where q = (3, 2, 1,+13 ), ` = (1, 2, 1,−1), qc = (3, 1, 2∗,−13 ), `c = (1, 1, 2∗,+1), under
SU(3)C⊗SU(2)L⊗SU(2)R⊗U(1)B−L. Given this embedding of the fermion fields onereadily verifies that the electric charge formula takes the expression

Q = T3
L + T3

R + B − L2 . (1.79)
Next we have to state the Higgs sector. In the early days of the development ofleft-right theories the breaking to the SM was minimally achieved by employingthe following set of representations: δL = (1, 2, 1,+1), δR = (1, 1, 2,+1) and Φ =(1, 2, 2∗, 0) [2, 76, 77]. However, as pointed out in [30, 34], in order to understand thesmallness of neutrino masses it is better to consider ∆L = (1, 3, 1,+2) and ∆R =(1, 1, 3,+2) in place of δL and δR.Choosing the matrix representation ∆L,R = ∆i

L,Rσi/2 for the SU(2)L,R adjoint anddefining the conjugate doublet Φ̃ ≡ σ2Φ∗σ2, the transformation properties for theHiggs fields under SU(2)L and SU(2)R read
∆L Ï UL ∆L U†L , ∆R Ï UR ∆R U†R , ΦÏ UL ΦU†R , Φ̃Ï ULΦ̃U†R , (1.80)

and consequently we have
δL∆L = [T3

L,∆L
]

δL∆R = 0 δLΦ = T3
LΦ δLΦ̃ = T3

LΦ̃
δR∆L = 0 δR∆R = [T3

R,∆R
]

δRΦ = −ΦT3
R δRΦ̃ = −Φ̃T3

R

δB−L∆L = +2∆L δB−L∆R = +2∆R δB−LΦ = 0 δB−LΦ̃ = 0 .
(1.81)

10As already stressed we work in a formalism in which all the fermions are left-handed four com-ponents Weyl spinors. The right chirality components are obtained by means of charge conjugation,namely ψR ≡ ψcTL C or equivalently ψcL ≡ Cγ0ψ∗R .
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Then, given the expression for the electric charge operator in Eq. (1.79), we candecompose these fields in the charge eigenstates

∆L,R = ( ∆+/√2 ∆++∆0 −∆+/√2
)
L,R

, Φ = ( φ01 φ+1
φ−2 φ02

)
, Φ̃ = ( φ0∗2 −φ+2

−φ−1 φ0∗1
)
. (1.82)

In order to fix completely the theory one has to specify the action of the Z2symmetry on the field content. There are two phenomenologically viable left-rightdiscrete symmetries: ZP2 and ZC2 . They are defined as
ZP2 :


ψL ÎÏ ψR∆L ÎÏ ∆RΦ ÎÏ Φ†
Wµ

L ÎÏ Wµ
R

and ZC2 :


ψL ÎÏ ψcL∆L ÎÏ ∆∗RΦ ÎÏ ΦT

Wµ
L ÎÏ Wµ∗

R

. (1.83)
The implications of this two cases differ by the tiny amount of CP violation. Indeedwhen restricted to the fermion fields we can identify ZP2 and ZC2 respectively with
P : ψL Ï ψR and C : ψL Ï ψcL ≡ Cγ0ψ∗R. In the former case the Yukawa matricesare hermitian while in the latter they are symmetric. So if CP is conserved (realcouplings) ZP2 and ZC2 lead to the same predictions.Notice that ZC2 involves an exchange between spinors with the same chirality.In principle this would allow the embedding of ZC2 into a gauge symmetry whichcommutes with the Lorentz group. The gauging is conceptually important since itprotects the symmetry from unknown UV effects.Remarkably it turns out that ZC2 can be identified with a finite gauge transforma-tion of SO(10) which, historically, goes under the name of D-parity [95, 96, 97, 98, 99].The connection with SO(10) motivates our notation in terms of left-handed fermionfields which fits better for the ZC2 case.Let us consider now the symmetry breaking sector. From Eq. (1.82) we deducethat the SM-preserving vacuum directions are

〈∆L,R〉 = ( 0 0
vL,R 0 ) 〈Φ〉 = ( v1 00 v2

)
,

〈Φ̃〉 = ( v∗2 00 v∗1
)
. (1.84)

The minimization of the scalar potential (see e.g. Appendix B of Ref. [34]) showsthat beside the expected left-right symmetric minimum vL = vR, we have also theasymmetric one
vL 6= vR , vLvR = γv21 , (in the approximation v2 = 0) , (1.85)where γ is a combination of parameters of the Higgs potential. Since the discreteleft-right symmetry is defined to transform ∆L ↔ ∆R (∆L ↔ ∆∗R) in the case of ZP2(ZC2 ), the VEVs in Eq. (1.85) breaks it spontaneously. Phenomenologically we have torequire vR � v1 � vL which leads to the following breaking pattern

SU(3)C ⊗ SU(2)L ⊗ SU(2)R ⊗ U(1)B−L ⊗ Z2 vRÊÏ SU(3)C ⊗ SU(2)L ⊗ U(1)Y
v1�vLÊÏ SU(3)C ⊗ U(1)Q , (1.86)
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where the gauge hierarchy is set by the gauge boson masses MWR ,MZR �MWL ,MZL .Let us verify this by computing MWR and MZR . We start from the covariant derivative

Dµ∆R = ∂µ∆R + igR
[
T i
R,∆R

] (
Ai
R
)
µ + igB−L

B − L2 ∆R (AB−L)µ , (1.87)
and the canonically normalized kinetic termTr (Dµ 〈∆R〉)†Dµ 〈∆R〉 , (1.88)which leads to

M2
WR = gRv2

R , M2
ZR = 2(g2

R + g2
B−L)v2

R , M2
Y = 0 , (1.89)where

W±
R = A1

R ∓ iA2
R√2 , ZR = gRA3

R + gB−LAB−L√
g2
R + g2

B−L

, Y = gB−LA3
R − gRAB−L√
g2
R + g2

B−L

. (1.90)
Given the relation g−2

Y = g−2
R +g−2

B−L
11 and the Z2 symmetry in Eq. (1.83) which implies

gR = gL ≡ g , we obtain
M2

ZR = 2g2
g2 − g2

Y
M2

WR ∼ 2.6M2
WR . (1.91)

At the next stage of symmetry breaking (〈Φ〉 6= 0 and 〈∆L〉 6= 0) an analogouscalculation yields (in the approximation v2 = 0)
M2

WL = 12g2 (v21 + 2v2
L
)
, M2

ZL = 12 (g2 + g2
Y
) (
v21 + 4v2

L
)
, M2

A = 0 , (1.92)
where

W±
L = A1

L ∓ iA2
L√2 , ZL = gLA3

L − gYAY√
g2
L + g2

Y
, A = gYA3

L + gLAY√
g2
L + g2

Y
. (1.93)

Notice that in order to preserve ρ = 1 at tree level, where
ρ ≡

M2
WL

M2
ZL

g2 + g2
Y

g2 , (1.94)
one has to require vL � v1.On the other hand at energy scales between MWL and MWR , SU(2)L⊗U(1)Y is stillpreserved and Eq. (1.79) implies

∆T3
R = −12∆(B − L) . (1.95)

Since ∆R is an SU(2)R triplet ∆T3
R = 1 and we get a violation of B − L by two units.Then two classes of B and L violating processes can arise:

11This relation comes directly from Y = T3
R + B−L2 (cf. Eq. (1.79)). For a formal proof see Sect. 2.2.4.
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• ∆B = 0 and ∆L = 2 which imply Majorana neutrinos.
• ∆B = 2 and ∆L = 0 which lead to neutron-antineutron oscillations.Let us describe the origin of neutrino masses while postponing the discussion ofneutron-antineutron oscillations to the next section.The piece of lagrangian relevant for neutrinos is
Lν ⊃ YΦ`TCε2Φ`c + ỸΦ`TCε2Φ̃`c + Y∆ (`TCε2∆L` + `cTC∆∗Rε2`c)+ h.c. , (1.96)

The invariance of Eq. (1.96) under the SU(2)L⊗SU(2)R might not be obvious. So let usrecall that, on top of the transformation properties in Eq. (1.80), ` Ï UL ` , `c Ï UR `c ,and UT
L,R ε2 = ε2 U†L,R. After projecting Eq. (1.96) on the SM vacuum directions andtaking only the pieces relevant to neutrinos we get
Lν ⊃ YΦνTCνcv2 + ỸΦνTCνcv1 + Y∆ (νTCν vL + νcTCνcv∗R

)+ h.c. . (1.97)
Let us take for simplicity v2 = 0 and consider real parameters. Then the neutrinomass matrix in the symmetric basis (ν νc) reads(

Y∆vL ỸΦv1
ỸTΦv1 Y∆vR

)
, (1.98)

and, given the hierarchy vR � v1 � vL , the matrix in Eq. (1.98) is block-diagonalizedby a similarity transformation involving the orthogonal matrix( 1− 12ρρT ρ
−ρT 1− 12ρTρ

)
, (1.99)

where ρ = ỸΦY−1∆ v1/vR. The diagonalization is valid up to O(ρ2) and yields
mν = Y∆vL − ỸΦY−1∆ ỸTΦ v21

vR
. (1.100)

The two contributions go under the name of type-II and type-I seesaw respectively.From the minimization of the potential12 (see Eq. (1.85)) one gets vL = γv21 /vR and
12Even without performing the complete minimization we can estimate the induced VEV vL bylooking at the following piece of potential

V ⊃ −M2∆L
Tr ∆†L∆L + λ Tr ∆†LΦ̃∆RΦ† . (1.101)

On the SM-vacuum Eq. (1.101) reads
〈V〉 ⊃ −M2∆L

v2
L + λ vLvR|v1|2 , (1.102)

and from the extremizing condition with respect to vL we get
vL = λvR|v1|2

M2∆L

. (1.103)
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hence the effective neutrino mass matrix reads

mν = (Y∆γ − ỸΦY−1∆ ỸTΦ
) v21
vR

. (1.104)
This equation is crucial since it shows a deep connection between the smallness ofneutrino masses and the non-observation of V + A currents [30, 34]. Indeed in thelimit vR Ï∞ we recover the V − A structure and mν vanish.Nowadays we know that neutrino are massive, but this information is not enoughin order to fix the scale vR because the detailed Yukawa structures are unknown.In this respect one can adopt two complementary approaches. From a pure phe-nomenological point of view one can hope that the V+A interactions are just behindthe corner and experiments such us the LHC are probing right now the TeV region13.Depending on the choice of the discrete left-right symmetry which can be either ZP2or ZC2 , the strongest bounds on MWR are given by the KL−KS mass difference whichyields MWR & 4 TeV in the case of ZP2 and MWR & 2.5 TeV in the case of ZC2 [100, 101].Alternatively one can imagine some well motivated UV completion in which theYukawa structure of the neutrino mass matrix is correlated to that of the chargedfermions. For instance in SO(10) GUTs it usually not easy to disentangle the highesteigenvalue in Eq. (1.104) from the top mass. This implies that the scale vR mustbe very heavy, somewhere close to 1014 GeV. As we will see in Chapter 2 thisis compatible with unification constraints and strengthen the connection between
SO(10) and neutrino masses.
1.3.2 Lepton number as a fourth colorOne can go a little step further and imagine a partial unification scenario in whichquarks and leptons belong to the same representations. The simplest implementationis obtained by collapsing the multiplets in Eq. (1.78) in the following way

Q = ( u1 u2 u3 ν
d1 d2 d3 e

)
Qc = ( dc1 dc2 dc3 ec

−uc1 −uc2 −uc3 −νc
) (1.105)

so that SU(3)C ⊗ U(1)B−L ⊂ SU(4)C and the fermion multiplets transform as Q =(4, 2, 1) and Qc = (4, 1, 2∗) under SU(4)C ⊗ SU(2)L ⊗ SU(2)R, which is known as thePati-Salam group [2]. Even in this case one can attach an extra discrete symmetrywhich exchange SU(2)L ↔ SU(2)R.The Higgs sector of the model is essentially an extension of that of the left-rightsymmetric model presented in Sect. 1.3.1. Indeed we have ∆L = (10, 3, 1), ∆R =(10, 1, 3) and Φ = (1, 2, 2∗). From the decomposition 10 = 6(+2/3)⊕ 3(−2/3)⊕ 1(−2)under SU(4)C ⊃ SU(3)C⊗U(1)B−L and the expression for the electric charge operator
13It has been pointed out recently [36] that a low O(TeV) left-right symmetry scale could be welcomein view of a possible tension between neutrinoless double beta decay signals and the upper limit onthe sum of neutrino masses coming from cosmology.
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in Eq. (1.79), we can readily see that 〈∆R〉 contains a SM-single direction and so thefirst stage of the breaking is given by

SU(4)C ⊗ SU(2)L ⊗ SU(2)R 〈∆R〉
ÊÏ SU(3)C ⊗ SU(2)L ⊗ U(1)Y , (1.106)while the final breaking to SU(3)C ⊗ U(1)Q is obtained by means of the bi-doubletVEV 〈Φ〉. Analogously to the left-right symmetric case an electroweak triplet VEV

〈∆L〉 � 〈Φ〉 is induced by the Higgs potential and the conclusions about neutrinomasses are the same.A peculiar feature of the Pati-Salam model is that the proton is stable in spiteof the quark-lepton transitions due to the SU(4)C interactions. Let us consider firstgauge interactions. The adjoint of SU(4)C decomposes as 15 = 1(0) ⊕ 3(+4/3) ⊕3(−4/3) ⊕ 8(0) under SU(3)C ⊗ U(1)B−L. In particular the transitions between quarkand leptons due to XPS ≡ 3(+43 ) and XPS ≡ 3(−43 ) come from the current interactions
LPS ⊃

g√2 (XPS
µ
[
uγµν + dγµe

]+ XPS
µ
[
ucγµνc + dcγµec

])+ h.c. (1.107)
It turns out that Eq. (1.107) has an accidental global symmetry G , where G(XPS) = −23 ,
G(u) = G(d) = +13 , G(ν) = G(e) = +1, G(XPS) = +23 , G(uc) = G(dc) = −13 , G(νc) =
G(ec) = −1. G is nothing but B+L when evaluated on the standard fermions. Thus,given that B − L is also a (gauge) symmetry, we conclude that both B and L areconserved by the gauge interactions.The situation regarding the scalar interactions is more subtle. Actually in theminimal model there is an hidden discrete symmetry which forbids all the ∆B = 1transitions, like for instance qqq` (see e.g. Ref. [102] )14. A simple way to see it is thatany operator of the type qqq` ⊂ QQQQ and the Q4 term must be contracted withan εijkl tensor in order to form an SU(4)C singlet. However, since the Higgs fields inthe minimal model are either singlets or completely symmetric in the SU(4)C space,they cannot mediate Q4 operators.On the other hand ∆B = 2 transitions like neutron-antineutron oscillations areallowed and they proceed through d = 9 operators of the type [102]

〈∆R〉
M6∆R

(udd)(udd) , (1.108)
which are generated by the Pati-Salam breaking VEV 〈∆R〉. The fact that 〈∆R〉 can bepushed down relatively close to the TeV scale without making the proton to decay isphenomenologically interesting, since one can hope in testable neutron-antineutronoscillations (for a recent review see Ref. [103]). Present bounds on nuclear insta-bility give τN > 1032 yr, which translates into a bound on the neutron oscillationtime τn−n̄ > 108 sec. Analogous limits come from direct reactor oscillations ex-periments. This sets a lower bound on the scale of ∆B = 2 nonsupersymmetric(d = 9) operators that varies from 10 to 300 TeV depending on model couplings.Thus neutron-antineutron oscillations probe scales far below the unification scale.

14Notice that this is just the reverse of the situation with the minimal SU(5) model where ∆B = 2transitions are forbidden.
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1.3.3 One family unified

The embedding of the left-right symmetric models of the previous sections into agrand unified structure requires the presence of a rank-5 group. Actually there areonly two candidates which have complex representations and can contain the SM asa subgroup. These are SU(6) and SO(10). The former group even though smaller itis somehow redundant15 since the SM fermions would be minimally embedded into6F ⊕ 15F which under SU(5)⊗ U(1) decompose as
6 = 1(+5)⊕ 5(−1) and 15 = 5(−4)⊕ 10(+2) , (1.109)

yielding an exotic 5 on top of the SM fermions.Thus we are left with SO(10). There are essentially two ways of looking at thisunified theory, according to the two maximal subalgebras which contain the SM:
SU(5)⊗U(1) and SO(6)⊗ SO(4). The latter is locally isomorphic to SU(4)⊗ SU(2)⊗
SU(2). The group theory of SO(10) will be the subject of the next section, butlet us already anticipate that the spinorial 16-dimensional representation of SO(10)decomposes in the following way 16 = 1(−5)⊕5(+3)⊕10(−1) under SU(5)⊗U(1) and16 = (4, 2, 1)⊕ (4, 1, 2) under SU(4)C ⊗SU(2)L⊗SU(2)R, thus providing a synthesis ofboth the ideas of Georgi-Glashow and the Pati-Salam.
1.4 SO(10) group theory

SO(10) is the special orthogonal group of rotations in a 10-dimensional vector space.Its defining representation is given by the group of matrices O which leave invariantthe norm of a 10-dimentional real vector φ. Under O, φ Ï Oφ and since φTφ isinvariant O must be orthogonal, OOT = 1. Here special means detO = +1 whichselects the group of transformations continuously connected with the identity. Thematrices O may be written in terms of 45 imaginary generators Tij = −Tji, for
i, j = 1, . . . 10, as

O = exp 12εijTij , (1.110)
where εij are the parameters of the transformation. A convenient basis for thegenerators is (Tij)ab = −i(δa[iδbj]) , (1.111)

15SU(6) as a grand unified group deserves anyway attention especially in its supersymmetric version.The reason is that it has an in-built mechanism in which the doublet-triplet splitting can be achievedin a very natural way [104, 105]. The mechanism is based on the fact that the light Higgs doublets ariseas pseudo-Goldstone modes of a spontaneously broken accidental global SU(6)⊗ SU(6) symmetry ofthe Higgs superpotential.
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where a, b, i, j = 1, .., 10 and the square bracket stands for anti-symmetrization. Theysatisfy the SO(10) commutation relations16[

Tij , Tkl
] = i(δikTjl + δjlTik − δilTjk − δjkTil) . (1.112)

In oder to study the group theory of SO(10) it is crucial to identify the invarianttensors. The conditions OOT = 1 and detO = +1 give rise to two of them. Thefirst one is simply the Kronecker tensor δij which is easily proven to be invariantbecause of OOT = 1, namely
δij Ï OikOjlδkl = OikOjk = δij , (1.113)

while the second one is the 10-index Levi-Civita tensor εijklmnopqr . Indeed, from thedefinition of determinant
detO εi′j ′k′l′m′n′o′p′q ′r′ = Oi′iOj ′jOk′kOl′lOm′mOn′nOo′oOp′pOq ′qOr′rεijklmnopqr (1.114)

and the fact that detO = +1, we conclude that εijklmnopqr is also invariant.The irreducible representations of SO(10) can be classified into two categories,single-valued and double-valued representations. The single valued representationshave the same transformations properties as the ordinary vectors in the real 10-dimensional space and their symmetrized or antisymmetrized tensor products. Thedoube-valued representations, called also spinor representations, trasform like spinorsin a 10-dimentional coordinate space.
1.4.1 Tensor representationsThe general n-index irreducible representations of SO(10) are built by means ofthe antisymmetrization or symmetrization (including trace subtraction) of the tensorproduct of n-fundamental vectors. Starting from the 10-dimentional fundamentalvector φi, whose transformation rule is

φi Ï Oijφj , (1.115)
we can decompose the tensor product of two of them in the following way
φi⊗φj = 12 (φi ⊗ φj − φj ⊗ φi)︸ ︷︷ ︸

φAij

+ 12 (φi ⊗ φj + φj ⊗ φi)− δij10φk ⊗ φk︸ ︷︷ ︸
φSij

+ δij10φk ⊗ φk︸ ︷︷ ︸
Sδij

. (1.116)
Since the symmetry properties of tensors under permutation of the indices are notchanged by the group transformations, the antisymmetric tensor φAij and the sym-metric tensor φSij clearly do not transform into each other. In general one can also

16These are an higher dimensional generalization of the well known SO(3) commutation relations[J1, J2] = i J3, where J1 ≡ T23, J2 ≡ T31 and J3 ≡ T12. Then the right hand side of Eq. (1.112) takes justinto account the antisymmetric nature of Tij and Tkl .
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separate a tensor in a traceless part and a trace. Because O is orthogonal also thetraceless property is preserved by the group transformations. So we conclude that
φAij , φSij and Sδij form irreducible representations whose dimensions are respectively10(10 − 1)/2 = 45, 10(10 + 1)/2 − 1 = 54 and 1. One can continue in this way byconsidering higher order representations and separating each time the symmet-ric/antisymmetric pieces and subtracting traces.However something special happens for 5-index tensors and the reason has todo with the existence of the invariant εijklmnopqr which induces the following dualitymap when applied to a 5-index completely antisymmetric tensor φnopqr

φijklm Ï φ̃ijklm ≡ −
i5!εijklmnopqrφnopqr . (1.117)

This allows us to define the self-dual and the antiself-dual components of φijklm inthe following way
Σijklm ≡

1√2 (φijklm + φ̃ijklm
)
, (1.118)

Σijklm ≡
1√2 (φijklm − φ̃ijklm) . (1.119)

One verifies that Σ̃ijklm = Σijklm (self-dual) and Σ̃ijklm = −Σijklm (antiself-dual). Sincethe duality property is not changed by the group transformations Σijklm and Σijklmdo form irreducible representations whose dimension is 12 10!5!(10−5)! = 126.
1.4.2 Spinor representationsWe have defined the SO(10) group by those linear transformations on the coordinates
x1, x2, . . . , x10, such that the quadratic form x21 + x22 + . . .+ x210 is left invariant. If wewrite this quadratic form as the square of a linear form of xi ’s,

x21 + x22 + . . .+ x210 = (γ1x1 + γ2x2 + . . .+ γ10x10)2 , (1.120)
we have to require

{γi, γj} = 2δij . (1.121)Eq. (1.121) goes under the name of Clifford algebra and the γ ’s have to be matricesin order to anticommute with each other17.
17In particular it can be shown that the dimension of the γ matrices must be even. Indeedfrom Eq. (1.121) we obtain

γj (γiγj + γjγi) = 2γj or γjγiγj = γi , (1.122)
with no sum over j . Taking the trace we get

Trγjγiγj = Trγi . (1.123)
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For definiteness let us build an explicit representation of the γ ’s which is validfor SO(2N) groups [106]18. We start with N = 1. Since the Pauli matrices satisfy theClifford algebra

{σi, σj} = 2δij , (1.125)we can choose
γ (1)1 = σ1 = ( 0 11 0 ) and γ (1)2 = σ2 = ( 0 −i

i 0 )
. (1.126)

Then the case N > 1 is constructed by recursion. The iteration from N to N + 1 isdefined by
γ (N+1)
i = ( γ (N)

i 00 −γ (N)
i

) for i = 1, 2, . . . , 2N , (1.127)
γ (N+1)2N+1 = ( 0 11 0 ) and γ (N+1)2N+2 = ( 0 −i

i 0 )
. (1.128)

Given the fact that the γ (N)
i matrices satisfy the Clifford algebra let us check explicitlythat the γ (N+1)

i ones satisfy it as well,
{
γ (N+1)
i , γ (N+1)

j

} =  {
γ (N)
i , γ (N)

j

} 00 {
γ (N)
j , γ (N)

i

}  = ( 2δij 00 2δij
) = 2δij , (1.129)

{
γ (N+1)
i , γ (N+1)2N+1

} = ( 0 γ (N)
i

−γ (N)
i 0

)+( 0 −γ (N)
i

γ (N)
i 0

) = 0 , (1.130)(
γ (N+1)2N+1

)2 = 1 . (1.131)
Analogously one finds{

γ (N+1)
i , γ (N+1)2N+2

} = 2δij , {
γ (N+1)2N+1 , γ (N+1)2N+2

} = 0 , (
γ (N+1)2N+2

)2 = 1 . (1.132)
Now consider a rotation in the coordinate space, x′i = Oikxk, where O is an orthog-onal matrix. This rotation induces a transformation on the γi matrix

γ ′i = Oikγk . (1.133)
But for the case i 6= j this implies

Trγjγiγj = −Trγiγjγj = −Trγi , (1.124)
and hence, putting together Eqs. (1.123)–(1.124), we have Tr γi = 0. On the other hand, γ2

i = 1 impliesthat the eigenvalues of γi are either +1 or −1. This means that to get Tr γi = 0, the number of +1and −1 eigenvalues must be the same, i.e. γi must be even dimensional.18For an alternative approach to the construction of spinor representations by means of creationand annihilation operators see e.g. Ref. [107].
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Notice that the anticommutation relations remain unchanged, i.e.

{γ ′i, γ ′j} = OikOjl{γk, γl} = 2δij . (1.134)
Because the original set of γ matrices form a complete matrix algebra, the new setof γ matrices must be related to the original set by a similarity transformation,

γ ′i = S(O)γiS−1(O) or Oikγk = S(O)γiS−1(O) . (1.135)
The correspondence O Ï S(O) serves as a 2N -dimensional representation of therotation group which is called spinor representation. The quantities ψi, which trans-form like

ψ′i = S(O)ijψj , (1.136)are called spinors. For an infinitesimal rotation we can parametrize Oik and S(O) by
Oik = δik + εik and S(O) = 1 + 12 iSijεij , (1.137)

with εik = −εki. Then Eq. (1.135) implies
i [Skl, γi] = (γlδik − γkδil) , (1.138)

where we have used εikγk = εlkγkδil = 12 (γkδil − γkδjl). One can verify that a solutionfor Skl in Eq. (1.138) is
Skl = i4 [γk, γl] . (1.139)By expressing the parameter εkl in terms of rotations angle, one can see that

S(O(4π)) = 119, i.e. S(O) is a double-valued representation.However for SO(2N) groups the representation S(O) is not irreducible. To seethis we construct the chiral projector γχ defined by
γχ = (−i)Nγ1γ2 · · ·γ2N . (1.141)

γχ anticommutes with γi since 2N is even20 and consequently we get [γχ, Skl] = 0(cf. Eq. (1.139)). Thus if ψ transforms as ψ′i = S(O)ijψj , the positive and negative chiralcomponents
ψ+ ≡ 12 (1 + γχ)ψ and ψ− ≡ 12 (1− γχ)ψ (1.142)transform separately. In other words ψ+ and ψ− form two irreducible spinor repre-sentations of dimension 2N−1.

19This is easily seen for SO(3). In this case the Clifford algebra is simply given by the three Paulimatrices and a finite transformation looks like
S(O(φ)) = e i2 σiφi = cos |φ|2 + i σiφi|φ| sin |φ|2 , (1.140)

where we have defined ε23 ≡ −φ1, ε13 ≡ −φ2, ε12 ≡ −φ3 and |φ| =√φ21 + φ22 + φ23 .20Notice that this would not be the case for SO(2N + 1) groups.
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Which is the relation between ψ+ and ψ−? In order to address this issue it isnecessary to introduce the concept of conjugation. Let us consider a spinor ψ of

SO(2N). The combination ψTCψ is an SO(2N) invariant provided that
STijC = −CSij . (1.143)

The conjugation matrix C can be constructed iteratively. We start from C(1) = iσ2for N = 1 and define
C(N+1) = ( 0 C(N)(−)(N+1)C(N) 0

)
. (1.144)

One can verify that (C(N))−1γTi C(N) = (−)Nγi . (1.145)By transposing Eq. (1.145) and substituting back γTi we get[
γi, ((C(N))T )−1C(N)] = 0 . (1.146)

Then the Shur’s Lemma implies
((C(N))T )−1C(N) = λ I or C(N) = λ(C(N))T , (1.147)

which yields λ2 = 1. In order to choose between λ = +1 and λ = −1 one has toapply Eq. (1.144), obtaining
CT = (−)N(N+1)/2C . (1.148)On the other hand Eq. (1.141) and Eq. (1.145) lead to

(C(N))−1γTχC(N) = (−)Nγχ , (1.149)
which by exploiting γTχ = γχ (cf. again Eq. (1.141)) yields

(C(N))−1γχC(N) = (−)Nγχ . (1.150)
This allows us to write

(C(N))−1 (Sij(1 + γχ))∗C(N) = (C(N))−1S∗ij(1 + γχ)C(N) = −Sij (1 + (−)Nγχ) . (1.151)
where we have also exploited the hermicity of the γ matrices. Eq. (1.151) can be inter-preted in the following way: for SO(2N) with N even ψ+ and ψ− are self-conjugatei.e. real or pseudo-real depending on whether C is symmetric or antisymmetric(cf. Eq. (1.148)), while for SO(2N) with N odd ψ+ is the conjugate of ψ−. Thus only
SO(4k+2) can have complex representations and remarkably SO(10) belong to thisclass.
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Spinors will be spinorsWe close this section by pointing out a distinctive feature of spinorial representa-tions: spinors of SO(2N) decompose into the direct sum of spinors of SO(2N ′) ⊂
SO(2N) [106]. Indeed, since the construction of γχ in Eq. (1.141) is such that

γ (N+1)
χ = ( γ (N)

χ 00 −γ (N)
χ

)
, (1.152)

the positive-chirality spinor ψ+ of SO(2N + 2M) contains 2M−1 positive-chiralityspinors and 2M−1 negative-chirality spinors of SO(2N). More explicitly
ψ+
SO(2N+2M) Ï ψ+

SO(2N+2M−2) ⊕ ψ−SO(2N+2M−2)
Ï 2× ψ+

SO(2N+2M−4) ⊕ 2× ψ−SO(2N+2M−4) Ï · · ·
Ï 2M−1 × ψ+

SO(2N) ⊕ 2M−1 × ψ−SO(2N) . (1.153)
Let us exemplify this important concept in the case of the 16-dimensional positive-chirality spinor of SO(10). By taking respectively (N = 3,M = 2) and (N = 2,M = 3)we obtain
• 16 = 2× 4+ ⊕ 2× 4− under SO(10) ⊃ SO(6),
• 16 = 4× 2+ ⊕ 4× 2− under SO(10) ⊃ SO(4),where 4+ (4−) and 2+ (2−) are respectively the positive (negative) chiral componentsof the SO(6) and SO(4) reducible spinors. Thus under SO(10) ⊃ SO(6) ⊗ SO(4) the16 decomposes as 16 = (4+, 2+)⊕ (4−, 2−) . (1.154)As we will show in Sect. 1.4.4 the Lie algebras SO(6) and SO(4) are locally isomorphicto SU(4) and SU(2) ⊗ SU(2). This allows us to make the following identificationsbetween the SO(6) and SU(4) representations

4+ ∼ 4 4− ∼ 4 , (1.155)
and the SO(4) and SU(2)⊗ SU(2) ones

2+ ∼ (2, 1) 2− ∼ (1, 2) , (1.156)
which justify the decomposition of the SO(10) spinor under the Pati-Salam algebra
SU(4)C ⊗ SU(2)L ⊗ SU(2)R as anticipated in Sect. 1.3.3, namely

16 = (4, 2, 1)⊕ (4, 1, 2) . (1.157)
This striking group-theoretic feature of spinors, which under the natural restric-tion to an orthogonal subgroup decompose into several copies of identical spinorsof the subgroup, hints to a suggestive connection with the repetitive structure of
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the SM families [106] and motivates the study of unification in higher orthogonalgroups than SO(10) [27, 106, 108, 109]. To accommodate at least the three observedmatter families we must use either SO(16) or SO(18). Following the decompositionin Eq. (1.153) we get
• SO(16): ψ+

SO(16) Ï 4× ψ+
SO(10) ⊕ 4× ψ−SO(10) ,

• SO(18): ψ+
SO(18) Ï 8× ψ+

SO(10) ⊕ 8× ψ−SO(10) .However there is a fundamental difference between the two cases above. Accordingto the discussion below Eq. (1.151) only SO(4k + 2) groups have complex spinorrepresentations. This means that one can write a super-heavy bare mass term for
ψ+
SO(16) and it is difficult to explain why it should be light. On the other hand no baremass term can be written for ψ+

SO(18), making the last group a more natural choice.The obvious difficulty one encounters in this class of models is the overabundanceof sequential or mirror families. If we decide to embed the SM fermions into threecopies of ψ+
SO(10), the remaining families in ψ+

SO(10) are called sequential, while thosein ψ−SO(10) are mirror21 families.It has been pointed out recently [111] that the existence of three (mirror or se-quential) families is still in accord with the SM, as long as an additional Higgs doubletis also present. This however is not enough to allow large orthogonal unificationscenarios based on SO(16) or SO(18).
1.4.3 Anomaly cancellation
SO(10) is an anomaly-free group. This important property can be understood froma simple group theoretical argument [112]. Let us consider the SO(10) generators Tijin a given arbitrary representation. Tij transforms like an antisymmetric tensor inthe indices i and j . Then the anomaly, which is proportional to the invariant tensorTr {Tij , Tkl}Tmn , (1.158)must be a linear combination of a product of Kronecker δ’s. Furthermore it mustbe antisymmetric under the exchanges i ↔ j , k ↔ l, m ↔ n and symmetric underthe exchange of pairs ij ↔ kl, kl ↔ mn and ij ↔ mn. However the most generalform consistent with the antisymmetry in i↔ j , k↔ l, m↔ n

δjkδlmδni−δikδlmδnj−δjlδkmδni+δilδkmδnj−δjkδlnδmi+δikδlnδmj +δjlδknδmi−δilδknδmj ,is antisymmetric in ij ↔ kl as well and so it must vanish. The proof fails for SO(6)where the anomaly can be proportional to the invariant tensor εijklmn. Actually thisis consistent with the fact that SO(6) is isomorphic to SU(4) which is clearly ananomalous group. On the other hand SO(N) is safe for N > 6.
21Mirror fermions have the identical quantum numbers of ordinary fermions under the SM gaugegroup, except that they have opposite handedness. They imply parity restoration at high-energies asproposed long ago by Lee and Yang [110].
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1.4.4 The standard model embeddingFrom the SO(10) commutation relations in Eq. (1.112) we find that a complete set ofsimultaneously commuting generators can be chosen as

T12, T34, T56, T78, T90 . (1.159)This is also known as the Cartan subalgebra and can be spanned over the left-rightgroup Cartan generators
T3
C, T8

C, T3
L, T3

R, TB−L . (1.160)Let us consider the SO(4)⊗ SO(6) maximal subalgebra of SO(10). We can span the
SO(4) generators over Tij with i, j = 1, 2, 3, 4 and the SO(6) generators over Tij with
i, j = 5, 6, 7, 8, 9, 0. From the SO(10) commutation relations in Eq. (1.112) one canverify that these two sets commute (hence the direct product SO(4)⊗ SO(6)).The next information we need is the notion of local isomorphism for the algebras
SO(4) ∼ SU(2)⊗ SU(2) and SO(6) ∼ SU(4). In the SO(4) case we define

T1
L,R ≡ 12 (T23 ± T14) , T2

L,R ≡ 12 (T31 ± T24) , T3
L,R ≡ 12 (T12 ± T34) , (1.161)and check by an explicit calculation that[

T i
L, T

j
L

] = i εijkTk
L ,

[
T i
R, T

j
R

] = i εijkTk
R ,

[
T i
L, T

j
R

] = 0 . (1.162)Thus T i
L and T i

R (i = 1, 2, 3) span respectively the SU(2)L and the SU(2)R algebra. Onthe other hand for the SO(6) sector we define
T1
C ≡ 12 (T89 + T70) , T2

C ≡ 12 (T97 + T80) , T3
C ≡ 12 (T09 + T87) ,

T4
C ≡ 12 (T96 + T05) , T5

C ≡ 12 (T59 + T06) , T6
C ≡ 12 (T67 + T85) ,

T7
C ≡ 12 (T75 + T86) , T8

C ≡ 12√3 (2T65 + T78 + T09) , T9
C ≡ 12 (T67 + T58) ,

T10
C ≡ 12 (T75 + T68) , T11

C ≡ 12 (T69 + T05) , T12
C ≡ 12 (T95 + T06) ,

T13
C ≡ 12 (T89 + T07) , T14

C ≡ 12 (T97 + T08) , T15
C ≡ 1√6 (T65 + T87 + T90) ,and verify after a tedious calculation that[

T i
C, T

j
C

] = i f ijkTk
C , (1.163)where f ijk are the structure constants of SU(4) (see e.g. [113]). Thus T i

C (i = 1, . . . , 15)spans the SU(4)C algebra and, in particular, the SU(3)C subalgebra is spanned by T i
C(i = 1, . . . , 8) while T15

C can be identified with the (normalized) TB−L generator. Thenthe hypercharge and electric charge operators read respectively
Y = T3

R +√23TB−L = 12 (T12 − T34) + 13 (T65 + T87 + T90) (1.164)and
Q = T3

L + Y = T12 + 13 (T65 + T87 + T90) . (1.165)
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1.4.5 The Higgs sectorAs we have seen in the previous sections SO(10) offers a powerful organizing princi-ple for the SM matter content whose quantum numbers nicely fit in a 16-dimensionalspinorial representation. However there is an obvious prize to pay: the more oneunifies the more one has to work in order to break the enhanced symmetry.The symmetry breaking sector can be regarded as the most arbitrary and chal-lenging aspect of GUT models. The standard approach is based on the spontaneoussymmetry breaking through elementary scalars. Though other ways to face theproblem may be conceived22 the Higgs mechanism remains the most solid one interms of computability and predictivity.The breaking chart in Fig. 1.2 shows the possible symmetry stages between
SO(10) and SU(3)C ⊗ U(1)Q with the corresponding scalar representations respon-sible for the breaking. That gives an idea of the complexity of the Higgs sector in
SO(10) GUTs.In view of such a degree of complexity, better we start by considering a minimalHiggs sector. Let us stress that the quest for the simplest Higgs sector is driven notonly by aesthetic criteria but it is also a phenomenologically relevant issue related totractability and predictivity of the models. Indeed, the details of the symmetry break-ing pattern, sometimes overlooked in the phenomenological analysis, give furtherconstraints on the low-energy observables such as the proton decay and the effec-tive SM flavor structure. For instance in order to assess quantitatively the constraintsimposed by gauge coupling unification on the mass of the lepto-quarks resposiblefor proton decay it is crucial to have the scalar spectrum under control23.From the breaking chart in Fig. 1.2 we conclude that, before before consideringany symmetry breaking dynamics, the following representations are required by thegroup theory in order to achieve a full breaking of SO(10) down to the SM:
• 16H or 126H : they reduce the rank by one unit but leave an SU(5) little groupunbroken.
• 45H or 54H or 210H : they admit for little groups different from SU(5) ⊗ U(1),yielding the SM when intersected with SU(5).

It should be also mentioned that a one-step SO(10)Ï SM breaking can be achievedvia only one 144H irreducible Higgs representation [54]. However, such a settingrequires an extended matter sector, including 45F and 120F multiplets, in order toaccommodate realistic fermion masses [55].As we will see in the next Chapters the dynamics of the spontaneous symmetrybreaking imposes further constraints on the viability of the options showed in Fig. 1.2.On top of that one has to take into account also other phenomenological constraintsdue to the unification pattern, the proton decay and the SM fermion spectrum.
22For an early attempt of dynamical symmetry breaking in SO(10) see e.g. [114].23Even in that case some degree of arbitrariness can still persist due to the fact that the spectrumcan never be fixed completely but lives on a manifold defined by the vacuum conditions.
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Figure 1.2: SO(10) breaking chart with representations up to the 210. SU(5) ⊗ U(1)X can beunderstood either in the standard or in the flipped realization (cf. the discussion in Sect. 3.1.2 ). Inthe former case 16 or 126 breaks it into SU(5), while in the latter into SU(3)C ⊗ SU(2)L ⊗U(1)Y . Forsimplicity we are neglecting the distinctions due to the discrete left-right symmetry (cf. Sect. 2.1 forthe discussion on the D-parity and Table 2.1 for an exhaustive account of the intermediate stages).
We can already anticipate at this level that while the choice between 16H or 126H isa model dependent issue related to the details of the Yukawa sector (see e.g. Sect. 1.5),the simplest option among 45H , 54H and 210H is certainly given by the adjoint 45H .However, since the early 80’s, it has been observed that the vacuum dynamics alignsthe adjoint along an SU(5) ⊗ U(1) direction, making the choice of 16H (or 126H )and 45H alone not phenomenologically viable. In the nonsupersymmetric case thealignment is only approximate [56, 57, 58, 59], but it is such to clash with unificationconstraints (cf. Chapter 2) which do not allow for any SU(5)-like intermediate stage,while in the supersymmetric limit the alignment is exact due to F-flatness [60, 61, 62],thus never landing to a supersymmetric SM vacuum.The critical reexamination of these two longstanding no-go for the setting withthe 45H driving the the GUT breaking will be the subject of Chapters 3 and 4.
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1.5 Yukawa sector in renormalizable SO(10)
In order to study the SO(10) Yukawa sector, we decompose the spinor bilinear

16⊗ 16 = 10S ⊕ 120A ⊕ 126S , (1.166)
where S and A denote the symmetric (S) and antisymmetric (A) nature of the bilin-ear couplings in the family space. At the renormalizable level we have only threepossibilities: 10H , 120H and 126H . Thus the most general SO(10) Yukawa lagrangianis given by

LY = 16F (Y1010H + Y120120H + Y126126H) 16F + h.c. , (1.167)where Y10 and Y126 are complex symmetric matrices while Y120 is complex antisym-metric24.It should be mentioned that 10H and 120H are real representation from the SO(10)point of view25. In spite of that the components of 10H and 120H can be chosen eitherreal or complex. In the latter case we have 10H 6= 10∗H and 120H 6= 120∗H , whichmeans that the complex conjugate fields differ from the original ones by some extra
24For completeness we report a concise proof of these statements based of the formalism usedin Sect. 1.4.2 and borrowed from Ref. [106]. In a schematic notation we can write a Yukawa invariantterm such as those in Eq. (1.167) as (ψTCDC5Γkψ) Φk , (1.168)where ψ is both a Lorentz and an SO(10) spinor (hence the need for CD and C5 which are respectivelythe Dirac and the SO(10) conjugation matrix). Then Γk denotes an antisymmetric product of k γmatrices and Φk is a scalar field transforming like an antisymmetric tensor with k indices under

SO(10). Using the facts that ψ is an eigenstate of γχ , {γχ , γi} = 0, C5γχ = −γχC5 (cf. Eq. (1.150))and γTχ = γχ , we deduce that k must be odd (otherwise Eq. (1.168) is zero). This singles out theantisymmetric tensors Φk with k = 1, 3, 5, corresponding respectively to dimensions 10, 10!3!(10−3)! = 120and 10!5!(10−5)! = 252 (actually the duality map defined in Eq. (1.117) is such that only half of these 252components couples to the spinor bilinear).Next we consider the constraints imposed by the symmetry properties of the conjugation matrices,namely CT
D = −CD and CT5 = −C5 (cf. Eq. (1.148)). These yields

ψTCDC5Γkψ = −ψTCT
DΓT

kCT5 ψ = −ψTCDC5(C−15 ΓT
kC5)ψ , (1.169)

where in the second step we have used the anti-commutation properties of the fermion fields. Then,by exploiting the relation C−15 γTi C5 = −γi (cf. Eq. (1.145)), we obtain
C−15 (γ1 · · ·γk)TC5 = C−15 γTk · · ·γT1 C5 = (−)kγk · · ·γ1 = (−)k(−)k(k−1)/2γ1 · · ·γk , (1.170)

which plugged into Eq. (1.169) implies
ψTCDC5Γkψ = (−)k(k−1)/2+k+1ψTCDC5Γkψ . (1.171)

Hence for k = 1, 3 the invariant in Eq. (1.168) is symmetric in the flavor space of ψ, while for k = 2is antisymmetric.25This can be easily seen from the fact that the SO(10) generators in the fundamental representationare both imaginary and antisymmetric (cf. Eq. (1.111)). This implies Ta = −T∗a which corresponds tothe definition of real representation in Eq. (1.3) with S = 1.
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charge. Actually both the components are allowed in the Yukawa lagrangian, sincethey transform in the same way under SO(10)26, and thus we have
LY = 16F (Y1010H + Ỹ1010∗H + Y120120H + Ỹ120120∗H + Y126126H) 16F + h.c. . (1.172)

For instance complex scalars are a must in supersymmetry where the fundamentalobjects are chiral superfields made of Weyl fermions and complex scalars. Howeverin supersymmetry we never see the couplings Ỹ10 and Ỹ120 because of the holomor-phic properties of the superpotential. Even without supersymmetry there could bethe phenomenological need, as we are going to see soon, of having either a complex10H or a complex 120H . In this case the new structures in Eq. (1.172) are still there,unless an extra symmetry which forbids them is imposed.In order to understand the implications of having a complex 10H , let us decom-pose it under the subgroup SU(4)C ⊗ SU(2)L ⊗ SU(2)R
10 = (1, 2, 2)⊕ (6, 1, 1) . (1.173)

In particular the bi-doublet can be further decomposed under SU(3)C⊗SU(2)L⊗U(1)Y ,yielding (1, 2, 2) = (1, 2,+12 ) ≡ Hu ⊕ (1, 2,−12 ) ≡ Hd . Now if 10H = 10∗H we have
H∗u = Hd as in the SM, while if 10H 6= 10∗H then H∗u 6= Hd as much as in the MSSMor in the two-higgs doublet model (2HDM).To simplify a bit the discussion let us assume that we are either in the super-symmetric case or in the nonsupersymmetric one with an extra symmetry whichforbids Ỹ10 and Ỹ120, so that Eq. (1.167) applies with complex bi-doublets (H∗u 6= Hd).The remaining representations in Eq. (1.167) decompose as

16 = (4, 2, 1)⊕ (4, 1, 2) , (1.174)120 = (1, 2, 2)⊕ (10, 1, 1)⊕ (10, 1, 1)⊕ (6, 3, 1)⊕ (6, 1, 3)⊕ (15, 2, 2) , (1.175)126 = (6, 1, 1)⊕ (10, 3, 1)⊕ (10, 1, 3)⊕ (15, 2, 2) , (1.176)
under the Pati-Salam group and thus the fields which can develop a SM-invariantVEV are (10, 3, 1), (10, 1, 3), (1, 2, 2) and (15, 2, 2). With the exception of the last onewe already encountered these representations in the context of the Pati-Salam model(cf. Sect. 1.3.2). Let us also fix the following notation for the SM-invariant VEVs

vL ≡
〈(10, 3, 1)126〉 , vR ≡ 〈(10, 1, 3)126〉 , (1.177)

vu,d10 ≡
〈(1, 2, 2)u,d10

〉
, vu,d126 ≡

〈(15, 2, 2)u,d126
〉
, (1.178)

vu,d1201 ≡
〈(1, 2, 2)u,d120

〉
, vu,d12015 ≡

〈(15, 2, 2)u,d120
〉
. (1.179)

26Alternatively one can imagine a complex 10 as the linear combination of two real 10’s, i.e. 10 ≡1√2 (101 + i102). This should make clearer the origin of the new structures in Eq. (1.172).
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Given the embedding of a SM fermion family into (4, 2, 1)⊕ (4, 1, 2) (c.f. Eq. (1.105))one finds the following fermion mass sum rule after the electroweak symmetrybreaking

Mu = Y10vu10 + Y126vu126 + Y120(vu1201 + vu12015) (1.180)
Md = Y10vd10 + Y126vd126 + Y120(vd1201 + vd12015) (1.181)
Me = Y10vd10 − 3Y126vd126 + Y120(vd1201 − 3vd12015) (1.182)
MD = Y10vu10 − 3Y126vu126 + Y120(vu1201 − 3vu12015) (1.183)
MR = Y126vR (1.184)
ML = Y126vL (1.185)where MD , MR and ML enter the neutrino mass matrix defined on the symmetricbasis (ν, νc) (

ML MD
MT

D MR

)
. (1.186)

Eqs. (1.180)–(1.185) follow from the SM decomposition27, but it is maybe worth of acomment the −3 factor in front of 〈(15, 2, 2)〉 for the leptonic components Me and
MD . That is understood by looking at the Pati-Salam invariant(4, 2, 1) 〈(15, 2, 2)〉 (4, 1, 2) . (1.187)The adjoint of SU(4)C is a traceless hermitian matrix, so the requirement of an
SU(3)C ⊗ U(1)Q preserving vacuum implies the following shape for 〈(15, 2, 2)〉

〈(15, 2, 2)〉 ∝ diag(1, 1, 1,−3)⊗ ( 0 vu
vd 0 )

, (1.188)
which leads to an extra −3 factor for leptons with respect to quarks. Conversely
〈(1, 2, 2)〉 preserves the symmetry between quarks and leptons.In order to understand the implications of the sum-rule in Eqs. (1.180)–(1.185) itis useful to estimate the magnitude of the VEVs appearing there: vR is responsiblefor the rank reduction of SO(10) and gauge unification constrains its value to bearound (or just below) the unification scale MU , then all the bi-doublets can developa VEV (collectively denoted as v) which is at most of the order of the electroweakscale, while vL is a small O(M2

W /MU ) VEV induced by the scalar potential28 in analogyto what happens in the left-right symmetric models (cf. Sect. 1.3.1).Thus, given the hierarchy vR � v � vL , Eq. (1.186) can be block-diagonalized(cf. Eq. (1.99)) and the light neutrino mass matrix is very well approximated by
Mν = ML −MDM−1

R MT
D , (1.189)where the first and the second term are the type-II and type-I seesaw contributionsalready encountered in Sect. 1.3.1.

