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Introduction

One of the amazing facts about Nature is that diverse physical phenomena occur along
an extensive range of length scales, from cosmological to subatomic distances. The
accelerated expansion of the Universe, the dynamics of galaxies and astronomical
objects, the motion of ocean waves, or the production of hadrons are just a few
examples. However, our capability of doing physics at a given scale does not strictly
rely on our understanding of what happens at any shorter distances. As a matter of
fact, we can describe most of the physical phenomena by isolating only the relevant
degrees of freedom at a given scale. The paradigm of Effective Field Theories (EFTs)
naturally embeds this idea into a field theory, providing an efficient way to deal with
the low-energy degrees of freedom, while deferring unimportant effects to smaller
scales in a systematic way.

An EFT can be seen as the renormalization group (RG) flow from an ultraviolet
(UV) to an infrared (IR) fixed point, where fields are classified with respect to their
scaling dimension and quantum numbers of the corresponding symmetries. Impor-
tantly, symmetries are preserved along the RG flow and thus they provide the ground
rule to construct the EFTs: every operator allowed by the symmetries is (generically)
generated along the RG flow. The resulting effective Lagrangian is an expansion in
low-energy operators Oi (IR fields and derivatives), consistently with the IR symme-
tries

LEFT =
∑ ci

ΛdimOi−4
Oi , (1)

where Λ is the scale at which UV physics kicks in, and the Wilson coefficients ci
parametrize the impact of high-energy effects on the low-energy observables. Impor-
tantly, we do not need to expand the Lagrangian to all orders; the higher dimOi,

9
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the more irrelevant the operator becomes at low energy E � Λ, which means that
only a finite number of operators is needed for any fixed accuracy, making the EFT
predictive. For any given accuracy, either exact or approximate symmetries provide a
natural way to power-count the operators that contribute considerably to low-energy
observables. Indeed, symmetries can “kill”, or suppress by spurions insertions, the
Wilson coefficients associated with operators that carry non-trivial representations of
the symmetry group. Vice versa, operators which are neutral under the symmetries,
are expected to have sizable coefficients in the IR, as being generated along the RG
flow.

Nevertheless, EFTs are not only constrained by symmetries. Unitarity, locality,
and causality of the underlying UV completion leave a footprint on certain Wilson
coefficients, which are shown to satisfy a set of positivity constraints [1]. These bounds
are derived from the S-matrix’s fundamental properties, such as analyticity, crossing
symmetry, and unitarity, and do not rely on details of the microscopic theory. As
such, they provide a powerful and general UV-IR link that sheds light on the space of
consistent EFTs. In fact, not all tentative EFTs built out of infinite many operators
respecting symmetries are on the same footing: some live in the “swampland”, i.e. in
the space of theories that do not admit unitarity, local and causal UV completion,
see Fig. (1).

For example, consider the effective action of a Goldstone boson π associated to
a spontaneously broken U(1), L = −(∂π)2 + c(∂π)4 + . . .. Both signs of the Wilson
coefficients c are consistent with the shift symmetry of the Goldstone boson, but yet
unitarity of the UV completion requires c ≥ 0. Indeed, as we will see in Chapter (2),
the forward elastic 2-2 amplitude satisfies the dispersion relation

∂2

∂s2
M2→2(s, t = 0)

∣∣∣
s=0

=
2

π

∫ +∞

0

ds
σ2→tot(s)

s2
(2)

and sinceM(s, t = 0) ∼ c s2, positivity of the total cross-section demands c ≥ 0. The
UV-IR connection is provided by this dispersion relation, where the left-hand side
is evaluated at low-energy, computable within the EFT, while the right-hand side
contains contributions from the UV physics for s & Λ2, therefore non-computable
within the EFT. This connection is undoubtedly intriguing: if a macroscopic observer
measured c < 0, they would conclude that some assumptions about the UV theory
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Fig. 1: Sketch of the RG flow from the space of consistent UV theories. In red, EFTs
that are not reached by the RG flow of a consistent UV theory: they are said to live
in the swampland. The landscape of consistent EFTs can be identified with different
criteria: positivity bounds, Weak Gravity Conjecture, and anomaly matching are a few
examples. The two points c ≥ 0, c < 0, correspond to the Goldstone boson example
explained in the main text.

are not satisfied (or that some IR degree of freedom contributing to the amplitude
has been missed). Violation of the positivity bounds could suggest us what the high-
energy theory looks like. This means that we can bring the information preserved
along the RG flow to light by macroscopic observations.