27For a formal proof see e.g. [107].28In the contest of SO(10) this was pointed out for the first time in Ref. [33].



1.5. YUKAWA SECTOR IN RENORMALIZABLE SO(10) 51
Which is the minimum number of Higgs representations needed in the Yukawasector in order to have a realistic theory? With only one Higgs representation at playthere is no fermion mixing, since one Yukawa matrix can be always diagonalizedby rotating the 16F fields, so at least two of them must be present. Out of the sixcombinations (see e.g. [115]):
1. 10H ⊕ 126H2. 120H ⊕ 126H3. 10H ⊕ 120H4. 10H ⊕ 10H5. 120H ⊕ 120H6. 126H ⊕ 126Hthe last three can be readily discarded since they predict wrong mass relations,namely Md = Me (case 4), Md = −3Me (case 6), while in case 5 the antisymmetry of

Y120 implies m1 = 0 (first generation) and m2 = −m3 (second and third generation).Notice that in absence of 126H (case 3) neutrinos are Dirac and their mass is relatedto that of charged leptons which is clearly wrong. In order to cure this one has tointroduce the bilinear 16H16H which plays effectively the role of 126H (cf. Sect. 4.1for a discussion of this case in the context of the Witten mechanism [66, 116, 117]).Though all the cases 1, 2 and 3 give rise to well defined Yukawa sectors, for defi-niteness we are going to analyze in more detail just the first one.
1.5.1 10H ⊕ 126H with supersymmetryThis case has been the most studied especially in the context of the minimal super-symmetric version, featuring 210H⊕126H⊕126H⊕10H in the Higgs sector [46, 47, 48].The effective mass sum-rule in Eqs. (1.180)–(1.185) can be rewritten in the followingway

Mu = Y10v10
u + Y126v126

u ,
Md = Y10v10

d + Y126v126
d ,

Me = Y10v10
d − 3Y126v126

d , (1.190)
MD = Y10v10

u − 3Y126v126
u ,

MR = Y126vR ,
ML = Y126vL ,

and, exploiting the symmetry of Y10 and Y126, the neutrino mass matrix reads
Mν = ML −MDM−1

R MD . (1.191)
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In the recent years this model received a lot of attention29 due to the observation [133]that the dominance of type-II seesaw leads to a nice correlation between the largeatmospheric mixing in the leptonic sector and the convergence of the bottom-quarkand tau-lepton masses at the unification scale (b − τ unification) which is a phe-nomenon occurring in the MSSM up to 20− 30% corrections [85].Another interesting prediction of the model is θ13 ∼ 10◦ [119], in agreement withthe recent data released by the T2K collaboration [134].The correlation between b − τ unification and large atmospheric mixing can beunderstood with a simple two generations argument. Let us assume Mν = ML inEq. (1.191), then we get

Mν ∝Md −Me . (1.192)In the the basis in which charged leptons are diagonal and for small down quarkmixing ε , Eq. (1.192) is approximated by
Mν ∝

(
ms −mµ ε

ε mb −mτ

)
, (1.193)

and, being the 22 entry the largest one, maximal atmospheric mixing requires acancellation between mb and mτ .For a more accurate analysis [53] it is convenient to express the Y10 and Y126Yukawa matrices in terms of Me and Md , and substitute them in the expressions for
Mu,MD and Mν :

Mu = fu
[(3 + r)Md + (1− r)Me

]
, (1.194)

MD = fu
[3(1− r)Md + (1 + 3r)Me

]
, (1.195)

where
fu = 14 v10

u
v10
d
, r = v10

d
v10
u

v126
u
v126
d

. (1.196)
The neutrino mass matrix is obtained as

Mν = fν
[(Md −Me) + ξ MD

fu
(Md −Me)−1MD

fu

]
, (1.197)

with
fν = 14 vL

v126
d

, ξ = −(4fuv126
d
)2

vLvR
. (1.198)

In what follows we denote diagonal mass matrices by m̂x , x = u, d, e, ν, with eigen-values corresponding to the particle masses, i.e. being real and positive. We choosea basis where the down-quark matrix is diagonal: Md = m̂d . In this basis Me is ageneral complex symmetric matrix, that can be written as Me = W †
em̂eW ∗

e , where
29For a set of references on the subject see [118, 119, 120, 121, 122, 123, 124, 125, 126, 127, 128, 129,130, 131, 132].
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We is a general unitary matrix. Without loss of generality fu and fν can be taken tobe real and positive. Hence, the independent parameters are given by 3 down-quarkmasses, 3 charged lepton masses, 3 angles and 6 phases in We , fu, fν , together withtwo complex parameters r and ξ : 21 real parameters in total, among which 8 phases.Using Eqs. (1.194), (1.195), and (1.197) all observables (6 quark masses, 3 CKM angles,1 CKM phase, 3 charged lepton masses, 2 neutrino mass-squared differences, themass of the lightest neutrino, and 3 PMNS angles, 19 quantities altogether) can becalculated in terms of these input parameters.Since we work in a basis where the down-quark mass matrix is diagonal theCKM matrix is given by the unitary matrix diagonalizing the up-quark mass matrixup to diagonal phase matrices:

m̂u = WuMuWT
u (1.199)

with
Wu = diag(eiβ1 , eiβ2, eiβ3)VCKM diag(eiα1 , eiα2 , 1) , (1.200)

where αi, βi are unobservable phases at low energy. The neutrino mass matrix givenin Eq. (1.197) is diagonalized by m̂ν = WνMνWT
ν , and the PMNS matrix is determinedby W ∗

eWT
ν = D̂1VPMNSD̂2, where D̂1 and D̂2 are diagonal phase matrices similar tothose in Eq. (1.200).Allowing an arbitrary Higgs sector it is possible to obtain a good fit of the SMflavor structure [53]. However, after including the constraints of the vacuum in theminimal supersymmetric version of the theory [49, 50, 51], one finds [52, 53] anirreducible incompatibility between the fermion mass spectrum and the unificationconstraints. The reason can be traced back in the proximity between the unificationscale and the seesaw scale, at odds with the lower bound on the neutrino mass scaleimplied by the oscillation phenomena.The proposed ways out consist in invoking a split supersymmetry spectrum [135]or resorting to a non-minimal Higgs sector [136, 137, 138, 139], but they hardly pairthe appeal of the minimal setting. In this respect it is interesting to notice that withoutsupersymmetry gauge unification exhibits naturally the required splitting betweenthe seesaw and the GUT scales. This is one of the motivations behind the study ofthe 10H ⊕ 126H system in the absence of supersymmetry.

1.5.2 10H ⊕ 126H without supersymmetry
In the nonsupersymmetric case it would be natural to start with a real 10H . However,as pointed out in Ref. [140] (see also [141] for an earlier reference), this option isnot phenomenologically viable. The reason is that one predicts mt ∼ mb, at listwhen working in the two heaviest generations limit with real parameter and in thesensible approximation θq = Vcb = 0. It is instructive to reproduce this statementwith the help of the parametrization given in Sect. 1.5.1.
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Let us start from Eq. (1.194) and apply Wu (from the left) and WT

u (from the right).Then, taking into account Eq. (1.199) and the choice of basis Md = m̂d , we get
m̂u = fu

[(3 + r)m̂dWuWT
u + (1− r)WuM`WT

u
]
. (1.201)

Next we make the following approximations:
• WuWT

u ∼ 1 (real approximation)
• Wu ∼ VCKM (real approximation)
• VCKM ∼ 1 (for the 2nd and 3th generation and in the limit Vcb ∼ Vts ∼ Aλ2 ∼ 0)
• WuM`WT

u ∼ m̂` (for the self-consistency of Eq. (1.201) in the limits above)which lead to the system
mc ∼ fu

[(3 + r)ms + (1− r)mµ
]
, (1.202)

mt ∼ fu
[(3 + r)mb + (1− r)mτ

]
. (1.203)

It is then a simple algebra to substitute back r and find the relation
fu ∼

14mc(mτ −mb)−mt(mµ −ms)
msmτ −mµmb

∼ 14 mt

mb
. (1.204)

On the other hand a real 10H predicts |vu10| = |vd10| and hence from Eq. (1.196) fu = 14 .More quantitatively, considering the nonsupersymmetric running for the fermionmasses evaluated at 2 × 1016 [142], one gets fu ∼ 22.4, which is off by a factor of
O(100).This brief excursus shows that the 10H must be complex. In such a case thefermion mass sum-rule reads

Mu = Y10v10
u + Ỹ10v10∗

d + Y126v126
u ,

Md = Y10v10
d + Ỹ10v10∗

u + Y126v126
d ,

Me = Y10v10
d + Ỹ10v10∗

u − 3Y126v126
d , (1.205)

MD = Y10v10
u + Ỹ10v10∗

d − 3Y126v126
u ,

MR = Y126vR ,
ML = Y126vL .The three different Yukawa sources would certainly weaken the predictive power ofthe model. So the proposal in Ref. [140] was to impose a Peccei-Quinn (PQ) sym-metry [143, 144] which forbids the coupling Ỹ10, thus mimicking a supersymmetricYukawa sector (see also Ref. [141]). The following charge assignment: PQ(16F ) = α,

PQ(10H ) = −2α and PQ(126H ) = −2α would suffice.In this case 〈126H〉 is responsible both for U(1)R ⊗ U(1)B−L Ï U(1)Y and the
U(1)PQ breaking. However, since it cannot break the rank of SO(10) ⊗ U(1)PQ by
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two units, a global linear combination of U(1)PQ ⊗U(1)Y⊥ (where Y⊥ is the generatororthogonal to Y ) survives at the electroweak scale. This remnant global symmetryis subsequently broken by the VEV of the electroweak doublets, that is phenomeno-logical unacceptable since it would give rise to a visible axion [145, 146] which isexperimentally excluded.Actually astrophysical and cosmological limits prefers the PQ breaking scale inthe window 109÷12 GeV (see e.g. [147]). It is therefore intriguing to link the B − Lbreaking scale responsible for neutrino masses and the PQ breaking one in thesame model. This has been proposed long ago in [148] and advocated again in [140].What is needed is another representation charged under the PQ symmetry in such away that it is decoupled from the SM fermions and which breaks U(1)PQ completelyat very high scales.In summary the PQ approach is very physical and well motivated since it doesnot just forbid a coupling in the Yukawa sector making it more "predictive", butcorrelates SO(10) with other two relevant questions: it offers the axion as a darkmatter candidate and it solves the strong CP problem predicting a zero θ30.However one should neither discard pure minimal SO(10) solutions with the SMas the effective low-energy theory. Notice that in the PQ case we are in the presenceof a 2HDM which is more than what required by the extended survival hypothesis(cf. the discussion in Sect. 1.2.4) in order to set the gauge hierarchy. Indeed twodifferent fine-tunings are needed in order to get two light doublets31.Thus we could minimally consider the sum-rule in Eq. (1.205) with either v10

d =
v126
d = 0 or v10

u = v126
u = 0. The first option leads to a clearly wrong conclusion, i.e.

Md = Me . So we are left with the second one which implies
Mu = Ỹ10v10∗

d ,
Md = Y10v10

d + Y126v126
d ,

Me = Y10v10
d − 3Y126v126

d , (1.206)
MD = Ỹ10v10∗

d ,
MR = Y126vR ,
ML = Y126vL ,and
Mν = ML −MDM−1

R MD . (1.207)Notice that in the case of type-I seesaw the strong hierarchy due to MD = Mu mustby undone by MR which remains proportional to Md −Me . More explicitly, in thecase of type-I seesaw, one finds
Mν = 4Mu (Md −Me)−1 Mu

v126
d
vR

. (1.208)
30This is true as long as we ignore gravity [149].31The situation is different in supersymmetry where the minimal fine-tuning in the doublet sectormakes both Hu and Hd light.
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Though a simple two generations argument with real parameters shows that Eq. (1.208)could lead to an incompatibility with the data, a full preliminary three generationsstudy indicates that this is not the case [150].
1.5.3 Type-I vs type-II seesawHere we would like to comment about the interplay between type-I and type-II seesawin Eq. (1.189). In a supersymmetric context one generally expects these two contribu-tions to be comparable. As we have previously seen (see Sect. 1.5.1) the dominance oftype-II seesaw leads to a nice connection between the large atmospheric mixing and
b−τ unification and one would like to keep this feature32. On the other hand withoutsupersymmetry the b− τ convergence is far from being obtained. For instance therunning within the SM yields mb = 1.00 ± 0.04 GeV and mτ = 1685.58 ± 0.19 MeVat the scale 2× 1016 GeV [142]. Thus in the nonsupersymmetric case the dominanceof type-II seesaw would represent a serious issue.In this respect it is interesting to note that the type-II seesaw contribution canbe naturally subdominant in nonsupersymmetric SO(10). The reason has to do withthe left-right asymmetrization of the scalar spectrum in the presence of intermediatesymmetry breaking stages33. Usually the unification pattern is such that the mass ofthe SU(2)R triplet ∆R ⊂ 126H responsible for the B−L breaking is well below the GUTscale MU . The reason is that M∆R must be fine-tuned at the level of the intermediatescale VEV vR ≡ 〈∆R〉. Then, unless there is a discrete left-right symmetry34 whichlocks M∆R = M∆L , the mass of the SU(2)L triplet ∆L ⊂ 126H , remains automaticallyat MU . On the other hand the induce VEV vL ≡ 〈∆L〉 is given by (cf. e.g. Eq. (1.103))

vL = λ vR
M2∆L

v2 . (1.209)
where λ and v denote a set of parameters of the scalar potential and an electroweakVEV respectively. So we can write

vR ∼MB−L , vL ∼ λ
(
MB−L

MU

)2( v2
MB−L

)
, (1.210)

which shows that type-II seesaw is suppressed by a factor (MB−L/MU )2 with respectto type-I.
1.6 Proton decay
The contributions to the proton decay can be classified according to the dimensionof the baryon violating operators appearing in the lagrangian. Since the external

32See e.g. Ref. [151] for a supersymmetric SO(10) model in which the type-II seesaw dominancecan be realized.33For a similar phenomenon occurring in the context of left-right symmetric theories see Ref. [152].34As we will see in Chapter 2 this can be the case if the SO(10) symmetry breaking is due to eithera 54H or a 210H .
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states are fermions and because of the color structure the proton decay operatorsarise first at the d = 6 level. Sometimes the source of the baryon violation is hiddenin a d = 5 or a d = 4 operator involving also scalar fields. These operators aresuccessively dressed with the exchange of other states in order to get effectively the
d = 6 ones.The so-called d = 6 gauge contribution is the most important in nonsupersym-metric GUTs. In particular if the mass of the lepto-quarks which mediate theseoperators is constrained by the running then the major uncertainty comes onlyfrom fermion mixing. There is also another class of d = 6 operators coming fromthe Higgs sector but they are less important and more model dependent.The supersymmetrization of the scalar spectrum gives rise to d = 5 and d = 4baryon and lepton number violating operators which usually lead to a strong en-hancement of the proton decay amplitudes, though they are very model dependent.In the next subsections we will analyze in more detail just the gauge contributionwhile we will briefly pass through all the other ones. We refer the reader to thereviews [153, 154, 155] for a more accurate account of the subject.
1.6.1 d = 6 (gauge)

Following the approach of Ref. [156], we start by listing all the possible d = 6 baryonnumber violating operators due to the exchange of a vector boson and invariantunder SU(3)C ⊗ SU(2)L ⊗ U(1)Y [25, 157, 158]
OB−L
I = k21 εijk εαβ ucia γµ qjαa ecb γµ qkβb , (1.211)

OB−L
II = k21 εijk εαβ ucia γµ qjαa dckb γµ `βb , (1.212)

OB−L
III = k22 εijk εαβ dcia γµ qjβa uckb γµ `αb , (1.213)

OB−L
IV = k22 εijk εαβ dcia γµ qjβa νcb γµ qkαb . (1.214)

In the above expressions k1 = gU/
√2MX and k2 = gU/

√2MY , where MX , MY ∼ MUand gU are the masses of the superheavy gauge bosons and the gauge coupling atthe unification scale. The indices i, j, k = 1, 2, 3 are referred to SU(3)C , α, β = 1, 2 to
SU(2)L and a and b are family indices. The fields q = (u, d) and ` = (ν, e) are SU(2)Ldoublets.The effective operators OB−L

I and OB−L
II appear when we integrate out the super-heavy gauge field X = (3, 2,−56 ). This is the case in theories based on the gaugegroup SU(5). Integrating out Y = (3, 2,+16 ) we obtain the operators OB−L

III and OB−L
IV .This is the case of flipped SU(5) theories [68, 69], while in SO(10) models both thelepto-quarks X and Y are present.Using the operators listed above, we can write the effective operators in the
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physical basis for each decay channel [156]

O(ecα, dβ) = c(ecα, dβ) εijk uci γµ uj ecα γµ dkβ , (1.215)
O(eα, dcβ) = c(eα, dcβ) εijk uci γµ uj dckβ γµ eα , (1.216)
O(νl, dα, dcβ) = c(νl, dα, dcβ) εijk uci γµ djα dckβ γµ νl , (1.217)
O(νcl , dα, dcβ) = c(νcl , dα, dcβ) εijk dciβ γµ uj νcl γµ dkα , (1.218)

where
c(ecα, dβ) = k21[V 111 Vαβ2 + (V1VUD)1β(V2V †UD)α1] , (1.219)
c(eα, dcβ) = k21 V 111 V βα3 + k22 (V4V †UD)β1(V1VUDV †4V3)1α , (1.220)
c(νl, dα, dcβ) = k21 (V1VUD)1α(V3VEN )βl + k22 V βα4 (V1VUDV †4V3VEN )1l , (1.221)
c(νcl , dα, dcβ) = k22[(V4V †UD)β1(U†ENV2)lα + V βα4 (U†ENV2V †UD)l1] , (1.222)

with α = β 6= 2. In the equations above we have defined the fermion mixing matricesas: V1 = U†cU , V2 = E†cD, V3 = D†cE , V4 = D†cD, VUD = U†D, VEN = E†N and
UEN = EC†NC , where U,D, E define the Yukawa coupling diagonalization so that

UT
c YU U = Ydiag

U , (1.223)
DT
c YD D = Ydiag

D , (1.224)
ET
c YE E = Ydiag

E , (1.225)
NT YN N = Ydiag

N . (1.226)
Further, one may write VUD = U†D = K1VCKMK2, where K1 and K2 are diagonalmatrices containing respectively three and two phases. Similarly, VEN = K3VD

PMNSK4in the case of Dirac neutrinos, or VEN = K3VM
PMNS in the Majorana case.From this brief excursus we can see that the theoretical predictions of the protonlifetime from the gauge d = 6 operators require the knowledge of the quantities k1,

k2, V 1b1 , V2, V3, V4 and UEN . In addition we have three (four) diagonal matricescontaining phases in the case of Majorana (Dirac) neutrino.Since the gauge d = 6 operators conserve B − L the nucleon decays into ameson and an antilepton. Let us write the decay rates for the different channels. Weassume that in the proton decay experiments one can not distinguish the flavor of theneutrino and the chirality of charged leptons in the exit channel. Using the ChiralLagrangian techniques (see e.g. [159]), the decay rates of the different channels dueto the gauge d = 6 operators are [156]
Γ(p → K+ν)

= (m2
p −m2

K)28πm3
pf2
π

A2
L |α|

2 3∑
i=1
∣∣∣∣2mp3mB

D c(νi, d, sc) + [1 + mp3mB
(D + 3F )]c(νi, s, dc)∣∣∣∣2 , (1.227)



1.6. PROTON DECAY 59

Γ(p → π+ν) = mp8πf2
π
A2
L |α|

2 (1 +D + F )2 3∑
i=1 |c(νi, d, dc)|2 , (1.228)

Γ(p → η e+
β ) = (m2

p −m2
η)248πf2

πm3
p
A2
L |α|

2 (1 +D − 3F )2 {|c(eβ, dc)|2 + ∣∣c(ecβ, d)∣∣2} , (1.229)
Γ(p → K0e+

β ) = (m2
p −m2

K)28πf2
πm3

p
A2
L |α|

2 [1 + mp
mB

(D − F )]2 {|c(eβ, sc)|2 + ∣∣c(ecβ, s)∣∣2} , (1.230)
Γ(p Ï π0e+

β ) = mp16πf2
π
A2
L |α|

2 (1 +D + F )2 {|c(eβ, dc)|2 + ∣∣c(ecβ, d)∣∣2} , (1.231)
where νi = νe, νµ, ντ and eβ = e, µ. In the equations above mB ∼ 1.15 MeV is theaverage baryon mass mB ∼ mΣ ∼ mΛ, fπ ∼ 131 MeV is the pion decay constant,
D ∼ 0.80 and F ∼ 0.47 are low-energy constants of the Chiral Lagrangian whichcan be obtained from the analysis of semileptonic hyperon decays [160] and α ∼
−0.0112 GeV3 is a proton-to-vacuum matrix element parameter extracted via LatticeQCD techniques [161]. Finally AL ∼ 1.4 takes into account the renormalization from
MZ to 1 GeV.In spite of the complexity and the model-dependency of the branching ratiosin Eqs. (1.227)–(1.231) the situation becomes much more constrained in the presenceof symmetric Yukawas, relevant for realistic SO(10) models based on 10H ⊕ 126Hin the Yukawa sector. In that case we get the following relations for the mixingmatrices: Uc = UKu, Dc = DKd and Ec = EKe , where Ku, Kd and Ke are diagonalmatrices involving phases. These relations lead to the remarkable prediction [156]

k1 = Q1/41[
|A1|2|V 11

CKM |2 + |A2|2|V 12
CKM |2]1/4 , (1.232)

where
Q1 = 8πm3

pf2
πΓ(p Ï K+ν)(m2

p −m2
K)2A2

L|α|2 , A1 = 2mp3mB
D , A2 = 1 + mp3mB

(D + 3F ) . (1.233)
Notice that the expression for k1 = gU/

√2MX is independent from unknown mixingmatrices and CP violating phases, while the values of gU and MX are subject togauge coupling unification constraints. This is a clear example of how to test a(nonsupersymmetric) SO(10) model with 10H ⊕ 126H in the Yukawa sector throughthe decay channel Γ(p Ï K+ν).We close this subsection with a naive model-independent estimate for the mass ofthe superheavy gauge bosons MX ∼ MY ∼ MU . Approximating the inverse lifetimeof the proton in the following way (cf. the real computation in Eqs. (1.227)–(1.231))
Γp ∼ α2

U
m5

p

M4
U

(1.234)
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and using τ(p → π0e+) > 8.2× 1033 yr [11], one finds the naive lower bound

MU > 2.3× 1015 GeV , (1.235)where we fixed α−1
U = 40. The bound on MU as a function of α−1

U is plotted in Fig. 1.3.
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Figure 1.3: Naive lower bound on the superheavy gauge boson mass MU as a function of α−1
U .

1.6.2 d = 6 (scalar)In nonsupersymmetric scenarios the next-to-leading contribution to the decay of theproton comes from the Higgs induced d = 6 operators. In this case the proton decayis mediated by scalar leptoquarks T = (3, 1,−13 ). For definiteness let us illustrate thecase of minimal SU(5) with just one scalar leptoquark. In this model the scalarleptoquark lives in the 5H representation together with the SM Higgs. The relevantinteractions for proton decay can be written in the following way [154]
LT = εijk εαβ qTiα C A qjβ Tk + uci

T C B ec Ti+ εαβ qTiα C C `β T∗i + εijk uci
T C D dcj T∗i + h.c. (1.236)In the above equation we have used the same notation as in the previous subsection.The matrices A, B, C and D are linear combinations of the Yukawa couplings in thetheory and the possible contributions coming from higher-dimensional operators.In the minimal SU(5) we have the following relations: A = B = YU , and C = D =

YD = YT
E . Now, using the above interactions we can write the Higgs d = 6 effectiveoperators for proton decay [154]

OH (dα, eβ) = a(dα, eβ) uT L C dα uT L Ceβ , (1.237)
OH (dα, ecβ) = a(dα, ecβ) uT L C dα ecβ

† L Cuc∗ , (1.238)
OH (dcα, eβ) = a(dcα, eβ) dcα† L C uc∗ uT L Ceβ , (1.239)
OH (dcα, ecβ) = a(dcα, ecβ) dcα† L C uc∗ ecβ

† L C−1uc∗ , (1.240)
OH (dα, dβ, νi) = a(dα, dβ, νi) uT L C dα dTβ L C νi , (1.241)
OH (dα, dcβ, νi) = a(dα, dcβ, νi) dcβ† L C uc∗ dTα L C−1 νi , (1.242)
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where

a(dα, eβ) = 1
M2

T
(UT (A+ AT )D)1α (UTCE)1β , (1.243)

a(dα, ecβ) = 1
M2

T
(UT (A+ AT )D)1α (E†cB†U∗c )β1 , (1.244)

a(dcα, eβ) = 1
M2

T
(D†cD†U∗c )α1 (UTCE)1β , (1.245)

a(dcα, ecβ) = 1
M2

T
(D†cD†U∗c )α1 (E†cB†U∗c )β1 , (1.246)

a(dα, dβ, νi) = 1
M2

T
(UT (A+ AT )D)1α (DTCN)βi , (1.247)

a(dα, dcβ, νi) = 1
M2

T
(D†cD†U∗c )β1 (DTCN)αi . (1.248)

Here L = (1 − γ5)/2, MT is the triplet mass, α = β = 1, 2 are SU(2)L indices and
i = 1, 2, 3 are SU(3)C indices.The above analysis exhibits that the Higgs d = 6 contributions are quite modeldependent, and because of this it is possible to suppress them in specific modelsof fermion masses. For instance, we can set to zero these contributions by theconstraints Aij = −Aji and Dij = 0, except for i = j = 3.Also in this case we can make a naive model-independent estimation for the massof the scalar leptoquark using the experimental lower bound on the proton lifetime.Approximating the inverse lifetime of the proton in the following way

Γp ∼ |YuYd|2 m5
p

M4
T

(1.249)
and taking τ(p → π0e+) > 8.2× 1033 yr [11], we find the naive lower bound

MT > 4.5× 1011 GeV . (1.250)
This bound tells us that the triplet Higgs has to be heavy, unless some special condi-tion on the matrices in Eq. (1.236) is fulfilled (see e.g. [83, 84]). Therefore since thetriplet Higgs lives with the SM Higgs in the same multiplet we have to look for adoublet-triplet splitting mechanism35.
1.6.3 d = 5In the presence of supersymmetry new d = 5 operators of the type1

MT
q q q̃ ˜̀ and 1

MT
uc uc d̃c ẽc (1.251)

35Cf. Sect. 4.4.3 for a short overview of the mechanisms proposed so far.
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are generated via colored triplet Higgsino exchange with mass MT [158, 162]. Theseoperators can be subsequently dressed at one-loop with an electroweak gaugino(gluino or wino) or higgsino leading to the standard qqq` and ucucdcec operators.Since the amplitude turns out to be suppressed just by the product MTm̃, where m̃is the soft scale, this implies a generic enhancement of the proton decay rate withrespect to the ordinary d = 6 operators.Another peculiarity of d = 5 operators is that the dominant decay mode is p Ï
K+νµ which differs from the standard nonsupersymmetric mode p Ï π0e+. Asimple symmetry argument shows the reason: the operators q̂iq̂j q̂kˆ̀l and ûci ûcj d̂ckêcl(where i, j, k, l = 1, 2, 3 are family indices and color and weak indices are implicit)must be invariant under SU(3)C and SU(2)L. This means that their color and weakindices must be antisymmetrized. However since this operators are given by bosonicsuperfields, they must be totally symmetric under interchange of all indices. Thusthe first operator vanishes for i = j = k and the second vanishes for i = j . Hence asecond or third generation member must exist in the final state.In minimal supersymmetric SU(5) [93] the coefficient of the baryon number vio-lating operator qqq` can be schematically written as (see e.g. [163])

α34π Y10Y5
MT

mg̃

m2̃
q
, (1.252)

where we have assumed the dominance of the gluino exchange and that the sfermionmasses (mq̃) are bigger than the gluino one (mg̃ ), while Y10 and Y5 are couplings ofthe Yukawa superpotential. Though there could be a huge enhancement of theproton decay rate which brought to the claim that minimal supersymmetric SU(5)was ruled out [164, 165], a closer look to the uncertainties at play makes this claimmuch more weaker [166]:
• The Yukawa couplings in Eq. (1.252) are not directly related to those of theSM, since in minimal SU(5) one needs to take into account non-renormalizableoperators in order to break the relation Md = MT

e , and thus they can conspireto suppress the decay mode [167].
• A similar suppression could also originate from the soft sector even after in-cluding the constraints coming from flavor violating effects [168].
• Last but not least the mass of the triplet MT is constrained by the running onlyin the renormalizable version of the theory [165]. As soon as non-renormalizableoperators (which are anyway needed for fermion mass relations) are includedthis is not true anymore [166]. In this respect it is remarkable that even in theworse case scenario of the renormalizable theory the recent accurate three-loop analysis in Ref. [169] increases by about one order of magnitude the upperbound on MT due to the running constraints.Thus the bottom-line is that minimal supsersymmetric SU(5) is still a viable the-ory and more input on the experimental side is needed in order to say somethingaccurate on proton decay.
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1.6.4 d = 4This last class of operators originates from the R-parity violating superpotential ofthe MSSM

WRPV = µi ˆ̀iĥu + λijk ˆ̀iˆ̀iêci + λ′ijk q̂iˆ̀j d̂ck + λ′′ijk ûci d̂cj d̂ck . (1.253)Notice that λ′′ violates baryon number while µ, λ and λ′ violate lepton number. Sofor instance we have the following interactions in the R-parity violating lagrangian
LRPV ⊃ λ′ijk qi`j d̃ck + λ′′ijk uci dcj d̃ck + h.c. . (1.254)

The tree-level exchange of d̃c generates the baryon violating operator q`uc†dc† witha coefficient which can be written schematically as
λ′λ′′/m2̃

dc . (1.255)
Barring cancellations in the family structure of this coefficient and assuming a TeVscale soft spectrum, the proton lifetime implies the generic bound [170]

λ′λ′′ . 10−26 . (1.256)
It’s easy to see that the R-parity violating operators are generated in supersymmetricGUTs unless special conditions are fulfilled. For instance in SU(5) the effectivetrilinear couplings originate from the operator

Λijk 5̂i5̂j 1̂0k , (1.257)
which leads to λ = 12λ′ = λ′′ = Λ. Analogously in SO(10) the R-parity violatingtrilinears stem from the operatorΛijk

MP
1̂6i1̂6j 1̂6k 〈1̂6H〉 . (1.258)

If one doesn’t like small numbers such as in Eq. (1.256) the standard approach isto impose a Z2 matter parity which forbids the baryon and lepton number violatingoperators [93]. A more physical option in SO(10) is instead suggested by Eq. (1.258).Actually it seems that as soon as SO(10) is preserved the R-parity violating trilinearsare not generated. In order to better understand this point let us rephrase the
R-parity in the following language [171]

RP = (−)3(B−L)+2S , (1.259)
where the spin quantum number S is irrelevant as long as the Lorentz symmetry ispreserved. Then, since B−L is a local generator of SO(10), it is enough to embed theSM fermions in representations with odd B − L (e.g. 16, . . .) and the Higgs doubletsin representations with even B−L (e.g. 10, 120, 126, 210, . . .) in order to ensure exact
R-parity conservation. After the SO(10) breaking the fate of R-parity depends on the
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order parameter responsible for the B − L breaking. Employing either a 16H or a126H for the rank reduction of SO(10) the action of the RP operator on their VEV is

RP 〈16H〉 = −〈16H〉 or RP 〈126H〉 = 〈126H〉 . (1.260)
In the latter case the R-parity is preserved by the vacuum and becomes an exactsymmetry of the MSSM. This feature makes supersymmetric SO(10) models with126H very appealing [62]. On the other hand with a 16H at play the amount of R-parityviolation is dynamically controlled by the parameter MB−L/MP , where 〈16H〉 ∼MB−L.Though conceptually interesting it is fair to say that in SO(10) it is unnatural to havethe B − L breaking scale much below the unification scale both from the point ofview of unification constraints and neutrino masses36.

36As we will see in Chapter 2 when the GUT breaking is driven either by a 45H or a 210H thereare vacuum configurations such that MB−L can be pulled down till to the TeV scale without conflictingwith unification constraints. On the other hand the issue of neutrino masses with a low MB−L is moreserious. One has either to invoke a strong fine-tuning in the Yukawa sector or extend the the theorywith an SO(10) singlet (see e.g. [172])



Chapter 2

Intermediate scales in
nonsupersymmetric SO(10)
unification

The purpose of this chapter is to review the constraints enforced by gauge unifi-cation on the intermediate mass scales in the nonsupersymmetric SO(10) GUTs, aneeded preliminary step for assessing the structure of the multitude of the differ-ent breaking patterns before entering the details of a specific model. Eventually,our goal is to envisage and examine scenarios potentially relevant for the under-standing of the low energy matter spectrum. In particular those setups that, albeitnonsupersymmetric, may exhibit a predictivity comparable to that of the minimalsupersymmetric SO(10) [46, 47, 48], scrutinized at length in the last few years.The constraints imposed by the absolute neutrino mass scale on the positionof the B − L threshold, together with the proton decay bound on the unificationscale MU , provide a discriminating tool among the many SO(10) scenarios and thecorresponding breaking patterns. These were studied at length in the 80’s and early90’s, and detailed surveys of two- and three-step SO(10) breaking chains (one andtwo intermediate thresholds respectively) are found in Refs. [173, 99, 174, 64].We perform a systematic survey of SO(10) unification with two intermediatestages. In addition to updating the analysis to present day data, this reappraisalis motivated by (a) the absence of U(1) mixing in previous studies, both at one- andtwo-loops in the gauge coupling renormalization, (b) the need for additional Higgsmultiplets at some intermediate stages, and (c) a reassessment of the two-loop betacoefficients reported in the literature.The outcome of our study is the emergence of sizeably different features in someof the breaking patterns as compared to the existing results. This allows us to rescuepreviously excluded scenarios. All that before considering the effects of thresholdcorrections [175, 176, 177], that are unambiguously assessed only when the detailsof a specific model are worked out. Eventually we will comment on the impact ofthreshold effects in the Outlook of the thesis.It is remarkable that the chains corresponding to the minimal SO(10) setup with
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the smallest Higgs representations (10H , 45H and 16H , or 126H in the renormalizablecase) and the smallest number of parameters in the Higgs potential, are still viable.The complexity of this nonsupersymmetric scenario is comparable to that of theminimal supersymmetric SO(10) model, what makes it worth of detailed considera-tion.In Sect. 2.1 we set the framework of the analysis. Sect. 2.2 provides a collectionof the tools needed for a two-loop study of grand unification. The results of thenumerical study are reported and scrutinized in Sect. 2.3. Finally, the relevant one-and two-loop β-coefficients are detailed in Appendix A.
2.1 Three-step SO(10) breaking chains
The relevant SO(10)→ G2→ G1→ SM symmetry breaking chains with two inter-mediate gauge groups G2 and G1 are listed in Table 2.1. Effective two-step chainsare obtained by joining two of the high-energy scales, paying attention to the possi-ble deviations from minimality of the scalar content in the remaining intermediatestage (this we shall discuss in Sect. 2.3.2).For the purpose of comparison we follow closely the notation of Ref. [64], where
P denotes the unbroken D-parity [95, 96, 97, 98, 99]. For each step the Higgs repre-sentation responsible for the breaking is given.The breakdown of the lower intermediate symmetry G1 to the SM gauge groupis driven either by the 16- or 126-dimensional Higgs multiplets 16H or 126H . An im-portant feature of the scenarios with 126H is the fact that in such a case a potentiallyrealistic SO(10) Yukawa sector can be constructed already at the renormalizable level(cf. Sect. 1.5). Together with 10H all the effective Dirac Yukawa couplings as well asthe Majorana mass matrices at the SM level emerge from the contractions of thematter bilinears 16F16F with 126H or with 16H16H/Λ, where Λ denotes the scale(above MU ) at which the effective dimension five Yukawa couplings arise.D-parity is a discrete symmetry acting as charge conjugation in a left-right sym-metric context [95, 96], and as that it plays the role of a left-right symmetry (itenforces for instance equal left and right gauge couplings). SO(10) invariance thenimplies exact D-parity (because D belongs to the SO(10) Lie algebra). D-parity maybe spontaneously broken by D-odd Pati-Salam (PS) singlets contained in 210 or 45Higgs representations. Its breaking can therefore be decoupled from the SU(2)Rbreaking, allowing for different left and right gauge couplings [97, 98].The possibility of decoupling the D-parity breaking from the scale of right-handedinteractions is a cosmologically relevant issue. On the one hand baryon asymmetrycannot arise in a left-right symmetric (gL = gR) universe [95]. On the other hand,the spontaneous breaking of a discrete symmetry, such as D-parity, creates domainwalls that, if massive enough (i.e. for intermediate mass scales) do not disappear,overclosing the universe [96]. These potential problems may be overcome eitherby confining D-parity at the GUT scale or by invoking inflation. The latter solutionimplies that domain walls are formed above the reheating temperature, enforcing a
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Chain G2 G1I: ÊÏ210 {4C2L2R} ÊÏΛ45 {3C2L2R1B−L}II: ÊÏ54 {4C2L2RP} ÊÏΛ210 {3C2L2R1B−LP}III: ÊÏ54 {4C2L2RP} ÊÏΛ45 {3C2L2R1B−L}IV: ÊÏ210 {3C2L2R1B−LP} ÊÏΛ45 {3C2L2R1B−L}V: ÊÏ210 {4C2L2R} ÊÏΣ45

R

{4C2L1R}VI: ÊÏ54 {4C2L2RP} ÊÏΣ45
R

{4C2L1R}VII: ÊÏ54 {4C2L2RP} ÊÏ
λ210 {4C2L2R}VIII: ÊÏ45 {3C2L2R1B−L} ÊÏΣ45
R

{3C2L1R1B−L}IX: ÊÏ210 {3C2L2R1B−LP} ÊÏΣ45
R

{3C2L1R1B−L}X: ÊÏ210 {4C2L2R} ÊÏ
σ210
R

{3C2L1R1B−L}XI: ÊÏ54 {4C2L2RP} ÊÏ
σ210
R

{3C2L1R1B−L}XII: ÊÏ45 {4C2L1R} ÊÏΛ45 {3C2L1R1B−L}
Table 2.1: Relevant SO(10) symmetry breaking chains via two intermediate gauge groups G1 andG2. For each step the representation of the Higgs multiplet responsible for the breaking is givenin SO(10) or intermediate symmetry group notation (cf. Table 2.2). The breaking to the SM group3C2L1Y is obtained via a 16 or 126 Higgs representation.
lower bound on the D-parity breaking scale of 1012 GeV. Realistic SO(10) breakingpatterns must therefore include this constraint.
2.1.1 The extended survival hypothesis
Throughout all three stages of running we assume that the scalar spectrum obeysthe so called extended survival hypothesis (ESH) [81] which requires that at every
stage of the symmetry breaking chain only those scalars are present that develop
a vacuum expectation value (VEV) at the current or the subsequent levels of the
spontaneous symmetry breaking. ESH is equivalent to the requirement of the min-imal number of fine-tunings to be imposed onto the scalar potential [82] so that allthe symmetry breaking steps are performed at the desired scales.On the technical side one should identify all the Higgs multiplets needed bythe breaking pattern under consideration and keep them according to the gaugesymmetry down to the scale of their VEVs. This typically pulls down a large numberof scalars in scenarios where 126H provides the B − L breakdown.On the other hand, one must take into account that the role of 126H is twofold: inaddition to triggering the G1 breaking it plays a relevant role in the Yukawa sector
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Surviving Higgs multiplets in SO(10) subgroups

SO(10) {4C2L1R} {4C2L2R} {3C2L2R1B−L} {3C2L1R1B−L} Notation10 (1, 2,+12 ) (1, 2, 2) (1, 2, 2, 0) (1, 2,+12 , 0) φ1016 (4, 1,+12 ) (4, 1, 2) (1, 1, 2,−12 ) (1, 1,+12 ,−12 ) δ16
R16 (4, 2, 1) (1, 2, 1,+12 ) δ16
L126 (15, 2,+12 ) (15, 2, 2) (1, 2, 2, 0) (1, 2,+12 , 0) φ126126 (10, 1, 1) (10, 1, 3) (1, 1, 3,−1) (1, 1, 1,−1) ∆126
R126 (10, 3, 1) (1, 3, 1, 1) ∆126
L45 (15, 1, 0) (15, 1, 1) Λ45210 (15, 1, 1) Λ21045 (1, 1, 3) (1, 1, 3, 0) Σ45
R45 (1, 3, 1) (1, 3, 1, 0) Σ45
L210 (15, 1, 3) σ210
R210 (15, 3, 1) σ210
L210 (1, 1, 1) λ210