Due to their independence on UV details, the positivity bounds have been applied
successfully in several contexts. The non-reversibility of the RG flow between two
conformal fixed points in 4D, i.e. the a−theorem, can be proven by demanding
positivity of the dilaton-dilaton scattering amplitude [2, 3]. Also, positivity bounds
found their applications in phenomenological and cosmological EFTs, such as pion
theory [4, 5], composite Higgs models [6–8], WW-scattering [1, 6, 9], massive gravity
[10] or gravitational Einstein-Maxwell theory [11].

In this thesis, we develop novel methods to identify the boundary of the consistent
region in Fig. (1). We provide new constraints by relating the Wilson coefficients of the



12 CONTENTS

forward amplitude to the non-forward1 IR contributions arising from the total cross-
section in the right-hand side of Eq. (3). In short, the dispersive integral includes
strictly positive contributions at all energies up to infinity: we retain those that are
calculable within the EFT at any given accuracy, going beyond the positivity bounds,
i.e. schematically

∂2

∂s2
M2→2(s, t = 0)

∣∣∣
IR
&
∫ Λ2

ds
σ2→tot

IR (s)

s2
. (3)

For amplitudes with sufficiently soft behaviour, i.e. M(E) ∼ En>4 at high-
energy, these bounds are non-trivial, in that they can be read as non-trivial upper
bounds on the physical cut-off of the EFT [13–16]. This soft behaviour is realised in
several theories with derivatively coupled states, e.g. the Galileon and massive Higher-
Spin (HS) particles2. We will show direct applications of these ideas to interesting
EFTs, as we now describe.

In the first two chapters, we discuss the consequences of these low-energy con-
straints (positivity and beyond) on dRGT massive gravity and massive Higher-Spin
(HS) theories, showing that they are at odds with the very basic feature of EFTs:
predictivity. In simple terms, unitarity results in a non-trivial tension between the
mass m, the cut-off Λ and the spin of the particles: the higher the spin, the smaller
the separation of scales m/Λ. This is certainly an unpleasant feature for EFTs, whose
primary usefulness relies on providing accurate predictions.

The theories we will discuss are more than just applications of the beyond pos-
itivity bounds. Despite the experimental successes of General Relativity (GR) on
astronomical scales, its discordance with an accelerated expansion of the universe
may require some new low-energy (thus large distance) effect. A part from introduc-
ing a cosmological constant, one direct way to deform GR is to provide a small mass

1The right-hand side of the dispersion relation does include non-forward contributions, since the
total cross-section is an integral all over the phase space, σ ∼

∫
dt|M(s, t)|2. Another class of

positivity bounds beyond the forward limit has been derived in [12].
2For instance, the wave-function polarization of the helicity-0 mode of a massive spin-J particle

grows as EJ , so that one can easily construct interactions for which the 2-2 scattering amplitude
grows asM∼ E4J . Also, for the GalileonM(E) ∼ E6.
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to the graviton, which led, in the past decades, to the finding of dRGT gravity [17,18]
as one possible candidate for a consistent theory of a massive graviton.

However, the introduction of a small mass comes with a bunch of undesired effects
that bring sizeable corrections to the GR predictions, an example of which is the fifth
force carried by the scalar mode of the graviton. On top of this, the commonly ac-
cepted cut-off of this theory is parametrically small3, Λ3 = (m2Mpl)

1/3 ∼ (320 km)−1

and shrink to zero as m→ 0. Such low cut-off (large in distance units) is displeasing,
especially if we consider that GR, taken as an EFT, has been precisely tested at much
smaller distances, down to the mm or even below [22–24]. In dRGT, the issue asso-
ciated with the fifth-force is, in principle, taken care of by the non-linearities in the
form of the Vainshtein mechanism [25,26], which suppresses the fifth force effects and
restores continuity with GR at small scales. This mechanism, however, relies on the
assumption that the UV theory does not swamp these suppressions. For this reason,
it is essential to understand how large the physical cut-off Λ can be.

In Chapter (2) we show that beyond positivities, combined with the experimental
upper-bound on the graviton mass m . 10−32 eV, force the cut-off of dRGT massive
gravity to be of the order of the Earth-Venus distance

Λ . Λ4 = (m3Mpl)
1/4 ∼ (107 km)−1,

meaning that the Vainshtein mechanism has no reason to keep suppressing the fifth-
force to smaller scale. Even assuming that there are suppressions happening at this
scale, so that one can use dRGT to describe gravitational phenomena, it requires
a strong power of the mind to imagine that new-physics corrections do not amplify
tremendously at Earth-Moon distances. At these scales, the predictions of dRGT
with cut-off at Λ3 are already borderline with the best precision from fifth-force
experiments, so that one must assume some kind of unknown UV mechanism to
make dRGT work4.

3This is actually the strong-coupling scale. The physical cut-off Λ, i.e. the scale at which new
UV states kick in, may be well below this scale, as it happens in the Standard Model when the Higgs
is integrated out. To estimate the value of Λ3, we take the best bound on the graviton mass from
fifth force experiments m < 10−32eV [19–21].

4Lunar Laser Ranging experiments measure the anomalous Earth-Moon precession δφ with high
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Nevertheless, massive HS particles not associated with gravitational dynamics do
exist. For example, they are produced at colliders in the form of strongly interacting
bound states. The distinctive feature of these particles is that their Compton wave-
length is of the same order as their size (set by Λ−1

QCD) so that they appear in a tower
of states of comparable mass. It is then an empirical fact that there is no separation of
scales between HS particles, making any relativistic EFT description pointless. How
come? Why is the existence of weakly coupled HS states, well separated in the mass
spectrum, so disfavoured?

In Chapter (3), we show that unitarity highlights the inconsistency of these
EFTs. We first construct a seemingly consistent EFT description for HS particles
by splitting the transverse and longitudinal modes’ dynamics. We then employ the
beyond positivity bounds to generic HS interactions. For instance, in theories of a
spin-s particle with IR dominating potential with generic coupling λL, we show that
unitarity demands

m

Λ
& (λL/16π2)1/(8s−4) ,

thereby for fixed cut-off, very light HS particles are extremely weakly coupled. Put
differently, the higher the spin, the smaller the gap at fixed coupling. We also show
that the simplest theory of a self-interacting spin-3 particle through a potential of the
type λL(ΦµνρΦ

µνρ)2 does not satisfy the positivity bounds, implying that there is no
IR dominating potential. We expect this conclusion to hold for general HS theories.

The straightforward implication of the positivity bounds is the existence of un-
suppressed dimension-8 four-fields operators. In particular, there is no obstruction
to suppressed dimension-6 operators and sizeable dimension-8 operators that could
be used for Beyond Standard Model (BSM) phenomenology at the LHC. This fact
suggests a novel paradigm of fermion compositeness based on suppressed dimension-6
operators, where the symmetry protecting this suppression is supersymmetry (SUSY).

In Chapter (4), we discuss such paradigm. We investigate the possibility that

precision δφ ∼ 10−11, setting the strongest bound on the graviton mass, m < 10−32 eV. While dRGT
gravity predictions would be largely compatible with the experimental bounds for a mass smaller
than 10−32 eV, our bound on the cut-off Λ would only worsen, making the cancellation of UV effects
at Earth-Moon distances highly unlikely.
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the plethora of SM fermions that we observe at low energy is generated by a strongly
coupled sector where extended supersymmetry is spontaneously broken. Therefore,
the strong sector gives rise to massless fermions, more commonly known as the Gold-
stini, whose leading self-interactions are described by dimension-8 operators. In a
modern generalization of the Akulov-Volkov theory for the neutrino [27, 28], we dis-
cuss how to embed the SM in this framework, identifying (some of) the SM fermions
as pseudo-Goldstini.

The traditional chiral-compositeness of fermions, which gives rise to dimension-6
operators, is strongly constrained by measurements at the LHC and LEP. On the other
hand, non-linearly realized supersymmetry provides an alternative explanation for the
small fermion masses, while allowing large effects in the more irrelevant dimension-8
operators. As a consequence, the collider constraints on the compositeness scale m∗
are milder

m∗ & 1− 10TeV ,

making this a valuable scenario to investigate with actual and future collider experi-
ments.
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Chapter 1

Unitarity and analyticity of
scattering amplitudes

This chapter explores the interplay between first principles, e.g. unitarity and causal-
ity, and general properties of scattering amplitudes. This fascinating link underlies
a class of relations that must be satisfied by any EFT admitting a consistent UV
completion, the so-called positivity bounds discussed in the next chapter. Before
discussing these relations, however, it is useful to fix the notation and review some
important results of S-matrix theory.

In the first part, we discuss (see Sec. (1.1.1)) the optical theorem as a consequence
of unitarity. The well-known relation between the imaginary part of forward elastic
amplitudes and the total cross-section is the root of the positivity constraints we will
apply to the EFTs’ parameters. In Sec. (1.2) we discuss causality in QFT, and we
inspect its consequences in Sec. (1.2.1): in short, scattering amplitudes are analytic
functions of external momenta. In fact, they are very specific analytic functions, with
poles and branch-cuts fixed by locality and unitarity. Finally, in Sec. (1.3) we discuss
the important property of crossing symmetry, which relates amplitudes obtained by
exchanging particles (even with spin) with anti-particles between initial and finals
states.

17
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In the second part, we derive the dispersion relations obeyed by forward elastic
amplitudes in Sec. (3.3.1). We show that derivatives of the amplitude with respect to
the center of mass energy can be written as an integral of the imaginary part around
the branch-cuts. In the next chapter, we will investigate what kind of information
can be extracted from these dispersion relation.