Table 2.2: Scalar multiplets contributing to the running of the gauge couplings for a given SO(10)subgroup according to minimal fine tuning. The survival of φ126 (not required by minimality) is neededby a realistic leptonic mass spectrum, as discussed in the text (in the 3C2L2R1B−L and 3C2L1R1B−Lstages only one linear combination of φ10 and φ126 remains). The U(1)B−L charge is given, up to afactor √3/2, by (B − L)/2 (the latter is reported in the table). For the naming of the Higgs multipletswe follow the notation of Ref. [64] with the addition of φ126. When the D-parity (P) is unbroken theparticle content must be left-right symmetric. D-parity may be broken via P-odd Pati-Salam singletsin 45H or 210H .
where it provides the necessary breaking of the down-quark/charged-lepton massdegeneracy (cf. Eq. (1.190)). For this to work one needs a reasonably large admixtureof the 126H component in the effective electroweak doublets. Since (1, 2, 2)10 can mixwith (15, 2, 2)126 only below the Pati-Salam breaking scale, both fields must be presentat the Pati-Salam level (otherwise the scalar doublet mass matrix does not providelarge enough components of both these multiplets in the light Higgs fields).Note that the same argument applies also to the 4C2L1R intermediate stage whenone must retain the doublet component of 126H , namely (15, 2,+12 )126, in order for itto eventually admix with (1, 2,+12 )10 in the light Higgs sector. On the other hand, atthe 3C2L2R1B−L and 3C2L1R1B−L stages, the (minimal) survival of only one combina-tion of the φ10 and φ126 scalar doublets (see Table 2.2) is compatible with the Yukawasector constraints because the degeneracy between the quark and lepton spectra hasalready been smeared-out by the Pati-Salam breakdown.In summary, potentially realistic renormalizable Yukawa textures in settings withwell-separated SO(10) and Pati-Salam breaking scales call for an additional fine tun-ing in the Higgs sector. In the scenarios with 126H , the 10H bidoublet (1, 2, 2)10,included in Refs [173, 99, 174, 64], must be paired at the 4C2L2R scale with an ex-tra (15, 2, 2)126 scalar bidoublet (or (1, 2,+12 )10 with (15, 2,+12 )126 at the 4C2L1R stage).
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This can affect the running of the gauge couplings in chains I, II, III, V, VI, VII, X, XIand XII.For the sake of comparison with previous studies [173, 99, 174, 64] we shall notinclude the φ126 multiplets in the first part of the analysis. Rather, we shall commenton their relevance for gauge unification in Sect. 2.3.3.
2.2 Two-loop gauge renormalization group equations
In this section we report, in order to fix a consistent notation, the two-loop renor-malization group equations (RGEs) for the gauge couplings. We consider a gaugegroup of the form U(1)1 ⊗ ...⊗ U(1)N ⊗ G1 ⊗ ...⊗ GN ′ , where Gi are simple groups.
2.2.1 The non-abelian sectorLet us focus first on the non-abelian sector corresponding to G1⊗ ...⊗GN ′ and deferthe full treatment of the effects due to the extra U(1) factors to section 2.2.2. Defining
t = log(µ/µ0) we write

dgp
dt = gp βp (2.1)

where p = 1, ..., N ′ is the gauge group label. Neglecting for the time being theabelian components, the β-functions for the G1 ⊗ ... ⊗ GN ′ gauge couplings read attwo-loop level [178, 179, 180, 181, 182, 183]
βp = g2

p(4π)2
{
−113 C2(Gp) + 43κS2(Fp) + 13ηS2(Sp)

+ g2
p(4π)2
[
−343 (C2(Gp))2 + (4C2(Fp) + 203 C2(Gp)) κS2(Fp)

+ (4C2(Sp) + 23C2(Gp)) ηS2(Sp)]
+ g2

q(4π)2 4[κC2(Fq)S2(Fp) + ηC2(Sq)S2(Sp)]− 2κ(4π)2Y4(Fp)} , (2.2)
where κ = 1, 12 for Dirac and Weyl fermions respectively. Correspondingly, η =1, 12 for complex and real scalar fields. The sum over q 6= p corresponding tocontributions to βp from the other gauge sectors labelled by q is understood. Givena fermion F or a scalar S field that transforms according to the representation
R = R1 ⊗ ... ⊗ RN ′ , where Rp is an irreducible representation of the group Gp ofdimension d(Rp), the factor S2(Rp) is defined by

S2(Rp) ≡ T(Rp) d(R)
d(Rp) , (2.3)
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where T(Rp) is the Dynkin index of the representation Rp . The correspondingCasimir eigenvalue is then given by

C2(Rp)d(Rp) = T(Rp)d(Gp) , (2.4)
where d(G) is the dimension of the group. In Eq. (2.2) the first row representsthe one-loop contribution while the other terms stand for the two-loop corrections,including that induced by Yukawa interactions. The latter is accounted for in termsof a factor

Y4(Fp) = 1
d(Gp)Tr [C2(Fp)YY †] , (2.5)

where the “general” Yukawa coupling
Yabc ψaψb hc + h.c. (2.6)

includes family as well as group indices. The coupling in Eq. (2.6) is written in termsof four-component Weyl spinors ψa,b and a scalar field hc (be complex or real). Thetrace includes the sum over all relevant fermion and scalar fields.
2.2.2 The abelian couplings and U(1) mixingIn order to include the abelian contributions to Eq. (2.2) at two loops and the one-and two-loop effects of U(1) mixing [184], let us write the most general interactionof N abelian gauge bosons Aµ

b and a set of Weyl fermions ψf as
ψfγµQr

fψfgrbA
µ
b . (2.7)

The gauge coupling constants grb, r, b = 1, ..., N , couple Aµ
b to the fermionic current

Jrµ = ψfγµQr
fψf . The N × N gauge coupling matrix grb can be diagonalized by twoindependent rotations: one acting on the U(1) charges Qr

f and the other on the gaugeboson fields Aµ
b. For a given choice of the charges, grb can be set in a triangularform (grb = 0 for r > b) by the gauge boson rotation. The resulting N(N + 1)/2entries are observable couplings.Since Fa

µν in the abelian case is itself gauge invariant, the most general kineticpart of the lagrangian reads at the renormalizable level
− 14Fa

µνFaµν − 14ξabFa
µνFbµν , (2.8)

where a 6= b and |ξab| < 1. A non-orthogonal rotation of the fields Aµ
a may beperformed to set the gauge kinetic term in a canonical diagonal form. Any furtherorthogonal rotation of the gauge fields will preserve this form. Then, the renormal-ization prescription may be conveniently chosen to maintain at each scale the kineticterms canonical and diagonal on-shell while renormalizing accordingly the gauge
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coupling matrix grb 1. Thus, even if at one scale grb is diagonal, in general non-zero off-diagonal entries are generated by renormalization effects. One shows [186]that in the case the abelian gauge couplings are at a given scale diagonal and equal(i.e. there is a U(1) unification), there may exist a (scale independent) gauge fieldbasis such that the abelian interactions remain to all orders diagonal along the RGEtrajectory 2.In general, the renormalization of the abelian part of the gauge interactions isdetermined by

dgrb
dt = graβab , (2.9)where, as a consequence of gauge invariance,

βab = d
dt
(logZ1/23 )ab . (2.10)

with Z3 denoting the gauge-boson wave-function renormalization matrix. In orderto further simplify the notation it is convenient to introduce the “reduced” cou-plings [186]
gkb ≡ Qr

kgrb , (2.11)that evolve according to
dgkb
dt = gkaβab . (2.12)The index k labels the fields (fermions and scalars) that carry U(1) charges.In terms of the reduced couplings the β-function that governs the U(1) runningup to two loops is given by [178, 179, 180]

βab = 1(4π)2
{43κ gfagfb + 13η gsagsb (2.13)

+ 4(4π)2[κ (gfagfbg2
fc + gfagfbg2

qC2(Fq))+ η
(
gsagsbg2

sc + gsagsbg2
qC2(Sq)) ]

− 2κ(4π)2 Tr [gfagfb YY †]} ,

where repeated indices are summed over, labelling fermions (f ), scalars (s) and U(1)gauge groups (c). The terms proportional to the quadratic Casimir C2(Rp) representthe two-loop contributions of the non abelian components Gq of the gauge group tothe U(1) gauge coupling renormalization.Correspondingly, using the notation of Eq. (2.11), an additional two-loop term thatrepresents the renormalization of the non abelian gauge couplings induced at twoloops by the U(1) gauge fields is to be added to Eq. (2.2), namely
∆βp = g2

p(4π)4 4[κ g2
fcS2(Fp) + η g2

scS2(Sp)] . (2.14)
1Alternatively one may work with off-diagonal kinetic terms while keeping the gauge interactionsdiagonal [185].2Vanishing of the commutator of the β-functions and their derivatives is needed [187].
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In Eqs. (2.13)–(2.14), we use the abbreviation f ≡ Fp and s ≡ Sp and, as before,
κ = 1, 12 for Dirac and Weyl fermions, while η = 1, 12 for complex and real scalarfields respectively.
2.2.3 Some notation

When at most one U(1) factor is present, and neglecting the Yukawa contributions,the two-loop RGEs can be conveniently written as
dα−1

i
dt = − ai2π − bij8π2αj , (2.15)

where αi = g2
i /4π . The β-coefficients ai and bij for the relevant SO(10) chains aregiven in Appendix A.Substituting the one-loop solution for αj into the right-hand side of Eq. (2.15) oneobtains

α−1
i (t)− α−1

i (0) = − ai2π t + b̃ij4π log (1− ωjt) , (2.16)
where ωj = ajαj(0)/(2π) and b̃ij = bij/aj . The analytic solution in (2.16) holds at twoloops (for ωjt < 1) up to higher order effects. A sample of the rescaled β-coefficients
b̃ij is given, for the purpose of comparison with previous results, in Appendix A.We shall conveniently write the β-function in Eq. (2.13), that governs the abelianmixing, as

βab = 1(4π)2 gsa γsr grb , (2.17)
where γsr include both one- and two-loop contributions. Analogously, the non-abelianbeta function in Eq. (2.2), including the U(1) contribution in Eq. (2.14), is convenientlywritten as

βp = g2
p(4π)2 γp . (2.18)

The γp functions for the SO(10) breaking chains considered in this work are reportedin Appendix A.1.Finally, the Yukawa term in Eq. (2.5), and correspondingly in Eq. (2.13), can bewritten as
Y4(Fp) = ypkTr (YkY †k) , (2.19)

where Yk are the “standard” 3 × 3 Yukawa matrices in the family space labelled bythe flavour index k. The trace is taken over family indices and k is summed over thedifferent Yukawa terms present at each stage of SO(10) breaking. The coefficients
ypk are given explicitly in Appendix A.2
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2.2.4 One-loop matchingThe matching conditions between effective theories in the framework of dimen-sional regularization have been derived in [188, 189]. Let us consider first a simplegauge group G spontaneously broken into subgroups Gp . Neglecting terms involv-ing logarithms of mass ratios which are assumed to be subleading (massive statesclustered near the threshold), the one-loop matching for the gauge couplings can bewritten as

α−1
p −

C2(Gp)12π = α−1
G −

C2(G)12π . (2.20)
Let us turn to the case when several non-abelian simple groups Gp (and at mostone U(1)X) spontaneously break whilst preserving a U(1)Y charge. The conserved
U(1) generator TY can be written in terms of the relevant generators of the variousCartan subalgebras (and of the consistently normalized TX) as

TY = piTi , (2.21)
where ∑p2

i = 1, and i runs over the relevant p (and X) indices. The matchingcondition is then give by3
α−1
Y =∑

i

p2
i

(
α−1
i −

C2(Gi)12π
)
, (2.28)

3This is easily proven at tree level [190]. Let us imagine that the gauge symmetry is spontaneouslybroken by the VEV of an arbitrary set of scalar fields 〈φ〉, such that TY 〈φ〉 = 0. Starting from thecovariant derivative
Dµφ = ∂µφ + igiTi

(
Aµ
)
i φ , (2.22)we derive the gauge boson mass matrix

µ2
ij = gigj 〈φ〉† TiTj 〈φ〉 , (2.23)

which has a zero eigenvector corresponding to the massless gauge field AY
µ = qi

(
Aµ
)
i , where

µ2
ijqj = 0 with ∑

j
q2
j = 1 . (2.24)

It’s easy to see then that the components of q are
qi = Npi/gi with N ≡

(∑
i

(pi/gi)2)− 12
, (2.25)

and from the coupling of AY
µ to fermions

gi
(
Aµ
)
i ψγ

µTiψ = giqiAY
µψγµTiψ + . . . = NpiAY

µψγµTiψ + . . . = NAY
µψγµTYψ + . . . , (2.26)

we conclude that
gY = N ≡

(∑
i

(pi/gi)2)− 12
. (2.27)
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where for i = X, if present, C2 = 0.Consider now the breaking of N copies of U(1) gauge factors to a subset of Melements U(1) (with M < N). Denoting by Tn (n = 1, ..., N) and by T̃m (m = 1, ...,M)their properly normalized generators we have

T̃m = PmnTn (2.29)
with the orthogonality condition PmnPm′n = δmm′ . Let us denote by gna (n, a =1, ..., N) and by g̃mb (m,b = 1, ...,M) the matrices of abelian gauge couplings aboveand below the breaking scale respectively. By writing the abelian gauge boson massmatrix in the broken vacuum and by identifying the massless states, we find thefollowing matching condition

(g̃ g̃T )−1 = P
(
ggT

)−1 PT . (2.30)
Notice that Eq. (2.30) depends on the chosen basis for the U(1) charges (via P) but itis invariant under orthogonal rotations of the gauge boson fields (gOTOgT = ggT ).The massless gauge bosons Ãµ

m are given in terms of Aµ
n by

Ãµ
m = [g̃TP (g−1)T]

mn
Aµ
n , (2.31)

where m = 1, ...,M and n = 1, ..., N .The general case of a gauge group U(1)1⊗...⊗U(1)N⊗G1⊗...⊗GN ′ spontaneouslybroken to U(1)1⊗ ...⊗U(1)M with M ≤ N +N ′ is taken care of by replacing (ggT )−1in Eq. (2.30) with the block-diagonal (N +N ′)× (N +N ′) matrix
(GGT )−1 = Diag [(ggT )−1, g−2

p −
C2(Gp)48π2

] (2.32)
thus providing, together with the extended Eq. (2.29) and Eq. (2.30), a generalizationof Eq. (2.28).
2.3 Numerical results
At one-loop, and in absence of the U(1) mixing, the gauge RGEs are not coupledand the unification constraints can be studied analytically. When two-loop effectsare included (or at one-loop more than one U(1) factor is present) there is no closedsolution and one must solve the system of coupled equations, matching all stagesbetween the weak and unification scales, numerically. On the other hand (when no
U(1) mixing is there) one may take advantage of the analytic formula in Eq. (2.16).The latter turns out to provide, for the cases here studied, a very good approximationto the numerical solution. The discrepancies with the numerical integration do notgenerally exceed the 10−3 level.We perform a scan over the relevant breaking scales MU , M2 and M1 and thevalue of the grand unified coupling αU and impose the matching with the SM gauge
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couplings at the MZ scale requiring a precision at the per mil level. This is achievedby minimizing the parameter

δ =
√√√√ 3∑

i=1
(
αth
i − αi
αi

)2
, (2.33)

where αi denote the experimental values at MZ and αth
i are the renormalized cou-plings obtained from unification.The input values for the (consistently normalized) gauge SM couplings at thescale MZ = 91.19 GeV are [79]

α1 = 0.016946± 0.000006 ,
α2 = 0.033812± 0.000021 , (2.34)
α3 = 0.1176± 0.0020 ,corresponding to the electroweak scale parameters
α−1
em = 127.925± 0.016 ,sin2 θW = 0.23119± 0.00014 . (2.35)All these data refer to the modified minimally subtracted (MS) quantities at the MZscale.For α1,2 we shall consider only the central values while we resort to scanningover the whole 3σ domain for α3 when a stable solution is not found.The results, i.e. the positions of the intermediate scales M1, M2 and MU shall bereported in terms of decadic logarithms of their values in units of GeV, i.e. n1 =log10(M1/GeV), n2 = log10(M2/GeV), nU = log10(MU/GeV). In particular, nU , n2 aregiven as functions of n1 for each breaking pattern and for different approximationsin the loop expansion. Each of the breaking patterns is further supplemented by therelevant range of the values of αU .

2.3.1 U(1)R ⊗ U(1)B−L mixingThe chains VIII to XII require consideration of the mixing between the two U(1)factors. While U(1)R and U(1)B−L do emerge with canonical diagonal kinetic terms,being the remnants of the breaking of non-abelian groups, the corresponding gaugecouplings are at the onset different in size. In general, no scale independent orthogo-nal rotations of charges and gauge fields exist that diagonalize the gauge interactionsto all orders along the RGE trajectories. According to the discussion in Sect. 2.2, off-diagonal gauge couplings arise at the one-loop level that must be accounted for inorder to perform the matching at the M1 scale with the standard hypercharge. Thepreserved direction in the QR,B−L charge space is given by
QY =√35QR +√25QB−L , (2.36)
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where

QR = T3R and QB−L =√32
(
B − L2

)
. (2.37)

The matching of the gauge couplings is then obtained from Eq. (2.30)
g−2
Y = P

(
ggT

)−1 PT , (2.38)with
P = (√35 ,

√25
) (2.39)

and
g = ( gR,R gR,B−L

gB−L,R gB−L,B−L

)
. (2.40)

When neglecting the off-diagonal terms, Eq. (2.38) reproduces the matching con-dition used in Refs. [173, 99, 174, 64]. For all other cases, in which only one U(1)factor is present, the matching relations can be read off directly from Eq. (2.20) andEq. (2.28).
2.3.2 Two-loop results (purely gauge)The results of the numerical analysis are organized as follows: Fig. 2.1 and Fig. 2.2show the values of nU and n2 as functions of n1 for the pure gauge running (i.e. noYukawa interactions), in the 126H and 16H case respectively. The differences betweenthe patterns for the 126H and 16H setups depend on the substantially different scalarcontent. The shape and size of the various contributions (one-loop, with and without
U(1) mixing, and two-loops) are compared in each figure. The dissection of theRGE results shown in the figures allows us to compare our results with those ofRefs. [173, 99, 174, 64].Table 2.3 shows the two-loop values of α−1

U in the allowed region for n1. Thecontributions of the additional φ126 multiplets, and the Yukawa terms are discussedseparately in Sect. 2.3.3 and Sect. 2.3.4, respectively. With the exception of a fewsingular cases detailed therein, these effects turn out to be generally subdominant.As already mentioned in the introduction, two-loop precision in a GUT scenariomakes sense once (one-loop) thresholds effects are coherently taken into account,as their effect may become comparable if not larger than the two loop itself (theargument becomes stronger as the number of intermediate scales increases). Onthe other hand, there is no control on the spectrum unless a specific model isstudied in details. The purpose of this chapter is to set the stage for such a studyby reassessing and updating the general constraints and patterns that SO(10) grandunification enforces on the spread of intermediate scales.The one and two-loop β-coefficients used in the present study are reported inAppendix A. Table A.5 in the appendix shows the reduced b̃ij coefficients for thosecases where we are at variance with Ref. [99].
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Figure 2.1: The values of nU (red/upper branches) and n2 (blue/lower branches) are shown asfunctions of n1 for the pure gauge running in the 126H case. The bold black line bounds the region
n1 ≤ n2. From chains Ia to VIIa the short-dashed lines represent the result of one-loop running whilethe solid ones correspond to the two-loop solutions. For chains VIIIa to XIIa the short-dashed linesrepresent the one-loop results without the U(1)R ⊗ U(1)B−L mixing, the long-dashed lines accountfor the complete one-loop results, while the solid lines represent the two-loop solutions. The scalarcontent at each stage corresponds to that considered in Ref. [64], namely to that reported in Table 2.2without the φ126 multiplets. For chains I to VII the two-step SO(10) breaking consistent with minimalfine tuning is recovered in the n2 → nU limit. No solution is found for chain Xa.
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Figure 2.2: Same as in Fig. 2.1 for the 16H case.
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One of the largest effects in the comparison with Refs. [173, 99, 174, 64] emergesat one-loop and it is due to the implementation of the U(1) gauge mixing when

U(1)R ⊗ U(1)B−L appears as an intermediate stage of the SO(10) breaking4. Thisaffects chains VIII to XII, and it exhibits itself in the exact (one-loop) flatness of n2,
nU and αU as functions of n1.The rationale for such a behaviour is quite simple. When considering the gaugecoupling renormalization in the 3C2L1R1B−L stage, no effect at one-loop appears inthe non-abelian β-functions due to the abelian gauge fields. On the other hand,the Higgs fields surviving at the 3C2L1R1B−L stage, responsible for the breaking to3C2L1Y , are (by construction) SM singlets. Since the SM one-loop β-functions are notaffected by their presence, the solution found for n2, nU and αU in the n1 = n2 caseholds for n1 < n2 as well. Only by performing correctly the mixed U(1)R ⊗ U(1)B−Lgauge running and the consistent matching with U(1)Y one recovers the expected
n1 flatness of the GUT solution.In this respect, it is interesting to notice that the absence of U(1) mixing inRefs. [173, 99, 174, 64] makes the argument for the actual possibility of a light (ob-servable) U(1)R gauge boson an “approximate" statement (based on the approximateflatness of the solution).One expects this feature to break at two-loops. The SU(2)L and SU(3)C β-functionsare affected at two-loops directly by the abelian gauge bosons via Eq. (2.14) (the Higgsmultiplets that are responsible for the U(1)R⊗U(1)B−L breaking do not enter throughthe Yukawa interactions). The net effect on the non-abelian gauge running is relatedto the difference between the contribution of the U(1)R and U(1)B−L gauge bosonsand that of the standard hypercharge. We checked that such a difference is alwaysa small fraction (below 10%) of the typical two-loop contributions to the SU(2)L and
SU(3)C β-functions. As a consequence, the n1 flatness of the GUT solution is at avery high accuracy (10−3) preserved at two-loops as well, as the inspection of therelevant chains in Figs. 2.1–2.2 shows.Still at one-loop we find a sharp disagreement in the n1 range of chain XIIa, withrespect to the result of Ref. [64]. The authors find n1 < 5.3, while strictly followingtheir procedure and assumptions we find n1 < 10.2 (the updated one- and two-loopresults are given in Fig. 2.1k). As we shall see, this difference brings chain XIIa backamong the potentially realistic ones.As far as two-loop effects are at stakes, their relevance is generally related to thelength of the running involving the largest non-abelian groups. On the other hand,there are chains where n2 and nU have a strong dependence on n1 (we will refer tothem as to “unstable" chains) and where two-loop corrections affect substantially theone-loop results. Evident examples of such unstable chains are Ia, IVa, Va, IVb, andVIIb. In particular, in chain Va the two-loop effects flip the slopes of n2 and nU , thatimplies a sharp change in the allowed region for n1. It is clear that when dealingwith these breaking chains any statement about their viability should account for thedetails of the thresholds in the given model.

4The lack of abelian gauge mixing in Ref. [64] was first observed in Ref. [191].
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Chain α−1

U Chain α−1
UIa [45.5, 46.4] Ib [45.7, 44.8]IIa [43.7, 40.8] IIb [45.3, 44.5]IIIa [45.5, 40.8] IIIb [45.7, 44.5]IVa [45.5, 43.4] IVb [45.7, 45.1]Va [45.4, 44.1] Vb [44.3, 44.8]VIa [44.1, 41.0] VIb [44.3, 44.2]VIIa [45.4, 41.1] VIIb [44.8, 44.4]VIIIa 45.4 VIIIb 45.6IXa 42.8 IXb 44.3Xa Xb 44.8XIa 38.7 XIb 41.5XIIa 44.1 XIIb 44.3

Table 2.3: Two-loop values of α−1
U in the allowed region for n1. From chains I to VII, α−1

U is n1dependent and its range is given in square brackets for the minimum (left) and the maximum (right)value of n1 respectively. For chains VIII to XII, α−1
U depends very weekly on n1 (see the discussionon U(1) mixing in the text). No solution is found for chain Xa.

In chains VIII to XII (where the second intermediate stage is 3C2L1R1B−L , two-loopeffects are mild and exhibit the common behaviour of lowering the GUT scale (nU )while raising (with the exception of Xb and XIa,b) the largest intermediate scale (n2).The mildness of two-loop corrections (no more that one would a-priori expect) isstrictly related to the (n1) flatness of the GUT solution discussed before.Worth mentioning are the limits n2 ∼ nU and n1 ∼ n2. While the former is equiv-alent to neglecting the first stage G2 and to reducing effectively the three breakingsteps to just two (namely SO(10) Ï G1 Ï SM) with a minimal fine tuning in thescalar sector, care must be taken of the latter. One may naively expect that thechains with the same G2 should exhibit for n1 ∼ n2 the same numerical behavior(SO(10) Ï G2 Ï SM), thus clustering the chains (I,V,X), (II,III,VI,VII,XI) and (IV,IX).On the other hand, one must recall that the existence of G1 and its breaking re-main encoded in the G2 stage through the Higgs scalars that are responsible forthe G2→G1 breaking. This is why the chains with the same G2 are not in generalequivalent in the n1 ∼ n2 limit. The numerical features of the degenerate patterns(with n2 ∼ nU ) can be crosschecked among the different chains by direct inspectionof Figs. 2.1–2.2 and Table 2.3.In any discussion of viability of the various scenarios the main attention is paid tothe constraints emerging from the proton decay. In nonsupersymmetric GUTs thisprocess is dominated by baryon number violating gauge interactions, inducing at lowenergies a set of effective d = 6 operators that conserve B − L (cf. Sect. 1.6.1). Inthe SO(10) scenarios we consider here such gauge bosons are integrated out at theunification scale and therefore proton decay constrains nU from below. Consideringthe naive estimate of the inverse lifetime of the proton in Eq. (1.234), the present
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experimental limit τ(p → π0e+) > 8.2× 1033 yr [11] yields nU & 15.4, for α−1

U = 40.Taking the results in Figs. 2.1–2.2 and Table 2.3 at face value the chains VIab, XIab,XIIab, Vb and VIIb should be excluded from realistic considerations.On the other hand, one must recall that once a specific model is scrutinizedin detail there can be large threshold corrections in the matching [175, 176, 177],that can easily move the unification scale by a few orders of magnitude (in bothdirections). In particular, as a consequence of the spontaneous breaking of accidentalwould-be global symmetries of the scalar potential, pseudo-Goldstone modes (withmasses further suppressed with respect to the expected threshold range) may appearin the scalar spectrum, leading to potentially large RGE effects [47]. Therefore, weshall follow a conservative approach in interpreting the limits on the intermediatescales coming from a simple threshold clustering. These limits, albeit useful for apreliminary survey, may not be sharply used to exclude marginal but otherwise wellmotivated scenarios.Below the scale of the B−L breaking, processes that violate separately the barionor the lepton numbers emerge. In particular, ∆B = 2 effective interactions giverise to the phenomenon of neutron oscillations (for a recent review see Ref. [103]).Present bounds on nuclear instability give τN > 1032 years, which translates intoa bound on the neutron oscillation time τn−n̄ > 108 sec. Analogous limits comefrom direct reactor oscillations experiments. This sets a lower bound on the scaleof ∆B = 2 nonsupersymmetric (d = 9) operators that varies from 10 to 300 TeVdepending on model couplings. Thus, neutron-antineutron oscillations probe scalesfar below the unification scale. In a supersymmetric context the presence of ∆B = 2
d = 7 operators softens the dependence on the B − L scale and for the presentbounds the typical limit goes up to about 107 GeV.Far more reaching in scale sensitivity are the ∆L = 2 neutrino masses emergingfrom the see-saw mechanism. At the B − L breaking scale the ∆126

R (δ16
R ) scalars ac-quire ∆L = 2 (∆L = 1) VEVs that give a Majorana mass to the right-handed neutrinos.Once the latter are integrated out, d = 5 operators of the form (`Tε2H)C(HTε2`)/ΛLgenerate light Majorana neutrino states in the low energy theory.In the type-I seesaw, the neutrino mass matrix mν is proportional to YDM−1

R YT
Dv2where the largest entry in the Yukawa couplings is typically of the order of thetop quark one and MR ∼ M1. Given a neutrino mass above the limit obtainedfrom atmospheric neutrino oscillations and below the eV, one infers a (loose) range1013 GeV < M1 < 1015 GeV. It is interesting to note that the lower bound pairs withthe cosmological limit on the D-parity breaking scale (see Sect. 2.1).In the scalar-triplet induced (type-II) seesaw the evidence of the neutrino massentails a lower bound on the VEV of the heavy SU(2)L triplet in 126H . This translatesinto an upper bound on the mass of the triplet that depends on the structure ofthe relevant Yukawa coupling. If both type-I as well as type-II contribute to thelight neutrino mass, the lower bound on the M1 scale may then be weakened bythe interplay between the two contributions. Once again this can be quantitativelyassessed only when the vacuum of the model is fully investigated.
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Finally, it is worth noting that if the B − L breakdown is driven by 126H , theelementary triplets couple to the Majorana currents at the renormalizable level and

mν is directly sensitive to the position of the G1→ SM threshold M1. On the otherhand, the n1-dependence of mν is loosened in the b-type of chains due to the non-renormalizable nature of the relevant effective operator 16F16F16H16H/Λ, where theeffective scale Λ > MU accounts for an extra suppression.With these considerations at hand, the constraints from proton decay and thesee-saw neutrino scale favor the chains II, III and VII, which all share 4C2L2RP inthe first SO(10) breaking stage [140]. On the other hand, our results rescue fromoblivion other potentially interesting scenarios that, as we shall expand upon shortly,are worth of in depth consideration. In all cases, the bounds on the B − L scaleenforced by the see-saw neutrino mass excludes the possibility of observable U(1)Rgauge bosons.
2.3.3 The φ126 Higgs multiplets
As mentioned in Sect. 2.1.1, in order to ensure a rich enough Yukawa sector inrealistic models there may be the need to keep more than one SU(2)L Higgs doubletat intermediate scales, albeit at the price of an extra fine-tuning. A typical example isthe case of a relatively low Pati-Salam breaking scale where one needs at least a pairof SU(2)L⊗SU(2)R bidoublets with different SU(4)C quantum numbers to transfer theinformation about the PS breakdown into the matter sector. Such additional Higgsmultiplets are those labelled by φ126 in Table 2.2.Table 2.4 shows the effects of including φ126 at the SU(4)C stages of the relevantbreaking chains. The two-loop results at the extreme values of the intermediatescales, with and without the φ126 multiplet, are compared. In the latter case thecomplete functional dependence among the scales is given in Fig. 2.1. Degeneratepatterns with only one effective intermediate stage are easily crosschecked amongthe different chains in Table 2.4.In most of the cases, the numerical results do not exhibit a sizeable dependence onthe additional (15, 2, 2)126 (or (15, 2,+12 )126) scalar multiplets. The reason can be readoff Table A.6 in Appendix A and it rests on an accidental approximate coincidenceof the φ126 contributions to the SU(4)C and SU(2)L,R one-loop beta coefficients (thesame argument applies to the 4C2L1R case).Considering for instance the 4C2L2R stage, one obtains ∆a4 = 13×4×T2(15) = 163 ,and ∆a2 = 13 × 30× T2(2) = 5, that only slightly affects the value of αU (when the PSscale is low enough), but has generally a negligible effect on the intermediate scales.An exception to this argument is observed in chains Ia and Va that, due to their
n2,U (n1) slopes, are most sensitive to variations of the β-coefficients. In particular,the inclusion of φ126 in the Ia chain flips at two-loops the slopes of n2 and nU so thatthe limit n2 = nU (i.e. no G2 stage) is obtained for the maximal value of n1 (whilethe same happens for the minimum n1 if there is no φ126).Fig. 2.3 shows three template cases where the φ126 effects are visible. The highly
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Chain n1 n2 nU α−1

UIa [9.50, 10.0] [16.2, 10.0] [16.2, 17.0] [45.5, 46.4][8.00, 9.50] [10.4, 16.2] [18.0, 16.2] [30.6, 45.5]IIa [10.5, 13.7] [15.4, 13.7] [15.4, 15.1] [43.7, 40.8][10.5, 13.7] [15.4, 13.7] [15.4, 15.1] [43.7, 37.6]IIIa [9.50, 13.7] [16.2, 13.7] [16.2, 15.1] [45.5, 40.8][9.50, 13.7] [16.2, 13.7] [16.2, 15.1] [45.5, 37.6]Va [11.0, 11.4] [11.0, 14.4] [15.9, 14.4] [45.4, 44.1][10.1, 11.2] [10.1, 14.5] [16.5, 14.5] [32.5, 40.8]VIa [11.4, 13.7] [14.4, 13.7] [14.4, 14.9] [44.1, 41.0][11.2, 13.7] [14.5, 13.7] [14.5, 14.9] [40.8, 38.1]VIIa [11.3, 13.7] [15.9, 13.7] [15.9, 14.9] [45.4, 41.1][10.5, 13.7] [16.5, 13.7] [16.5, 15.0] [33.3, 38.1]XIa [3.00, 13.7] [13.7, 13.7] [14.8, 14.8] [38.7, 38.7][3.00, 13.7] [13.7, 13.7] [14.8, 14.8] [36.0, 36.0]XIIa [3.00, 10.8] [10.8, 10.8] [14.6, 14.6] [44.1, 44.1][3.00, 10.5] [10.5, 10.5] [14.7, 14.7] [39.8, 39.8]Table 2.4: Impact of the additional multiplet φ126 (second line of each chain) on those chains thatcontain the gauge groups 4C2L2R or 4C2L1R as intermediate stages, and whose breaking to the SM isobtained via a 126H representation. The values of n2, nU and α−1
U are showed for the minimum andmaximum values allowed for n1 by the two-loop analysis. Generally the effects on the intermediatescales are below the percent level, with the exception of chains Ia and Va that are most sensitive tovariations of the β-functions.
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Figure 2.3: Example of chains with sizeable φ126 effects (long-dashed curves) on the position of theintermediate scales. The solid curves represent the two-loop results in Fig. 2.1. The most dramaticeffects appear in the chain Ia, while moderate scale shifts affect chain Va (both “unstable" under smallvariations of the β-functions). Chain VIIa, due to the presence of two PS stages, is the only "stable”chain with visible φ126 effects.
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unstable Chain Ia shows, as noticed earlier, the largest effects. In chain Va the effectsof φ126 are moderate. Chain VII is the only "stable" chain that exhibits visible effectson the intermediate scales. This is due to the presence of two full-fledged PS stages.
2.3.4 Yukawa termsThe effects of the Yukawa couplings can be at leading order approximated by con-stant negative shifts of the one-loop ai coefficients ai → a′i = ai + ∆ai with

∆ai = − 1(4π)2yikTrYk Y †k . (2.41)
The impact of ∆ai on the position of the unification scale and the value of the unifiedcoupling can be simply estimated by considering the running induced by the Yukawacouplings from a scale t up to the unification point (t = 0). The one-loop result forthe change of the intersection of the curves corresponding to α−1

i (t) and α−1
j (t) reads(at the leading order in ∆ai):

∆tU = 2π∆ai −∆aj(ai − aj)2 [α−1
j (t)− α−1

i (t)]+ . . . (2.42)
and

∆α−1
U = 12

[∆ai + ∆aj
ai − aj

− (ai + aj)(∆ai −∆aj)(ai − aj)2
] [
α−1
j (t)− α−1

i (t)]+ . . . (2.43)
for any i 6= j . For simplicity we have neglected the changes in the ai coefficients dueto crossing intermediate thresholds. It is clear that for a common change ∆ai = ∆ajthe unification scale is not affected, while a net effect remains on α−1

U . In all cases,the leading contribution is always proportional to α−1
j (t) − α−1

i (t) (this holds exactlyfor ∆tU ).In order to assess quantitatively such effects we shall consider first the SM stagethat accounts for a large part of the running in all realistic chains. The case of alow n1 scale leads, as we explain in the following, to comparably smaller effects. Theimpact of the Yukawa interactions on the gauge RGEs is readily estimated assumingonly the up-type Yukawa contribution to be sizeable and constant, namely TrYU Y †U ∼1. This yields ∆ai ∼ −6×10−3yiU , where the values of the yiU coefficients are given inTable A.7. For i = 1 and j = 2 one obtains ∆a1 ∼ −1.1×10−2 and ∆a2 ∼ −0.9×10−2respectively. Since aSM1 = 4110 and aSM2 = −196 , the first term in (2.43) dominatesand one finds ∆α−1
U ∼ 0.04. For a typical value of α−1

U ∼ 40 this translates into∆α−1
U /α−1

U ∼ 0.1%. The impact on tU is indeed tiny, namely ∆nU ∼ −1 × 10−2. Inboth cases the estimated effect agrees to high accuracy with the actual numericalbehavior we observe.The effects of the Yukawa interactions emerging at intermediate scales (or ofa non-negligible Tr YD Y †D in a two Higgs doublet settings with large tan β) canbe analogously accounted for. As a matter of fact, in the SO(10) type of models



2.3. NUMERICAL RESULTS 85
Tr YN Y †N ∼ Tr YU Y †U due to the common origin of YU and YN . The unified structureof the Yukawa sector yields therefore homogeneous ∆ai factors (see the equality of∑

k yik in Table A.7). This provides the observed large suppression of the Yukawaeffects on threshold scales and unification compared to typical two-loop gauge con-tributions.In summary, the two-loop RGE effects due to Yukawa couplings on the magnitudeof the unification scale (and intermediate thresholds) and the value of the GUT gaugecoupling turn out to be very small. Typically we observe negative shifts at the per-mil level in both nU and αU , with no relevant impact on the gauge-mediated protondecay rate.
2.3.5 The privilege of being minimal
With all the information at hand we can finally approach an assessment of theviability of the various scenarios. As we have argued at length, we cannot discarda marginal unification setup without a detailed information on the fine thresholdstructure.Obtaining this piece of information involve the study of the vacuum of the model,and for SO(10) GUTs this is in general a most challenging task. In this respect su-persymmetry helps: the superpotential is holomorphic and the couplings in therenormalizable case are limited to at most cubic terms; the physical vacuum is con-strained by GUT-scale F - and D-flatness and supersymmetry may be exploited tostudying the fermionic rather than the scalar spectra.It is not surprising that for nonsupersymmetric SO(10), only a few detailed studiesof the Higgs potential and the related threshold effects (see for instance Refs. [56,192, 58, 59, 193]) are available. In view of all this and of the intrinsic predictivityrelated to minimality, the relevance of carefully scrutinizing the simplest scenariosis hardly overstressed.The most economical SO(10) Higgs sector includes the adjoint 45H , that providesthe breaking of the GUT symmetry, either 16H or 126H , responsible for the subse-quent B−L breaking, and 10H , participating to the electroweak symmetry breaking.The latter is needed together with 16H or 126H in order to obtain realistic patterns forthe fermionic masses and mixing. Due to the properties of the adjoint representationthis scenario exhibits a minimal number of parameters in the Higgs potential. Inthe current notation such a minimal nonsupersymmetric SO(10) GUT correspondsto the chains VIII and XII.From this point of view, it is quite intriguing that our analysis of the gauge uni-fication constraints improves the standing of these chains (for XIIa dramatically)with respect to existing studies. In particular, considering the renormalizable setups(126H ), we find for chain VIIIa, n1 ≤ 9.1, nU = 16.2 and α−1

U = 45.4 (to be compared to
n1 ≤ 7.7 given in Ref. [64]). This is due to the combination of the updated weak scaledata and two loop running effects. For chain XIIa we find n1 ≤ 10.8, nU = 14.6 and
α−1
U = 44.1, showing a dramatic (and pathological) change from n1 ≤ 5.3 obtained
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in [64]. Our result sets the B − L scale nearby the needed scale for realistic lightneutrino masses.We observe non-negligible two-loop effects for the chains VIIIb and XIIb (16H )as well. For chain VIIIb we obtain n1 ≤ 10.5, nU = 16.2 and α−1

U = 45.6 (that liftsthe B − L scale while preserving nU well above the proton decay bound Eq. (??)). Asimilar shift in n1 is observed in chain XIIb where we find n1 ≤ 12.5, nU = 14.8and α−1
U = 44.3. As we have already stressed one should not too readily discard

nU = 14.8 as being incompatible with the proton decay bound. We have verified thatreasonable GUT threshold patterns exist that easily lift nU above the experimentalbound. For all these chains D-parity is broken at the GUT scale thus avoiding anycosmological issues (see the discussion in Sect. 2.1).As remarked in Sect. 2.3.2, the limit n1 = n2 leads to an effective two-step
SO(10) → G2 → SM breaking with a non-minimal set of surviving scalars at theG2 stage. As a consequence, the unification setup for the minimal scenario can berecovered (with the needed minimal fine tuning) by considering the limit n2 = nU inthose chains among I to VII where G1 is either 3C2L2R1B−L or 4C2L1R (see Table 2.1).From inspection of Figs. 2.1–2.2 and of Table 2.3, one reads the following results: for
SO(10) ÊÏ45 3C2L2R1B−L → SM we find
• n1 = 9.5, nU = 16.2 and α−1

U = 45.5 (case a),
• n1 = 10.8 nU = 16.2 and α−1

U = 45.7 (case b),
while for SO(10) ÊÏ45 4C2L1R → SM
• n1 = 11.4, nU = 14.4 and α−1

U = 44.1 (case a),
• n1 = 12.6, nU = 14.6 and α−1

U = 44.3 (case b).
We observe that the patterns are quite similar to those of the non-minimal setupsobtained from chains VIII and XII in the n1 = n2 limit. Adding the φ126 multiplet,as required by a realistic matter spectrum in case a, does not modify the scalarcontent in the 3C2L2R1B−L case: only one linear combination of the 10H and 126Hbidoublets (see Table 2.2) is allowed by minimal fine tuning. On the other hand, inthe 4C2L1R case, the only sizeable effect is a shift on the unified coupling constant,namely α−1

U = 40.7 (see the discussion in Sect. 2.3.3).In summary, in view of realistic thresholds effects at the GUT (and B − L) scaleand of a modest fine tuning in the see-saw neutrino mass, we consider both scenariosworth of a detailed investigation.



Chapter 3

The quantum vacuum of the minimal
SO(10) GUT

3.1 The minimal SO(10) Higgs sector
In this chapter we consider a nonsupersymmetric SO(10) setup featuring the min-imal Higgs content sufficient to trigger the spontaneous breakdown of the GUTsymmetry down to the standard electroweak model. Minimally, the scalar sectorspans over a reducible 45H ⊕ 16H representation. The adjoint 45H and the spinor16H multiplets contain three SM singlets that may acquire GUT scale VEVs.As we have seen in Chapter 2 the phenomenologically favored scenarios allowedby gauge coupling unification correspond to a three-step breaking along one of thefollowing directions:

SO(10) MUÊÏ 3C 2L 2R 1B−L MIÊÏ 3C 2L 1R 1B−L MB−LÊÏ SM , (3.1)
SO(10) MUÊÏ 4C 2L 1R MIÊÏ 3C 2L 1R 1B−L MB−LÊÏ SM , (3.2)

where the first two breaking stages at MU and MI are driven by the 45H VEVs, whilethe breaking to the SM at the intermediate scale MB−L is controlled by the 16H .The constraints coming from gauge unification are such that MU � MI > MB−L.In particular, even without proton decay limits, any intermediate SU(5)-symmetricstage is excluded. On the other hand, a series of studies in the early 1980’s of the45H ⊕ 16H model [56, 57, 58, 59] indicated that the only intermediate stages allowedby the scalar sector dynamics were the flipped SU(5) ⊗ U(1) for leading 45H VEVsor the standard SU(5) GUT for dominant 16H VEV. This observation excluded thesimplest SO(10) Higgs sector from realistic consideration.In this chapter we show that the exclusion of the breaking patterns in Eqs. (3.1)–(3.2) is an artifact of the tree level potential. As a matter of fact, some entries ofthe scalar hessian are accidentally over-constrained at the tree level. A number ofscalar interactions that, by a simple inspection of the relevant global symmetries and
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their explicit breaking, are expected to contribute to these critical entries, are noteffective at the tree level.On the other hand, once quantum corrections are considered, contributions of
O(M2

U/16π2) induced on these entries open in a natural way all group-theoreticallyallowed vacuum configurations. Remarkably enough, the study of the one-loop ef-fective potential can be consistently carried out just for the critical tree level hessianentries (that correspond to specific pseudo-Goldstone boson masses). For all otherstates in the scalar spectrum, quantum corrections remain perturbations of the treelevel results and do not affect the discussion of the vacuum pattern.Let us emphasize that the issue we shall be dealing with is inherent to all non-supersymmetric SO(10) models with one adjoint 45H governing the first breakingstep. Only one additional scalar representation interacting with the adjoint is suffi-cient to demonstrate conclusively our claim. In this respect, the choice of the SO(10)spinor to trigger the intermediate symmetry breakdown is a mere convenience anda similar line of reasoning can be devised for the scenarios in which B−L is brokenfor instance by a 126-dimensional SO(10) tensor.We shall therefore study the structure of the vacua of a SO(10) Higgs potentialwith only the 45H ⊕ 16H representation at play. Following the common convention,we define 16H ≡ χ and denote by χ+ and χ− the multiplets transforming as positiveand negative chirality components of the reducible 32-dimensional SO(10) spinorrepresentation respectively. Similarly, we shall use the symbol Φ (or the derived
φ for the components in the natural basis, cf. Appendix B) for the adjoint Higgsrepresentation 45H .
3.1.1 The tree-level Higgs potentialThe most general renormalizable tree-level scalar potential which can be constructedout of 45H and 16H reads (see for instance Refs. [45, 194]):

V0 = VΦ + Vχ + VΦχ , (3.3)
where, according to the notation in Appendix B,

VΦ = −µ
22 Tr Φ2 + a14 (Tr Φ2)2 + a24 Tr Φ4 , (3.4)

Vχ = −ν
22 χ†χ + λ14 (χ†χ)2 + λ24 (χ†+Γjχ−)(χ†−Γjχ+)

and
VΦχ = α(χ†χ)Tr Φ2 + βχ†Φ2χ + τχ†Φχ . (3.5)The mass terms and coupling constants above are real by hermiticity. The cubic Φself-interaction is absent due the zero trace of the SO(10) adjoint representation. Forthe sake of simplicity, all tensorial indices have been suppressed.
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3.1.2 The symmetry breaking patterns
The SM singletsThere are in general three SM singlets in the 45H ⊕ 16H representation of SO(10).Labeling the field components according to 3C 2L 2R 1B−L (where the U(1)B−L gener-ator is (B− L)/2), the SM singlets reside in the (1, 1, 1, 0) and (1, 1, 3, 0) submultipletsof 45H and in the (1, 1, 2,+12 ) component of 16H . We denote their VEVs as

〈(1, 1, 1, 0)〉 ≡ ωB−L,
〈(1, 1, 3, 0)〉 ≡ ωR, (3.6)〈(1, 1, 2,+12 )〉 ≡ χR,where ωB−L,R are real and χR can be taken real by a phase redefinition of the 16H .Different VEV configurations trigger the spontaneous breakdown of the SO(10) sym-metry into a number of subgroups. Namely, for χR = 0 one finds

ωR = 0, ωB−L 6= 0 : 3C2L2R1B−L
ωR 6= 0, ωB−L = 0 : 4C2L1R
ωR 6= 0, ωB−L 6= 0 : 3C2L1R1B−L (3.7)
ωR = −ωB−L 6= 0 : flipped 5′ 1Z ′
ωR = ωB−L 6= 0 : standard 5 1Zwith 5 1Z and 5′ 1Z ′ standing for the two different embedding of the SU(5) ⊗ U(1)subgroup into SO(10), i.e. standard and “flipped” respectively (see the discussion atthe end of the section).When χR 6= 0 all intermediate gauge symmetries are spontaneously broken downto the SM group, with the exception of the last case which maintains the standard

SU(5) subgroup unbroken and will no further be considered.The classification in Eq. (3.7) depends on the phase conventions used in theparametrization of the SM singlet subspace of 45H ⊕ 16H . The statement that ωR =
ωB−L yields the standard SU(5) vacuum while ωR = −ωB−L corresponds to the flippedsetting defines a particular basis in this subspace (see Sect. 3.1.2). The consistency ofany chosen framework is then verified against the corresponding Goldstone bosonspectrum.The decomposition of the 45H and 16H representations with respect to the rele-vant SO(10) subgroups is detailed in Tables 4.4 and 4.5.
The L-R chainsAccording to the analysis in Chapter 2, the potentially viable breaking chains ful-filling the basic gauge unification constraints (with a minimal SO(10) Higgs sector)correspond to the settings:

ωB−L � ωR > χR : SO(10)→ 3C2L2R1B−L → 3C2L1R1B−L → 3C2L1Y (3.8)
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4C 2L 2R 4C 2L 1R 3C 2L 2R 1B−L 3C 2L 1R 1B−L 3C 2L 1Y 5 5′ 1Z ′ 1Y ′(4, 2, 1) (4, 2, 0) (3, 2, 1,+16) (3, 2, 0,+16) (3, 2,+16) 10 (10,+1) +16(1, 2, 1,−12) (1, 2, 0,−12) (1, 2,−12) 5 (5,−3) −12(4, 1, 2) (4, 1,+12) (3, 1, 2,−16) (3, 1,+12 ,−16) (3, 1,+13) 5 (10,+1) −23(4, 1,−12) (3, 1,−12 ,−16) (3, 1,−23) 10 (5,−3) +13(1, 1, 2,+12) (1, 1,+12 ,+12) (1, 1,+1) 10 (1,+5) 0(1, 1,−12 ,+12) (1, 1, 0) 1 (10,+1) +1
Table 3.1: Decomposition of the spinorial representation 16 with respect to the various SO(10)subgroups. The definitions and normalization of the abelian charges are given in the text.

4C 2L 2R 4C 2L 1R 3C 2L 2R 1B−L 3C 2L 1R 1B−L 3C 2L 1Y 5 5′ 1Z ′ 1Y ′(1, 1, 3) (1, 1,+1) (1, 1, 3, 0) (1, 1,+1, 0) (1, 1,+1) 10 (10,−4) +1(1, 1, 0) (1, 1, 0, 0) (1, 1, 0) 1 (1, 0) 0(1, 1,−1) (1, 1,−1, 0) (1, 1,−1) 10 (10,+4) −1(1, 3, 1) (1, 3, 0) (1, 3, 1, 0) (1, 3, 0, 0) (1, 3, 0) 24 (24, 0) 0(6, 2, 2) (6, 2,+12) (3, 2, 2,−13) (3, 2,+12 ,−13) (3, 2, 16) 10 (24, 0) −56(6, 2,−12) (3, 2,−12 ,−13) (3, 2,−56) 24 (10,−4) +16(3, 2, 2,+13) (3, 2,+12 ,+13) (3, 2,+56) 24 (10,+4) −16(3, 2,−12 ,+13) (3, 2,−16) 10 (24, 0) +56(15, 1, 1) (15, 1, 0) (1, 1, 1, 0) (1, 1, 0, 0) (1, 1, 0) 24 (24, 0) 0(3, 1, 1,+23) (3, 1, 0,+23) (3, 1,+23) 10 (10,+4) +23(3, 1, 1,−23) (3, 1, 0,−23) (3, 1,−23) 10 (10,−4) −23(8, 1, 1, 0) (8, 1, 0, 0) (8, 1, 0) 24 (24, 0) 0
Table 3.2: Same as in Table 4.4 for the SO(10) adjoint (45) representation.
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and

ωR � ωB−L > χR : SO(10)→ 4C2L1R → 3C2L1R1B−L → 3C2L1Y . (3.9)As remarked in Sect. 2.3.2, the cases χR ∼ ωR or χR ∼ ωB−L lead to effective two-step SO(10) breaking patterns with a non-minimal set of surviving scalars at theintermediate scale. On the other hand, a truly two-step setup can be recovered (witha minimal fine tuning) by considering the cases where ωR or ωB−L exactly vanish.Only the explicit study of the scalar potential determines which of the textures areallowed.
Standard SU(5) versus flipped SU(5)There are in general two distinct SM-compatible embeddings of SU(5) into SO(10) [68,69]. They differ in one generator of the SU(5) Cartan algebra and therefore in the
U(1)Z cofactor.In the “standard” embedding, the weak hypercharge operator Y = T3

R + TB−Lbelongs to the SU(5) algebra and the orthogonal Cartan generator Z (obeying[Ti, Z] = 0 for all Ti ∈ SU(5)) is given by Z = −4T3
R + 6TB−L.In the “flipped” SU(5)′ case, the right-handed isospin assignment of quark andleptons into the SU(5)′ multiplets is turned over so that the “flipped” hyperchargegenerator reads Y ′ = −T3

R +TB−L. Accordingly, the additional U(1)Z ′ generator reads
Z ′ = 4T3

R + 6TB−L , such that [Ti, Z ′] = 0 for all Ti ∈ SU(5)′. Weak hypercharge isthen given by Y = (Z ′ − Y ′)/5.Tables 4.4–4.5 show the standard and flipped SU(5) decompositions of the spino-rial and adjoint SO(10) representations respectively.The two SU(5) vacua in Eq. (3.7) differ by the texture of the adjoint representationVEVs: in the standard SU(5) case they are aligned with the Z operator while theymatch the Z ′ structure in the flipped SU(5)′ setting (see Appendix B.4 for an explicitrepresentation).
3.2 The classical vacuum

3.2.1 The stationarity conditionsBy substituting Eq. (3.6) into Eq. (3.3) the vacuum manifold reads
〈V0〉 = −2µ2(2ω2

R + 3ω2
B−L) + 4a1(2ω2

R + 3ω2
B−L)2+ a24 (8ω4

R + 21ω4
B−L + 36ω2

Rω2
B−L)− ν22 χ2

R + λ14 χ4
R + 4αχ2

R(2ω2
R + 3ω2

B−L)
+ β4χ2

R(2ωR + 3ωB−L)2 − τ2χ2
R(2ωR + 3ωB−L) (3.10)The corresponding three stationary conditions can be conveniently written as18

(
∂ 〈V0〉
∂ωR

− 23 ∂ 〈V0〉
∂ωB−L

) = 0 , ωB−L
∂ 〈V0〉
∂ωR

− ωR
23 ∂ 〈V0〉
∂ωB−L

= 0 , ∂ 〈V0〉
∂χR

= 0 , (3.11)
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which lead respectively to

[−µ2 + 4a1(2ω2
R + 3ω2

B−L) + a24 (4ω2
R + 7ω2

B−L − 2ωB−LωR) + 2αχ2
R]

× (ωR − ωB−L) = 0 , (3.12)
[−4a2(ωR + ωB−L)ωRωB−L − βχ2

R(2ωR + 3ωB−L) + τχ2
R](ωR − ωB−L) = 0 , (3.13)

[−ν2 + λ1χ2
R + 8α(2ω2

R + 3ω2
B−L) + β2(2ωR + 3ωB−L)2 − τ(2ωR + 3ωB−L)]χR = 0 . (3.14)

We have chosen linear combinations that factor out the uninteresting standard
SU(5)⊗ U(1)Z solution, namely ωR = ωB−L.In summary, when χR = 0, Eqs. (3.12)–(3.13) allow for four possible vacua:
• ω = ωR = ωB−L (standard 5 1Z)
• ω = ωR = −ωB−L (flipped 5′ 1Z ′)
• ωR = 0 and ωB−L 6= 0 (3C 2L 2R 1B−L)
• ωR 6= 0 and ωB−L = 0 (4C2L1R)As we shall see, the last two options are not tree level minima. Let us remarkthat for χR 6= 0, Eq. (3.13) implies naturally a correlation among the 45H and 16HVEVs, or a fine tuned relation between β and τ , depending on the stationary solution.In the cases ωR = −ωB−L , ωR = 0 and ωB−L = 0 one obtains τ = βω, τ = 3βωB−L and

τ = 2βωR respectively. Consistency with the scalar mass spectrum must be verifiedin each case.
3.2.2 The tree-level spectrumThe gauge and scalar spectra corresponding to the SM vacuum configuration (withnon-vanishing VEVs in 45H ⊕ 16H ) are detailed in Appendix D.The scalar spectra obtained in various limits of the tree-level Higgs potential,corresponding to the appearance of accidental global symmetries, are derived inApps. D.2.1–D.2.5. The emblematic case χR = 0 is scrutinized in Appendix D.2.6.
3.2.3 Constraints on the potential parametersThe parameters (couplings and VEVs) of the scalar potential are constrained by therequirements of boundedness and the absence of tachyonic states, ensuring that thevacuum is stable and the stationary points correspond to physical minima.Necessary conditions for vacuum stability are derived in Appendix C. In particular,on the χR = 0 section one obtains

a1 > −1380a2 . (3.15)
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Considering the general case, the absence of tachyons in the scalar spectrum yieldsamong else

a2 < 0 , −2 < ωB−L/ωR < −12 . (3.16)The strict constraint on ωB−L/ωR is a consequence of the tightly correlated form of thetree-level masses of the (8, 1, 0) and (1, 3, 0) submultiplets of 45H , labeled accordingto the SM (3C 2L 1Y ) quantum numbers, namely
M2(1, 3, 0) = 2a2(ωB−L − ωR)(ωB−L + 2ωR) , (3.17)
M2(8, 1, 0) = 2a2(ωR − ωB−L)(ωR + 2ωB−L) , (3.18)

that are simultaneously positive only if Eq. (3.16) is enforced. For comparison withprevious studies, let us remark that in the τ = 0 limit (corresponding to an extra Z2symmetry Φ → −Φ) the intersection of the constraints from Eq. (3.13), Eqs. (3.17)–(3.18) and the mass eigenvalues of the (1, 1, 1) and (3, 2, 1/6) states, yields
a2 < 0 , −1 ≤ ωB−L/ωR ≤ −23 , (3.19)

thus recovering the results of Refs. [56, 57, 58, 59].In either case, one concludes by inspecting the scalar mass spectrum that flipped
SU(5)′ ⊗ U(1)Z ′ is for χR = 0 the only solution admitted by Eq. (3.13) consistent withthe constraints in Eq. (3.16) (or Eq. (3.19)). For χR 6= 0, the fine tuned possibility ofhaving or ωB−L/ωR ∼ −1 such that χR is obtained at an intermediate scale fails toreproduce the SM couplings (see e.g. Sect. 2.3.2). Analogous and obvious conclusionshold for ωB−L ∼ ωR ∼ χR ∼ MU and for χR � ωR,B−L (standard SU(5) in the firststage).This is the origin of the common knowledge that nonsupersymmetric SO(10)settings with the adjoint VEVs driving the gauge symmetry breaking are not phe-nomenologically viable. In particular, a large hierarchy between the 45H VEVs, thatwould set the stage for consistent unification patterns, is excluded.The key question is: why are the masses of the states in Eqs. (3.17)–(3.18) sotightly correlated? Equivalently, why do they depend on a2 only?
3.3 Understanding the scalar spectrum
A detailed comprehension of the patterns in the scalar spectrum may be achievedby understanding the correlations between mass textures and the symmetries ofthe scalar potential. In particular, the appearance of accidental global symmetriesin limiting cases may provide the rationale for the dependence of mass eigenvaluesfrom specific couplings. To this end we classify the most interesting cases, providinga counting of the would-be Goldstone bosons (WGB) and pseudo Goldstone bosons(PGB) for each case. A side benefit of this discussion is a consistency check of theexplicit form of the mass spectra.
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3.3.1 45 only with a2 = 0Let us first consider the potential generated by 45H , namely VΦ in Eq. (3.3). When
a2 = 0, i.e. when only trivial 45H invariants (built off moduli) are considered, thescalar potential exhibits an enhanced global symmetry: O(45). The spontaneoussymmetry breaking (SSB) triggered by the 45H VEV reduces the global symmetryto O(44). As a consequence, 44 massless states are expected in the scalar spectrum.This is verified explicitly in Appendix D.2.1. Considering the case of the SO(10)gauge symmetry broken to the flipped SU(5)′ ⊗ U(1)Z ′ , 45− 25 = 20 WGB, with thequantum numbers of the coset SO(10)/SU(5)′ ⊗ U(1)Z ′ algebra, decouple from thephysical spectrum while, 44 − 20 = 24 PGB remain, whose mass depends on theexplicit breaking term a2.
3.3.2 16 only with λ2 = 0We proceed in analogy with the previous discussion. Taking λ2 = 0 in Vχ enhancesthe global symmetry to O(32). The spontaneous breaking of O(32) to O(31) due tothe 16H VEV leads to 31 massless modes, as it is explicitly seen in Appendix D.2.2.Since the gauge SO(10) symmetry is broken by χR to the standard SU(5), 45−24 = 21WGB, with the quantum numbers of the coset SO(10)/SU(5) algebra, decouple fromthe physical spectrum, while 31− 21 = 10 PGB do remain. Their masses depend onthe explicit breaking term λ2.
3.3.3 A trivial 45-16 potential (a2 = λ2 = β = τ = 0)When only trivial invariants (i.e. moduli) of both 45H and 16H are considered, theglobal symmetry of V0 in Eq. (3.3) is O(45)⊗O(32). This symmetry is spontaneouslybroken into O(44) ⊗ O(31) by the 45H and 16H VEVs yielding 44+31=75 GB in thescalar spectrum (see Appendix D.2.4). Since in this case, the gauge SO(10) symmetryis broken to the SM gauge group, 45− 12 = 33 WGB, with the quantum numbers ofthe coset SO(10)/SM algebra, decouple from the physical spectrum, while 75−33 =42 PGB remain. Their masses are generally expected to receive contributions fromthe explicitly breaking terms a2, λ2, β and τ .
3.3.4 A trivial 45-16 interaction (β = τ = 0)Turning off just the β and τ couplings still allows for independent global rotationsof the Φ and χ Higgs fields. The largest global symmetries are those determinedby the a2 and λ2 terms in V0, namely O(10)45 and O(10)16, respectively. Consider thespontaneous breaking to global flipped SU(5)′ ⊗ U(1)Z ′ and the standard SU(5) bythe 45H and 16H VEVs, respectively. This setting gives rise to 20 + 21 = 41 masslessscalar modes. The gauged SO(10) symmetry is broken to the SM group so that33 WGB decouple from the physical spectrum. Therefore, 41-33=8 PGB remain,whose masses receive contributions from the explicit breaking terms β and τ . All
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of these features are readily verified by inspection of the scalar mass spectrum inAppendix D.2.5.
3.3.5 A tree-level accidentThe tree-level masses of the crucial (1, 3, 0) and (8, 1, 0) multiplets belonging to the45H depend only on the parameter a2 but not on the other parameters expected(cf. 3.3.3), namely λ2, β and τ .While the λ2 and τ terms cannot obviously contribute at the tree level to 45H massterms, one would generally expect a contribution from the β term, proportional to χ2

R.Using the parametrization Φ = σijφij/4, where the σij (i, j ∈ {1, .., 10}, i 6= j) matricesrepresent the SO(10) algebra on the 16-dimensional spinor basis (cf. Appendix B),one obtains a 45H mass term of the form
β16χ2

R (σij)16β(σkl)β16 φijφkl . (3.20)
The projection of the φij fields onto the (1, 3, 0) and (8, 1, 0) components lead, as weknow, to vanishing contributions.This result can actually be understood on general grounds by observing that thescalar interaction in Eq. (3.20) has the same structure as the gauge boson mass fromthe covariant-derivative interaction with the 16H , cf. Eq. (D.7). As a consequence,no tree-level mass contribution from the β coupling can be generated for the 45Hscalars carrying the quantum numbers of the standard SU(5) algebra. This behaviorcan be again verified by inspecting the relevant scalar spectra in Appendix D.2.The above considerations provide a clear rationale for the accidental tree levelconstraint on ωB−L/ωR, that holds independently on the size of χR.On the other hand, we should expect the β and τ interactions to contribute
O(MU/4π) terms to the masses of (1, 3, 0) and (8, 1, 0) at the quantum level. Similarcontributions should also arise from the gauge interactions, that break explicitly theindependent global transformations on the 45H and 16H discussed in the previoussubsections.The typical one-loop self energies, proportional to the 45H VEVs, are diagram-matically depicted in Fig. 3.1. While the exchange of 16H components is crucial, the
χR is not needed to obtain the large mass shifts. In the phenomenologically allowedunification patterns it gives actually negligible contributions.It is interesting to notice that the τ-induced mass corrections do not depend on thegauge symmetry breaking, yielding an SO(10) symmetric contribution to all scalarsin 45H .One is thus lead to the conclusion that any result based on the particular shape ofthe tree-level 45H vacuum is drastically affected at the quantum level. Let us empha-size that although one may in principle avoid the τ-term by means of e.g. an extra
Z2 symmetry, no symmetry can forbid the β-term and the gauge loop contributions.In case one resorts to 126H , in place of 16H , for the purpose of B − L breaking,the more complex tensor structure of the class of 126†H452

H126H quartic invariants



96 CHAPTER 3. THE QUANTUM VACUUM OF THE MINIMAL SO(10) GUT
χ

χ
τ

φ
τ

φ

χ

χ
β

φ
β

φ

〈φ〉 〈φ〉

φ

g2
φ

g2

〈φ〉 〈φ〉

Figure 3.1: Typical one-loop diagrams that induce for 〈χ〉 = 0, O(τ/4π, β 〈φ〉 /4π, g2 〈φ〉 /4π) renor-malization to the mass of 45H fields at the unification scale. They are relevant for the PGB states,whose tree level mass is proportional to a2.
in the scalar potential may admit tree-level contributions to the states (1, 3, 0) and(8, 1, 0) proportional to 〈126H〉. On the other hand, as mentioned above, whenever
〈126H〉 is small on the unification scale, the same considerations apply, as for the16H case.
3.3.6 The χR = 0 limitFrom the previous discussion it is clear that the answer to the question whetherthe non-SU(5) vacua are allowed at the quantum level is independent on the specificvalue of the B − L breaking VEV (χR �MU in potentially realistic cases).In order to simplify the study of the scalar potential beyond the classical level itis therefore convenient (and sufficient) to consider the χR = 0 limit.When χR = 0 the mass matrices of the 45H and 16H sectors are not coupled. Thestationary equations in Eqs. (3.12)–(3.13) lead to the four solutions
• ω = ωR = ωB−L (5 1Z)
• ω = ωR = −ωB−L (5′ 1Z ′)
• ωR = 0 and ωB−L 6= 0 (3C 2L 2R 1B−L)
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• ωR 6= 0 and ωB−L = 0 (4C2L1R)In what follows, we will focus our discussion on the last three cases only.It is worth noting that the tree level spectrum in the χR = 0 limit is not directlyobtained from the general formulae given in Appendix D.2.3, since Eq. (3.14) is triv-ially satisfied for χR = 0. The corresponding scalar mass spectra are derived anddiscussed in Appendix D.2.6. Yet again, it is apparent that the non SU(5) vacuumconfigurations exhibit unavoidable tachyonic states in the scalar spectrum.

3.4 The quantum vacuum

3.4.1 The one-loop effective potentialWe shall compute the relevant one-loop corrections to the tree level results by meansof the one-loop effective potential (effective action at zero momentum) [195]. We canformally write
Veff = V0 + ∆Vs + ∆Vf + ∆Vg , (3.21)where V0 is the tree level potential and ∆Vs,f ,g denote the quantum contributionsinduced by scalars, fermions and gauge bosons respectively. In dimensional regu-larization with the modified minimal subtraction (MS) and in the Landau gauge, theyare given by

∆Vs(φ, χ, µ) = η64π2 Tr [W 4(φ, χ)(log W 2(φ, χ)
µ2 − 32

)]
, (3.22)

∆Vf (φ, χ, µ) = −κ64π2 Tr [M4(φ, χ)(log M2(φ, χ)
µ2 − 32

)]
, (3.23)

∆Vg (φ, χ, µ) = 364π2 Tr [M4(φ, χ)(logM2(φ, χ)
µ2 − 56

)]
, (3.24)

with η = 1(2) for real (complex) scalars and κ = 2(4) for Weyl (Dirac) fermions.
W , M and M are the functional scalar, fermion and gauge boson mass matricesrespectively, as obtained from the tree level potential.In the case at hand, we may write the functional scalar mass matrix, W 2(φ, χ) asa 77-dimensional hermitian matrix, with a lagrangian term12ψ†W 2ψ , (3.25)
defined on the vector basis ψ = (φ, χ, χ∗). More explicitly, W 2 takes the block form

W 2(φ, χ) =
 Vφφ Vφχ Vφχ∗

Vχ∗φ Vχ∗χ Vχ∗χ∗
Vχφ Vχχ Vχχ∗

 , (3.26)
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where the subscripts denote the derivatives of the scalar potential with respect tothe set of fields φ, χ and χ∗. In the one-loop part of the effective potential V ≡ V0.We neglect the fermionic component of the effective potential since there are nofermions at the GUT scale (we assume that the right-handed (RH) neutrino mass issubstantially lower than the unification scale).The functional gauge boson mass matrix,M2(φ, χ) is given in Appendix D, Eqs. (D.6)–(D.7).
3.4.2 The one-loop stationary equationsThe first derivative of the one-loop part of the effective potential, with respect to thescalar field component ψa, reads

∂∆Vs
∂ψa

= 164π2 Tr [{W 2
ψa ,W

2}(log W 2
µ2 − 32

)+W 2W 2
ψa

] (3.27)
where the symbol W 2

ψa stands for the partial derivative of W 2 with respect to ψa.Analogous formulae hold for ∂∆Vf , g/∂ψa. The trace properties ensure that Eq. (3.27)holds independently on whether W 2 does commute with its first derivatives or not.The calculation of the loop corrected stationary equations due to gauge bosonsand scalar exchange is straightforward (for χR = 0 the 45H and 16H blocks decouplein Eq. (3.26)). On the other hand, the corrected equations are quite cumbersome andwe do not explicitly report them here. It is enough to say that the quantum analogueof Eq. (3.13) admits analytically the same solutions as we had at the tree level. Namely,these are ωR = ωB−L , ωR = −ωB−L , ωR = 0 and ωB−L = 0, corresponding respectivelyto the standard 5 1Z , flipped 5′ 1Z ′ , 3C2L2R1B−L and 4C2L1R preserved subalgebras.
3.4.3 The one-loop scalar massIn order to calculate the second derivatives of the one-loop contributions to Veff itis in general necessary to take into account the commutation properties of W 2 withits derivatives that enter as a series of nested commutators. The general expressioncan be written as

∂2∆Vs
∂ψa∂ψb

= 164π2 Tr [W2
ψaW

2
ψb +W2W2

ψaψb + [{W2
ψaψb ,W

2}+ {W2
ψa ,W

2
ψb

}](log W2
µ2 − 32

)
+ ∞∑

m=1(−1)m+1 1
m

m∑
k=1
(
m
k

){
W2,W2

ψa

}[
W2, .. [W2,W2

ψb

]
..
] (

W2 − 1)m−k] (3.28)
where the commutators in the last line are taken k−1 times. Let us also remark that,although not apparent, the RHS of Eq. (3.28) can be shown to be symmetric under
a↔ b, as it should be. In specific cases (for instance when the nested commutatorsvanish or they can be rewritten as powers of a certain matrix commuting with W )the functional mass evaluated on the vacuum may take a closed form.
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Running and pole massThe effective potential is a functional computed at zero external momenta. Whereasthe stationary equations allow for the localization of the new minimum (being theVEVs translationally invariant), the mass shifts obtained from Eq. (3.28) define therunning masses m2

ab

m2
ab ≡

∂2Veff(φ)
∂ψa∂ψb

∣∣∣
〈ψ〉

= m2
ab + Σab(0) (3.29)

where m2
ab are the renormalized masses and Σab(p2) are the MS renormalized self-energies. The physical (pole) masses M2

a are then obtained as a solution to theequation det [p2δab − (m2
ab + ∆Σab(p2))] = 0 (3.30)where ∆Σab(p2) = Σab(p2)− Σab(0) (3.31)For a given eigenvalue

M2
a = m2

a + ∆Σa(M2
a) (3.32)gives the physical mass. The gauge and scheme dependence in Eq. (3.29) is canceledby the relevant contributions from Eq. (3.31). In particular, infrared divergent termsin Eq. (3.29) related to the presence of massless WGB in the Landau gauge cancel inEq. (3.32).Of particular relevance is the case when Ma is substantially smaller than the(GUT-scale) mass of the particles that contribute to Σ(0). At µ = MU , in the M2

a �M2
Ulimit, one has ∆Σa(M2

a) = O(M4
a/M2

U ) . (3.33)In this case the running mass computed from Eq. (3.29) contains the leading gaugeindependent corrections. As a matter of fact, in order to study the vacua of thepotential in Eq. (3.21), we need to compute the zero momentum mass correctionsjust to those states that are tachyonic at the tree level and whose corrected massturns out to be of the order of MU/4π .We may safely neglect the one loop corrections for all other states with masses oforder MU . It is remarkable, as we shall see, that for χR = 0 the relevant correctionsto the masses of the critical PGB states can be obtained from Eq. (3.28) with vanishingcommutators.
3.4.4 One-loop PGB massesThe stringent tree-level constraint on the ratio ωB−L/ωR, coming from the positivityof the (1, 3, 0) and (8, 1, 0) masses, follows from the fact that some scalar massesdepend only on the parameter a2. On the other hand, the discussion on the would-be global symmetries of the scalar potential shows that in general their mass shoulddepend on other terms in the scalar potential, in particular τ and β.
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A set of typical one-loop diagrams contributing O(〈φ〉 /4π) renormalization to themasses of 45H states is depicted in Fig. 3.1. As we already pointed out the 16H VEVdoes not play any role in the leading GUT scale corrections (just the interactionbetween 45H and 16H , or with the massive gauge bosons is needed). Therefore wehenceforth work in the strict χR = 0 limit, that simplifies substantially the calculation.In this limit the scalar mass matrix in Eq. (3.26) is block diagonal (cf. Appendix D.2.6)and the leading corrections from the one-loop effective potential are encoded in the

Vχ∗χ sector.More precisely, we are interested in the corrections to those 45H scalar stateswhose tree level mass depends only on a2 and have the quantum numbers of thepreserved non-abelian algebra (see Sect. 3.3.1 and Appendix D.2.6). It turns out thatfocusing to this set of PGB states the functional mass matrix W 2 and its first derivativedo commute for χR = 0 and Eq. (3.28) simplifies accordingly. This allows us tocompute the relevant mass corrections in a closed form.The calculation of the EP running mass from Eq. (3.28) leads for the states (1, 3, 0)and (8, 1, 0) at µ = MU to the mass shifts∆M2(1, 3, 0) =
τ2 + β2(2ω2

R − ωRωB−L + 2ω2
B−L) + g4 (16ω2

R + ωB−LωR + 19ω2
B−L
)

4π2 , (3.34)
∆M2(8, 1, 0) =

τ2 + β2(ω2
R − ωRωB−L + 3ω2

B−L) + g4 (13ω2
R + ωB−LωR + 22ω2

B−L
)

4π2 , (3.35)
where the sub-leading (and gauge dependent) logarithmic terms are not explicitlyreported. For the vacuum configurations of interest we find the results reported inAppendix E. In particular, we obtain
• ω = ωR = −ωB−L (5′ 1Z ′):

M2(24, 0) = −4a2ω2 + τ2 + (5β2 + 34g4)ω24π2 , (3.36)
• ωR = 0 and ωB−L 6= 0 (3C2L2R1B−L):

M2(1, 3, 1, 0) = M2(1, 1, 3, 0) = 2a2ω2
B−L + τ2 + (2β2 + 19g4)ω2

B−L4π2 , (3.37)
M2(8, 1, 1, 0) = −4a2ω2

B−L + τ2 + (3β2 + 22g4)ω2
B−L4π2 , (3.38)

• ωR 6= 0 and ωB−L = 0 (4C2L1R):
M2(1, 3, 0) = −4a2ω2

R + τ2 + (2β2 + 16g4)ω2
R4π2 , (3.39)

M2(15, 1, 0) = 2a2ω2
R + τ2 + (β2 + 13g4)ω2

R4π2 . (3.40)
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In the effective theory language Eqs. (3.36)–(3.40) can be interpreted as the one-loopGUT-scale matching due to the decoupling of the massive SO(10)/G states where
G is the preserved gauge group. These are the only relevant one-loop correctionsneeded in order to discuss the vacuum structure of the model.It is quite apparent that a consistent scalar mass spectrum can be obtained in allcases, at variance with the tree level result.In order to fully establish the existence of the non-SU(5) minima at the quantumlevel one should identify the regions of the parameter space supporting the desiredvacuum configurations and estimate their depths. We shall address these issues inthe next section.
3.4.5 The one-loop vacuum structure
Existence of the new vacuum configurationsThe existence of the different minima of the one-loop effective potential is relatedto the values of the parameters a2, β, τ and g at the scale µ = MU . For the flipped5′ 1Z ′ case it is sufficient, as one expects, to assume the tree level condition a2 < 0.On the other hand, from Eqs. (3.37)–(3.40) we obtain
• ωR = 0 and ωB−L 6= 0 (3C2L2R1B−L):

− 8π2a2 < τ2
ω2
B−L

+ 2β2 + 19g4 , (3.41)
• ωR 6= 0 and ωB−L = 0 (4C2L1R):

− 8π2a2 < τ2
ω2
R

+ β2 + 13g4 . (3.42)
Considering for naturalness τ ∼ ωY,R, Eqs. (3.41)–(3.42) imply |a2| < 10−2. This con-straint remains within the natural perturbative range for dimensionless couplings.While all PGB states whose mass is proportional to −a2 receive large positive loopcorrections, quantum corrections are numerically irrelevant for all of the states withGUT scale mass. On the same grounds we may safely neglect the multiplicative a2loop corrections induced by the 45H states on the PGB masses.
Absolute minimumIt remains to show that the non SU(5) solutions may actually be absolute minima ofthe potential. To this end it is necessary to consider the one-loop corrected stationaryequations and calculate the vacuum energies in the relevant cases. Studying theshape of the one-loop effective potential is a numerical task. On the other hand,in the approximation of neglecting at the GUT scale the logarithmic corrections,we may reach non-detailed but definite conclusions. For the three relevant vacuumconfigurations we obtain:
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• ω = ωR = −ωB−L (5′ 1Z ′)
V (ω, χR = 0) = − 3ν416π2 + (5αν2

π2 + 5βν216π2 − 5τ216π2
)
ω2 (3.43)

+ (−100a1 − 65a24 + 600a21
π2 − 45a1a2

π2 − 645a2232π2 + 100α2
π2 + 25αβ2π2 + 65β264π2 − 5g42π2

)
ω4 ,

• ωR = 0 and ωB−L 6= 0 (3C2L2R1B−L)
V (ωB−L, χR = 0) = − 3ν416π2 + (3αν2

π2 + 3βν216π2 − 3τ216π2
)
ω2
B−L (3.44)

+ (−36a1 − 21a24 + 216a21
π2 + 33a1a2

π2 + 45a2232π2 + 36α2
π2 + 9αβ2π2 + 21β264π2 − 15g416π2

)
ω4
B−L ,

• ωR 6= 0 and ωB−L = 0 (4C2L1R)
V (ωR, χR = 0) = − 3ν416π2 + (2αν2

π2 + βν28π2 − τ28π2
)
ω2
R (3.45)

+ (−16a1 − 2a2 + 96a21
π2 + 42a1a2

π2 + 147a2232π2 + 16α2
π2 + 2αβ

π2 + β28π2 − 7g416π2
)
ω4
R .

A simple numerical analysis reveals that for natural values of the dimensionlesscouplings and GUT mass parameters any of the qualitatively different vacuum con-figurations may be a global minimum of the one-loop effective potential in a largedomain of the parameter space.This concludes the proof of existence of all of the group-theoretically allowedvacua. Nonsupersymmetric SO(10) models broken at MU by the 45H SM preservingVEVs, do exhibit at the quantum level the full spectrum of intermediate symmetries.This is crucially relevant for those chains that, allowed by gauge unification, areaccidentally excluded by the tree level potential.



Chapter 4

SUSY-SO(10) breaking with small
representations

4.1 What do neutrinos tell us?
In Chapter 3 we showed that quantum effects solve the long-standing issue of theincompatibility between the dynamics of the simplest nonsupersymmetric SO(10)Higgs sector spanning over 45H ⊕ 16H and gauge coupling unification.In order to give mass to the SM fermions at the renormalizable level one hasto minimally add a 10H . So it would be natural to consider the Higgs sector 10H ⊕16H ⊕ 45H as a candidate for the minimal SO(10) theory, as advocated long ago byWitten [66]. However the experimental data accumulated since the 1980 tell us thatsuch an Higgs sector cannot work. It is anyway interesting to review the generalidea, especially as far as concerns the generation of neutrino masses.First of all with just one 10H the Yukawa lagrangian is

LY = Y1016F16F10H + h.c. , (4.1)
which readily implies VCKM = 1, since Y10 can be always diagonalized by a rotation inthe flavor space of the 16F . However this is not a big issue. It would be enough to adda second 10H or even better a 120H which can break the down-quark/charged-leptonsymmetry (cf. Eqs. (1.180)–(1.183)).The most interesting part is about neutrinos. In order to give a Majorana massto the RH neutrinos B−L must be broken by two units. Since B−L 〈16∗H〉 = −1 thismeans that we have to couple the bilinear 16∗H16∗H to 16F16F . Such a d = 5 operatorcan be generated radiatively due to the exchange of GUT states [66].Effectively the bilinear 16∗H16∗H can be viewed as a 126∗H . So we are looking forstates which can connect the matter bilinear 16F16F with an effective 126∗H . Since10⊗45⊗45 ⊃ 126 a possibility is given by the combination 10H45V45V (where 45V arethe SO(10) gauge bosons). Indeed the 10H and the 45V ’s can be respectively attachedto the matter bilinear via Yukawa (Y10) and gauge (gU ) interactions; and to the bilinear16∗H16∗H via scalar potential couplings (λ) and again gauge interactions. The topology



104 CHAPTER 4. SUSY-SO(10) BREAKING WITH SMALL REPRESENTATIONS
of the diagram is such that this happens for the first time at the two-loop level (seee.g. Fig. 4.1).

Figure 4.1: Two-loop diagram responsible for neutrino masses in the Witten mechanism. Figuretaken from [116].
Notice that the same diagram generates also a Majorana mass term for LH neu-trinos, while a Dirac mass term arises from the Yukawa lagrangian in Eq. (4.1). Atthe leading order the contribution to the RH Majorana, Dirac and LH Majorananeutrino mass matrices (respectively MR, MD and ML) is estimated to be
MR ∼ Y10 λ (αUπ )2 χ2

R
MU

, MD ∼ Y10vu10 , ML ∼ Y10 λ (αUπ )2 χ2
L

MU
, (4.2)

where χR is B − L breaking VEV of the 16H in the SU(5) singlet direction, v10
u =〈(1, 2,+12 )10〉 and χL = 〈(1, 2,+12 )16∗〉 are instead electroweak VEVs. After diagonaliz-ing the full 6× 6 neutrino mass matrix(

ML MD

MT
D MR

)
, (4.3)

defined on the symmetric basis (ν, νc), we get the usual type-II and type-I contribu-tions to the 3× 3 light neutrinos mass matrix
mν = ML −MDM−1

R MT
D . (4.4)The type-II seesaw is clearly too small (ML ∼ Y10 10−6 eV) while the type-I is naturallytoo big1

MDM−1
R MT

D ∼ Y10 λ−1 (αU
π

)−2 MU (vu10)2
χ2
R

∼ Y10 106 eV . (4.5)
1Accidentally gravity would be responsible for a contribution of the same order of magnitude.Indeed if we take the Plank scale as the cut-off of the SO(10) theory we find a d = 5 effectiveoperators of the type 16F16F16∗H16∗H /MP , which leads to MR ∼ χ2

R/MP . The analogy comes from thefact that (αU /π)−2MU ∼MP .
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For the estimates we have taken λ ∼ 1, αU/π ∼ 10−2, χL ∼ vu10 ∼ 102 GeV, MU ∼1015 GeV and χR ∼ 1013 GeV, where χR �MU by unification constraints.The only chance in order to keep neutrino masses below 1 eV is either to push
χR ∼ MU or to take Y10 ∼ 10−6. The first option is unlikely in nonsupersymmetric
SO(10) because of unification constraints2, while the second one is forbidden by thefact that Mu = MD , in the simplest case with just the 10H in the Yukawa sector(cf. e.g. Eqs. (1.180)–(1.183)) .As we have already anticipated the reducible representation 10H⊕120H is neededin the Yukawa sector in order to generate non trivial mixing and break the down-quark/charged-lepton symmetry. Interestingly this system would also allow for adisentanglement between Mu and MD (cf. e.g. Eqs. (1.180)–(1.183)) and a fine-tuningin order to suppress neutrino masses is in principle conceivable. However the Higgssector 10H ⊕ 16H ⊕ 45H ⊕ 120H starts to deviate from minimality and maybe there isa better option to be considered.The issue can be somewhat alleviated by considering a 126H in place of a 16H inthe Higgs sector, since in such a case the neutrino masses is generated at the renor-malizable level by the term 162

F126∗H . This lifts the problematic χR/MU suppressionfactor inherent to the d = 5 effective mass and yields MR ∼ χR ∼ MB−L , that mightbe, at least in principle, acceptable. This scenario, though conceptually simple, in-volves a detailed one-loop analysis of the scalar potential governing the dynamics ofthe 10H ⊕ 45H ⊕ 126H Higgs sector and is subject of an ongoing investigation [73].We will briefly mention some preliminary results in the Outlook of the thesis.On the other hand it would be also nice to have a viable Higgs sector withonly representations up to the adjoint. This is not possible in ordinary SO(10), butwhat about the supersymmetric case? Invoking TeV-scale supersymmetry (SUSY),the qualitative picture changes dramatically. Indeed, the gauge running within theMSSM prefers MB−L in the proximity of MU and, hence, the Planck-suppressed d = 5RH neutrino mass operator 162
F162

H/MP , available whenever 16H ⊕ 16H is present inthe Higgs sector, can naturally reproduce the desired range for MR.This well known fact motivates us to re-examin the issue of the breaking ofSUSY-SO(10) in the presence of small representations.
4.2 SUSY alignment: a case for flipped SO(10)
In the presence of supersymmetry one would naively say that the minimal Higgssector that suffices to break SO(10) to the SM is given by 45H ⊕ 16H ⊕ 16H . Let usrecall that both 16H as well as 16H are required in order to retain SUSY below theGUT scale.However, it is well known [60, 61, 62] that the relevant superpotential does not

2In supersymmetry χR ∼ MU , but then the two-loop diagram in Fig. 4.1 would disappear due tothe non-renormalization theorems of the superpotential. This brought the authors of Refs. [116, 117]to reconsider the Witten mechanism in the context of split-supersymmetry [196, 197, 198].
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support, at the renormalizable level, a supersymmetric breaking of the SO(10) gaugegroup to the SM. This is due to the constraints on the vacuum manifold imposedby the F - and D-flatness conditions which, apart from linking the magnitudes of the
SU(5)-singlet 16H and 16H vacuum expectation values (VEVs), make the the adjointVEV 〈45H〉 aligned to 〈16H16H〉. As a consequence, an SU(5) subgroup of the initial
SO(10) gauge symmetry remains unbroken. In this respect, a renormalizable Higgssector with 126H⊕126H in place of 16H⊕16H suffers from the same “SU(5) lock” [62],because also in 126H the SM singlet direction is SU(5)-invariant.This issue can be addressed by giving up renormalizability [61, 62]. However, thisoption may be rather problematic since it introduces a delicate interplay betweenphysics at two different scales, MU � MP , with the consequence of splitting theGUT-scale thresholds over several orders of magnitude around MU . This may affectproton decay as well as the SUSY gauge unification, and may force the B − L scalebelow the GUT scale. The latter is harmful for the setting with 16H ⊕16H relying ona d = 5 RH neutrino mass operator. The models with 126H ⊕126H are also prone totrouble with gauge unification, due to the number of large Higgs multiplets spreadaround the GUT-scale.Thus, in none of the cases above the simplest conceivable SO(10) Higgs sectorspanned over the lowest-dimensionality irreducible representations (up to the adjoint)seems to offer a natural scenario for realistic model building. Since the option ofa simple GUT-scale Higgs dynamics involving small representations governed by asimple renormalizable superpotential is particularly attractive, we aimed at studyingthe conditions under which the seemingly ubiquitous SU(5) lock can be overcome,while keeping only spinorial and adjoint SO(10) representations.Let us emphasize that the assumption that the gauge symmetry breaking is drivenby the renormalizable part of the Higgs superpotential does not clash with the factthat, in models with 16H ⊕ 16H , the neutrino masses are generated at the non-renormalizable level, and other fermions may be sensitive to physics beyond theGUT scale. As far as symmetry breaking is concerned, Planck induced d ≥ 5 effec-tive interactions are irrelevant perturbations in this picture.The simplest attempt to breaking the SU(5) lock by doubling either 16H ⊕16H or45H in order to relax the F -flatness constraints is easily shown not to work. In theformer case, there is only one SM singlet field direction associated to each of the16H ⊕ 16H pairs. Thus, F -flatness makes the VEVs in 45H align along this directionregardless of the number of 16H⊕16H ’s contributing to the relevant F -term, ∂W/∂45H(see for instance Eq. (6) in ref. [62]). Doubling the number of 45H ’s does not helpeither. Since there is no mixing among the 45’s besides the mass term, F -flatnessaligns both 〈45H〉 in the SU(5) direction of 16H ⊕ 16H . For three (and more) adjointsa mixing term of the form 451452453 is allowed, but it turns out to be irrelevant tothe minimization so that the alignment is maintained.From this brief excursus one might conclude that, as far as the Higgs content isconsidered, the price for tractability and predictivity is high on SUSY SO(10) models,as the desired group-theoretical simplicity of the Higgs sector, with representations
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up to the adjoint, appears not viable.In this chapter, we point out that all these issues are alleviated if one considersa flipped variant of the SUSY SO(10) unification. In particular, we shall show thatthe flipped SO(10)⊗U(1) scenario [70, 71, 72] offers an attractive option to break thegauge symmetry to the SM at the renormalizable level by means of a quite simpleHiggs sector, namely a couple of SO(10) spinors 161,2 ⊕ 161,2 and one adjoint 45H .Within the extended SO(10) ⊗ U(1) gauge algebra one finds in general threeinequivalent embeddings of the SM hypercharge. In addition to the two solutionswith the hypercharge stretching over the SU(5) or the SU(5) ⊗ U(1) subgroups of
SO(10) (respectively dubbed as the “standard” and “flipped” SU(5) embeddings), thereis a third, “flipped” SO(10), solution inherent to the SO(10) ⊗ U(1) case, with a non-trivial projection of the SM hypercharge onto the U(1) factor.Whilst the difference between the standard and the flipped SU(5) embedding issemantical from the SO(10) point of view, the flipped SO(10) case is qualitativelydifferent. In particular, the symmetry-breaking “power” of the SO(10) spinor and ad-joint representations is boosted with respect to the standard SO(10) case, increasingthe number of SM singlet fields that may acquire non vanishing VEVs. Technically,flipping allows for a pair of SM singlets in each of the 16H and 16H “Weyl” spinors,together with four SM singlets within 45H . This is at the root of the possibility ofimplementing the gauge symmetry breaking by means of a simple renormalizableHiggs sector. Let us just remark that, if renormalizability is not required, the break-ing can be realized without the adjoint Higgs field, see for instance the flipped SO(10)model with an additional anomalous U(1) of Ref. [199].Nevertheless, flipping is not per-se sufficient to cure the SU(5) lock of standard
SO(10) with 16H⊕16H⊕45H in the Higgs sector. Indeed, the adjoint does not reducethe rank and the bi-spinor, in spite of the two qualitatively different SM singletsinvolved, can lower it only by a single unit, leaving a residual SU(5)⊗U(1) symmetry(the two SM singlet directions in the 16H still retain an SU(5) algebra as a littlegroup). Only when two pairs of 16H ⊕ 16H (interacting via 45H ) are introduced thetwo pairs of SM singlet VEVs in the spinor multiplets may not generally be alignedand the little group is reduced to the SM.Thus, the simplest renormalizable SUSY Higgs model that can provide the spon-taneous breaking of the SO(10) GUT symmetry to the SM by means of Higgs rep-resentations not larger than the adjoint, is the flipped SO(10) ⊗ U(1) scenario withtwo copies of the 16 ⊕ 16 bi-spinor supplemented by the adjoint 45. Notice furtherthat in the flipped embedding the spinor representations include also weak doubletsthat may trigger the electroweak symmetry breaking and allow for renormalizableYukawa interactions with the chiral matter fields distributed in the flipped embeddingover 16⊕ 10⊕ 1.Remarkably, the basics of the mechanism we advocate can be embedded in anunderlying non-renormalizable E6 Higgs model featuring a pair of 27H ⊕ 27H andthe adjoint 78H .Technical similarities apart, there is, however, a crucial difference between the
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SO(10) ⊗ U(1) and E6 scenarios, that is related to the fact that the Lie-algebra of
E6 is larger than that of SO(10) ⊗ U(1). It has been shown long ago [200] that therenormalizable SUSY E6 Higgs model spanned on a single copy of 27H ⊕ 27H ⊕ 78Hleaves an SO(10) symmetry unbroken. Two pairs of 27H ⊕27H are needed to reducethe rank by two units. In spite of the fact that the two SM singlet directions in the27H are exactly those of the “flipped” 16H , the little group of the SM singlet directions〈27H1 ⊕ 27H1 ⊕ 27H2 ⊕ 27H2

〉 and 〈78H〉 remains at the renormalizable level SU(5), aswe will explicitly show.Adding non-renormalizable adjoint interactions allows for a disentanglement ofthe 〈78H〉, such that the little group is reduced to the SM. Since a one-step E6 breakingis phenomenologically problematic as mentioned earlier, we argue for a two-stepbreaking, via flipped SO(10)⊗ U(1), with the E6 scale near the Planck scale.In summary, we make the case for an anomaly free flipped SO(10)⊗U(1) partialunification scenario. We provide a detailed discussion of the symmetry breakingpattern obtained within the minimal flipped SO(10) SUSY Higgs model and considerits possible E6 embedding. We finally present an elementary discussion of the flavourstructure offered by these settings.
4.3 The GUT-scale little hierarchy
In supersymmetric SO(10) models with just 45H ⊕ 16H ⊕ 16H governing the GUTbreaking, one way to obtain the misalignment between the adjoint and the spinors isthat of invoking new physics at the Planck scale, parametrized in a model-independentway by a tower of effective operators suppressed by powers of MP .What we call the “GUT-scale little hierarchy" is the hierarchy induced in the GUTspectrum by MU/MP suppressed effective operators, which may split the GUT-scalethresholds over several orders of magnitude. In turn this may be highly problematicfor proton stability and the gauge unification in low energy SUSY scenarios (asdiscussed for instance in Ref. [201]). It may also jeopardize the neutrino massgeneration in the seesaw scheme. We briefly review the relevant issues here.
4.3.1 GUT-scale thresholds and proton decay
In Ref. [202] the emphasis is set on a class of neutrino-mass-related operators whichturns out to be particularly dangerous for proton stability in scenarios with a non-renormalizable GUT-breaking sector. The relevant interactions can be schematicallywritten as
WY ⊃

1
MP

16F g 16F16H16H + 1
MP

16F f 16F16H16H
⊃ vR
MP

(
Q g L T +Q f Q T

)
, (4.6)
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where g and f are matrices in the family space, vR ≡ | 〈16H〉 | = | 〈16H〉 | and T(T) is the color triplet (anti-triplet) contained in the 16H (16H ). Integrating out thecolor triplets, whose mass term is labelled MT , one obtains the following effectivesuperpotential involving fields belonging to SU(2)L doublets

WL
eff = v2

R
M2

PMT

(
uTFd′

) (
uTGV ′` − d′TGV ′ν′

)
, (4.7)

where u and ` denote the physical left-handed up quarks and charged lepton super-fields in the basis in which neutral gaugino interactions are flavor diagonal. The d′and ν′ fields are related to the physical down quark and light neutrino fields d and
ν by d′ = VCKMd and ν′ = VPMNSν. In turn V ′ = V †uV` , where Vu and V` diagonalizethe left-handed up quark and charged lepton mass matrices respectively. The 3× 3matrices (G, F ) are given by (G, F ) = VT

u (g, f )Vu.By exploiting the correlations between the g and f matrices and the mattermasses and mixings and by taking into account the uncertainties related to the low-energy SUSY spectrum, the GUT-thresholds and the hadronic matrix elements, theauthors of Ref. [202] argue that the effective operators in Eq. (4.7) lead to a protonlifetime Γ−1(νK+) ∼ (0.6− 3)× 1033 yrs , (4.8)at the verge of the current experimental lower bound of 0.67 × 1033 years [79]. Inobtaining Eq. (4.8) the authors assume that the color triplet masses cluster about theGUT scale, MT ≈ 〈16H〉 ∼ 〈45H〉 ≡ MU . On the other hand, in scenarios where atthe renormalizable level SO(10) is broken to SU(5) and the residual SU(5) symmetryis broken to SM by means of non-renormalizable operators, the effective scale ofthe SU(5) breaking physics is typically suppressed by 〈16H〉 /MP or 〈45H〉 /MP withrespect to MU . As a consequence, the SU(5)-part of the colored triplet higgsinospectrum is effectively pulled down to the M2
U/MP scale, in a clash with protonstability.

4.3.2 GUT-scale thresholds and one-step unificationThe “delayed” residual SU(5) breakdown has obvious implications for the shape ofthe gauge coupling unification pattern. Indeed, the gauge bosons associated to the
SU(5)/SM coset, together with the relevant part of the Higgs spectrum, tend to beuniformly shifted [61] by a factor MU/MP ∼ 10−2 below the scale of the SO(10)/SU(5)gauge spectrum, that sets the unification scale, MU . These thresholds may jeopardizethe successful one-step gauge unification pattern favoured by the TeV-scale SUSYextension of the SM (MSSM).
4.3.3 GUT-scale thresholds and neutrino massesWith a non-trivial interplay among several GUT-scale thresholds [61] one may inprinciple end up with a viable gauge unification pattern. Namely, the threshold
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effects in different SM gauge sectors may be such that unification is preserved ata larger scale. In such a case the MU/MP suppression is at least partially undone.This, in turn, is unwelcome for the neutrino mass scale because the VEVs enteringthe d = 5 effective operator responsible for the RH neutrino Majorana mass term162

F162
H/MP are raised accordingly and thus MR ∼ M2

U/MP tends to overshoot theupper limit MR . 1014 GeV implied by the light neutrino masses generated by theseesaw mechanism.Thus, although the Planck-induced operators can provide a key to overcomingthe SU(5) lock of the minimal SUSY SO(10)Ï SU(3)C⊗SU(2)L⊗U(1)Y Higgs modelwith 16H ⊕16H ⊕45H , such an effective scenario is prone to failure when addressingthe measured proton stability and light neutrino phenomenology.
4.4 Minimal flipped SO(10) Higgs model
As already anticipated in the previous sections, in a standard SO(10) framework witha Higgs sector built off the lowest-dimensional representations (up to the adjoint), it israther difficult to achieve a phenomenologically viable symmetry breaking patterneven admitting multiple copies of each type of multiplets. Firstly, with a single45H at play, at the renormalizable-level the little group of all SM singlet VEVs is
SU(5) regardless of the number of 16H ⊕ 16H pairs. The reason is that one can notget anything more than an SU(5) singlet out of a number of SU(5) singlets. Thesame is true with a second 45H added into the Higgs sector because there is norenormalizable mixing among the two 45H ’s apart from the mass term that, withoutloss of generality, can be taken diagonal. With a third adjoint Higgs representation atplay a cubic 451452453 interaction is allowed. However, due to the total antisymmetryof the invariant and to the fact that the adjoints commute on the SM vacuum, the cubicterm does not contribute to the F-term equations [203]. This makes the simple flipped
SO(10) ⊗ U(1) model proposed in this work a framework worth of consideration.For the sake of completeness, let us also recall that admitting Higgs representationslarger than the adjoint a renormalizable SO(10)→ SM breaking can be devised withthe Higgs sector of the form 54H⊕45H⊕16H⊕16H [204], or 54H⊕45H⊕126H⊕126H[62] for a renormalizable seesaw.In Tables 4.1 and 4.2 we collect a list of the supersymmetric vacua that are ob-tained in the basic SO(10) Higgs models and their E6 embeddings by considering aset of Higgs representations of the dimension of the adjoint and smaller, with all SMsinglet VEVs turned on. The cases of a renormalizable (R) or non-renormalizable(NR) Higgs potential are compared. We quote reference papers where results rele-vant for the present study were obtained without any aim of exhausting the availableliterature. The results without reference are either verified by us or follow by com-parison with other cases and rank counting. The main results of this study areshown in boldface.We are going to show that by considering a non-standard hypercharge embed-ding in SO(10) ⊗ U(1) (flipped SO(10)) the breaking to the SM is achievable at the
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Standard SO(10) Flipped SO(10)⊗ U(1)Higgs superfields R NR R NR16⊕ 16 SO(10) SU(5) SO(10)⊗ U(1) SU(5)⊗ U(1)2× (16⊕ 16) SO(10) SU(5) SO(10)⊗ U(1) SM45⊕ 16⊕ 16 SU(5) [60] SM [61] SU(5)⊗ U(1) SM⊗ U(1)45⊕ 2× (16⊕ 16) SU(5) SM SM SM

Table 4.1: Comparative summary of supersymmetric vacua left invariant by the SM singlet VEVs invarious combinations of spinorial and adjoint Higgs representations of standard SO(10) and flipped
SO(10) ⊗ U(1). The results for a renormalizable (R) and a non-renormalizable (NR) Higgs superpo-tential are respectively listed.

Higgs superfields R NR27⊕ 27 E6 SO(10)2× (27⊕ 27) E6 SU(5)78⊕ 27⊕ 27 SO(10) [200] SM⊗ U(1)78⊕ 2× (27⊕ 27) SU(5) SM
Table 4.2: Same as in Table 4.1 for the E6 gauge group with fundamental and adjoint Higgs repre-sentations.
renormalizable level with 45H ⊕ 2× (16H ⊕ 16H) Higgs fields. Let us stress that whatwe require is that the GUT symmetry breaking is driven by the renormalizable partof the superpotential, while Planck suppressed interactions may be relevant for thefermion mass spectrum, in particular for the neutrino sector.
4.4.1 Introducing the model
Hypercharge embeddings in SO(10)⊗ U(1)The so called flipped realization of the SO(10) gauge symmetry requires an addi-tional U(1)X gauge factor in order to provide an extra degree of freedom for the SMhypercharge identification. For a fixed embedding of the SU(3)C ⊗ SU(2)L subgroupwithin SO(10), the SM hypercharge can be generally spanned over the three remain-ing Cartans generating the abelian U(1)3 subgroup of the SO(10)⊗U(1)X/(SU(3)C ⊗
SU(2)L) coset. There are two consistent implementations of the SM hyperchargewithin the SO(10) algebra (commonly denoted by standard and flipped SU(5)), whilea third one becomes available due to the presence of U(1)X .In order to discuss the different embeddings we find useful to consider two basesfor the U(1)3 subgroup. Adopting the traditional left-right (LR) basis correspondingto the SU(3)C ⊗ SU(2)L ⊗ SU(2)R ⊗ U(1)B−L subalgebra of SO(10), one can span the
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SM hypercharge on the generators of U(1)R ⊗ U(1)B−L ⊗ U(1)X :

Y = αT (3)
R + β(B − L) + γX. (4.9)

The normalization of the T (3)
R and B − L charges is chosen so that the decomposi-tions of the spinorial and vector representations of SO(10) with respect to SU(3)C ⊗

SU(2)L ⊗ U(1)R ⊗ U(1)B−L read16 = (3, 2; 0,+13 )⊕ (3, 1; +12 ,−13 )⊕ (3, 1;−12 ,−13 )⊕ (1, 2; 0,−1)⊕ (1, 1; +12 ,+1)
⊕ (1, 1;−12 ,+1) ,10 = (3, 1; 0,−23 )⊕ (3, 1; 0,+23 )⊕ (1, 2; +12 , 0)⊕ (1, 2;−12 , 0) , (4.10)

which account for the standard B − L and T (3)
R assignments.Alternatively, considering the SU(5)⊗U(1)Z subalgebra of SO(10), we identify the

U(1)Y ′ ⊗ U(1)Z ⊗ U(1)X subgroup of SO(10)⊗ U(1)X , and equivalently write:
Y = α̃Y ′ + β̃Z + γ̃X , (4.11)where Y ′ and Z are normalized so that the SU(3)C⊗SU(2)L⊗U(1)Y ′⊗U(1)Z analogueof eqs. (4.10) reads:16 = (3, 2; +16 ,+1)⊕ (3, 1; +13 ,−3)⊕ (3, 1;−23 ,+1)⊕ (1, 2;−12 ,−3)⊕ (1, 1; +1,+1)

⊕ (1, 1; 0,+5) ,10 = (3, 1;−13 ,−2)⊕ (3, 1; +13 ,+2)⊕ (1, 2; +12 ,−2)⊕ (1, 2;−12 ,+2) . (4.12)In both cases, the U(1)X charge has been conveniently fixed to X16 = +1 for thespinorial representation (and thus X10 = −2 and also X1 = +4 for the SO(10) vectorand singlet, respectively; this is also the minimal way to obtain an anomaly-free
U(1)X , that allows SO(10)⊗ U(1)X to be naturally embedded into E6).It is a straightforward exercise to show that in order to accommodate the SMquark multiplets with quantum numbers Q = (3, 2,+16 ), uc = (3, 1,−23 ) and dc =(3, 1,+13 ) there are only three solutions.On the U(1)3 bases of Eq. (4.9) (and Eq. (4.11), respectively) one obtains,

α = 1 , β = 12 , γ = 0 , (
α̃ = 1 , β̃ = 0 , γ̃ = 0) , (4.13)

which is nothing but the “standard” embedding of the SM matter into SO(10). Ex-plicitly, Y = T (3)
R + 12 (B − L) in the LR basis (while Y = Y ′ in the SU(5) picture).The second option is characterized by
α = −1 , β = 12 , γ = 0 , (

α̃ = −15 , β̃ = 15 , γ̃ = 0) , (4.14)
which is usually denoted “flipped SU(5)” [68, 69] embedding because the SM hy-percharge is spanned non-trivially on the SU(5) ⊗ U(1)Z subgroup3 of SO(10), Y =

3By definition, a flipped variant of a specific GUT model based on a simple gauge group G isobtained by embedding the SM hypercharge nontrivially into the G ⊗ U(1) tensor product.
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15 (Z − Y ′). Remarkably, from the SU(3)C ⊗ SU(2)L ⊗ SU(2)R ⊗ U(1)B−L perspectivethis setting corresponds to a sign flip of the SU(2)R Cartan operator T (3)

R , namely
Y = −T (3)

R + 12 (B − L) which can be viewed as a π rotation in the SU(2)R algebra.A third solution corresponds to
α = 0 , β = −14 , γ = 14 ,

(
α̃ = −15 , β̃ = − 120 , γ̃ = 14

)
, (4.15)

denoted as “flipped SO(10)” [70, 71, 72] embedding of the SM hypercharge. Notice,in particular, the fundamental difference between the setting (4.15) with γ = γ̃ = 14and the two previous cases (4.13) and (4.14) where U(1)X does not play any role.Analogously to what is found for Y , once we consider the additional anomaly-free U(1)X gauge factor, there are three SM-compatible ways of embedding thephysical (B − L) into SO(10) ⊗ U(1)X . Using the SU(5) compatible description theyare respectively given by (see Ref. [205] for a complete set of relations)
(B − L) = 15 (4Y ′ + Z) , (4.16)(B − L) = 120 (16Y ′ − Z + 5X) , (4.17)(B − L) = − 120 (8Y ′ − 3Z − 5X) . (4.18)

where the first assignment is the standard B − L embedding in Eq. (4.9). Out of3× 3 possible pairs of Y and (B − L) charges only 6 do correspond to the quantumnumbers of the SM matter [205]. By focussing on the flipped SO(10) hyperchargeembedding in Eq. (4.15), the two SM-compatible (B − L) assignments are those inEqs. (4.17)–(4.18) (they are related by a sign flip in T (3)
R ). In what follows we shallemploy the (B − L) assignment in Eq. (4.18).

Spinor and adjoint SM singlets in flipped SO(10)The active role of the U(1)X generator in the SM hypercharge (and B − L) iden-tification within the flipped SO(10) scenario has relevant consequences for modelbuilding. In particular, the SM decomposition of the SO(10) representations changeso that there are additional SM singlets both in 16H ⊕ 16H as well as in 45H .The pattern of SM singlet components in flipped SO(10) has a simple and intuitiveinterpretation from the SO(10)⊗U(1)X ⊂ E6 perspective, where 16+1⊕16−1 (with thesubscript indicating the U(1)X charge) are contained in 27⊕ 27 while 450 is a part ofthe E6 adjoint 78. The point is that the flipped SM hypercharge assignment makesthe various SM singlets within the complete E6 representations “migrate” amongtheir different SO(10) sub-multiplets; namely, the two SM singlets in the 27 of E6that in the standard embedding (4.13) reside in the SO(10) singlet 1 and spinorial 16components both happen to fall into just the single 16 ⊂ 27 in the flipped SO(10)case.Similarly, there are two additional SM singlet directions in 450 in the flipped
SO(10) scenario, that, in the standard SO(10) embedding, belong to the 16−3 ⊕ 16+3components of the 78 of E6, thus accounting for a total of four adjoint SM singlets.
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In Tables 4.3, 4.4 and 4.5 we summarize the decomposition of the 10−2, 16+1 and450 representations of SO(10)⊗U(1)X under the SM subgroup, in both the standardand the flipped SO(10) cases (and in both the LR and SU(5) descriptions). The patternof the SM singlet components is emphasized in boldface.

LR SU(5)
SO(10) SO(10)f SO(10) SO(10)f(3, 1;−13 )6 (3, 1;−13 )6 (3, 1;−13 )5 (3, 1;−13 )5(3, 1; +13 )6 (3, 1;−23 )6 (1, 2; +12 )5 (1, 2;−12 )5(1, 2; +12 )1+ (1, 2;−12 )1+ (3, 1; +13 )5 (3, 1;−23 )5(1, 2;−12 )1− (1, 2;−12 )1− (1, 2;−12 )5 (1, 2;−12 )5Table 4.3: Decomposition of the fundamental 10-dimensional representation under SU(3)C ⊗

SU(2)L⊗U(1)Y , for standard SO(10) and flipped SO(10)⊗U(1)X (SO(10)f ) respectively. In the first twocolumns (LR) the subscripts keep track of the SU(4)C origin of the multiplets (the extra symbols ±correspond to the eigenvalues of the T (3)
R Cartan generator) while in the last two columns the SU(5)content is shown.

LR SU(5)
SO(10) SO(10)f SO(10) SO(10)f(3, 2; +16 )4 (3, 2; +16 )4 (3, 1; +13 )5 (3, 1; +13 )5(1, 2;−12 )4 (1, 2; +12 )4 (1, 2;−12 )5 (1, 2; +12 )5(3, 1; +13 )4+ (3, 1; +13 )4+ (3, 2; +16 )10 (3, 2; +16 )10(3, 1;−23 )4− (3, 1; +13 )4− (3, 1;−23 )10 (3, 1; +13 )10(1, 1; +1)4+ (1, 1; 0)4+ (1, 1; +1)10 (1, 1; 0)10(1, 1; 0)4− (1, 1; 0)4− (1, 1; 0)1 (1, 1; 0)1

Table 4.4: The same as in Table 4.3 for the spinor 16-dimensional representation. The SM singletsare emphasized in boldface and shall be denoted, in the the SU(5) description, as e ≡ (1, 1; 0)10 and
ν ≡ (1, 1; 0)1. The LR decomposition shows that e and ν belong to an SU(2)R doublet.
The supersymmetric flipped SO(10) modelThe presence of additional SM singlets (some of them transforming non-triviallyunder SU(5)) in the lowest-dimensional representations of the flipped realisation ofthe SO(10) gauge symmetry provides the ground for obtaining a viable symmetrybreaking with a significantly simplified renormalizable Higgs sector. Naively, onemay guess that the pair of VEVs in 16H (plus another conjugated pair in 16H to
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LR SU(5)

SO(10) SO(10)f SO(10) SO(10)f(1, 1; 0)10 (1, 1; 0)10 (1, 1; 0)1 (1, 1; 0)1(1, 1; 0)15 (1, 1; 0)15 (1, 1; 0)24 (1, 1; 0)24(8, 1; 0)15 (8, 1; 0)15 (8, 1; 0)24 (8, 1; 0)24(3, 1; +23 )15 (3, 1;−13 )15 (3, 2;−56 )24 (3, 2; +16 )24(3, 1;−23 )15 (3, 1; +13 )15 (3, 2; +56 )24 (3, 2;−16 )24(1, 3; 0)1 (1, 3; 0)1 (1, 3; 0)24 (1, 3; 0)24(3, 2; +16 )6+ (3, 2; +16 )6+ (3, 2; +16 )10 (3, 2; +16 )10(3, 2; +56 )6+ (3, 2;−16 )6+ (3, 1;−23 )10 (3, 1; +13 )10(1, 1; +1)1+ (1, 1; 0)1+ (1, 1; +1)10 (1, 1; 0)10(3, 2;−16 )6− (3, 2;−16 )6− (3, 2;−16 )10 (3, 2;−16 )10(3, 2;−56 )6− (3, 2; +16 )6− (3, 1; +23 )10 (3, 1;−13 )10(1, 1;−1)1− (1, 1; 0)1− (1, 1;−1)10 (1, 1; 0)10

Table 4.5: The same as in Table 4.3 for the 45 representation. The SM singlets are given in boldfaceand labeled throughout the text as ωB−L ≡ (1, 1; 0)15, ω+ ≡ (1, 1; 0)1+ , ωR ≡ (1, 1; 0)10 and ω− ≡ (1, 1; 0)1−where again the LR notation has been used. The LR decomposition also shows that ω+, ωR and ω−belong to an SU(2)R triplet, while ωB−L is a B − L singlet.
maintain the required D-flatness) might be enough to break the GUT symmetryentirely, since one component transforms as a 10 of SU(5) ⊂ SO(10), while the otherone is identified with the SU(5) singlet (cf. Table 4.4). Notice that even in the presenceof an additional four-dimensional vacuum manifold of the adjoint Higgs multiplet,the little group is determined by the 16H VEVs since, due to the simple form of therenormalizable superpotential F -flatness makes the VEVs of 45H align with those of16H16H , providing just enough freedom for them to develop non-zero values.Unfortunately, this is still not enough to support the desired symmetry breakingpattern. The two VEV directions in 16H are equivalent to one and a residual SU(5)⊗
U(1) symmetry is always preserved by 〈16〉H [194]. Thus, even in the flipped SO(10)⊗
U(1) setting the Higgs model spanned on 16H⊕16H⊕45H suffers from an SU(5)⊗U(1)lock analogous to the one of the standard SUSY SO(10) models with the same Higgssector. This can be understood by taking into account the freedom in choosing thebasis in the SO(10) algebra so that the pair of VEVs within 16 can be “rotated” ontoa single component, which can be then viewed as the direction of the singlet in thedecomposition of 16 = 5⊕ 10⊕ 1 with respect to an SU(5) subgroup of the original
SO(10) gauge symmetry.On the other hand, with a pair of interacting 16H⊕16H ’s the vacuum directions inthe two 16H ’s need not be aligned and the intersection of the two different invariant
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subalgebras (e.g. , standard and flipped SU(5) for a specific VEV configuration) leavesas a little group the the SU(3)C ⊗ SU(2)L ⊗ U(1)Y of the SM. F -flatness makes thenthe adjoint VEVs (45H is the needed carrier of 16H interaction at the renormalizablelevel) aligned to the SM vacuum. Hence, as we will show in the next section, 2 ×(16H + 16H ) ⊕ 45H defines the minimal renormalizable Higgs setting for the SUSYflipped SO(10) ⊗ U(1)X model. For comparison, let us reiterate that in the standardrenormalizable SO(10) setting the SUSY vacuum is always SU(5) regardless of howmany copies of 16H ⊕ 16H are employed together with at most a pair of adjoints.
The matter sector

Due to the flipped hypercharge assignment, the SM matter can no longer be fullyembedded into the 16-dimensional SO(10) spinor, as in the standard case. By inspect-ing Table 4.4 one can see that in the flipped setting the pair of the SM sub-multipletsof 16 transforming as uc and ec is traded for an extra dc-like state and an extraSM singlet. The former pair is instead found in the SO(10) vector and the singlet(the lepton doublet as well appears in the vector multiplet). Thus, flipping spreadseach of the SM matter generations across 16⊕10⊕1 of SO(10), which, by construc-tion, can be viewed as the complete 27-dimensional fundamental representation of
E6 ⊃ SO(10) ⊗ U(1)X . This brings in a set of additional degrees of freedom, inparticular (1, 1, 0)16, (3, 1,+13 )16, (1, 2,+12 )16, (3, 1,−13 )10 and (1, 2,−12 )10, where the sub-script indicates their SO(10) origin. Notice, however, that these SM “exotics” canbe grouped into superheavy vector-like pairs and thus no extra states appear in thelow energy spectrum. Furthermore, the U(1)X anomalies associated with each ofthe SO(10)⊗U(1)X matter multiplets cancel when summed over the entire reduciblerepresentation 161 ⊕ 10−2 ⊕ 14. An elementary discussion of the matter spectrum inthis scenario is deferred to Sect. 4.6.
4.4.2 Supersymmetric vacuum

The most general renormalizable Higgs superpotential, made of the representations45⊕ 161 ⊕ 161 ⊕ 162 ⊕ 162 is given by
WH = µ2 Tr 452 + ρij16i16j + τij16i4516j , (4.19)

where i, j = 1, 2 and the notation is explained in Appendix F.1. Without loss ofgenerality we can take µ real by a global phase redefinition, while τ (or ρ) can bediagonalized by a bi-unitary transformation acting on the flavor indices of the 16 andthe 16. Let us choose, for instance, τij = τiδij , with τi real. We label the SM-singletscontained in the 16’s in the following way: e ≡ (1, 1; 0)10 (only for flipped SO(10))and ν ≡ (1, 1; 0)1 (for all embeddings).By plugging in the SM-singlet VEVs ωR, ωB−L , ω+, ω−, e1,2, e1,2, ν1,2 and ν1,2 (cf. Ap-
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pendix F.1), the superpotential on the vacuum reads
〈WH〉 = µ

(2ω2
R + 3ω2

B−L + 4ω−ω+)+ ρ11 (e1e1 + ν1ν1) + ρ21 (e2e1 + ν2ν1) + ρ12 (e1e2 + ν1ν2) + ρ22 (e2e2 + ν2ν2)+ τ1
[
−ω−e1ν1 − ω+ν1e1 − ωR√2 (e1e1 − ν1ν1) + 32 ωB−L√2 (e1e1 + ν1ν1)]

+ τ2
[
−ω−e2ν2 − ω+ν2e2 − ωR√2 (e2e2 − ν2ν2) + 32 ωB−L√2 (e2e2 + ν2ν2)] . (4.20)

In order to retain SUSY down to the TeV scale we must require that the GUT gaugesymmetry breaking preserves supersymmetry. In Appendix F.2 we work out therelevant D- and F -term equations. We find that the existence of a nontrivial vacuumrequires ρ (and τ for consistency) to be hermitian matrices. This is a consequence ofthe fact that D-term flatness for the flipped SO(10) embedding implies 〈16i〉 = 〈16i〉∗(see Eq. (F.30) and the discussion next to it). With this restriction the vacuum manifoldis given by
8µ ω+ = τ1r21 sin 2α1ei(φe1−φν1 ) + τ2r22 sin 2α2ei(φe2−φν2 ) ,8µ ω− = τ1r21 sin 2α1e−i(φe1−φν1 ) + τ2r22 sin 2α2e−i(φe2−φν2 ) ,4√2µ ωR = τ1r21 cos 2α1 + τ2r22 cos 2α2 ,4√2µ ωB−L = −τ1r21 − τ2r22 ,
e1,2 = r1,2 cosα1,2 eiφe1,2 ,
ν1,2 = r1,2 sinα1,2 eiφν1,2 ,
e1,2 = r1,2 cosα1,2 e−iφe1,2 ,
ν1,2 = r1,2 sinα1,2 e−iφν1,2 , (4.21)

where r1,2 and α± ≡ α1 ± α2 are fixed in terms of the superpotential parameters,
r21 = −2µ (ρ22τ1 − 5ρ11τ2)3τ21τ2 , (4.22)
r22 = −2µ (ρ11τ2 − 5ρ22τ1)3τ1τ22 , (4.23)
cosα− = ξ sin Φν − sin Φesin (Φν −Φe) , (4.24)
cosα+ = ξ sin Φν + sin Φesin (Φν −Φe) , (4.25)

with
ξ = 6|ρ12|√

−5ρ211τ2
τ1 − 5ρ222τ1

τ2 + 26ρ22ρ11
. (4.26)
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The phase factors Φν and Φe are defined as

Φν ≡ φν1 − φν2 + φρ12 , Φe ≡ φe1 − φe2 + φρ12 , (4.27)
in terms of the relevant phases φν1,2 , φe1,2 and φρ12 . Eqs. (4.24)–(4.25) imply that forΦν = Φe = Φ, Eq. (4.24) reduces to cosα− Ï ξ cos Φ while α+ is undetermined (thusparametrizing an orbit of isomorphic vacua).In order to determine the little group of the vacuum manifold we explicitly com-pute the corresponding gauge boson spectrum in Appendix F.3. We find that, for
α− 6= 0 and/or Φν 6= Φe , the vacuum in Eq. (4.21) does preserve the SM algebra.As already mentioned in the introduction this result is a consequence of themisalignement of the spinor VEVs, that is made possible at the renormalizable levelby the interaction with the 45H . If we choose to align the 161 ⊕ 161 and 162 ⊕ 162VEVs (α− = 0 and Φν = Φe) or equivalently, to decouple one of the Higgs spinorsfrom the vacuum (r2 = 0 for instance) the little group is SU(5)⊗ U(1).This result can be easily understood by observing that in the case with just onepair of 16H⊕16H (or with two pairs of 16H⊕16H aligned) the two SM-singlet directions,
eH and νH , are connected by an SU(2)R transformation. This freedom can be usedto rotate one of the VEVs to zero, so that the little group is standard or flipped
SU(5)⊗ U(1), depending on which of the two VEVs is zero.In this respect, the Higgs adjoint plays the role of a renormalizable agent thatprevents the two pairs of spinor vacua from aligning with each other along the
SU(5) ⊗ U(1) direction. Actually, by decoupling the adjoint Higgs, F -flatness makesthe (aligned) 16i ⊕ 16i vacuum trivial, as one verifies by inspecting the F -terms inEq. (F.14) of Appendix F.2 for 〈45H〉 = 0 and det ρ 6= 0.The same result with just two pairs of 16H ⊕ 16H Higgs multiplets is obtainedby adding non-renormalizable spinor interactions, at the cost of introducing a po-tentially critical GUT-scale threshold hierarchy. In the flipped SO(10) setup hereproposed the GUT symmetry breaking is driven by the renormalizable part of theHiggs superpotential, thus allowing naturally for a one-step matching with the min-imal supersymmetric extension of the SM (MSSM).Before addressing the possible embedding of the model in a unified E6 scenario,we comment in brief on the naturalness of the doublet-triplet mass splitting in flippedembeddings.
4.4.3 Doublet-Triplet splitting in flipped modelsFlipped embeddings offers a rather economical way to implement the Doublet-Triplet(DT) splitting through the so called Missing Partner (MP) mechanism [206, 207]. Inorder to show the relevat features let us consider first the flipped SU(5)⊗ U(1)Z .In order to implement the MP mechanism in the flipped SU(5)⊗U(1)Z the Higgssuperpotential is required to have the couplings

WH ⊃ 10+110+15−2 + 10−110−15+2 , (4.28)
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where the subscripts correspond to the U(1)Z quantum numbers, but not the 5−25+2mass term. From Eq. (4.28) we extract the relevant terms that lead to a mass for theHiggs triplets

WH ⊃ 〈(1, 1; 0)10〉 (3, 1; +13 )10(3, 1;−13 )5 + 〈(1, 1; 0)10〉 (3, 1;−13 )10(3, 1; +13 )5 . (4.29)
On the other hand, the Higgs doublets, contained in the 5−2 ⊕ 5+2 remain masslesssince they have no partner in the 10+1 ⊕ 10−1 to couple with.The MP mechanism cannot be implemented in standard SO(10). The relevantinteractions, analogue of Eq. (4.28), are contained into the SO(10) invariant term

WH ⊃ 16 16 10 + 16 16 10 , (4.30)
which, however, gives a mass to the doublets as well, via the superpotential terms
WH ⊃ 〈(1, 1; 0)116〉 (1, 2;−12 )516(1, 2; +12 )510 + 〈(1, 1; 0)116

〉 (1, 2; +12 )516(1, 2;−12 )510 . (4.31)
Flipped SO(10) ⊗ U(1)X , on the other hand, offers again the possibility of im-plementing the MP mechanism. The prize to pay is the necessity of avoiding alarge number of terms, both bilinear and trilinear, in the Higgs superpotential. Inparticular, the analogue of Eq. (4.28) is given by the non-renormalizable term [199]

WH ⊃
1
MP

161162162161 + 1
MP

161162162161 . (4.32)
By requiring that 161 (161) takes a VEV in the 116 (116) direction while 162 (162) inthe 1016 (1016) component, one gets

WH ⊃
1
MP

〈1161
〉
〈10162〉 101625161 + 1

MP
〈1161〉

〈10162
〉 101625161 , (4.33)

which closely resembles Eq. (4.28), leading to massive triplets and massless doublets.In order to have minimally one pair of electroweak doublets, one must furtherrequire that the 2 × 2 mass matrix of the 16’s has rank equal to one. Due to theactive role of non-renormalizable operators, the Higgs triplets turn out to be twoorders of magnitude below the flipped SO(10)⊗U(1)X scale, reintroducing the issuesdiscussed as in Sect. 4.3.An alternative possibility for naturally implementing the DT splitting in SO(10)is the Dimopoulos-Wilczek (DW) (or the missing VEV) mechanism [208]. In orderto explain the key features it is convenient to decompose the relevant SO(10) repre-sentations in terms of the SU(4)C ⊗ SU(2)L ⊗ SU(2)R group
45 ≡ (1, 1, 3)⊕ (15, 1, 1)⊕ . . .16 ≡ (4, 2, 1)⊕ (4, 1, 2) ,16 ≡ (4, 2, 1)⊕ (4, 1, 2) ,10 ≡ (6, 1, 1)⊕ (1, 2, 2) , (4.34)
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where ωR ≡ 〈(1, 1, 3)〉 and ωB−L ≡ 〈(15, 1, 1)〉. In the standard SO(10) case (see[209, 210] and [211] for a recent discussion) one assumes that the SU(2)L doubletsare contained in two vector multiplets (101 and 102). From the decompositions inEq. (4.34) it’s easy to see that the interaction 10145 102 (where the antisymmetry of45 requires the presence of two 10’s) leaves the SU(2)L doublets massless providedthat ωR = 0. For the naturalness of the setting other superpotential terms mustnot appear, as a direct mass term for one of the 10’s and the interaction term16 45 16. The latter aligns the SUSY vacuum in the SU(5) direction (ωR = ωB−L), thusdestabilizing the DW solution.On the other hand, the absence of the 16 45 16 interaction enlarges the globalsymmetries of the scalar potential with the consequent appearance of a set of lightpseudo-Goldstone bosons in the spectrum. To avoid that the adjoint and the spinorsector must be coupled in an indirect way by adding extra fields and symmetries(see for instance [209, 210, 211]).Our flipped SO(10) ⊗ U(1)X setting offers the rather economical possibility ofembedding the electroweak doublets directly into the spinors without the need of10H (see Sect. 4.6). As a matter of fact, there exists a variant of the DW mechanismwhere the SU(2)L doublets, contained in the 16H ⊕ 16H , are kept massless by thecondition ωB−L = 0 (see e.g. [212]). However, in order to satisfy in a natural waythe F -flatness for the configuration ωB−L = 0, again a contrived superpotential isrequired, when compared to that in Eq. (4.19). In conclusion, we cannot implementin our simple setup any of the natural mechanisms so far proposed and we have toresort to the standard minimal fine-tuning.
4.5 Minimal E6 embedding
The natural and minimal unified embedding of the flipped SO(10) ⊗ U(1) model is
E6 with one 78H and two pairs of 27H ⊕ 27H in the Higgs sector. The three matterfamilies are contained in three 27F chiral superfields. The decomposition of the 27and 78 representations under the SM quantum numbers is detailed in Tables 4.6 and4.7, according to the different hypercharge embeddings.In analogy with the flipped SO(10) discussion, we shall label the SM-singletscontained in the 27 as e ≡ (1, 1; 0)11 and ν ≡ (1, 1; 0)116 .As we are going to show, the little group of 〈78⊕ 271 ⊕ 272 ⊕ 271 ⊕ 272〉 is SUSY-
SU(5) in the renormalizable case. This is just a consequence of the larger E6 algebra.In order to obtain a SM vacuum, we need to resort to a non-renormalizable scenariothat allows for a disentanglement of the 〈78H〉 directions, and, consistently, for aflipped SO(10) ⊗ U(1) intermediate stage. We shall make the case for an E6 gaugesymmetry broken near the Planck scale, leaving an effective flipped SO(10) scenariodown to the 1016 GeV.
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SU(5) SU(5)f SO(10)f(3, 1; +13 )516 (3, 1;−23 )516 (3, 1; +13 )516(1, 2;−12 )516 (1, 2;−12 )516 (1, 2; +12 )516(3, 2; +16 )1016 (3, 2; +16 )1016 (3, 2; +16 )1016(3, 1;−23 )1016 (3, 1; +13 )1016 (3, 1; +13 )1016(1, 1; +1)1016 (1, 1; 0)1016 (1, 1; 0)1016(1, 1; 0)116 (1, 1; +1)116 (1, 1; 0)116(3, 1;−13 )510 (3, 1;−13 )510 (3, 1;−13 )510(1, 2; +12 )510 (1, 2;−12 )510 (1, 2;−12 )510(3, 1; +13 )510 (3, 1; +13 )510 (3, 1;−23 )510(1, 2;−12 )510 (1, 2; +12 )510 (1, 2;−12 )510(1, 1; 0)11 (1, 1; 0)11 (1, 1; +1)11Table 4.6: Decomposition of the fundamental representation 27 of E6 under SU(3)C⊗SU(2)L⊗U(1)Y ,according to the three SM-compatible different embeddings of the hypercharge (f stands for flipped).The numerical subscripts keep track of the SU(5) and SO(10) origin.
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SU(5) SU(5)f SO(10)f(1, 1; 0)11 (1, 1; 0)11 (1, 1; 0)11(1, 1; 0)145 (1, 1; 0)145 (1, 1; 0)145(8, 1; 0)2445 (8, 1; 0)2445 (8, 1; 0)2445(3, 2;−56 )2445 (3, 2; +16 )2445 (3, 2; +16 )2445(3, 2; +56 )2445 (3, 2;−16 )2445 (3, 2;−16 )2445(1, 3; 0)2445 (1, 3; 0)2445 (1, 3; 0)2445(1, 1; 0)2445 (1, 1; 0)2445 (1, 1; 0)2445(3, 2; +16 )1045 (3, 2;−56 )1045 (3, 2; +16 )1045(3, 1;−23 )1045 (3, 1;−23 )1045 (3, 1; +13 )1045(1, 1; +1)1045 (1, 1;−1)1045 (1, 1; 0)1045(3, 2;−16 )1045 (3, 2; +56 )1045 (3, 2;−16 )1045(3, 1; +23 )1045 (3, 1; +23 )1045 (3, 1;−13 )1045(1, 1;−1)1045 (1, 1; +1)1045 (1, 1; 0)1045(3, 1; +13 )516 (3, 1;−23 )516 (3, 1;−23 )516(1, 2;−12 )516 (1, 2;−12 )516 (1, 2;−12 )516(3, 2; +16 )1016 (3, 2; +16 )1016 (3, 2;−56 )1016(3, 1;−23 )1016 (3, 1; +13 )1016 (3, 1;−23 )1016(1, 1; +1)1016 (1, 1; 0)1016 (1, 1;−1)1016(1, 1; 0)116 (1, 1; +1)116 (1, 1;−1)116(3, 1;−13 )516 (3, 1; +23 )516 (3, 1; +23 )516(1, 2; +12 )516 (1, 2; +12 )516 (1, 2; +12 )516(3, 2;−16 )1016 (3, 2;−16 )1016 (3, 2; +56 )1016(3, 1; +23 )1016 (3, 1;−13 )1016 (3, 1; +23 )1016(1, 1;−1)1016 (1, 1; 0)1016 (1, 1; +1)1016(1, 1; 0)116 (1, 1;−1)116 (1, 1; +1)116Table 4.7: The same as in Table 4.6 for the 78 representation.
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4.5.1 Y and B − L into E6Interpreting the different possible definitions of the SM hypercharge in terms ofthe E6 maximal subalgebra SU(3)C ⊗ SU(3)L ⊗ SU(3)R, one finds that the three as-signments in Eqs. (4.13)–(4.15) are each orthogonal to the three possible ways ofembedding SU(2)I (with I = R,R′, E) into SU(3)R [205]. Working in the Gell-Mannbasis (cf. Appendix G.1) the SU(3)R Cartan generators read

T (3)
R = 12

(
T1′1′ − T2′2′

)
, (4.35)

T (8)
R = 12√3

(
T1′1′ + T2′2′ − 2T3′3′

)
, (4.36)

which defines the SU(2)R embedding. The SU(2)R′ and SU(2)E embeddings are ob-tained from Eqs. (4.35)–(4.36) by flipping respectively 2′ ↔ 3′ and 3′ ↔ 1′. Consid-ering the standard and flipped SO(10) embeddings of the hypercharge in Eq. (4.13)and Eq. (4.15), in the SU(3)3 notation they are respectively given by
Y = 1√3T (8)

L + T (3)
R + 1√3T (8)

R = 1√3T (8)
L − 2√3T (8)

E , (4.37)
and

Y = 1√3T (8)
L − 2√3T (8)

R = 1√3T (8)
L + T (3)

E + 1√3T (8)
E . (4.38)Analogously, the three SM-compatible assignments of B − L in Eqs. (4.16)–(4.18)are as well orthogonal to the three possible ways of embedding SU(2)I into SU(3)R.However, once we fix the embedding of the hypercharge we have only two consistentchoices for B − L available. They correspond to the pairs where Y and B − L arenot orthogonal to the same SU(2)I [205].For the standard hypercharge embedding, the B − L assignment in Eq. (4.16)reads

B − L = 2√3
(
T (8)
L + T (8)

R

) = 2√3T (8)
L − T

(3)
E − 1√3T (8)

E , (4.39)
while the B−L assignment in Eq. (4.18), consistent with the flipped SO(10) embeddingof the hypercharge, reads

B − L = 2√3T (8)
L − T

(3)
R − 1√3T (8)

R = 2√3
(
T (8)
L + T (8)

E

)
. (4.40)

4.5.2 The E6 vacuum manifoldThe most general renormalizable Higgs superpotential, made of the representations78⊕ 271 ⊕ 272 ⊕ 271 ⊕ 272, is given by
WH = µ2Tr 782 + ρij27i27j + τij27i7827j + αijk27i27j27k + βijk27i27j27k , (4.41)

where i, j = 1, 2. The couplings αijk and βijk are totally symmetric in ijk, so that eachone of them contains four complex parameters. Without loss of generality we can
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take µ real by a phase redefinition of the superpotential, while τ can be diagonalizedby a bi-unitary transformation acting on the indices of the 27 and the 27. We take,
τij = τiδij , with τi real. Notice that α and β are not relevant for the present study,since the corresponding invariants vanish on the SM orbit.In the standard hypercharge embedding of Eq. (4.37), the SM-preserving vacuumdirections are parametrized by
〈78〉 = a1T3′2′ +a2T2′3′ + a3√6(T1′1′ +T2′2′ −2T3′3′ )+ a4√2(T1′1′ −T2′2′ )+ b3√6(T11 +T22−2T33 ) , (4.42)

and
〈27i〉 = (ei)v33′ + (νi)v32′ , (4.43)〈27i〉 = (ei)u3′3 + (νi)u2′3 . (4.44)

where a1, a2, a3, a4, b3, e1,2, e1,2, ν1,2 and ν1,2 are 13 SM-singlet VEVs (see Appendix G.1for notation). Given the B−L expression in Eq. (4.39) and the fact that we can rewritethe Cartan part of 〈78〉 as
√2a4T (3)

R + 1√2 (a3 + b3)(T (8)
R + T (8)

L

)+ 1√2 (a3 − b3)(T (8)
R − T

(8)
L

)
, (4.45)

we readily identify the standard SO(10) VEVs used in the previous section with thepresent E6 notation as ωR ∝ a4, ωB−L ∝ a3+b3, while Ω ∝ a3−b3 is the SO(10)⊗U(1)Xsinglet VEV in E6 (TX ∝ T (8)
R − T

(8)
L ).We can also write the vacuum manifold in such a way that it is manifestly invariantunder the flipped SO(10) hypercharge in Eq. (4.38). This can be obtained by flipping1′ ↔ 3′ in Eqs. (4.42)–(4.44), yielding

〈78〉 = a1T1′2′ + a2T2′1′ +√2a′4T (3)
E + 1√2 (a′3 + b3)(T (8)

E + T (8)
L

)
+ 1√2 (a′3 − b3)(T (8)

E − T
(8)
L

)
, (4.46)

〈27i〉 = (ei)v31′ + (νi)v32′ , (4.47)〈27i〉 = (ei)u1′3 + (νi)u2′3 , (4.48)
where we recognize the B−L generator defined in Eq. (4.40). Notice that the Cartansubalgebra is actually invariant both under the standard and the flipped SO(10) formof Y . We have

a′3T (8)
E + a′4T (3)

E = a3T (8)
R + a4T (3)

R , (4.49)with
2a′3 = −a3 −√3a4 , (4.50)2a′4 = −√3a3 + a4 (4.51)
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thus making the use of a3,4 or a′3,4 directions in the flipped or standard vacuum man-ifold completely equivalent. We can now complete the identification of the notationused for E6 with that of the flipped SO(10) ⊗ U(1)X model studied in Sect. 4.4, by
ω± ∝ a1,2.From the E6 stand point, the analyses of the standard and flipped vacuum mani-folds given, respectively, in Eqs. (4.42)–(4.44) and Eqs. (4.46)–(4.48), lead, as expected,to the same results with the roles of standard and flipped hypercharge interchanged(see Appendix G). In order to determine the vacuum little group we may thereforeproceed with the explicit discussion of the standard setting.By writing the superpotential in Eq. (4.41) on the SM-preserving vacuum inEqs. (4.42)–(4.44), we find
〈WH〉 = µ

(
a1a2 + a232 + a242 + b232

) (4.52)
+ ρ11 (e1e1 + ν1ν1) + ρ21 (e2e1 + ν2ν1) + ρ12 (e1e2 + ν1ν2) + ρ22 (e2e2 + ν2ν2)
+ τ1

[
−a1e1ν1 − a2ν1e1 +√23a3

(
e1e1 − 12ν1ν1

)+ a4ν1ν1√2 −
√23b3 (e1e1 + ν1ν1)]

+ τ2
[
−a1e2ν2 − a2ν2e2 +√23a3

(
e2e2 − 12ν2ν2

)+ a4ν2ν2√2 −
√23b3(e2e2 + ν2ν2)] .

When applying the constraints coming from D- and F -term equations, a nontrivialvacuum exists if ρ and τ are hermitian, as in the flipped SO(10) case. This is aconsequence of the fact that D-flatness implies 〈27i〉 = 〈27i〉∗ (see Appendix G.2 fordetails).After imposing all the constraints due to D- and F -flatness, the E6 vacuum mani-fold can be finally written as
2µa1 = τ1r21 sin 2α1 ei(φν1−φe1 ) + τ2r22 sin 2α2 ei(φν2−φe2 ) ,2µa2 = τ1r21 sin 2α1 e−i(φν1−φe1 ) + τ2r22 sin 2α2 e−i(φν2−φe2 ) ,2√6µa3 = −τ1r21 (3 cos 2α1 + 1)− τ2r22 (3 cos 2α2 + 1) ,
√2µa4 = −τ1r21 sin2 α1 − τ2r22 sin2 α2 ,√3µb3 = √2τ1r21 +√2τ2r22 ,

e1,2 = r1,2 cosα1,2 eiφe1,2 ,
ν1,2 = r1,2 sinα1,2 eiφν1,2 ,
e1,2 = r1,2 cosα1,2 e−iφe1,2 ,
ν1,2 = r1,2 sinα1,2 e−iφν1,2 , (4.53)

where r1,2 and α± ≡ α1 ± α2 are fixed in terms of superpotential parameters, as
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follows

r21 = −µ(ρ22τ1 − 4ρ11τ2)5τ21τ2 , (4.54)
r22 = −µ(ρ11τ2 − 4ρ22τ1)5τ1τ22 , (4.55)
cosα− = ξ sin Φν − sin Φesin (Φν −Φe) , (4.56)
cosα+ = ξ sin Φν + sin Φesin (Φν −Φe) , (4.57)

with
ξ = 5|ρ12|√

−4ρ211τ2
τ1 − 4ρ222τ1

τ2 + 17ρ22ρ11
. (4.58)

The phase factors Φν and Φe are defined as
Φν ≡ φν1 − φν2 + φρ12 , Φe ≡ φe1 − φe2 + φρ12 . (4.59)

In Appendix G.3 we show that the little group of the the vacuum manifold inEq. (4.53) is SU(5).It is instructive to look at the configuration in which one pair of 27H , let us say272 ⊕ 272, is decoupled. This case can be obtained by setting τ2 = ρ12 = ρ22 = 0 inthe relevant equations. In agreement with Ref. [200], we find that α1 turns out tobe undetermined by the F -term constraints, thus parametrizing a set of isomorphicsolutions. We may therefore take in Eq. (4.53) α1 = α2 = 0 and show that the littlegroup corresponds in this case to SO(10) (see Appendix G.3), thus recovering theresult of Ref. [200].The same result is obtained in the case in which the vacua of the two copies of27H ⊕ 27H are aligned, i.e. α− = 0 and Φν = Φe . Analogously to the discussion inSect. 4.4.2, α+ is in this case undetermined and it can be set to zero, that leads usagain to the one 27H ⊕ 27H case, with SO(10) as the preserved algebra.These results are intuitively understood by considering that in case there is justone pair of 27H ⊕ 27H (or the vacua of the two pairs of 27i ⊕ 27i are aligned) theSM-singlet directions e and ν are connected by an SU(2)R transformation which canbe used to rotate one of the VEVs to zero, so that the little group is locked to an
SO(10) configuration. On the other hand, two misaligned 27H ⊕ 27H VEVs in the
e − ν plane lead (just by inspection of the VEV quantum numbers) to an SU(5) littlegroup.In analogy with the flipped SO(10) case, the Higgs adjoint plays the role of arenormalizable agent that prevents the two pairs of 〈27i ⊕ 27i〉 from aligning withineach other along the SO(10) vacuum. Actually, by decoupling the adjoint Higgs, F -flatness makes the (aligned) 27i ⊕ 27i vacuum trivial, as one verifies by inspectingthe F -terms in Eq. (G.18) of Appendix G.2 for 〈78H〉 = 0 and det ρ 6= 0.
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In conclusion, due to the larger E6 algebra, the vacuum little group remains

SU(5), never landing to the SM. In this respect we guess that the authors of Ref.[213], who advocate a 78H ⊕ 2× (27H ⊕ 27H) Higgs sector, implicitly refer to a non-renormalizable setting.
4.5.3 Breaking the residual SU(5) via effective interactionsIn this section we consider the possibility of breaking the residual SU(5) symmetryof the renormalizable E6 vacuum through the inclusion of effective adjoint Higgsinteractions near the Planck scale MP . We argue that an effective flipped SO(10)⊗
U(1)X ≡ SO(10)f may survive down to the Mf ≈ 1016 GeV scale, with thresholdsspread in between MP and Mf in such a way not to affect proton stability and leadto realistic neutrino masses.The relevant part of the non-renormalizable superpotential at the E6 scale ME <
MP can be written as

WNR
H = 1

MP

[
λ1 (Tr 782)2 + λ2Tr 784 + . . .

]
, (4.60)

where the ellipses stand for terms which include powers of the 27’s representationsand D ≥ 5 operators. Projecting Eq. (4.60) along the SM-singlet vacuum directionsin Eqs. (4.42)–(4.44) we obtain
〈
WNR

H
〉 = 1

MP

{
λ1 (2a1a2 + a23 + a24 + b23)2

+ λ2 [2a1a2 (a21a22 + a23 + a24 + 1√3a3a4)+ 12 (a23 + a24)2 + 12b43
]+ . . .

}
. (4.61)

One verifies that including the non-renormalizable contribution in the F -term equa-tions allows for a disentanglement of the 〈78〉 and 〈271 ⊕ 271 ⊕ 272 ⊕ 272〉 VEVs, sothat the breaking to the SM is achieved. In particular, the SUSY vacuum allowsfor an intermediate SO(10)f stage (that is prevented by the simple renormalizablevacuum manifold in Eq. (4.53)). By including Eq. (4.61) in the F -term equations, wecan consistently neglect all VEVs but the SO(10)⊗ U(1) singlet Ω, that reads
Ω2 = − µMP5λ1 + 12λ2 . (4.62)

It is therefore possible to envisage a scenario where the E6 symmetry is broken ata scale ME < MP leaving an effective flipped SO(10) ⊗ U(1)X scenario down to the1016 GeV, as discussed in Sect. 4.4. All remaining SM singlet VEVs are contained in45 ⊕ 161 ⊕ 161 ⊕ 162 ⊕ 162 that are the only Higgs multiplets required to survive atthe Mf �ME scale. It is clear that this is a plausibility argument and that a detailedstudy of the E6 vacuum and related thresholds is needed to ascertain the feasibilityof the scenario.
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The non-renormalizable breaking of E6 through an intermediate SO(10)f stagedriven by Ω � Mf , while allowing (as we shall discuss next) for a consistent uni-fication pattern, avoids the issues arising within a one-step breaking. As a matterof fact, the colored triplets responsible for D = 5 proton decay live naturally at theΩ2/MP > Mf scale, while the masses of the SM-singlet neutrino states which en-ter the "extended" type-I seesaw formula are governed by the 〈27〉 ∼ Mf (see thediscussion in Sect. 4.6).

4.5.4 A unified E6 scenarioLet us examine the plausibility of the two-step gauge unification scenario discussed inthe previous subsection. We consider here just a simplified description that neglectsthresholds effects. As a first quantitative estimate of the running effects on the
SO(10)f couplings let us introduce the quantity

∆(Mf ) ≡ α−1
X̂ (Mf )− α−110 (Mf )

α−1
E

= 1
α−1
E

bX̂ − b102π log ME

Mf
, (4.63)

where ME is the E6 unification scale and αE is the E6 gauge coupling. The U(1)Xcharge has been properly normalized to X̂ = X/
√24. The one-loop beta coefficientsfor the superfield content 45H ⊕ 2 × (16H ⊕ 16H) ⊕ 3 × (16F ⊕ 10F ⊕ 1F ) ⊕ 45G arefound to be b10 = 1 and bX̂ = 67/24.Taking, for the sake of an estimate, a typical MSSM value for the GUT coupling

α−1
E ≈ 25, for ME/Mf < 102 one finds ∆(Mf ) < 5%.In order to match the SO(10)f couplings with the measured SM couplings, weconsider as a typical setup the two-loop MSSM gauge running with a 1 TeV SUSYscale. The (one-loop) matching of the non abelian gauge couplings (in dimensionalreduction) at the scale Mf reads

α−110 (Mf ) = α−12 (Mf ) = α−13 (Mf ) , (4.64)
while for the properly normalized hypercharge Ŷ one obtains

α−1
Ŷ (Mf ) = (α̂2 + β̂2)α−110 (Mf ) + γ̂2α−1

X̂ (Mf ) . (4.65)
Here we have implemented the relation among the properly normalized U(1) gen-erators (see Eq. (4.15))

Ŷ = α̂Ŷ ′ + β̂Ẑ + γ̂X̂ , (4.66)
with {α̂, β̂, γ̂} = {−15 ,−15

√32 , 3√10}.The result of this simple exercise is depicted in Fig. 4.2. Barring detailed thresh-old effects, it is interesting to see that the qualitative behavior of the relevant gaugecouplings is, indeed, consistent with the basic picture of the flipped SO(10) ⊗ U(1)Xembedded into a genuine E6 GUT emerging below the Planck scale.
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Figure 4.2: Sample picture of the gauge coupling unification in the E6-embedded
SO(10)⊗ U(1)X model.
4.6 Towards a realistic flavor
The aim of this section is to provide an elementary discussion of the main featuresand of the possible issues arising in the Yukawa sector of the flipped SO(10)⊗U(1)Xmodel under consideration. In order to keep the discussion simple we shall considera basic Higgs contents with just one pair of 16H ⊕ 16H . As a complement of thetables given in Sect. 4.4, we summarize the SM-decomposition of the representationsrelevant to the Yukawa sector in Table 4.8.

SO(10) SO(10)f16F (Dc ⊕ L)5 ⊕ (Uc ⊕Q ⊕ Ec)10 ⊕ (Nc)1 (Dc ⊕Λc)5 ⊕ (∆c ⊕Q ⊕ S)10 ⊕ (Nc)110F (∆⊕Λc)5 ⊕ (∆c ⊕Λ)5 (∆⊕ L)5 ⊕ (Uc ⊕Λ)51F (S)1 (Ec)1
〈16H〉 (0⊕ 〈Hd〉)5 ⊕ (0⊕ 0⊕ 0)10 ⊕ (νH )1 (0⊕ 〈Hu〉)5 ⊕ (0⊕ 0⊕ sH )10 ⊕ (νH )1〈16H〉 (0⊕ 〈Hu〉)5 ⊕ (0⊕ 0⊕ 0)10 ⊕ (νH )1 (0⊕ 〈Hd〉)5 ⊕ (0⊕ 0⊕ sH )10 ⊕ (νH )1

Table 4.8: SM decomposition of SO(10) representations relevant for the Yukawa sector in thestandard and flipped hypercharge embedding. In the SO(10)f case B − L is assigned according toEq. (4.18). A self-explanatory SM notation is used, with the outer subscripts labeling the SU(5) origin.The SU(2)L doublets decompose as Q = (U, D), L = (N, E), Λ = (Λ0, Λ−) and Λc = (Λc+, Λc0).Accordingly, 〈Hu〉 = (0, vu) and 〈Hd〉 = (vd, 0). The D-flatness constraint on the SM-singlet VEVs, sHand νH , is taken into account.
For what follows, we refer to [214, 215, 216, 217] and references therein wherethe basic features of models with extended matter sector are discussed in the E6 andthe standard SO(10) context. For a scenario employing flipped SO(10) ⊗ U(1) (withan additional anomalous U(1)) see Ref. [199].
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4.6.1 Yukawa sector of the flipped SO(10) model

Considering for simplicity just one pair of spinor Higgs multiplets and imposing a
Z2 matter-parity (negative for matter and positive for Higgs superfields) the Yukawasuperpotential (up to d = 5 operators) reads

WY = YU16F10F16H + 1
MP

[
YE10F1F16H16H + YD16F16F16H16H] , (4.67)

where family indexes are understood. Notice (cf. Table 4.9) that due to the flippedembedding the up-quarks receive mass at the renormalizable level, while all theother fermion masses need Planck-suppressed effective contributions in order toachieve a realistic texture.
16F10F 〈16H 〉 10F1F 〈16H〉 〈16H〉 16F16F 〈16H〉 〈16H〉(1) 10F5F 〈5H〉 ⊃ (QUc + SΛ) 〈Hu〉 (2) 5F1F 〈5H 〉 〈1H〉 ⊃ ΛEc 〈Hd〉 νH (1) 1F1F 〈1H〉 〈1H〉 ⊃ NcNcν2

H(1) 1F5F 〈5H〉 ⊃ NcL 〈Hu〉 (2) 5F1F 〈10H〉 〈5H 〉 ⊃ LEc 〈Hd〉 sH (1) 10F10F 〈10H〉 〈10H〉 ⊃ SSs2
H(1) 5F5F 〈1H 〉 ⊃ (Dc∆ + ΛcL)νH (4) 10F1F 〈10H〉 〈1H〉 ⊃ SNcsHνH(1) 5F5F 〈10H 〉 ⊃ ΛcΛsH (1) 5F5F 〈5H 〉 〈5H 〉 ⊃ ΛcΛc 〈Hd〉 〈Hd〉(1) 10F5F 〈10H 〉 ⊃ ∆c∆sH (4) 10F5F 〈10H〉 〈5H 〉 ⊃ (ΛcS +QDc) 〈Hd〉 sH(2) 10F10F 〈5H 〉 〈1H〉 ⊃ Q∆c 〈Hd〉 νH(4) 5F1F 〈5H 〉 〈1H〉 ⊃ ΛcNc 〈Hd〉 νHTable 4.9: Decomposition of the invariants in Eq. (4.67) according to flipped SU(5) and SM.The number in the round brackets stands for the multiplicity of the invariant. The contractions510F11F 〈10H〉 〈10H〉 and 516F116F 〈10H〉 〈10H〉 yield no SM invariant.

Mass matrices

In order to avoid the recursive 1/MP factors we introduce the following notation forthe relevant VEVs (see Table 4.8): v̂d ≡ vd/MP , ν̂H ≡ νH/MP and ŝH ≡ sH/MP . The Mf -scale mass matrices for the matter fields sharing the same unbroken SU(3)C⊗U(1)Qquantum numbers can be extracted readily by inspecting the SM decomposition ofthe relevant 1 + 10 + 16 matter multiplets in the flipped SO(10) setting:
Mu = YUvu ,

Md = ( YDν̂Hvd YDŝHvd
YUsH YUνH

)
,

Me = ( YE ν̂Hvd YUsH
YE ŝHvd YUνH

)
, (4.68)
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Mν =


0 0 YUsH 0 YUvu0 0 YUνH YUvu 0
YUsH YUνH YDv̂dvd 2YDv̂dνH 2YDv̂dsH0 YUvu 2YDν̂Hvd YDν̂HνH 2YDν̂HsH
YUvu 0 2YDŝHvd 2YDŝHνH YDŝHsH

 , (4.69)
where, for convenience, we redefined YD Ï YD/2 and YE Ï YE/2. The basis (U)(Uc)is used for Mu, (D,∆)(∆c, Dc) for Md and (Λ−, E)(Ec,Λc+) for Me . The Majoranamass matrix Mν is written in the basis (Λ0, N,Λc0, Nc, S).
Effective mass matricesBelow the Mf ∼ sH ∼ νH scale, the exotic (vector) part of the matter spectrumdecouples and one is left with the three standard MSSM families. In what follows,we shall use the calligraphic symbolM for the 3× 3 effective MSSM fermion massmatrices in order to distinguish them from the mass matrices in Eqs. (4.68)–(4.69).

i) Up-type quarks: The effective up-quark mass matrix coincides with the massmatrix in Eq. (4.68)
Mu = YUvu . (4.70)

ii) Down-type quarks and charged leptons: The 6×6 mass matrices in Eqs. (4.68)–(4.68) can be brought into a convenient form by means of the transformations
Md ÏMdU†d ≡M ′

d , Me Ï U∗eMe ≡M ′
e , (4.71)

where Ud,e are 6× 6 unitary matrices such that M ′
d and M ′

e are block-triangular
M ′

d = O( v v0 Mf

)
, M ′

e = O( v 0
v Mf

)
. (4.72)

Here v denotes weak scale entries. This corresponds to the change of basis(
dc∆̃c

)
≡ Ud

( ∆c

Dc

)
,
(

eΛ̃−
)
≡ Ue

( Λ−
E

)
, (4.73)

in the right-handed (RH) down quark and left-handed (LH) charged lepton sectors,respectively. The upper components of the rotated vectors (dc and e) correspond tothe light MSSM degrees of freedom. Since the residual rotations acting on the LHdown quark and RH charged lepton components, that transform the M ′
d,e matricesinto fully block-diagonal forms, are extremely tiny (of O(v/Mf )), the 3× 3 upper-leftblocks (ULB) in Eq. (4.72) can be identified with the effective light down-type quarkand charged lepton mass matrices, i.e., Md ≡ (M ′

d)ULB and Me ≡ (M ′
e)ULB.It is instructive to work out the explicit form of the unitary matrices Ud and Ue .For the sake of simplicity, in what follows we shall stick to the single family case
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and assume the reality of all the relevant parameters. Dropping same order Yukawafactors as well, one writes Eqs. (4.68)–(4.68) as

Md = ( vν vs
sH νH

)
, Me = ( vν sH

vs νH

)
, (4.74)

and the matrices Ud and Ue are explicitly given by
Ud,e = ( cosα − sinαsinα cosα

)
. (4.75)

By applying Eq. (4.71) we get that M ′
d and M ′

e have the form in Eq. (4.72) providedthat tanα = sH/νH . In particular, with a specific choice of the global phase, we canwrite cosα = νH√
s2
H + ν2

H
, sinα = sH√

s2
H + ν2

H
, (4.76)

so that the mass eigenstates (up to O(v/Mf ) effects) are finally given by (see Eq. (4.73))(
dc∆̃c

) = 1√
s2
H + ν2

H

(
νH∆c − sHDc

sH∆c + νHDc

)
, (4.77)

and (
eΛ̃−
) = 1√

s2
H + ν2

H

(
νHΛ− − sHE
sHΛ− + νHE

)
, (4.78)

where the upper (SM) components have mass of O(vν,s) and the lower (exotic) onesof O(Mf ).
iii) Neutrinos: Working again in the same approximation, the lightest eigenvalueof Mν in Eq. (4.69) is given by

mν ∼
(ν2
H + s2

H )2 + 2s2
Hν2

H3s2
Hν2

H (s2
H + ν2

H ) MPv2
u . (4.79)

For sH ∼ νH ∼Mf ∼ 1016 GeV MP ∼ 1018 GeV and vu ∼ 102 GeV one obtains
mν ∼

v2
u

M2
f /MP

∼ 0.1 eV , (4.80)
which is within the ballpark of the current lower bounds on the light neutrino massesset by the oscillation experiments.It is also useful to examine the composition of the lightest neutrino eigenstate
ν. At the leading order, the light neutrino eigenvector obeys the equation Mνν = 0
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which, in the components ν = (x1, x2, x3, x4, x5), reads

sHx3 = 0 , (4.81)
νHx3 = 0 , (4.82)
sHx1 + νHx2 = 0 , (4.83)
ν̂HνHx4 + 2ν̂HsHx5 = 0 , (4.84)2ŝHνHx4 + ŝHsHx5 = 0 . (4.85)By inspection, Eqs. (4.84)–(4.85) are compatible only if x4 = x5 = 0, while Eqs. (4.81)–(4.82) imply x3 = 0. Thus, the non-vanishing components of the neutrino eigenvectorare just x1 and x2. From Eq. (4.83), up to a phase factor, we obtain

ν = νH√
ν2
H + s2

H
Λ0 + −sH√

ν2
H + s2

H
N . (4.86)

Notice that the lightest neutrino eigenstate ν and the lightest charged lepton show thesame admixtures of the corresponding electroweak doublet components. Actually,this can be easily understood by taking the limit vu = vd = 0 in which the preserved
SU(2)L gauge symmetry imposes the same Ue transformation on the (Λ0, N) com-ponents. Explicitly, given the form of Ue in Eq. (4.75), one obtains in the rotatedbasis

M ′
ν =



0 0 0 0 00 0 Mf 0 00 Mf 0 0 00 0 0 M2
f

MP
2M2

f
MP0 0 0 2M2

f
MP

M2
f

MP

 , (4.87)

where we have taken sH ∼ νH ∼ Mf . M ′
ν is defined on the basis (ν, Λ̃0,Λc0, Nc, S),where (

νΛ̃0
) = 1√2

( Λ0 −NΛ0 +N

)
. (4.88)

In conclusion, we see that the "light" eigenstate ν decouples from the heavy spectrum,
mνM1 ∼ −M2

f /MP νM1 ∼ 1√2 (Nc − S) , (4.89)
mνM2 ∼ 3 ·M2

f /MP νM2 ∼ 1√2 (Nc + S) , (4.90)
mνPD1 ∼ −Mf νPD1 ∼ 1√2 (Λ̃0 −Λc0) , (4.91)
mνPD2 ∼Mf νPD2 ∼ 1√2 (Λ̃0 + Λc0) , (4.92)where νM1 and νM2 are two Majorana neutrinos of intermediate mass, O(1014) GeV,while the states νPD1 and νPD2 form a pseudo-Dirac neutrino of mass of O(1016) GeV.Notice finally that the charged current WLν̄LeL coupling is unaffected (cf. Eq. (4.86)with Eq. (4.78)), contrary to the claim in Refs. [214] and [215], that are based on theunjustified assumption that the physical electron e is predominantly made of E .
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Outlook: the quest for the minimal
nonsupersymmetric SO(10) theory

In the previous chapters we argued that an Higgs sector based on 10H ⊕ 45H ⊕ 126Hhas all the ingredients to be the minimal nonsupersymmetric SO(10) theory. We aregoing to conclude this thesis by mentioning some preliminary results of ongoingwork and future developments.The first issue to be faced is the minimization of the scalar potential. Thoughthere exist detailed studies of the scalar spectrum of nonsupersymmetric SO(10)Higgs sectors based on 10H ⊕ 54H ⊕ 126H [218, 219], such a survey is missing in the10H⊕45H⊕126H case. The reason can be simply attributed the tree level no-go whichwas plaguing the class of models with just the adjoint governing the first stage of theGUT breaking [56, 57, 58, 59]. On the other hand the results obtained in Chapter 3show that the situation is drastically changed at the quantum level, making the studyof the 10H ⊕ 45H ⊕ 126H scalar potential worth of a detailed investigation.We have undertaken such a computation in the case of the 45H ⊕ 126H scalarpotential and some preliminary results are already available [73]. The first technicaltrouble in such a case has to do with the group-theoretical treatment of the 126H ,especially as far as concerns the 1264
H invariants. The presence of several invariantsin the scalar potential is reflected in the fact that there are many SM sub-multipletsinto the 45H ⊕ 126H reducible representation and each one of them feels the SO(10)breaking in a different way. Indeed the number of real parameters is 16 and appar-ently, if compared with the 9 of the 45H ⊕ 16H system (cf. e.g. Eqs. (3.4)–(3.5)), onewould think that predictivity is compromised. However, out of these 16 couplings,3 are fixed by the stationary equations, 3 contribute only to the mass of SM-singletstates and 3 do not contribute at all to the scalar masses. Thus we are left with 7real parameters governing the 22 scalar states that transform non-trivially underthe SM gauge group. After imposing the gauge hierarchy 〈45H〉 � 〈126H〉, requiredby gauge unification, the GUT-scale spectrum is controlled just by 4 real parame-ters while the intermediate-scale spectrum is controlled by the remaining 3. Noticealso that these couplings are not completely free since they must fulfill the vacuumconstraints, like e.g. the positivity of the scalar spectrum.The message to take home is that in spite of the complexity of the 45H ⊕ 126Hsystem one cannot move the scalar states at will. This can be considered a nicecounterexample to the criticism developed in [175] about the futility of high-precision
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SO(10) calculations.Actually the knowledge of the scalar spectrum is a crucial information in view ofthe (two-loop) study of gauge coupling unification. The analysis of the intermediatescales performed in Chapter 2 was based on the ESH [81]: at every stage of thesymmetry breaking only those scalars are present that develop a VEV at the currentor the subsequent levels of the spontaneous symmetry breaking, while all the otherstates are clustered at the GUT scale4. In this respect the two-loop values obtainedfor MB−L , MU and α−1

U in the case of the two phenomenologically allowed breakingchains were
• SO(10) MUÊÏ

〈45H 〉 3C2L2R1B−L MB−LÊÏ
〈126H 〉 SM

MB−L = 3.2× 109 GeV , MU = 1.6× 1016 GeV , α−1
U = 45.5 ,

• SO(10) MUÊÏ
〈45H 〉 4C2L1R MB−LÊÏ

〈126H 〉 SM
MB−L = 2.5× 1011 GeV , MU = 2.5× 1014 GeV , α−1

U = 44.1 .
Taken at face value both the scenarios are in trouble either because of a too small
MB−L (3C2L2R1B−L and 4C2L1R case) or a too small MU (4C2L1R case). Strictly speak-ing the lower bound on the B − L breaking scale depends from the details ofthe Yukawa sector, but it would be natural to require MB−L & 1013÷14 GeV. Onthe other hand the lower bound on the unification scale is sharper since it comesfrom the d = 6 gauge induced proton decay. This constraint yields something like
MU & 2.3× 1015 GeV.Thus in order to restore the agreement with the phenomenology one has to gobeyond the ESH and consider thresholds effects, i.e. states which are not exactlyclustered at the GUT scale and that can contribute to the running. Let us stress thatwhenever we pull down a state from the GUT scale the consistence with the vacuumconstraints must be checked and it is not obvious a priori that we can do it.For definiteness let us analyze the 3C2L2R1B−L case. A simple one-loop analyticalsurvey of the gauge running equations yields the following closed solutions for MB−Land MU

MB−L
MZ

= exp(2π ((α−12 − α−13 ) (25a3221
B−L + 35a3221

R
)+ (α−11 − α−12 )a3221

C + (α−13 − α−11 )a3221
L
)

∆
)
,

MU
MB−L

= exp(2π ((α−12 − α−13 )aSM
Y + (α−11 − α−12 )aSM

C + (α−13 − α−11 )aSM
L
)

−∆
)
, (4.93)

4With the spectrum at hand one can verify explicitly that this assumption is equivalent to the re-quirement of the minimal number of fine-tunings to be imposed onto the scalar potential, as advocatedin full generality by [82].
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with
∆ = (aSM

L − aSM
C
)(25a3221

B−L + 35a3221
R

)+ (aSM
Y − aSM

L
)
a3221
C + (aSM

C − aSM
Y
)
a3221
L , (4.94)

where α1,2,3 are the properly normalized gauge couplings at the MZ scale, while
aSM
C,L,Y and a3221

C,L,R,B−L are respectively the one-loop beta-functions for the SM and the3C2L2R1B−L gauge groups.The values of the gauge couplings are such that (α−12 − α−13 ) ∼ 21.1, (α−11 − α−12 ) ∼29.4, (α−13 − α−11 ) ∼ −50.5 and, assuming the field content of the ESH (cf. e.g. Ta-ble 2.2), we have ∆ < 0. Then as long as ∆ remains negative when lowering newstates below the GUT scale, the fact that the matter fields contribute positively to thebeta-functions leads us to conclude that MB−L is increased (reduced) by the statescharged under SU(2)L (SU(3)C or SU(2)R or U(1)B−L).Thus, in order maximize the raise of MB−L , we must select among the 3C2L2R1B−Lsub-multiplets of 45H ⊕ 126H those fields with a3221
L > a3221

C,R,B−L. The best candidateturns out to be the scalar multiplet (6, 3, 1,+13 ) ⊂ 126H . By pulling this color sextetdown to the scale MB−L , we get at one-loop
MB−L = 8.6× 1012 GeV , MU = 5.5× 1015 GeV , α−1

U = 41.3 ,
which is closer to a phenomenologically reasonable benchmark. In order for thecolor sextet to be lowered we have to impose a fine-tuning which goes beyond thatneeded for the gauge hierarchy. It is anyway remarkable that the vacuum dynamicsallows such a configuration. Another allowed threshold that helps in increasing
MB−L is given by the scalar triplet (1, 3, 0) which can be eventually pulled down tillto the TeV scale. A full treatment of the threshold patterns is still ongoing [73].What about the addition of a 10H in the scalar potential? Though it brings in manynew couplings it does not change the bulk of the 45H ⊕ 126H spectrum. The reasonis simply because the 10H can develop only electroweak VEVs which are negligiblewhen compared with the GUT (intermediate) scale one of the 45H (126H ). Thus weexpect that adding a 10H will not invalidate the conclusions about the vacuum of the45H ⊕ 126H scalar potential, including the threshold patterns. Of course that willcontribute to the mass matrices of the isospin doublets and color triplets which arecrucial for other issues like the doublet-triplet splitting and the scalar induced d = 6proton decay.The other aspect of the theory to be addressed is the Yukawa sector. Such aprogram has been put forward in Ref. [140]. The authors focus on renormalizablemodels with combinations of 126∗H and 10H (or 120H ) in the Yukawa sector. Theywork out, neglecting the first generation masses, some interesting analytic correla-tions between the neutrino and the charged fermion sectors.In a recent paper [220] the full three generation study of such settings has beennumerically addressed. The authors claim that the model with 120H ⊕ 126∗H cannotfit the fermions, while the setting with 10H and 126∗H yields an excellent fit in thecase of type-I seesaw dominance.
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A subtle feature, as pointed out in [140], is that the 10H must be complex. Thereason being that in the real case one predicts mt ∼ mb (at least when workingin the two heaviest generations limit and with real parameters). A complex 10Himplies then the presence of one additional Yukawa coupling. In turn this entailsa loss of predictivity in the Yukawa sector when compared to the supersymmetriccase. The proposed way out advocated by the authors of Ref. [140] was to consider aPQ symmmetry, relevant for dark matter and the strong CP problem, which forbidsthat extra Yukawa.Sticking to a pure SO(10) approach, some predictivity could be also recoveredworking with three Yukawas but requiring only one Higgs doublet in the effectivetheory, as a preliminary numerical study with three generations shows [150].The comparison between the 10H ⊕45H ⊕126H scenario and the next-to-minimalone with a 54H in place of a 45H is also worth a comment. At first sight the 54H seemsa good option as well in view of the two-loop values emerging from the unificationanalysis of Chapter 2: MB−L = 4.7 × 1013 GeV and MU = 1.2 × 1015 GeV. Howeverthe choice between the 54H and the 45H leads to crucially distinctive features.The first issue has to do with the nature of the light Higgs. In this respect the126∗H plays a fundamental role in the Yukawa sector where it provides the neces-sary breaking of the down-quark/charged-lepton mass degeneracy (cf. Eqs. (1.181)–(1.182)). For this to work one needs a reasonably large admixture between thebi-doublets (1, 2, 2) ⊂ 10H and (15, 2, 2) ⊂ 126∗H . In the model with the 45H thismixing is guaranteed by the interaction 10H126∗H45H45H , but there is not such asimilar invariant in the case of the 54H . Though there always exists a mixing termof the type 10H126∗H126H126H , this yields a suppressed mixing due to the unificationconstraint 〈45H〉 � 〈126H〉.The other peculiar difference between the models with 45H and 54H has to do withthe interplay between type-I and type-II seesaw. As already observed in Sect. 1.5.3one expects that in theories in which the breaking of the D-parity is decoupled fromthat of SU(2)R the type-II seesaw is naturally suppressed by a factor (MB−L/MU )2with respect to the type-I. Whilst the 45H leads to this last class of models, the54H preserves the D-parity which is subsequently broken by the 126H together with

SU(2)R. The dominance of type-I seesaw in the case of the 45H has a double role:it makes the Yukawa sector more predictive and it does not lead to b-τ unification,which is badly violated without supersymmetry.So where do we stand at the moment? In order to say something sensible one hasto test the consistency of the 10H⊕45H⊕126H vacuum against gauge unification andthe SM fermion spectrum. If the vacuum turned out to be compatible with the phe-nomenological requirements it would be then very important to perform an accurateestimate of the proton decay braching ratios. As a matter of fact nonsupersymmetricGUTs offer the possibility of making definite predictions for proton decay, especiallyin the presence of symmetric Yukawa matrices, as in the 10H ⊕ 45H ⊕ 126H case,where the main theoretical uncertainty lies in the mass of the leptoquark vectorbosons, subject to gauge unification constraints (see e.g. Eq. (1.232)).
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Though the path is still long we hope to have contributed to a little step towardsthe quest for the minimal SO(10) theory.
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Appendix A

One- and Two-loop beta coefficients

In this appendix we report the one- and two-loop β-coefficients used in the numericalanalysis of Chapter 2. The calculation of the U(1) mixing coefficients and of theYukawa contributions to the gauge coupling renormalization is detailed in Apps. A.1and A.2 respectively.
SM (MZ ÏM1)Chain ai bij

All (−7,− 196 , 4110 )
 −26 92 111012 356 910445 2710 19950



Table A.1: The ai and bij coefficients are given for the 3C2L1Y (SM) gauge running. The scalarsector includes one Higgs doublet.
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G1 (M1 ÏM2)Chain ai bij Chain ai bij

Ia (−7,−3,− 73 , 112 )

−26 92 92 1212 8 3 3212 3 803 2724 92 812 612

 Ib (−7,−3,− 176 , 174 )

−26 92 92 1212 8 3 3212 3 616 944 92 274 378



IIa (−7,− 73 ,− 73 , 7)

−26 92 92 1212 803 3 27212 3 803 2724 812 812 1152

 IIb (−7,− 176 ,− 176 , 92 )

−26 92 92 1212 616 3 9412 3 616 944 274 274 234



IIIa (−7,−3,− 73 , 112 )

−26 92 92 1212 8 3 3212 3 803 2724 92 812 612

 IIIb (−7,−3,− 176 , 174 )

−26 92 92 1212 8 3 3212 3 616 944 92 274 378



IVa (−7,−3,− 73 , 112 )

−26 92 92 1212 8 3 3212 3 803 2724 92 812 612

 IVb (−7,−3,− 176 , 174 )

−26 92 92 1212 8 3 3212 3 616 944 92 274 378



Va (− 293 ,− 196 , 152 )
 − 1016 92 272452 356 124052 32 872

 Vb (− 212 ,− 196 , 92 )
 − 2954 92 2452 356 1230 32 92



VIa (− 293 ,− 196 , 152 )
 − 1016 92 272452 356 124052 32 872

 VIb (− 212 ,− 196 , 92 )
 − 2954 92 2452 356 1230 32 92



VIIa (− 233 ,−3, 113 )
 6436 92 1532452 8 37652 3 5843

 VIIb (− 313 ,−3,− 73 )
 − 2063 92 152452 8 3752 3 503



Table A.2: The ai and bij coefficients due to gauge interactions are reported for the G1 chains Ito VII with 126H (left) and 16H (right) respectively. The two-loop contributions induced by Yukawacouplings are given in Appendix A.2
G1 (M1 ÏM2)Chain ai bij Chain ai bij

VIIIa...XIIa (−7,− 196 , 92 , 92 )

−26 92 32 1212 356 12 3212 32 152 1524 92 152 252


VIIIb...XIIb (−7,− 196 , 174 , 338 )


−26 92 32 1212 356 12 3212 32 154 1584 92 158 6516



Table A.3: The ai and bij coefficients due to purely gauge interactions for the G1 chains VIIIto XII are reported. For comparison with previous studies the β-coefficients are given neglectingsystematically one- and two-loops U(1) mixing effects (while all diagonal U(1) contributions to abelianand non-abelian gauge coupling renormalization are included). The complete (and correct) treatmentof U(1) mixing is detailed in Appendix A.1.
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G2 (M2 Ï MU )Chain aj bij Chain aj bij

Ia (−7,−3, 113 )
 2892 92 1532452 8 37652 3 5843

 Ib (− 293 ,−3,− 73 )
 − 943 92 152452 8 3752 3 503



IIa (−4, 113 , 113 )
 6612 1532 15327652 5843 37652 3 5843

 IIb (− 283 ,− 73 ,− 73 )
 − 1276 152 152752 503 3752 3 503



IIIa (−4, 113 , 113 )
 6612 1532 15327652 5843 37652 3 5843

 IIIb (− 283 ,− 73 ,− 73 )
 − 1276 152 152752 503 3752 3 503



IVa (−7,− 73 ,− 73 , 7)

−26 92 92 1212 803 3 27212 3 803 2724 812 812 1152

 IVb (−7,− 176 ,− 176 , 92 )

−26 92 92 1212 616 3 9412 3 616 944 274 274 234



Va (− 233 ,−3, 4)
 6436 92 1532452 8 37652 3 204

 Vb (− 313 ,−3,−2)
 − 2063 92 152452 8 3752 3 26



VIa (− 143 , 4, 4)
 17596 1532 15327652 204 37652 3 204

 VIb (−10,−2,−2)
 − 1172 152 152752 26 3752 3 26



VIIa (− 143 , 113 , 113 )
 17596 1532 15327652 5843 37652 3 5843

 VIIb (−10,− 73 ,− 73 )
 − 1172 152 152752 503 3752 3 503



VIIIa (−7,−3,−2, 112 )

−26 92 92 1212 8 3 3212 3 36 2724 92 812 612

 VIIIb (−7,−3,− 52 , 174 )

−26 92 92 1212 8 3 3212 3 392 944 92 274 378



IXa (−7,−2,−2, 7)

−26 92 92 1212 36 3 27212 3 36 2724 812 812 1152

 IXb (−7,− 52 ,− 52 , 92 )

−26 92 92 1212 392 3 9412 3 392 944 274 274 234



Xa (− 173 ,−3, 263 )
 13156 92 2492452 8 312452 3 10043

 Xb (− 253 ,−3, 83 )
 1303 92 1112452 8 35552 3 4703



XIa (− 23 , 263 , 263 )
 31036 2492 249212452 10043 312452 3 10043

 XIb (−6, 83 , 83 )
 3312 1112 11125552 4703 35552 3 4703



XIIa (−9,− 196 , 152 )
 412 92 272452 356 124052 32 872

 XIIb (− 596 ,− 196 , 92 )
 − 43712 92 2452 356 1230 32 92



Table A.4: The ai and bij coefficients due to pure gauge interactions are reported for the G2 chainswith 126H (left) and 16H (right) respectively. The two-loop contributions induced by Yukawa couplingsare given in Appendix A.2
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Chain b̃ij Eq. in Ref. [99]
All/SM

 199205 − 8195 − 4435941 − 3519 − 1271141 − 2719 267

 A7

VIIIa/G1


259 53 − 2719 − 4753 53 − 919 − 12713 19 − 3519 − 12719 13 − 2719 267

 A10

VIIIa/G2


6111 − 32 − 814 − 47311 − 83 − 32 − 1272711 −1 −18 − 127111 − 32 − 94 267

 A13

Ia/G2
 − 83 911 − 4514
−1 58411 − 76514
− 32 45922 − 28914

 A14

Va/G1
 − 3519 115 − 13558
− 919 295 − 121558
− 2719 95 10158

 A15

XIIa/G2
 − 3519 115 − 52
− 919 295 − 452
− 2719 95 − 4118

 A18

Table A.5: The rescaled two-loop β-coefficients b̃ij computed in this work are shown together withthe corresponding equations in Ref. [99]. For the purpose of comparison Yukawa contributions areneglected and no U(1) mixing is included in chain VIIIa/G1. Care must be taken of the differentordering between abelian and non-abelian gauge group factors in Ref. [99]. We report those caseswhere disagreement is found in some of the entries, while we fully agree with the Eqs. A9, A11 andA16.
φ126 ai bij

(15, 2, 2) ( 163 , 5, 5)
 8963 48 48240 65 45240 45 65



(15, 2,+ 12 ) ( 83 , 52 , 52 )
 4483 24 8120 652 152120 452 152



Table A.6: One- and two-loop additional contributions to the β-coefficients related to the presenceof the φ126 scalar multiplets in the 4C2L2R (top) and 4C2L1R (bottom) stages.
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A.1 Beta-functions with U(1) mixing

The basic building blocks of the one- and two-loop β-functions for the abelian cou-plings with U(1) mixing, cf. Eqs. (2.13)–(2.14), can be conveniently written as
gkagkb = gsaΓ(1)

srgrb (A.1)
and

gkagkbg2
kc = gsaΓ(2)

srgrb , (A.2)
where Γ(1) and Γ(2) are functions of the abelian charges Qa

k and, at two loops, also ofthe gauge couplings. In the case of interest, i.e. for two abelian charges U(1)A and
U(1)B , one obtains

Γ(1)
AA = (QA

k )2 ,
Γ(1)
AB = Γ(1)

BA = QA
kQB

k , (A.3)
Γ(1)
BB = (QB

k )2 ,
and
Γ(2)
AA = (QA

k )4(g2
AA + g2

AB) + 2(QA
k )3QB

k (gAAgBA + gABgBB) + (QA
k )2(QB

k )2(g2
BA + g2

BB) ,
Γ(2)
AB = Γ(2)

BA = (QA
k )3QB

k (g2
AA + g2

AB) + 2(QA
k )2(QB

k )2(gAAgBA + gABgBB) +QA
k (QB

k )3(g2
BA + g2

BB) ,
Γ(2)
BB = (QA

k )2(QB
k )2(g2

AA + g2
AB) + 2QA

k (QB
k )3(gAAgBA + gABgBB) + (QB

k )4(g2
BA + g2

BB) . (A.4)
All other contributions in Eq. (2.13) and Eq. (2.14) can be easily obtained fromEqs. (A.3)–(A.4) by including the appropriate group factors. It is worth mentioningthat for complete SO(10) multiplets, (QA

k )n(QB
k )m = 0 for n and m odd (with n+m = 2at one-loop and n +m = 4 at two-loop level).By evaluating Eqs. (A.3)–(A.4) for the particle content relevant to the 3C2L1R1B−Lstages in chains VIII-XII, and by substituting into Eqs. (2.13)–(2.14), one finally obtains
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• Chains VIII-XII with 126H in the Higgs sector:

γC = −7 + 1(4π)2
[32(g2

R,R + g2
R,B−L) + 12(g2

B−L,R + g2
B−L,B−L) + 92g2

L − 26g2
C

]
, (A.5)

γL = −196 + 1(4π)2
[12(g2

R,R + g2
R,B−L) + 32(g2

B−L,R + g2
B−L,B−L) + 356 g2

L + 12g2
C

]
,

γR,R = 92 + 1(4π)2
[152 (g2

R,R + g2
R,B−L)− 4√6(gR,RgB−L,R + gR,B−LgB−L,B−L)

+ 152 (g2
B−L,R + g2

B−L,B−L) + 32g2
L + 12g2

C

]
,

γR,B−L = γB−L,R = − 1√6 + 1(4π)2 [−2√6(g2
R,R + g2

R,B−L)
+ 15(gR,RgB−L,R + gR,B−LgB−L,B−L)− 3√6(g2

B−L,R + g2
B−L,B−L)] ,

γB−L,B−L = 92 + 1(4π)2
[152 (g2

R,R + g2
R,B−L)− 6√6(gR,RgB−L,R + gR,B−LgB−L,B−L)

+ 252 (g2
B−L,R + g2

B−L,B−L) + 92g2
L + 4g2

C

] ;
• Chains VIII-XII with 16H in the Higgs sector:

γC = −7 + 1(4π)2
[32(g2

R,R + g2
R,B−L) + 12(g2

B−L,R + g2
B−L,B−L) + 92g2

L − 26g2
C

] (A.6)
γL = −196 + 1(4π)2

[12(g2
R,R + g2

R,B−L) + 32(g2
B−L,R + g2

B−L,B−L) + 356 g2
L + 12g2

C

]
,

γR,R = 174 + 1(4π)2
[154 (g2

R,R + g2
R,B−L)− 12

√32(gR,RgB−L,R + gR,B−LgB−L,B−L)
+ 158 (g2

B−L,R + g2
B−L,B−L) + 32g2

L + 12g2
C

]
,

γR,B−L = γB−L,R = − 14√6 + 1(4π)2
[
−14
√32(g2

R,R + g2
R,B−L)

+ 154 (gRRgB−L,R + gR,B−LgB−L,B−L)− 38
√32(g2

B−L,R + g2
B−L,B−L)] ,

γB−L,B−L = 338 + 1(4π)2
[158 (g2

R,R + g2
R,B−L)− 34

√32(gRRgB−L,R + gR,B−LgB−L,B−L)
+ 6516(g2

B−L,R + g2
B−L,B−L) + 92g2

L + 4g2
C

]
.
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By setting γB−L,R = γR,B−L = 0 and gB−L,R = gR,B−L = 0 in Eqs. (A.5)–(A.6) one ob-tains the one- and two-loop β-coefficients in the diagonal approximation, as reportedin Table A.3. The latter are used in Figs. 2.1–2.2 for the only purpose of exhibitingthe effect of the abelian mixing in the gauge coupling renormalization.

A.2 Yukawa contributions
The Yukawa couplings enter the gauge β-functions first at the two-loop level, cf. Eq. (2.2)and Eq. (2.13). Since the notation adopted in Eqs. (2.5)–(2.6) is rather concise we shalldetail the structure of Eq. (2.5), paying particular attention to the calculation of the
ypk coefficients in Eq. (2.19).The trace on the RHS of Eq. (2.5) is taken over all indices of the fields enteringthe Yukawa interaction in Eq. (2.6). Considering for instance the up-quark Yukawasector of the SM the term QLYUURh̃+h.c. (with h̃ = iσ2h∗) can be explicitly writtenas

Yab
U εklδ3ijQa

LikU
bj
R h∗l + h.c. , (A.7)where {a, b}, {i, j} and {k, l} label flavour, SU(3)C and SU(2)L indices respectively,while δn denotes the n-dimensional Kronecker δ symbol. Thus, the Yukawa couplingentering Eq. (2.5) is a 6-dimensional object with the index structure Yab

U εklδ3ij . Thecontribution of Eq. (A.7) to the three ypU coefficients (conveniently separated intotwo terms corresponding to the fermionic representations QL and UR) can then bewritten as
ypU = 1

d(Gp) [C(p)2 (QL) + C(p)2 (UR)] ∑
ab,ij,kl

Yab
U εklδ3ijYab∗

U εklδ3ji (A.8)
The sum can be factorized into the flavour space part ∑ab Yab∗

U Yab
U = Tr[YUY †U ]times the trace over the gauge contractions Tr[∆∆†] where ∆ ≡ εklδ3ij . For the SMgauge group (with the properly normalized hypercharge) one then obtains y1U = 1710 ,

y2U = 32 and y3U = 2, that coincide with the values given in the first column of thematrix (B.5) in Refs. [181, 182, 183].All of the ypk coefficients as well as the structures of the relevant ∆-tensors arereported in Table A.7.
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Gp ypk k Gauge structure Higgs rep. Tensor ∆ Tr[∆∆†]
3C2L1Y

 2 2 032 32 121710 12 32

 UDE
QLkjU i

Rh̃l
QLkjDi

Rhl

LLkEiRhl
hl : (+ 12 , 2, 1) εklδ3 ji

δ2kl δ3 ji
δ2kl

662
3C2L1R,R1R,B−L1B−L,R1B−L,B−L



2 2 0 032 32 12 1232 32 12 1212
√ 32 − 12

√ 32 − 12
√ 32 12

√ 3212
√ 32 − 12

√ 32 − 12
√ 32 12

√ 3212 12 32 32


UDNE

QLkjU i
Rh̃l

QLkjDi
Rhl

LLkNRh̃l
LLkERhl

hl : (2,+ 12 , 0, 1)
εklδ3 ji
δ2kl δ3 ji
εkl

δ2kl

6622
3C2L2R1B−L


4 03 13 11 3

 QL Qik
L Qcm

Lj φln

LkLLcmL φln
φln : (2, 2, 0, 1) εklεmnδ3 ji

εklεmn

124
4C2L1R

 2 22 22 2
 FUFD FLkjFUiR h̃l

FLkjFDiR hl
hl : (2,+ 12 , 1) εklδ4 ji

δ2kl δ4 ji
88

4C2L2R
 444

 F F ikL FcmLj φln φln : (2, 2, 1) εklεmnδ4 ji 16

4C2L1R
 154 154154 154154 154

 FUFD FLkjFUiR H̃a
l

FLkjFDiR H la H la : (2,+ 12 , 15) εkl(Ta)ji
δkl (Ta)ji 1515

4C2L2R
 152152152

 F F ikL FcmLj Φlna Φlna : (2, 2, 15) εklεmn(Ta)ji 30

Table A.7: The two-loop Yukawa contributions to the gauge sector β-functions in Eq. (2.19) aredetailed. The index p in ypk labels the gauge groups while k refers to flavour. In addition to theHiggs bi-doublet from the 10-dimensional representation (whose components are denoted accordingto the relevant gauge symmetry by h and φ) extra bi-doublet components in 126H (denoted by Hand Φ) survives from unification down to the Pati-Salam breaking scale as required by a realistic SMfermionic spectrum. The Ta factors are the generators of SU(4)C in the standard normalization. As aconsequence of minimal fine tuning, only one linear combination of 10H and 126H doublets survivesbelow the SU(4)C scale. The U(1)R,B−L mixing in the case 3C2L1R1B−L is explicitly displayed.



Appendix B

SO(10) algebra representations

We briefly collect here the conventions for the SO(10) algebra representationsadopted in Chapter 3.
B.1 Tensorial representations
The hermitian and antisymmetric generators of the fundamental representation of
SO(10) are given by (εij)ab = −i(δa[iδbj]) , (B.1)
where a, b, i, j = 1, .., 10 and the square bracket stands for anti-symmetrization. Theysatisfy the SO(10) commutation relations[

εij , εkl
] = −i(δjkεil − δikεjl − δjlεik + δilεjk) , (B.2)

with normalization Tr εijεkl = 2 δi[kδjl] . (B.3)The fundamental (vector) representation φa (a = 1, ..., 10) transforms as
φa Ï φa −

i2λij(εijφ)a , (B.4)
where λij are the infinitesimal parameters of the transformation.The adjoint representation is then obtained as the antisymmetric part of the 2-index 10a ⊗ 10b tensor φab (a, b = 1, .., 10) and transforms as

φab Ï φab −
i2λij [εij , φ]ab . (B.5)

Notice that [εij , φ]T = − [εij , φ] and [εij , φ]† = [εij , φ].
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B.2 Spinorial representations
Following the notation of Ref. [59], the SO(10) generators Sij (i, j = 0, .., 9) acting onthe 32-dimensional spinor Ξ are defined as

Sij = 14i [Γi,Γj
]
, (B.6)

where the Γi ’s satisfy the Clifford algebra
{Γi,Γj} = 2δij . (B.7)

An explicit representation given by [221]
Γ0 = ( 0 I16

I16 0
)
, Γp = ( 0 isp

−isp 0
)
, p = 1, ..., 9 , (B.8)

where the sp matrices are defined as (k = 1, .., 3)
sk = ηkρ3 , sk+3 = σkρ1 , sk+6 = τkρ2 . (B.9)

The matrices σk, τk, ηk and ρk, are given by the following tensor products of 2 × 2matrices
σk = I2 ⊗ I2 ⊗ I2 ⊗ Σk ,
τk = I2 ⊗ I2 ⊗ Σk ⊗ I2 , (B.10)
ηk = I2 ⊗ Σk ⊗ I2 ⊗ I2 ,
ρk = Σk ⊗ I2 ⊗ I2 ⊗ I2 ,

where Σk stand for the ordinary Pauli matrices. Defining
spq = 12i [sp, sq] (B.11)

for p, q = 1, .., 9, the algebra (B.6) is represented by
Sp0 = 12

(
sp 00 −sp

)
, Spq = 12

(
spq 00 spq

)
. (B.12)

The Cartan subalgebra is spanned over S03, S12, S45, S78 and S69. One can construct achiral projector Γχ , that splits the 32-dimensional spinor Ξ into a pair of irreducible16-dimensional components:
Γχ = 2−5S03S12S45S78S69 = ( −I16 00 I16

)
. (B.13)
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It is readily verified that Γχ has the following properties: Γ2

χ = I32, {Γχ,Γi} = 0 andhence [Γχ, Sij
] = 0. Introducing the chiral projectors P± = 12 (I32∓Γχ), the irreduciblechiral spinors are defined as

χ+ = P+Ξ ≡ ( χ0
)
, χ− = P−Ξ ≡ ( 0

χc

)
, (B.14)

where χc ≡ Cχ∗ and C is the SO(10) charge conjugation matrix (see next subsection).Analogously, we can use the chiral projectors to write Sij as
Sij = P+SijP+ + P−SijP− ≡

12
(
σij 00 σ̃ij

)
, (B.15)

where the properties [P±, Sij] = 0, P2
± = P± and P+ + P− = I32 were used.Finally, matching Eq. (B.15) with Eq. (B.12), one identifies the hermitian generators

σij/2 and σ̃ij/2 acting on the χ and χc spinors, respectively, as
σp0 = sp , σpq = spq , σ̃p0 = −sp , σ̃pq = spq , (B.16)

with normalization 14Tr σijσkl = 14Tr σ̃ij σ̃kl = 4 δi[kδjl] . (B.17)It is convenient to trace out the σ -matrices in the invariants built off the adjointrepresentation in the natural basis Φ ≡ σijφij/4. From the traces of two and four
σ -matrices one obtains

Tr Φ2 = −2Trφ2 , (B.18)
Tr Φ4 = 34 (Trφ2)2 − Trφ4 . (B.19)

In order to maintain a consistent notation, from now on we shall label the in-dices of the spinorial generators from 1 to 10, and use the following mappingfrom the basis of Ref. [59] into the basis of Ref. [51] for both vectors and tensors:
{0312457869} Ï {12345678910}.
B.3 The charge conjugation C
According to the notation of the previous subsection, the spinor χ and its complexconjugate χ∗ transform as

χ Ï χ − i4λijσijχ , χ∗ Ï χ∗ + i4λijσTij χ∗ . (B.20)
The charge conjugated spinor χc ≡ Cχ∗ obeys

χc Ï χc − i4λij σ̃ijχc , (B.21)
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and thus C satisfies

C−1σ̃ijC = −σTij . (B.22)Taking into account Eq. (B.10), a formal solution reads
C = σ2τ2η2ρ2 , (B.23)

which in our basis yields
C = antidiag(+1,−1,−1,+1,−1,+1,+1,−1,

− 1,+1,+1,−1,+1,−1,−1,+1), (B.24)
and hence C = C∗ = C−1 = CT = C†.
B.4 The Cartan generators
It is convenient to write the five SO(10) Cartan generators in the 3C2L2R1B−L basis,where the generator TB−L is (B − L)/2. For the spinorial representation we have

T3
R = 14 (σ12 + σ34) , T̃3

R = 14 (−σ12 + σ34) ,
T3
L = 14 (σ34 − σ12) , T̃3

L = 14 (σ34 + σ12) ,
T3
c = T̃3

c = 14 (σ56 − σ78) ,
T8
c = T̃8

c = 14√3 (σ56 + σ78 − 2σ910) ,
TB−L = T̃B−L = −23 (σ56 + σ78 + σ910) . (B.25)

While the T ’s act on χ , the T̃ ’s (characterized by a sign flip in σ1i) act on χc . Thenormalization of the Cartan generators is chosen according to the usual SM conven-tion. A GUT-consistent normalization across all generators is obtained by rescaling
TB−L (and T̃B−L) by √3/2.In order to obtain the physical generators acting on the fundamental represen-tation it is enough to replace σij/2 in Eq. (B.25) by εij .With this information at hand, one can identify the spinor components of χ and
χc

χ = (ν, u1, u2, u3, l, d1, d2, d3,−dc3, dc2, dc1,−lc, uc3,−uc2,−uc1, νc) , (B.26)and
χc = (νc, uc1, uc2, uc3, lc, dc1, dc2, dc3,−d3, d2, d1,−l, u3,−u2,−u1, ν)∗ , (B.27)

where a self-explanatory SM notation has been naturally extended into the scalarsector. In particular, the relative signs in Eqs. (B.26)–(B.27) arise from the chargeconjugation of the SO(6) ∼ SU(4)C and SO(4) ∼ SU(2)L ⊗ SU(2)R components of χand χc .
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The standard and flipped embeddings of SU(5) commute with two different Car-tan generators, Z and Z ′ respectively:

Z = −4T (3)
R + 6TX , Z ′ = 4T (3)

R + 6TX . (B.28)
Given the relation Tr (T3

R)2 = 32TrT2
B−L one obtains

Tr (YZ) = 0 , Tr (YZ ′) 6= 0 , (B.29)
where Y = T3

R + TB−L is the weak hypercharge generator.As a consequence, the standard SU(5) contains the SM group, while SU(5)′ has asubgroup SU(3)C ⊗ SU(2)L ⊗ U(1)Y ′ , with
Y ′ = −T3

R + TX . (B.30)
In terms of Z ′ and of Y ′ the weak hypercharge reads

Y = 15 (Z ′ − Y ′) . (B.31)
Using the explicit form of the Cartan generators in the vector representation onefinds

Z ′ ∝ diag(−1,−1,+1,+1,+1)⊗ Σ2 , (B.32)
Z ∝ diag(+1,+1,+1,+1,+1)⊗ Σ2 . (B.33)

The vacuum configurations ωR = −ωB−L and ωR = ωB−L in Eq. (3.7) are alignedwith the Z ′ and the Z generator respectively, thus preserving SU(5)′ ⊗ U(1)Z ′ and
SU(5)⊗ U(1)Z , respectively.
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Appendix C

Vacuum stability

The boundedness of the scalar potential is needed in order to ensure the globalstability of the vacuum. The requirement that the potential is bounded from belowsets non trivial constraints on the quartic interactions. We do not provide a fullygeneral analysis for the whole field space, but limit ourselves to the constraintsobtained for the given vacuum directions.
• (ωR, ωB−L , χR) 6= 0From the quartic part of the scalar potential V (4)0 one obtains

4a1(2ω2
R+3ω2

B−L)2 + a24 (8ω4
R+21ω4

B−L+36ω2
Rω2

B−L)+ λ14 χ4
R+4αχ2

R(2ω2
R+3ω2

B−L)
+ β4χ2

R(2ωR + 3ωB−L)2 − τ2χ2
R(2ωR + 3ωB−L) > 0 (C.1)

Notice that the λ2 term vanishes along the 16H vacuum direction.
• ωR = ωB−L = 0, χR 6= 0Along this direction the quartic potential V (4)0 reads

V (4)0 = 14λ1χ4
R , (C.2)which implies

λ1 > 0 . (C.3)From now on, we focus on the χR = 0 case, cf. Sect. 3.3.6.
• ω = ωR = −ωB−L , χR = 0On this orbit the quartic part of the scalar potential reads

V (4)0 = 54ω4(80a1 + 13a2) . (C.4)Taking into account that the scalar mass spectrum implies a2 < 0, we obtain
a1 > −1380a2 . (C.5)
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• ωR = 0, ωB−L 6= 0, χR = 0At the tree level this VEV configuration does not correspond to a minimum ofthe potential. It is nevertheless useful to inspect the stability conditions alongthis direction. Since

V (4)0 = 34 (48a1 + 7a2)ω4
B−L , (C.6)boundedness is obtained, independently on the sign of a2, when

a1 > − 748a2 . (C.7)
• ωR 6= 0, ωB−L = 0, χR = 0In analogy with the previous case we have

V (4)0 = 2(8a1 + a2)ω4
R , (C.8)

which implies the constraint
a1 > −18a2 . (C.9)In the case a2 < 0 the constraint in Eq. (C.5) provides the global lower boundon a1.
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Tree level mass spectra

D.1 Gauge bosons
Given the covariant derivatives of the scalar fields

(Dµφ)ab = ∂µφab − i
12g(Aµ)ij [εij , φ]ab , (D.1)

(Dµχ)α = ∂µχα − i
14g(Aµ)ij(σij)αβ χβ , (D.2)

(Dµχc)α = ∂µχcα − i
14g(Aµ)ij(σ̃ij)αβ χcβ , (D.3)

and the canonically normalizaed kinetic terms
14Tr (Dµφ)†(Dµφ) , (D.4)

and 12(Dµχ)†(Dµχ) + 12(Dµχc)†(Dµχc) , (D.5)
one may write the field dependent mass matrices for the gauge bosons as

M2
A(φ)(ij)(kl) = g22 Tr [ε(ij), φ][ε(kl), φ] , (D.6)

M2
A(χ)(ij)(kl) = g24 χ†{σ(ij), σ(kl)}χ . (D.7)

where (ij), (kl) stand for ordered pairs of indices, and εij (σij/2) with i, j = 1, .., 10 arethe generators of the fundamental (spinor) representation (see Appendix B).Eqs. (D.6)–(D.7), evaluated on the generic (ωR,B−L 6= 0, χR 6= 0) vacuum, yield thefollowing contributions to the tree level gauge boson masses:
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D.1.1 Gauge bosons masses from 45Focusing on Eq. (D.4) one obtains

M2
A(1, 1,+1) = 4g2ω2

R ,
M2

A(3, 1,−23 ) = 4g2ω2
B−L ,

M2
A(1, 3, 0) = 0 ,

M2
A(8, 1, 0) = 0 , (D.8)

M2
A(3, 2,−56 ) = g2 (ωR − ωB−L)2 ,

M2
A(3, 2,+16 ) = g2 (ωR + ωB−L)2 ,

M2
A(1, 1, 0) = ( 0 00 0

)
,

where the SM singlet matrix is defined on the basis (ψ4515 , ψ451 ), with the superscriptreferring to the original SO(10) representation and the subscript to the SU(4)C origin(see Table 4.5).Note that, in the limits of standard 5 1Z (ωR = ωB−L), flipped 5′ 1Z ′ (ωR = −ωB−L),3C2L2R1B−L (ωR = 0) and 4C2L1R (ωB−L = 0) vacua, we have respectively 25, 25, 15and 19 massless gauge bosons, as expected.
D.1.2 Gauge bosons masses from 16The contributions from Eq. (D.5) read

M2
A(1, 1,+1) = g2χ2

R ,
M2

A(3, 1,−23 ) = g2χ2
R ,

M2
A(1, 3, 0) = 0 ,

M2
A(8, 1, 0) = 0 , (D.9)

M2
A(3, 2,−56 ) = 0 ,

M2
A(3, 2,+16 ) = g2χ2

R ,

M2
A(1, 1, 0) =  32

√32√32 1
 g2χ2

R ,

where the last matrix is again spanned over (ψ4515 , ψ451 ), yieldingDetM2
A(1, 1, 0) = 0 , (D.10)TrM2

A(1, 1, 0) = 52g2χ2
R . (D.11)The number of vanishing entries corresponds to the dimension of the SU(5) algebrapreserved by the 16H VEV χR.Summing together the 45H and 16H contributions, we recognize 12 masslessstates, that correspond to the SM gauge bosons.



D.2. ANATOMY OF THE SCALAR SPECTRUM 159
D.2 Anatomy of the scalar spectrum
In order to understand the dependence of the scalar masses on the various parame-ters in the Higgs potential we detail the scalar mass spectrum in the relevant limits ofthe scalar couplings, according to the discussion on the accidental global symmetriesin Sect. 3.3.
D.2.1 45 onlyApplying the stationary conditions in Eqs. (3.12)–(3.13), to the flipped 5′ 1Z ′ vacuumwith ω = ωR = −ωB−L , we find

M2(24, 0) = −4a2ω2 ,
M2(10,−4) = 0 , (D.12)
M2(1, 0) = 2 (80a1 + 13a2)ω2 ,and, as expected, the spectrum exhibits 20 WGB and 24 PGB whose mass dependson a2 only. The required positivity of the scalar masses gives the constraints
a2 < 0 and a1 > −1380a2 , (D.13)where the second equation coincides with the constraint coming from the stabilityof the scalar potential (see Eq. (C.5) in Appendix C).

D.2.2 16 onlyWhen only the 16H part of the scalar potential is considered the symmetry is spon-taneously broken to the standard SU(5) gauge group. Applying the the stationaryEq. (3.14) we find
M2(5) = 2λ2χ2

R ,

M2(10) = 0 , (D.14)
M2(1) = ( 1 11 1

) 12λ1χ2
R ,

in the (ψ161 , ψ161∗ ) basis, with the subscripts referring to the standard SU(5) origin, thatyields Det M2(1) = 0 ,TrM2(1) = λ1χ2
R , (D.15)and as expected we count 21 WGB and 10 PGB modes whose mass depends on λ2only. The required positivity of the scalar masses leads to

λ2 > 0 and λ1 > 0 , (D.16)
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where the second equation coincides with the constraint coming from the stabilityof the scalar potential (see Eq. (C.3) in Appendix C).
D.2.3 Mixed 45-16 spectrum (χR 6= 0)In the general case the unbroken symmetry is the SM group. Applying first the twostationary conditions in Eq. (3.12) and Eq. (3.14) we find the spectrum below. The2 × 2 matrices are spanned over the (ψ45, ψ16) basis whereas the 4 × 4 SM singletmatrix is given in the (ψ4515 , ψ451 , ψ161 , ψ161∗ ) basis.
M2(1, 1,+1) = ( βχ2

R + 2a2ωB−L (ωR + ωB−L) χR (τ − 3βωB−L)
χR (τ − 3βωB−L) 2ωR (τ − 3βωB−L)

)
,

M2(3, 1,−23 ) = ( βχ2
R + 2a2ωR (ωR + ωB−L) χR (τ − β(2ωR + ωB−L))

χR (τ − β(2ωR + ωB−L)) 2ωB−L (τ − β(2ωR + ωB−L))
)
, (D.17)

M2(1, 3, 0) = 2a2(ωB−L − ωR)(ωB−L + 2ωR) ,
M2(8, 1, 0) = 2a2(ωR − ωB−L)(ωR + 2ωB−L) , (D.18)
M2(3, 2,−56 ) = 0 ,
M2(3, 2,+16 ) = ( βχ2

R + 4a2ωRωB−L χR (τ − β(ωR + 2ωB−L))
χR (τ − β(ωR + 2ωB−L)) (ωR + ωB−L) (τ − β(ωR + 2ωB−L))

)
,

M2(1, 2,−12 ) = (ωR + 3ωB−L) (τ − βωR) + 2λ2χ2
R , (D.19)

M2(3, 1,+13 ) = 2 (ωR + ωB−L) (τ − βωB−L) + 2λ2χ2
R .

M2(1, 1, 0) =


12 (3βχ2
R + 4 (a2ω2

R + a2ωB−LωR + (48a1 + 7a2)ω2
B−L
))

√6(βχ2
R2 + 2(16a1 + 3a2)ωRωB−L)

−12√3χR (τ − 2βωR − (16α+ 3β)ωB−L)
−12√3χR (τ − 2βωR − (16α+ 3β)ωB−L)

√6(βχ2
R2 + 2(16a1 + 3a2)ωRωB−L) −12√3χR (τ − 2βωR − (16α+ 3β)ωB−L)

βχ2
R + 2 (4(8a1 + a2)ω2

R + a2ωB−LωR + a2ω2
B−L
) χR(−τ+2(8α+β)ωR+3βωB−L)√2

χR(−τ+2(8α+β)ωR+3βωB−L)√2 12λ1χ2
R12λ1χ2

R
χR(−τ+2(8α+β)ωR+3βωB−L)√2

−12√3χR (τ − 2βωR − (16α+ 3β)ωB−L)
χR(−τ+2(8α+β)ωR+3βωB−L)√212λ1χ2

R12λ1χ2
R

 . (D.20)
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By applying the remaining stationary condition in Eq. (3.13) one obtainsDet M2(1, 1,+1) = 0 ,
TrM2(1, 1,+1) = (

χ2
R + 4ω2

R
) (τ − 3βωB−L)2ωR ,

Det M2(3, 1,−23 ) = 0 ,
TrM2(3, 1,−23 ) = (

χ2
R + 4ω2

B−L
) (τ − β(2ωR + ωB−L))2ωB−L , (D.21)

Det M2(3, 2,+16 ) = 0 ,TrM2(3, 2,+16 ) = βχ2
R + 4a2ωRωB−L + (ωR + ωB−L) (τ − β(ωR + 2ωB−L)) ,Rank M2(1, 1, 0) = 3 ,TrM2(1, 1, 0) = 2 ((32a1 + 5a2)ω2

R + 8(6a1 + a2)ω2
B−L + 2a2ωRωB−L)+ χ2

R
(52β + λ1) .In Eqs. (D.17)–(D.21) we recognize the 33 WGB with the quantum numbers of thecoset SO(10)/SM algebra.In using the stationary condition in Eq. (3.13), we paid attention not to divide by(ωR + ωB−L), since the flipped vacuum ω = ωR = −ωB−L is an allowed configuration.On the other hand, we can freely put ωR and ωB−L into the denominators, as thevacua ωR = 0 and ωB−L = 0 are excluded at the tree level. The coupling a2 inEq. (D.21) is understood to obey the constraint4a2(ωR + ωB−L)ωRωB−L + βχ2

R(2ωR + 3ωB−L)− τχ2
R = 0 . (D.22)

D.2.4 A trivial 45-16 potential (a2 = λ2 = β = τ = 0)It is interesting to study the global symmetries of the scalar potential when only themoduli of 45H and 16H appear in the scalar potential. In order to correctly countthe corresponding PGB, the (1, 1, 0) mass matrix in the limit of a2 = λ2 = β = τ = 0needs to be scrutinized. We find in the (ψ4515 , ψ451 , ψ161 , ψ161∗ ) basis,
M2(1, 1, 0) =

96a1ω2
B−L 32√6a1ωRωB−L 8√3αχRωB−L 8√3αχRωB−L32√6a1ωRωB−L 64a1ω2

R 8√2αχRωR 8√2αχRωR8√3αχRωB−L 8√2αχRωR 12λ1χ2
R

12λ1χ2
R8√3αχRωB−L 8√2αχRωR 12λ1χ2

R
12λ1χ2

R

 , (D.23)
with the properties Rank M2(1, 1, 0) = 2 ,TrM2(1, 1, 0) = 64a1ω2

R + 96a1ω2
B−L + λ1χ2

R . (D.24)As expected from the discussion in Sect. 3.3, Eqs. (D.17)–(D.23) in the a2 = λ2 = β =
τ = 0 limit exhibit 75 massless modes out of which 42 are PGB.
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D.2.5 A trivial 45-16 interaction (β = τ = 0)In this limit, the interaction part of the potential consists only of the α term, whichis the product of 45H and 16H moduli. Once again, in order to correctly count themassless modes we specialize the (1, 1, 0) matrix to the β = τ = 0 limit. In the (ψ4515 ,
ψ451 , ψ161 , ψ161∗ ) basis, we find
M2(1, 1, 0) =

2 (a2ω2
R + a2ωB−LωR + (48a1 + 7a2)ω2

B−L
) 2√6(16a1 + 3a2)ωRωB−L2√6(16a1 + 3a2)ωRωB−L 2 (4(8a1 + a2)ω2

R + a2ωB−LωR + a2ω2
Y
)

8√3αχRωB−L 8√2αχRωR8√3αχRωB−L 8√2αχRωR8√3αχRωB−L 8√3αχRωB−L8√2αχRωR 8√2αχRωR12λ1χ2
R

12λ1χ2
R12λ1χ2

R
12λ1χ2

R

 , (D.25)
with the propertiesRank M2(1, 1, 0) = 3 ,TrM2(1, 1, 0) = 2 ((32a1 + 5a2)ω2

R + 8(6a1 + a2)ω2
B−L + 2a2ωRωB−L)+ λ1χ2

R . (D.26)According to the discussion in Sect. 3.3, upon inspecting Eqs. (D.17)–(D.21) in the
β = τ = 0 limit, one finds 41 massless scalar modes of which 8 are PGB.
D.2.6 The 45-16 scalar spectrum for χR = 0The application of the stationary conditions in Eqs. (3.12)–(3.13) (for χR = 0, Eq. (3.14)is trivially satisfied) leads to four different spectra according to the four vacua: stan-dard 5 1Z , flipped 5′ 1Z ′ , 3C2L2R1B−L and 4C2L1R. We specialize our discussion to thelast three cases.The mass eigenstates are conveniently labeled according to the subalgebras of
SO(10) left invariant by each vacuum. With the help of Tables 4.4–4.5 one can easilyrecover the decomposition in the SM components. In the limit χR = 0 the states 45Hand 16H do not mix. All of the WGB belong to the 45H , since for χR = 0 the 16Hpreserves SO(10).Consider first the case: ω = ωR = −ωB−L (which preserves the flipped 5′ 1Z ′group). For the 45H components we obtain:

M2(24, 0) = −4a2ω2 ,
M2(10,−4) = 0 , (D.27)
M2(1, 0) = 2 (80a1 + 13a2)ω2 .
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Analogously, for the 16H components we get:

M2(10,+1) = 14 (ω2(80α+ β) + 2τω − 2ν2) ,
M2(5̄,−3) = 14 (ω2(80α+ 9β)− 6τω − 2ν2) , (D.28)
M2(1,+5) = 14 (5ω2(16α+ 5β) + 10τω − 2ν2) .

Since the unbroken group is the flipped 5′ 1Z ′ we recognize, as expected, 45-25=20WGB. When only trivial 45H invariants (moduli) are considered the global symmetryof the scalar potential is O(45), broken spontaneously by ω to O(44). This leads to 44GB in the scalar spectrum. Therefore 44-20=24 PGB are left in the spectrum. Ongeneral grounds, their masses should receive contributions from all of the explicitlybreaking terms a2, β and τ . As it is directly seen from the spectrum, only the a2term contributes at the tree level to M(24, 0). By choosing a2 < 0 one may obtain aconsistent minimum of the scalar potential. Quantum corrections are not relevantin this case.Consider then the case ωR = 0 and ωB−L 6= 0 which preserves the 3C2L2R1B−Lgauge group. For the 45H components we obtain:
M2(1, 3, 1, 0) = 2a2ω2

B−L ,

M2(1, 1, 3, 0) = 2a2ω2
B−L ,

M2(8, 1, 1, 0) = −4a2ω2
B−L ,

M2(3, 2, 2,−13 ) = 0 , (D.29)
M2(3, 1, 1,−23 ) = 0 ,
M2(1, 1, 1, 0) = 2 (48a1 + 7a2)ω2

B−L .Analogously, for the 16H components we get:
M2(3, 2, 1,+16 ) = 14 (ω2

B−L(48α+ β)− 2τωB−L − 2ν2) ,
M2(3, 1, 2,−16 ) = 14 (ω2

B−L(48α+ β) + 2τωB−L − 2ν2) ,
M2(1, 2, 1,−12 ) = 14 (ω2

B−L(48α+ 9β) + 6τωB−L − 2ν2) ,
M2(1, 1, 2,+12 ) = 14 (ω2

B−L(48α+ 9β)− 6τωB−L − 2ν2) . (D.30)
Worth of a note is the mass degeneracy of the (1, 3, 1, 0) and (1, 1, 3, 0) multipletswhich is due to the fact that for ωR = 0 D-parity is conserved by even ωB−L powers.On the contrary, in the 16H components the D-parity is broken by the τ term thatis linear in ωB−L.Since the unbroken group is 3C2L2R1B−L there are 45-15=30 WGB, as it appearsfrom the explicit pattern of the scalar spectrum. When only trivial invariants (moduliterms) of 45H are considered the global symmetry of the scalar potential is O(45),broken spontaneously to O(44), thus leading to 44 GB in the scalar spectrum. As
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a consequence 44-30=14 PGB are left in the spectrum. On general grounds, theirmasses should receive contributions from all of the explicitly breaking terms a2, βand τ . As it is directly seen from the spectrum, only the a2 term contributes at thetree level to the mass of the 14 PGB, leading unavoidably to a tachyonic spectrum.This feature is naturally lifted at the quantum level.Let us finally consider the case ωR 6= 0 and ωB−L = 0 (which preserves the 4C2L1Rgauge symmetry). For the 45H components we find:

M2(15, 1, 0) = 2a2ω2
R ,

M2(1, 3, 0) = −4a2ω2
R ,

M2(6, 2,+12 ) = 0 , (D.31)
M2(6, 2,−12 ) = 0 ,
M2(1, 1,+1) = 0 ,
M2(1, 1, 0) = 8 (8a1 + a2)ω2

R .For the 16H components we obtain:
M2(4, 2, 0) = 8αω2

R − 12ν2 ,
M2(4, 1,+12 ) = ω2

R(8α+ β) + τωR − 12ν2 , (D.32)
M2(4, 1,−12 ) = ω2

R(8α+ β)− τωR − 12ν2 .
The unbroken gauge symmetry in this case corresponds to 4C2L1R. Therefore, onecan recognize 45-19=26 WGB in the scalar spectrum. When only trivial (moduli) 45Hinvariants are considered the global symmetry of the scalar potential is O(45), whichis broken spontaneously by ωR to O(44). This leads globally to 44 massless states inthe scalar spectrum. As a consequence, 44-26=18 PGB are left in the 45H spectrum,that should receive mass contributions from the explicitly breaking terms a2, β and
τ . At the tree level only the a2 term is present, leading again to a tachyonic spectrum.This is an accidental tree level feature that is naturally lifted at the quantum level.



Appendix E

One-loop mass spectra

We have checked explicitly that the one-loop corrected stationary equation (3.13)maintains in the χR = 0 limit the four tree level solutions, namely, ωR = ωB−L ,
ωR = −ωB−L , ωR = 0 and ωB−L = 0, corresponding respectively to the standard 5 1Z ,flipped 5′ 1Z ′ , 3C2L2R1B−L and 4C2L1R vacua.In what follows we list, for the last three cases, the leading one-loop corrections,arising from the gauge and scalar sectors, to the critical PGB masses. For all otherstates the loop corrections provide only sub-leading perturbations of the tree-levelmasses, and as such irrelevant to the present discussion.

E.1 Gauge contributions to the PGB mass

Before focusing to the three relevant vacuum configurations, it is convenient to writethe gauge contribution to the (1, 3, 0) and (8, 1, 0) states in the general case.
∆M2(1, 3, 0) = g4 (16ω2

R + ωB−LωR + 19ω2
B−L
)

4π2
+ 3g44π2 (ωR − ωB−L)

[2 (ωR − ωB−L) 3 log(g2 (ωR − ωB−L) 2
µ2

)
+ (4ωR − 5ωB−L) (ωR + ωB−L) 2 log(g2 (ωR + ωB−L) 2

µ2
)

−4ω3
R log(4g2ω2

R
µ2

)+ 8ω3
B−L log(4g2ω2

B−L
µ2

)]
, (E.1)
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∆M2(8, 1, 0) = g4 (13ω2

R + ωB−LωR + 22ω2
B−L
)

4π2
+ 3g48π2 (ωR − ωB−L)

[(ωR − ωB−L) 3 log(g2 (ωR − ωB−L) 2
µ2

)
+ (5ωR − 7ωB−L) (ωR + ωB−L) 2 log(g2 (ωR + ωB−L) 2

µ2
)

+4ω2
Y (3ωR + ωB−L) log(4g2ω2

B−L
µ2

)
− 8ω3

R log(4g2ω2
R

µ2
)]

. (E.2)
One can easily recognize the (tree-level) masses of the gauge bosons in the log’sarguments and cofactors (see Appendix F.3.2). Note that only the massive states docontribute to the one-loop correction. (see Sect. 3.4.3).Let’s now specialize to the three relevant vacua. First, for the flipped 5′ 1Z ′ case
ω = ωR = −ωB−L one has:

∆M2(24, 0) = 17g4ω22π2 + 3g4ω22π2 log(4g2ω2
µ2

)
. (E.3)

Similarly, for ωR = 0 and ωB−L 6= 0 (3C2L2R1B−L):
∆M2(1, 3, 1, 0) = ∆M2(1, 1, 3, 0)

= 19g4ω2
B−L4π2 + 21g4ω2

B−L4π2 log(g2ω2
B−L
µ2

)
− 24g4ω2

B−L4π2 log(4g2ω2
B−L

µ2
)
,

∆M2(8, 1, 1, 0) = 11g4ω2
B−L2π2 + 3g4ω2

B−L2π2 log(g2ω2
B−L4µ2
)
. (E.4)

Finally, for ωR 6= 0 and ωB−L = 0 (4C2L1R):
∆M2(1, 3, 0) = 4g4ω2

R
π2 + 3g4ω2

R2π2 log(g2ω2
R16µ2
)
,

∆M2(15, 1, 0) = 13g4ω2
R4π2 + 9g4ω2

R4π2 log(g2ω2
R

µ2
)
− 12g4ω2

R4π2 log(4g2ω2
R

µ2
)
. (E.5)

E.2 Scalar contributions to the PGB mass
Since the general formula for the SM vacuum configuration is quite involved, wegive directly the corrections to the PGB masses on the three vacua of our interest.
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We consider first the case ω = ωR = −ωB−L (flipped 5′ 1Z ′):

∆M2(24, 0) = τ2 + 5β2ω24π2 (E.6)
+ 1128π2ω

[(−5βω − τ)(5ω(16αω + 5βω + 2τ)− 2ν2) log(5ω2(16α+ 5β) + 10τω − 2ν24µ2
)

+ (ω (3τω(80α+ 3β) + βω2(27β − 400α)− 10τ2)+ ν2(10βω − 6τ))
× log(ω2(80α+ 9β)− 6τω − 2ν24µ2

)
+ 2(ω (τ(33βω − 80αω) + βω2(400α+ 17β) + 10τ2)+ 2ν2(τ − 5βω))
× log(ω2(80α+ β) + 2τω − 2ν24µ2

)]
.

For ωR = 0 and ωB−L 6= 0 (3C2L2R1B−L), we find:

∆M2(1, 3, 1, 0) = ∆M2(1, 1, 3, 0) = τ2 + 2β2ω2
B−L4π2 (E.7)

+ 164π2ωB−L
[
− (τ − 3βωB−L)(−3ω2

B−L(16α+ 3β) + 6τωB−L + 2ν2)
× log(ω2

B−L(48α+ 9β)− 6τωB−L − 2ν24µ2
)

− (βωB−L + τ)(ω2
B−L(48α+ β) + 2τωB−L − 2ν2) log(ω2

B−L(48α+ β) + 2τωB−L − 2ν24µ2
)

+ (3τω2
B−L(16α− 11β) + βω3

B−L(240α+ 17β) + 2ωB−L (5τ2 − 5βν2)− 2ν2τ)
× log(ω2

B−L(48α+ β)− 2τωB−L − 2ν24µ2
)

+ (ω2
B−L(9βτ − 48ατ) + 3βω3

B−L(9β − 16α) + 2ωB−L (βν2 − τ2)+ 2ν2τ)
× log(ω2

B−L(48α+ 9β) + 6τωB−L − 2ν24µ2
)]

,
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∆M2(8, 1, 1, 0) = τ2 + 3β2ω2

B−L4π2 (E.8)
+ 164π2ωB−L

[
− (τ − 3βωB−L)(−3ω2

B−L(16α+ 3β) + 6τωB−L + 2ν2)
× log(ω2

B−L(48α+ 9β)− 6τωB−L − 2ν24µ2
)

+ (ω2
B−L(21βτ − 48ατ) + βω3

B−L(144α+ 11β) + ωB−L
(6τ2 − 6βν2)+ 2ν2τ)

× log(ω2
B−L(48α+ β) + 2τωB−L − 2ν24µ2

)
− (3βωB−L + τ)(ω2

B−L(48α+ 9β) + 6τωB−L − 2ν2) log(ω2
B−L(48α+ 9β) + 6τωB−L − 2ν24µ2

)
+ (3τω2

B−L(16α− 7β) + βω3
B−L(144α+ 11β) + ωB−L

(6τ2 − 6βν2)− 2ν2τ)
× log(ω2

B−L(48α+ β)− 2τωB−L − 2ν24µ2
)]

.

Finally, for ωR 6= 0 and ωB−L = 0 (4C2L1R), we have:
∆M2(1, 3, 0) = τ2 + 2β2ω2

R4π2 (E.9)
+ 164π2ωR

[16ωR (16αβω2
R − βν2 + τ2) log(8αω2

R − ν22
µ2

)

− 4 (τ − 2βωR)(−2ω2
R(8α+ β) + 2τωR + ν2) log(ω2

R(8α+ β)− τωR − ν22
µ2

)

−4 (2βωR + τ)(2ω2
R(8α+ β) + 2τωR − ν2) log(ω2

R(8α+ β) + τωR − ν224µ2
)]

,

∆M2(15, 1, 0) = τ2 + β2ω2
R4π2 (E.10)

+ 164π2ωR
[8ωR (16αβω2

R − βν2 + τ2) log(8αω2
R − ν22
µ2

)

− 4(2βω3
R(8α− β)− 16ατω2

R + ωR
(
τ2 − βν2)+ ν2τ) log(ω2

R(8α+ β)− τωR − ν22
µ2

)

+4(2βω3
R(β − 8α)− 16ατω2

R + ωR
(
βν2 − τ2)+ ν2τ) log(ω2

R(8α+ β) + τωR − ν22
µ2

)]
.

Also in these formulae we recognize the (tree level) mass eigenvalues of the 16Hstates contributing to the one-loop effective potential (see Appendix D.2.6).Notice that the singlets with respect to each vacuum, namely (1, 0), (1, 1, 1, 0) and(1, 1, 0), for the flipped 5′ 1Z ′ , 3C2L2R1B−L and 4C2L1R vacua respectively, receive a
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tree level contribution from both a1 as well as a2 (see Appendix D.2.6). The a1 termleads the tree level mass and radiative corrections can be neglected.One may verify that in the limit of vanishing VEVs the one-loop masses vanishidentically on each of the three vacua, as it should be. This is a non trivial check ofthe calculation of the scalar induced corrections.
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Appendix F

Flipped SO(10) vacuum

F.1 Flipped SO(10) notation
We work in the basis of Ref. [222], where the adjoint is projected along the positive-chirality spinorial generators 45 ≡ 45ijΣ+

ij , (F.1)with i, j = 1, .., 10. Here ( Σ+Σ−
)
≡ 12 (I32 ± Γχ) Σ , (F.2)

where I32 is the 32-dimensional identity matrix and Γχ is the 10-dimensional analogueof the Dirac γ5 matrix defined asΓχ ≡ −iΓ1Γ2Γ3Γ4Γ5Γ6Γ7Γ8Γ9Γ10 . (F.3)The Γi factors are given by the following tensor products of ordinary Pauli matrices
σi and the 2-dimensional identity I2:Γ1 ≡ σ1 ⊗ σ1 ⊗ I2 ⊗ I2 ⊗ σ2 ,Γ2 ≡ σ1 ⊗ σ2 ⊗ I2 ⊗ σ3 ⊗ σ2 ,Γ3 ≡ σ1 ⊗ σ1 ⊗ I2 ⊗ σ2 ⊗ σ3 ,Γ4 ≡ σ1 ⊗ σ2 ⊗ I2 ⊗ σ2 ⊗ I2 ,Γ5 ≡ σ1 ⊗ σ1 ⊗ I2 ⊗ σ2 ⊗ σ1 ,Γ6 ≡ σ1 ⊗ σ2 ⊗ I2 ⊗ σ1 ⊗ σ2 ,Γ7 ≡ σ1 ⊗ σ3 ⊗ σ1 ⊗ I2 ⊗ I2 ,Γ8 ≡ σ1 ⊗ σ3 ⊗ σ2 ⊗ I2 ⊗ I2 ,Γ9 ≡ σ1 ⊗ σ3 ⊗ σ3 ⊗ I2 ⊗ I2 ,Γ10 ≡ σ2 ⊗ I2 ⊗ I2 ⊗ I2 ⊗ I2 , (F.4)which satisfy the Clifford algebra

{Γi,Γj} = 2δijI32 . (F.5)
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The spinorial generators, Σij , are then defined as

Σij ≡
i4 [Γi,Γj

]
. (F.6)

On the flipped SO(10) vacuum the adjoint representation reads
〈45〉 = ( 〈45〉L ·

· 〈45〉R
)
, (F.7)

where
〈45〉L = diag (λ1, λ2, λ3, λ4, λ5, λ6, λ7, λ8) , (F.8)and

〈45〉R =



λ9 · · · ω+ · · ·
· λ10 · · · ω+ · ·
· · λ11 · · · ω+ ·
· · · λ12 · · · ω+
ω− · · · λ13 · · ·
· ω− · · · λ14 · ·
· · ω− · · · λ15 ·
· · · ω− · · · λ16


. (F.9)

In the convention defined in section 4.4.2 (cf. also caption of Table 4.5), the diagonalentries are given by
λ1 = λ2 = λ3 = λ5 = λ6 = λ7 = ωB−L2√2 , (F.10)
λ4 = λ8 = −3ωB−L2√2 ,

λ9 = λ10 = λ11 = −ωB−L2√2 − ωR√2 , λ12 = 3ωB−L2√2 − ωR√2 ,
λ13 = λ14 = λ15 = −ωB−L2√2 + ωR√2 , λ16 = 3ωB−L2√2 + ωR√2 .where ωB−L and ωR are real, while ω+ = ω−∗.Analogously, the spinor and the anti-spinor SM-preserving vacuum directions aregiven by

〈16〉T = (· · · · · · · · · · · e · · · −ν) , (F.11)〈16〉T = (· · · ν · · · e · · · · · · · ·) , (F.12)
where the dots stand for zeros, and the non-vanishing VEVs are generally complex.
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It is worth reminding that the shorthand notation 16 16 and 16 45 16 in Eq. (4.19)stands for 16TC 16 and 16T45TC 16, where C is the “charge conjugation” matrix obey-ing (Σ+)TC+ CΣ− = 0. In the current convention, C is given by

C =

· · · −I4
· · I4 ·
· I4 · ·
−I4 · · ·

 , (F.13)

where I4 is the four-dimensional identity matrix.

F.2 Supersymmetric vacuum manifold

In order for SUSY to survive the spontaneous GUT symmetry breakdown at MU thevacuum manifold must be D- and F -flat at the GUT scale. The relevant superpotential
WH given in Eq. (4.19), with the SM-preserving vacuum parametrized by Eq. (F.7)and Eqs. (F.11)–(F.12), yields the following F -flatness equations:

FωR = −4µωR + τ1√2(e1e1 − ν1ν1) + τ2√2(e2e2 − ν2ν2) = 0 ,
23FωB−L= 4µωB−L + τ1√2(e1e1 + ν1ν1) + τ2√2(e2e2 + ν2ν2) = 0 ,
Fω+ = 4µω− − τ1ν1e1 − τ2ν2e2 = 0 ,
Fω− = 4µω+ − τ1e1ν1 − τ2e2ν2 = 0 ,

Fe1 = τ1
(
−ω−ν1 − e1ωR√2 + 3e1ωB−L2√2

)+ ρ11e1 + ρ12e2 = 0 ,
Fe2 = τ2

(
−ω−ν2 − e2ωR√2 + 3e2ωB−L2√2

)+ ρ21e1 + ρ22e2 = 0 ,
Fν1 = τ1

(
−ω+e1 + ν1ωR√2 + 3ν1ωB−L2√2

)+ ρ11ν1 + ρ12ν2 = 0 ,
Fν2 = τ2

(
−ω+e2 + ν2ωR√2 + 3ν2ωB−L2√2

)+ ρ21ν1 + ρ22ν2 = 0 ,
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Fe1 = τ1

(
−ω+ν1 − e1ωR√2 + 3e1ωB−L2√2

)+ ρ11e1 + ρ21e2 = 0 ,
Fe2 = τ2

(
−ω+ν2 − e2ωR√2 + 3e2ωB−L2√2

)+ ρ12e1 + ρ22e2 = 0 ,
Fν1 = τ1

(
−ω−e1 + ν1ωR√2 + 3ν1ωB−L2√2

)+ ρ11ν1 + ρ21ν2 = 0 ,
Fν2 = τ2

(
−ω−e2 + ν2ωR√2 + 3ν2ωB−L2√2

)+ ρ12ν1 + ρ22ν2 = 0 . (F.14)
One can use the first four equations above to replace ωR, ωB−L , ω+ and ω− in theremaining eight (complex) relations which can be rewritten in the form

16µFω
e1 = 16µ (ρ11e1 + ρ12e2)

− 5τ21 (ν1ν1 + e1e1) e1 − τ1τ2 (ν2ν2e1 + (4ν2ν1 + 5e2e1) e2) = 0 ,
16µFω

e1 = 16µ (ρ11e1 + ρ21e2)
− 5τ21 (ν1ν1 + e1e1) e1 − τ1τ2 (ν2ν2e1 + (4ν2ν1 + 5e2e1) e2) = 0 ,

16µFω
ν1 = 16µ (ρ11ν1 + ρ12ν2)

− 5τ21 (e1e1 + ν1ν1) ν1 − τ1τ2 (e2e2ν1 + (4e2e1 + 5ν2ν1) ν2) = 0 ,
16µFω

ν1 = 16µ (ρ11ν1 + ρ21ν2)
− 5τ21 (e1e1 + ν1ν1) ν1 − τ1τ2 (e2e2ν1 + (4e2e1 + 5ν2ν1) ν2) = 0 , (F.15)

where the other four equations are obtained from these by exchanging 1↔ 2.There are two classes of D-flatness conditions corresponding, respectively, to theVEVs of the U(1)X and the SO(10) generators. For the X-charge one finds
DX = 〈45〉†X 〈45〉+ 〈161〉†X 〈161〉+ 〈161〉†X 〈161〉+ 〈162〉†X 〈162〉+ 〈162〉†X 〈162〉= |e1|2 + |ν1|2 − |e1|2 − |ν1|2 + |e2|2 + |ν2|2 − |e2|2 − |ν2|2 = 0 , (F.16)

while for the SO(10) generators one has
Dij ≡ D45

ij +D16⊕16
ij = 0 , (F.17)

where
D45
ij = Tr 〈45〉† [Σ+

ij , 〈45〉] , (F.18)and
D16⊕16
ij = 〈161〉†Σ+

ij 〈161〉+〈161〉†Σ−ij 〈161〉+ 〈162〉†Σ+
ij 〈162〉+〈162〉†Σ−ij 〈162〉 . (F.19)
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Given that Tr 〈45〉† [Σ+

ij , 〈45〉] = Tr Σ+
ij

[
〈45〉 , 〈45〉†] , (F.20)we obtain [

〈45〉 , 〈45〉†] = ( · ·
· DR

)
, (F.21)

where

DR =



A · · ·
√2B∗ · · ·

· A · · ·
√2B∗ · ·

· · A · · ·
√2B∗ ·

· · · A · · ·
√2B∗√2B · · · −A · · ·

·
√2B · · · −A · ·

· ·
√2B · · · −A ·

· · ·
√2B · · · −A


, (F.22)

and
A = |ω+|2 − |ω−|2 ,
B = (ω+)∗ ωR − (ωR)∗ ω− . (F.23)Since ωR is real and ω+ = (ω−)∗, D45

ij = 0 as it should be. Notice that Fω±-flatnessimplies
τ1e1ν1 + τ2e2ν2 = τ1(ν1e1)∗ + τ2(ν2e2)∗ (F.24)where the reality of τ1,2 has been taken into account.For the spinorial contribution in (F.17) we find

D16⊕16
ij = (Σ+

ij )12,12 (|e1|2 + |e2|2)+ (Σ+
ij )16,16 (|ν1|2 + |ν2|2)+ (Σ−ij )4,4 (|ν1|2 + |ν2|2)+ (Σ−ij )8,8 (|e1|2 + |e2|2)

− (Σ+
ij )12,16 (e∗1ν1 + e∗2ν2)− (Σ+

ij )16,12 (ν∗1e1 + ν∗2e2)+ (Σ−ij )4,8 (ν∗1e1 + ν∗2e2) + (Σ−ij )8,4 (e∗1ν1 + e∗2ν2) . (F.25)Given Σ− = −C−1(Σ+)TC and the explicit form of C in Eq. (F.13), one can verifyreadily that (Σ−ij )4,4 = −(Σ+
ij )16,16 ,(Σ−ij )8,8 = −(Σ+
ij )12,12 ,(Σ−ij )4,8 = +(Σ+
ij )12,16 . (F.26)

Thus, D16⊕16
ij can be simplified to

(Σ+
ij )12,12(|e1|2 + |e2|2 − |e1|2 − |e2|2) + (Σ+

ij )16,16(|ν1|2 + |ν2|2 − |ν1|2 − |ν2|2)
−
[(Σ+

ij )12,16(e∗1ν1 + e∗2ν2 − ν∗1e1 − ν∗2e2) + c.c.] = 0 , (F.27)
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or, with Eq. (F.16) at hand, to[(Σ+

ij )16,16 − (Σ+
ij )12,12] (|ν1|2 + |ν2|2 − |ν1|2 − |ν2|2)

−
[(Σ+

ij )12,16(e∗1ν1 + e∗2ν2 − ν∗1e1 − ν∗2e2) + c.c.] = 0 . (F.28)
Taking into account the basic features of the spinorial generators Σ+

ij (e.g. , thebracket [(Σ+
ij )16,16 − (Σ+

ij )12,12] and (Σ+
ij )12,16 can never act against each other becauseat least one of them always vanishes, or the fact that (Σ+

ij )12,16 is complex) Eq. (F.28)can be satisfied for all ij if and only if
|e1|2 + |e2|2 − |e1|2 − |e2|2 = 0 ,
|ν1|2 + |ν2|2 − |ν1|2 − |ν2|2 = 0 ,
e∗1ν1 + e∗2ν2 − ν∗1e1 − ν∗2e2 = 0 , (F.29)

Combining this with Eq. (F.24), the required D- and F -flatness can be in generalmaintained only if e∗1,2 = e1,2 and ν∗1,2 = ν1,2. Hence, we can write
e1,2 ≡ |e1,2|eiφe1,2 , e1,2 ≡ |e1,2|e−iφe1,2 ,
ν1,2 ≡ |ν1,2|eiφν1,2 , ν1,2 ≡ |ν1,2|e−iφν1,2 . (F.30)

With this at hand, one can further simplify the F -flatness conditions Eq. (F.15). Tothis end, it is convenient to define the following linear combinations
L−V ≡ CV1 cos φV − CV2 sinφV , (F.31)
L+
V ≡ CV1 sinφV + CV2 cos φV , (F.32)

where
CV1 ≡ 12i (Fω

V − F
ω
V
)
, CV2 ≡ 12 (Fω

V + Fω
V
)
,

with V running over the spinorial VEVs e1, e2, ν1 and ν2. For µ, τ1 and τ2 real bydefinition, the requirement of L±V = 0 for all V is equivalent to
4µReL−e1 = |e2| (τ1τ2 |ν1| |ν2| sin (φe1 − φe2 − φν1 + φν2)

−2µ (|ρ21| sin (φe1 − φe2 − φρ21) + |ρ12| sin (φe1 − φe2 + φρ12))) = 0 ,
4µReL−ν1 = |ν2| (τ1τ2 |e1| |e2| sin (φν1 − φν2 − φe1 + φe2)

−2µ (|ρ21| sin (φν1 − φν2 − φρ21) + |ρ12| sin (φν1 − φν2 + φρ12))) = 0 , (F.33)
− 2ImL−e1 = |e2| (|ρ21| cos (φe1 − φe2 − φρ21)− |ρ12| cos (φe1 − φe2 + φρ12)) = 0 ,
− 2ImL−ν1 = |ν2| (|ρ21| cos (φν1 − φν2 − φρ21)− |ρ12| cos (φν1 − φν2 + φρ12)) = 0 , (F.34)
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and
− 16µReL+

e1 = −16µ |e1| |ρ11| cos (φρ11) + 5τ21 (|e1| 2 + |ν1| 2) |e1|
− 8µ |e2| (|ρ21| cos (φe1 − φe2 − φρ21) + |ρ12| cos (φe1 − φe2 + φρ12))+ τ1τ2 ((5 |e2| 2 + |ν2| 2) |e1|+ 4 |ν1| |ν2| |e2| cos (φe1 − φe2 − φν1 + φν2)) = 0 ,

− 16µReL+
ν1 = −16µ |ν1| |ρ11| cos (φρ11) + 5τ21 (|ν1| 2 + |e1| 2) |ν1|
− 8µ |ν2| (|ρ21| cos (φν1 − φν2 − φρ21) + |ρ12| cos (φν1 − φν2 + φρ12))+ τ1τ2 ((5 |ν2| 2 + |e2| 2) |ν1|+ 4 |e1| |e2| |ν2| cos (φν1 − φν2 − φe1 + φe2)) = 0 , (F.35)

2ImL+
e1 = 2 |e1| |ρ11| sin (φρ11)+ |e2| (|ρ12| sin (φe1 − φe2 + φρ12)− |ρ21| sin (φe1 − φe2 − φρ21)) = 0 ,

2ImL+
ν1 = 2 |ν1| |ρ11| sin (φρ11)+ |ν2| (|ρ12| sin (φν1 − φν2 + φρ12)− |ρ21| sin (φν1 − φν2 − φρ21)) = 0 , (F.36)

where, as before, the remaining eight real equations for V=e2, ν2 are obtained byswapping 1↔ 2.Focusing first on L−, one finds that |e1|L−e1 + |e2|L−e2 = 0 and |ν1|L−ν1 + |ν2|L−ν2 = 0.Thus, we can consider just L−e1 and L−ν1 as independent equations. For instance, fromImL−e1 = 0 one readily gets
|ρ21|
|ρ12| = cos (φe1 − φe2 + φρ12)cos (φe1 − φe2 − φρ21) . (F.37)

On top of that, the remaining ReL−V = ImL−V = 0 equations can be solved only for
φρ12 = −φρ21 , which, plugged into Eq. (F.37) gives |ρ12| = |ρ21|. Thus, we end up withthe following condition for the off-diagonal entries of the ρ matrix:

ρ21 = ρ∗12 . (F.38)
Inserting this into the ReL−e1 = 0 and ReL−ν1 = 0 equations, they simplify to

− 4µ|ρ12| = τ1τ2 |ν1| |ν2| sin (Φν −Φe) csc Φe , (F.39)4µ|ρ12| = τ1τ2 |e1| |e2| sin (Φν −Φe) csc Φν , (F.40)
where we have denoted

Φν ≡ φν1 − φν2 + φρ12 , Φe ≡ φe1 − φe2 + φρ12 . (F.41)
These, taken together, yield

|e1||e2| sin Φe = −|ν1||ν2| sin Φν , (F.42)
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and

|ν1||ν2|+ |e1||e2| = 4µ|ρ12|
τ1τ2

sin Φν − sin Φesin (Φν −Φe) . (F.43)
Notice that in the zero phases limit the constraint (F.42) is trivially relaxed, whilesin Φν−sin Φesin(Φν−Φe) Ï 1.Returning to the L+

V = 0 equations, the constraint (F.38) implies, e.g.
ImL+

e1 = |e1| |ρ11| sin (φρ11) = 0 ,ImL+
e2 = |e2| |ρ22| sin (φρ22) = 0 ,ImL+
ν1 = |ν1| |ρ11| sin (φρ11) = 0 ,ImL+
ν2 = |ν2| |ρ22| sin (φρ22) = 0 . (F.44)

For generic VEVs, these relations require φρ11 and φρ22 to vanish. In conclusion, anontrivial vacuum requires ρ (and hence τ for consistency) to be hermitian. This isa consequence of the fact that D-flatness for the flipped SO(10) embedding implies
〈16i〉 = 〈16i〉∗, cf. Eq. (F.30). Let us also note that such a setting is preserved bysupersymmetric wavefunction renormalization.Taking ρ = ρ† in the remaining ReL+

V = 0 equations and trading |ρ12| for |ν1||ν2|in ReL+
e1,2 = 0 by means of Eq. (F.39) and for |e1||e2| in ReL+

ν1,2 = 0 via Eq. (F.40), oneobtains
−16µReL+

e1 = |e1| [−16µρ11 + 5τ21 (|ν1| 2 + |e1| 2)+τ1τ2 (|ν2| 2 + 5 |e2| 2)]+ 4τ1τ2 |ν1| |ν2| |e2| sin Φν csc Φe = 0 ,
−16µReL+

e2 = |e2| [−16µρ22 + 5τ22 (|ν2| 2 + |e2| 2)+τ1τ2 (|ν1| 2 + 5 |e1| 2)]+ 4τ1τ2 |ν1| |ν2| |e1| sin Φν csc Φe = 0 ,
−16µReL+

ν1 = |ν1| [−16µρ11 + 5τ21 (|e1| 2 + |ν1| 2)+τ1τ2 (|e2| 2 + 5 |ν2| 2)]+ 4τ1τ2 |ν2| |e1| |e2| csc Φν sin Φe = 0 ,
−16µReL+

ν2 = |ν2| [−16µρ22 + 5τ22 (|e2| 2 + |ν2| 2)+τ1τ2 (|e1| 2 + 5 |ν1| 2)]+ 4τ1τ2 |ν1| |e1| |e2| csc Φν sin Φe = 0 . (F.45)
Since only two out of these four are independent constraints, it is convenient toconsider the following linear combinations

C3 ≡ |ν1|2 (|e1|ReL+
e1 − |e2|ReL+

e2
)
− |e1|2 (|ν1|ReL+

ν1 − |ν2|ReL+
ν2
)
, (F.46)

C4 ≡ |ν2|2 (|e1|ReL+
e1 − |e2|ReL+

e2
)
− |e2|2 (|ν1|ReL+

ν1 − |ν2|ReL+
ν2
)
, (F.47)
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which admit for a simple factorized form

16µC3 = (
|ν2| 2 |e1| 2 − |ν1| 2 |e2| 2)

×
[5τ22 (|ν2| 2 + |e2| 2)+ τ1τ2 (|ν1| 2 + |e1| 2)− 16µρ22] = 0 , (F.48)16µC4 = (
|ν2| 2 |e1| 2 − |ν1| 2 |e2| 2)

×
[5τ21 (|ν1| 2 + |e1| 2)+ τ1τ2 (|ν2| 2 + |e2| 2)− 16µρ11] = 0 . (F.49)

These relations can be generically satisfied only if the square brackets are zero,providing
16µρ11 = 5τ21 (|ν1| 2 + |e1| 2)+ τ1τ2 (|ν2| 2 + |e2| 2) ,16µρ22 = 5τ22 (|ν2| 2 + |e2| 2)+ τ1τ2 (|ν1| 2 + |e1| 2) . (F.50)

By introducing a pair of symbolic 2-dimensional vectors ~r1 = (|ν1|, |e1|) and ~r2 =(|ν2|, |e2|) one can write
r21 = |ν1|2 + |e1|2 ,
r22 = |ν2|2 + |e2|2 ,
~r1.~r2 = |ν1||ν2|+ |e1||e2| . (F.51)

which, in combination with eqs. (F.43) and (F.50) yields
r21 = −2µ(ρ22τ1 − 5ρ11τ2)3τ21τ2 ,

r22 = −2µ(ρ11τ2 − 5ρ22τ1)3τ1τ22 ,

~r1.~r2 = 4µ|ρ12|
τ1τ2

sin Φν − sin Φesin (Φν −Φe) . (F.52)
With this at hand, the vacuum manifold can be conveniently parametrized by meansof two angles α1 and α2

|ν1| = r1 sinα1 , |e1| = r1 cosα1 ,
|ν2| = r2 sinα2 , |e2| = r2 cosα2 . (F.53)

which are fixed in terms of the superpotential parameters. By defining α± ≡ α1±α2,Eqs. (F.51)–(F.53) give
cosα− = ~r1.~r2

r1r2 = ξ sin Φν − sin Φesin (Φν −Φe) , (F.54)
where

ξ = 6|ρ12|√
−5ρ211τ2

τ1 − 5ρ222τ1
τ2 + 26ρ22ρ11

. (F.55)



180 APPENDIX F. FLIPPED SO(10) VACUUM
Analogously, Eq. (F.42) can be rewritten ascosα1 cosα2 sin Φe = − sinα1 sinα2 sin Φν , (F.56)which gives sin Φesin Φν

= cosα+ − cosα−cosα− + cosα+ , (F.57)
and thus, using Eq. (F.54), we obtain

cosα+ = ξ sin Φν + sin Φesin (Φν −Φe) . (F.58)
Notice also that in the real case (i.e., Φν = Φe = 0) α+ is undetermined, whilecosα− = ξ .This justifies the shape of the vacuum manifold given in Eq. (4.21) of Sect. 4.4.2.
F.3 Gauge boson spectrum
In order to determine the residual symmetry corresponding to a specific vacuumconfiguration we compute explicitly the gauge spectrum. Given the SO(10)⊗ U(1)Xcovariant derivatives for the scalar components of the Higgs chiral superfields

Dµ16 = ∂µ16− ig(Aµ)(ij)Σ+(ij)16− igXXµ16 ,
Dµ16 = ∂µ16− ig(Aµ)(ij)Σ−(ij)16 + igXXµ16 ,
Dµ45 = ∂µ45− ig(Aµ)(ij) [Σ+(ij), 45] , (F.59)

where the indices in brackets (ij) stand for ordered pairs, and the properly normal-ized kinetic terms
Dµ16†Dµ16 , Dµ16†Dµ16 , 14TrDµ45†Dµ45 , (F.60)one can write the 46-dimensional gauge boson mass matrix governing the massbilinear of the form 12 ((Aµ)(ij) , Xµ

)
M2(A,X) ((Aµ)(kl) , Xµ)T (F.61)as

M2(A,X) = ( M2(ij)(kl) M2(ij)X
M2

X(kl) M2
XX

)
. (F.62)

The relevant matrix elements are given by
M2(ij)(kl) = g2 (〈16〉† {Σ+(ij),Σ+(kl)} 〈16〉+ 〈16〉† {Σ−(ij),Σ−(kl)} 〈16〉

+12Tr [Σ+(ij), 〈45〉]† [Σ+(kl), 〈45〉]) ,
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M2(ij)X = 2ggX (〈16〉†Σ+(ij) 〈16〉 − 〈16〉†Σ−(ij) 〈16〉) ,
M2

X(kl) = 2ggX (〈16〉†Σ+(kl) 〈16〉 − 〈16〉†Σ−(kl) 〈16〉) ,
M2

XX = 2g2
X

(
〈16〉† 〈16〉+ 〈16〉† 〈16〉) . (F.63)

F.3.1 Spinorial contributionConsidering first the contribution of the reducible representation 〈161 ⊕ 162 ⊕ 161 ⊕ 162〉to the gauge boson mass matrix, we find
M216(1, 3, 0)145 = 0 , (F.64)
M216(8, 1, 0)1545 = 0 , (F.65)

M216(3, 1,−13 )1545 =
g2 (|e1|2 + |ν1|2 + |e2|2 + |ν2|2 + |e1|2 + |ν1|2 + |e2|2 + |ν2|2) , (F.66)In the (6−45, 6+45) basis (see Table 4.5 for the labelling of the states) we obtain

M216(3, 2,+16 ) =(
g2 (|ν1|2 + |ν2|2 + |ν1|2 + |ν2|2) −ig2 (e∗1ν1 + e∗2ν2 + ν∗1e1 + ν∗2e2)
ig2 (e1ν∗1 + e2ν∗2 + ν1e∗1 + ν2e∗2) g2 (|e1|2 + |e2|2 + |e1|2 + |e2|2)

)
, (F.67)

The five dimensional SM singlet mass matrix in the (1545, 1−45, 1045, 1+45, 11) basis reads
M216(1, 1, 0) =

32g2S1 i
√3g2S3 −

√32g2S2 −i√3g2S∗3 −√3ggXS1
−i
√3g2S∗3 g2S1 0 0 2iggXS3

−
√32g2S2 0 g2S1 0 √2ggXS2
i
√3g2S3 0 0 g2S1 −2iggXS∗3
−
√3ggXS1 −2iggXS∗3 √2ggXS2 2iggXS3 2g2

XS1

 (F.68)

where S1 ≡ |e1|2 + |e2|2 + |ν1|2 + |ν2|2 + |e1|2 + |e2|2 + |ν1|2 + |ν2|2, S2 ≡ |e1|2 + |e2|2 −
|ν1|2 − |ν2|2 + |e1|2 + |e2|2 − |ν1|2 − |ν2|2 and S3 ≡ e1ν∗1 + e2ν∗2 + e∗1ν1 + e∗2ν2.For generic VEVs RankM216(1, 1, 0) = 4, and we recover 12 massless gauge bosonswith the quantum numbers of the SM algebra.We verified that this result is maintained when implementing the constraints ofthe flipped vacuum manifold in Eq. (4.21). Since it is, by construction, the smallestalgebra that can be preserved by the whole vacuum manifold, it must be maintainedwhen adding the 〈45H〉 contribution. We can therefore claim that the invariantalgebra on the generic vacuum is the SM. On the other hand, the 45H plays alreadyan active role in this result since it allows for a misalignment of the VEV directionsin the two 16H ⊕ 16H spinors such that the spinor vacuum preserves SM and not
SU(5)⊗ U(1). More details shall be given in the next section.
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F.3.2 Adjoint contributionConsidering the contribution of 〈45H〉 to the gauge spectrum, we find

M245(1, 3, 0)145 = 0 , (F.69)
M245(8, 1, 0)1545 = 0 , (F.70)
M245(3, 1,−13 )1545 = 4g2ω2

B−L . (F.71)
Analogously, in the (6−45, 6+45) basis, we have
M245(3, 2,+16 ) =(

g2 ((ωR + ωB−L) 2 + 2ω−ω+) i2√2g2ωB−Lω−
−i2√2g2ωB−Lω+ g2 ((ωR − ωB−L) 2 + 2ω−ω+)

)
. (F.72)

The SM singlet mass matrix in the (1545, 1−45, 1045, 1+45, 11) basis reads

M245(1, 1, 0) =


0 0 0 0 00 4g2 (ω2
R + ω−ω+) −i4g2ωRω− 4g2 (ω−)2 00 i4g2ωRω+ 8g2ω−ω+ −i4g2ωRω− 00 4g2 (ω+)2 i4g2ωRω+ 4g2 (ω2

R + ω−ω+) 00 0 0 0 0

 . (F.73)

For generic VEVs we find Rank M245(1, 1, 0) = 2 leading globally to the 14 masslessgauge bosons of the SU(3)C ⊗ SU(2)L ⊗ U(1)3 algebra.
F.3.3 Vacuum little groupWith the results of sections F.3.1 and F.3.2 at hand the residual gauge symmetrycan be readily identified from the properties of the complete gauge boson massmatrix. For the sake of simplicity here we shall present the results in the real VEVapproximation.Trading the VEVs for the superpotential parameters, one can immediately identifythe strong and weak gauge bosons of the SM that, as expected, remain massless:

M2(8, 1, 0)1545 = 0 ,
M2(1, 3, 0)145 = 0 . (F.74)

Similarly, it is straightforward to obtain
M2(3, 1,−13 )1545 =4g29τ21τ22

(3µ (ρ22τ1 (5τ1 − τ2) + ρ11τ2 (5τ2 − τ1)) + 2 (ρ22τ1 + ρ11τ2) 2) . (F.75)
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On the other hand, the complete matricesM2(3, 2,+16 ) andM2(1, 1, 0) turn out to bequite involved once the vacuum constraints are imposed, and we do not show themhere explicitly. Nevertheless, it is sufficient to consider

TrM2(3, 2,+16 ) = g28µ2 [16µ2 (r21 + r22)+ τ21r41 + τ22r42 + τ1τ2r21r22 (1 + cos 2α−)] (F.76)
and

detM2(3, 2,+16 ) = g4r21r22128µ4 [512µ4 + 32µ2 (τ21r21 + τ22r22)+τ21τ22r21r22 (1− cos 2α−)] sin2 α− (F.77)
to see that for a generic non-zero value of sinα− one gets Rank M2(3, 2,+16 ) = 2.On the other hand, when α− = 0 (i.e., 〈161〉 ∝ 〈162〉) or r2 = 0 (i.e., 〈162〉 = 0),RankM2(3, 2,+16 ) = 1 and one is left with an additional massless (3, 2,+16 )⊕(3, 2,−16 )gauge boson, corresponding to an enhanced residual symmetry.In the case of the 5-dimensional matrix M2(1, 1, 0) it is sufficient to notice thatfor a generic non-zero sinα−

Rank M2(1, 1, 0) = 4 , (F.78)
on the vacuum manifold, which leaves a massless U(1)Y gauge boson, thus complet-ing the SM algebra. As before, for α− = 0 or for r2 = 0, we find RankM2(1, 1, 0) = 3.Taking into account the massless states in the (3, 2,+16 )⊕(3, 2,−16 ) sector, we recover,as expected, the flipped SU(5)⊗ U(1) algebra.
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Appendix G

E6 vacuum

G.1 The SU(3)3 formalism
Following closely the notation of Refs. [200, 223], we decompose the adjoint andfundamental representations of E6 under its SU(3)C⊗SU(3)L⊗SU(3)R maximal sub-algebra as

78 ≡ (8, 1, 1)⊕ (1, 8, 1)⊕ (1, 1, 8)⊕ (3, 3, 3)⊕ (3, 3, 3)
⊂ Tα

β ⊕ T i
j ⊕ T i′

j ′ ⊕Qα
ij ′ ⊕Qij ′

α , (G.1)27 ≡ (3, 3, 1)⊕ (1, 3, 3)⊕ (3, 1, 3) ≡ vαi ⊕ vij ′ ⊕ vαj
′ , (G.2)27 ≡ (3, 3, 1)⊕ (1, 3, 3)⊕ (3, 1, 3) ≡ uαi ⊕ uj

′

i ⊕ uαj ′ , (G.3)
where the greek, latin and primed-latin indices, corresponding to SU(3)C , SU(3)L and
SU(3)R, respectively, run from 1 to 3. As far as the SU(3) algebras in Eq. (G.1) areconcerned, the generators follow the standard Gell-Mann convention

T (1) = 12 (T12 + T21 ) , T (2) = i2 (T12 − T21 ) ,
T (3) = 12 (T11 − T22 ) , T (4) = 12 (T13 + T31 ) , (G.4)
T (5) = i2 (T13 − T31 ) , T (6) = 12 (T23 + T32 ) ,
T (7) = i2 (T23 − T32 ) , T (8) = 12√3 (T11 + T22 − 2T33 ) ,

with (Ta
b )kl = δkbδal , so they are all normalized so that Tr T (a)T (b) = 12δab.Taking into account Eqs. (G.1)–(G.4), the E6 algebra can be written as

[Tα
β , Tγ

η ] = δαηT
γ
β − δ

γ
βTα

η[T i
j , Tk

l ] = δilTk
j − δkj T i

l[T i′
j ′ , Tk′

l′ ] = δi′l′Tk′
j ′ − δk

′

j ′ T i′
l′[Tα

β , T i
j ] = [Tα

β , T i′
j ′ ] = [T i

j , T i′
j ′ ] = 0 , (G.5)
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[Qγ

ij ′, Tα
β ] = δγβQα

ij ′[Qij ′
γ , Tα

β ] = −δαγQij ′
β[Qγ

ij ′, Tk
l ] = −δki Qγ

lj ′[Qij ′
γ , Tk

l ] = δilQkj ′
γ[Qγ

ij ′, Tk′
l′ ] = −δk′j ′ Qγ

il′[Qij ′
γ , Tk′

l′ ] = δj
′

l′Qik′
γ , (G.6)

[Qα
ij ′, Qkl′

β ] = −δαβ δki T l′
j ′ − δαβ δl

′

j ′Tk
i + δki δl

′

j ′Tα
β[Qα

ij ′, Q
β
kl′ ] = εαβγεikpεj ′l′q ′Qpq ′

γ[Qij ′
α , Qkl′

β ] = −εαβγεikpε j ′l′q ′Qγ
pq ′ , (G.7)The action of the algebra on the fundamental 27 representation reads

Tβ
γvαi = δβαvγi

Tk
l vαi = δki vαl

Tk′
l′ vαi = 0

Qβ
pq ′vαi = δβαεpikvkq ′

Qpq ′
β vαi = δpi εβαγvγq

′ , (G.8)
Tβ
γvij ′ = 0

Tk
l vij ′ = −δilvkj ′

Tk′
l′ vij ′ = δk′j ′ vil′

Qβ
pq ′vij ′ = −δipεq ′j ′k′vβk′

Qpq ′
β vij ′ = δq

′

j ′ εpikvβk , (G.9)
Tβ
γvαj

′ = −δαγvβj ′
Tk
l vαj

′ = 0
Tk′
l′ vαj

′ = −δj ′l′vαk′
Qβ
pq ′vαj

′ = −δj ′q ′εβαγvγp
Qpq ′
β vαj ′ = −δαβ εq ′j ′k′vpk′ , (G.10)and accordingly on 27
Tβ
γuαi = −δαγuβi

Tk
l uαi = −δiluαk

Tk′
l′ uαi = 0

Qβ
pq ′uαi = −δipεβαγuγq ′

Qpq ′
β uαi = −δαβ εpikuq ′k , (G.11)
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Tβ
γu

j ′
i = 0

Tk
l u

j ′
i = δki u

j ′
l

Tk′
l′ u

j ′
i = −δj ′l′uk′i

Qβ
pq ′u

j ′
i = −δj ′q ′εpikuβk

Qpq ′
β uj

′

i = δpi εq
′j ′k′uβk′ , (G.12)

Tβ
γuαj ′ = δβαuγj ′

Tk
l uαj ′ = 0

Tk′
l′ uαj ′ = δk′j ′ uαl′

Qβ
pq ′uαj ′ = δβαεq ′j ′k′uk

′

p

Qpq ′
β uαj ′ = δq

′

j ′ εβαγuγp . (G.13)
Given the SM hypercharge definition

Y = 1√3T (8)
L + T (3)

R + 1√3T (8)
R , (G.14)

the SM-preserving vacuum direction corresponds to [200]
〈78〉 = a1T3′2′ +a2T2′3′ + a3√6(T1′1′ +T2′2′ −2T3′3′ )+ a4√2(T1′1′ −T2′2′ )+ b3√6(T11 +T22−2T33 ) , (G.15)

〈27〉 = ev33′ + νv32′ , 〈27〉 = eu3′3 + νu2′3 , (G.16)where a1, a2, a3, a4, b3, e, e, ν and ν are SM-singlet VEVs. This can be checked bymeans of Eqs. (G.5)–(G.13). Notice that the adjoint VEVs a3, a4 and b3 are real, while
a1 = a∗2. The VEVs of 27⊕ 27 are generally complex.
G.2 E6 vacuum manifold
Working out the D-flatness equations, one finds that the nontrivial constraints aregiven by
DEα = (3a3√6 − a4√2

)
a∗2 − a1

(3a∗3√6 − a∗4√2
)+ e∗1ν1 − e1ν∗1 + e∗2ν2 − e2ν∗2 = 0 ,

DT (8)
R

= 3 (|a1|2 − |a2|2)+2 (|e1|2 − |e1|2)+2 (|e2|2 − |e2|2)+ |ν1|2 − |ν1|2 + |ν2|2 − |ν2|2 = 0 ,
DT (3)

R
= |a2|2 − |a1|2 + |ν1|2 − |ν1|2 + |ν2|2 − |ν2|2 = 0 ,

DT (8)
L

= |e1|2 + |ν1|2 + |e2|2 + |ν2|2 − |e1|2 − |ν1|2 − |e2|2 − |ν2|2 = 0 , (G.17)
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where DEα is the ladder operator from the (1, 1, 8) sub-multiplet of 78. Notice thatthe relations corresponding to DT (8)

R
, DT (3)

R
and DT (8)

L
are linearly dependent, since thelinear combination associated to the SM hypercharge in Eq. (G.14) vanishes.The superpotential WH in Eq. (4.41) evaluated on the vacuum manifold (G.15)-(G.16) yields Eq. (4.52). Accordingly, one finds the following F -flatness equations

Fa1 = µa2 − τ1e1ν1 − τ2e2ν2 = 0 ,
Fa2 = µa1 − τ1ν1e1 − τ2ν2e2 = 0 ,
Fa3 = µa3 − 1√6 (τ1(ν1ν1 − 2e1e1) + τ2(ν2ν2 − 2e2e2)) = 0 ,
Fa4 = µa4 + 1√2 (τ1ν1ν1 + τ2ν2ν2) = 0 ,
Fb3 = µb3 −

√23 (τ1(ν1ν1 + e1e1) + τ2(ν2ν2 + e2e2)) = 0 ,
3Fe1 = 3(ρ11e1 + ρ12e2)− τ1 (√6 (b3 − a3) e1 + 3a1ν1) = 0 ,
3Fe2 = 3(ρ21e1 + ρ22e2)− τ2 (√6 (b3 − a3) e2 + 3a1ν2) = 0 ,
6Fν1 = 6(ρ11ν1 + ρ12ν2)− τ1 (√2(√3a3 − 3a4 + 2√3b3)ν1 + 6a2e1) = 0 ,
6Fν2 = 6(ρ21ν1 + ρ22ν2)− τ2 (√2(√3a3 − 3a4 + 2√3b3)ν2 + 6a2e2) = 0 ,
3Fe1 = 3(ρ11e1 + ρ21e2)− τ1 (√6 (b3 − a3) e1 + 3a2ν1) = 0 ,
3Fe2 = 3(ρ12e1 + ρ22e2)− τ2 (√6 (b3 − a3) e2 + 3a2ν2) = 0 ,
6Fν1 = 6(ρ11ν1 + ρ21ν2)− τ1 (√2(√3a3 − 3a4 + 2√3b3)ν1 + 6a1e1) = 0 ,
6Fν2 = 6(ρ12ν1 + ρ22ν2)− τ2 (√2(√3a3 − 3a4 + 2√3b3)ν2 + 6a1e2) = 0 . (G.18)

Following the strategy of Appendix F.2 one can solve the first five equations abovefor a1, a2, a3, a4 and b3:
µa1 = τ1ν1e1 + τ2ν2e2 ,
µa2 = τ1e1ν1 + τ2e2ν2 ,√6µa3 = τ1 (ν1ν1 − 2e1e1) + τ2 (ν2ν2 − 2e2e2) ,√2µa4 = −τ1ν1ν1 − τ2ν2ν2 ,√3µb3 = √2 (τ1 (ν1ν1 + e1e1) + τ2 (ν2ν2 + e2e2)) . (G.19)

Since a1 = a∗2 and τ1 and τ2 can be taken real without loss of generality (seeSect. 4.5.2), the first two equations above imply
τ1ν1e1 + τ2ν2e2 = τ1(e1ν1)∗ + τ2(e2ν2)∗ , (G.20)
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Using Eq. (G.19) the remaining F -flatness conditions in Eq. (G.18) can be rewrittenin the form

3µFa
e1 = 3µ(ρ11e1 + ρ12e2)− 4τ21 (ν1ν1 + e1e1) e1

− τ1τ2 (3ν2ν1e2 + (ν2ν2 + 4e2e2)e1) = 0 ,
3µFa

e1 = 3µ(ρ11e1 + ρ21e2)− 4τ21 (ν1ν1 + e1e1) e1
− τ1τ2 (3ν2ν1e2 + (ν2ν2 + 4e2e2)e1) = 0 ,

3µFa
ν1 = 3µ(ρ11ν1 + ρ12ν2)− 4τ21 (e1e1 + ν1ν1) ν1

− τ1τ2 (3e2e1ν2 + (e2e2 + 4ν2ν2)ν1) = 0 ,
3µFa

ν1 = 3µ(ρ11ν1 + ρ21ν2)− 4τ21 (e1e1 + ν1ν1) ν1
− τ1τ2 (3e2e1ν2 + (e2e2 + 4ν2ν2)ν1) = 0 , (G.21)

and the additional four relations can be again obtained by exchanging 1 ↔ 2. Sim-ilarly, the triplet of linearly independent D-flatness conditions in Eq. (G.17) can bebrought to the form
DEα = e∗1ν1 − e1ν∗1 + e∗2ν2 − e2ν∗2 = 0 ,
DT (3)

R
= |ν1|2 − |ν1|2 + |ν2|2 − |ν2|2 = 0 ,

DT (8)
L

= |e1|2 + |ν1|2 + |e2|2 + |ν2|2 − |e1|2 − |ν1|2 − |e2|2 − |ν2|2 = 0 . (G.22)
Combining these with Eq. (G.20), the D-flatness is ensured if and only if e∗1,2 = e1,2and ν∗1,2 = ν1,2. Hence, in complete analogy with the flipped SO(10) case Eq. (F.30),one can write

e1,2 ≡ |e1,2|eiφe1,2 , e1,2 ≡ |e1,2|e−iφe1,2 ,
ν1,2 ≡ |ν1,2|eiφν1,2 , ν1,2 ≡ |ν1,2|e−iφν1,2 . (G.23)

From now on, the discussion of the vacuum manifold follows very closely thatfor the flipped SO(10) in Sect. F.2 and we shall not repeat it here. In particular theexistence of a nontrivial vacuum requires the hermiticity of the ρ and τ couplings.This is related to the fact that D- and F -flatness require 〈27i〉 = 〈27i〉∗. The detailedshape of the resulting vacuum manifold so obtained is given in Eq. (4.53) of Sect. 4.5.2.
G.3 Vacuum little group
In order to find the algebra left invariant by the vacuum configurations in Eq. (4.53),we need to compute the action of the E6 generators on the 〈78⊕ 271 ⊕ 272 ⊕ 271 ⊕ 272〉
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VEV. From Eqs. (G.5)–(G.6) one obtains
Tα
β 〈78〉 = 0
T i
j 〈78〉 = b3√6(δi1T1

j − δ1
j T i1 + δi2T2

j − δ2
j T i2 − 2δi3T3

j + 2δ3
j T i3)

T i′
j ′ 〈78〉 = a1(δi′2′T3′

j ′ − δ3′
j ′ T i′2′) + a2(δi′3′T2′

j ′ − δ2′
j ′ T i′3′) + a4√2(δi′1′T1′

j ′ − δ1′
j ′ T i′1′ − δi′2′T2′

j ′ + δ2′
j ′ T i′2′)

+ a3√6(δi′1′T1′
j ′ − δ1′

j ′ T i′1′ + δi′2′T2′
j ′ − δ2′

j ′ T i′2′ − 2δi′3′T3′
j ′ + 2δ3′

j ′ T i′3′)
Qα
ij ′ 〈78〉 = −a1(δ3′

j ′ Qα
i2′)− a2(δ2′

j ′ Qα
i3′)− a3√6(δ1′

j ′ Qα
i1′ + δ2′

j ′ Qα
i2′ − 2δ3′

j ′ Qα
i3′)

− a4√2(δ1′
j ′ Qα

i1′ − δ2′
j ′ Qα

i2′)− b3√6(δ1
iQα1j ′ + δ2

iQα2j ′ − 2δ3
iQα3j ′)

Qij ′
α 〈78〉 = a1(δj ′2′Qi3′

α ) + a2(δj ′3′Qi2′
α ) + a3√6(δj ′1′Qi1′

α + δj
′2′Qi2′

α − 2δj ′3′Qi3′
α )

+ a4√2(δj ′1′Qi1′
α − δ

j ′2′Qi2′
α ) + b3√6(δi1Q1j ′

α + δi2Q2j ′
α − 2δi3Q3j ′

α ) , (G.24)
on the adjoint vacuum. For 〈271 ⊕ 272〉 one finds

Tα
β 〈271 ⊕ 272〉 = 0
T i
j 〈271 ⊕ 272〉 = −(e1 + e2)[δ3

j vi3′ ]− (ν1 + ν2)[δ3
j vi2′ ]

T i′
j ′ 〈271 ⊕ 272〉 = (e1 + e2)[δi′3′v3

j ′ ] + (ν1 + ν2)[δi′2′v3
j ′ ]

Qα
ij ′ 〈271 ⊕ 272〉 = −(e1 + e2)[δ3

i εj ′3′k′vαk′ ]− (ν1 + ν2)[δ3
i εj ′2′k′vαk′ ]

Qij ′
α 〈271 ⊕ 272〉 = (e1 + e2)[δj ′3′εi3kvαk] + (ν1 + ν2)[δj ′2′εi3kvαk] , (G.25)

and, accordingly, for 〈271 ⊕ 272〉
Tα
β
〈271 ⊕ 272〉 = 0

T i
j
〈271 ⊕ 272〉 = (e1 + e2)[δi3u3′

j ] + (ν1 + ν2)[δi3u2′
j ]

T i′
j ′
〈271 ⊕ 272〉 = −(e1 + e2)[δ3′

j ′ ui
′3 ]− (ν1 + ν2)[δ2′

j ′ ui
′3 ]

Qα
ij ′
〈271 ⊕ 272〉 = −(e1 + e2)[δ3′

j ′ εi3kuαk]− (ν1 + ν2)[δ2′
j ′ εi3kuαk]

Qij ′
α
〈271 ⊕ 272〉 = (e1 + e2)[δi3ε j ′3′k′uαk′ ] + (ν1 + ν2)[δi3ε j ′2′k′uαk′ ] . (G.26)

On the vacuum manifold in Eq. (4.53) one finds that the generators generallypreserved by the VEVs of 78⊕ 271 ⊕ 272 ⊕ 271 ⊕ 272 are
T (1)
C T (2)

C T (3)
C T (4)

C T (5)
C T (6)

C T (7)
C T (8)

C : (8, 1, 0) ,
T (1)
L T (2)

L T (3)
L : (1, 3, 0) ,

Y : (1, 1, 0) ,
Qα11′ Qα21′ Q11′

α Q21′
α : (3, 2,+56 )⊕ (3, 2,−56 ) , (G.27)
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which generate an SU(5) algebra. As an example showing the nontrivial constraintsenforced by the vacuum manifold in Eq. (4.53), let us inspect the action of one ofthe lepto-quark generators, say Qα11′ :

Qα11′ 〈78〉 = − 1√6
(
a3 +√3a4 + b3)Qα11′ , (G.28)

Qα11′ 〈271 ⊕ 272〉 = 0 ,
Qα11′ 〈271 ⊕ 272〉 = 0 .

It is easy to check that a3 +√3a4 +b3 vanishes on the whole vacuum manifold in Eq.(4.53) and, thus, Qα11′ is preserved. Let us also remark that the U(1)Y charges abovecorrespond to the standard SO(10) embedding (see the discussion in sect. 4.5.2).In the flipped SO(10) embedding, the (3, 2) ⊕ (3, 2) generators in Eq. (G.27) carryhypercharges ∓16 , respectively.Considering instead the vacuum manifold invariant with respect to the flipped
SO(10) hypercharge (see Eqs. (4.46)–(4.48)), the preserved generators, in additionto those of the SM, are Qα13′ Qα23′ Q13′

α Q23′
α . These, for the standard hyperchargeembedding of Eq. (4.37), transform as (3, 2,−16 )⊕ (3, 2,+16 ), whereas with the flippedhypercharge assignment in Eq. (4.38), the same transform as (3, 2,+56 ) ⊕ (3, 2,−56 ).Needless to say, one finds again SU(5) as the vacuum little group.It is interesting to consider the configuration α1 = α2 = 0, which can be chosenwithout loss of generality once a pair, let us say 272 ⊕ 272, is decoupled or when thetwo copies of 27H ⊕ 27H are aligned. According to Eq. (4.53) this implies all VEVsequal to zero but a3 = −b3 and e1 (e2). Then, from Eqs. (G.24)–(G.26), one verifiesthat the preserved generators are (see Eq. (G.4) for notation)

T (1)
C T (2)

C T (3)
C T (4)

C T (5)
C T (6)

C T (7)
C T (8)

C : (8, 1, 0) ,
T (1)
L T (2)

L T (3)
L : (1, 3, 0) ,

T (1)
R T (2)

R T (3)
R : (1, 1,−1)⊕ (1, 1, 0)⊕ (1, 1,+1) ,

T (8)
L + T (8)

R : (1, 1, 0) , (G.29)
Qα11′ Qα21′ Q11′

α Q21′
α : (3, 2,+56 )⊕ (3, 2,−56 ) ,

Qα12′ Qα22′ Q12′
α Q22′

α : (3, 2,−16 )⊕ (3, 2,+16 ) ,
Qα33′ Q33′

α : (3, 1,−23 )⊕ (3, 1,+23 ) , (G.30)
which support an SO(10) algebra. In particular, a3 = −b3 preserves SO(10) ⊗ U(1),where the extra U(1) generator, which commutes with all SO(10) generators, isproportional to T (8)

L − T (8)
R . On the other hand, the VEV e1 breaks T (8)

L − T (8)
R (whilepreserving the sum). We therefore recover the result of Ref. [200] for the E6 settingwith 78H ⊕ 27H ⊕ 27H .
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