Convention We work in the mostly plus signature, ηµν = diag(−1,+1,+1,+1). In
this thesis we will be mostly interested on 2-to-2 scattering processes p1p2 → p3p4,
for which the Mandelstam variables take the form

s = −(p1 + p2)2 , t = −(p1 − p3)2 , u = −(p1 − p4)2 . (1.1)

1.1 The Unitary S-matrix

In this section, we provide the definition of the S-matrix, following Ref. [29]. One of
the central themes of quantum field theory is the study of amplitudes probabilities,

Sβα = 〈Ψout
β |Ψin

α 〉 (1.2)

for the transitions between the states |Ψin
α 〉 and |Ψout

β 〉 whose particle content, labelled
by the greek subscripts α and β, is defined in the far past (at t → −∞) and the far
future (t → +∞), respectively1. Without interactions, |Ψin〉 and |Ψout〉 would be
the same implying Sβα = eiθδβα, where we can always choose eiθ = 1. The rate for
interactions and the differential cross-sections that are measured at colliders are thus
proportional to |Sβα − δβα|2.

In the following we work with orthogonal states

〈Ψβ|Ψα〉 = Nαδ(β − α) (1.3)

1Note that we are working in the Heisenberg picture and the |Ψin(out)
α(β) 〉 do not represent the

asymptotic limits of time-varying states. In this picture, it is in fact the time-dependence of
the self-adjoint operators associated with the observables that produce time-varying expectation
values. The asymptotic values of the expectations of a complete set of commuting observables,
such as the set of 4-momumtum, the spins, the conserved quantum numbers,. . . define the label
α = (p1, σ1, q1; p2, σ2, q2; . . .) used for the in and out states |Ψin(out)

α 〉.
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where Nα is a normalization factor, and δ(β−α) stands for products of delta functions
and Kronecker deltas summed over all possible permutations according to the spin-
statistics. We also adopt the relativistic normalization where one-particle states carry
a
√
N =

√
2Ep(2π)3 factor

〈pα, σα|kβ, σβ〉 = δσασβ(2π)32Epδ
(3)(p− k) , (1.4)

while multi-particle states carry products of those. With this choice, the scalar prod-
ucts are Lorentz invariant 2. The sum over the states is represented by∫

dα =
∑

σ1n1,σ2n2,...

∫
d3p1d

3p2 . . . (1.5)

(but sometimes omitting the integral symbol over repeated indices). For example,
the completeness relation for states normalized as in Eq. (1.3) reads

1 =

∫
dα

Nα

|Ψα〉 〈Ψα| . (1.6)

It is often very convenient to think of the scattering amplitudes as actual matrix
elements for an operator S sandwiched between free particle states |Φα〉

Sαβ = 〈Φα|S|Φβ〉 (1.7)

that have the same spectrum (that is the collection of possible {α}) and normalization

H0|Φα〉 = Eα|Φα〉 , 〈Φα|Φβ〉 = Nαδ(α− β) . (1.8)

of the initial and final states |Ψin,out〉, for a suitable choice of the free hamiltonian
H0. Assuming that at t = ±∞ interactions are negligible, the in and out states are
basically defined as the eigenvectors of the full Hamiltonian H,

H|Ψin(out)
α 〉 = Eα(β)|Ψin(out)

α 〉 (1.9)

with initial(final) conditions given by the |Φα〉, meaning∫
dαe−iEαtg(α)|Ψin,out

α 〉 −→
∫
dαe−iEαtg(α)|Φα〉 (1.10)

2We work in the mostly plus signature of the Lorentz metric.
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as t → −∞ or t → +∞, respectively. As this holds for any wave-packet g(α), one
can formally write

|Ψin,out
α 〉 = Ω(∓∞)|Φα〉 , Ω(t) ≡ eiHte−iH0t . (1.11)

It follows that the scattering matrix Eq. (1.2) can be expressed in terms of actual
“matrix elements” between free-particle states

Sβα = 〈Ψout
β |Ψin

α 〉 = 〈Φβ|Ω(+∞)†Ω(−∞)|Φα〉 ≡ 〈Φβ|S|Φα〉 , (1.12)

for the S-matrix operator formally defined by

S = Ω(+∞)†Ω(−∞) . (1.13)

Since for free theories S = 1, it is actually convenient to define a scattering amplitude
operatorM

S = 1 + (2π)4δ(4)

(∑
i

pi

)
iM , (1.14)

where the trivial evolution is removed. While the S-matrix is a Lorentz invariant op-
erator, amplitudes are little-group covariant, which means that each external polari-
sation transforms accordingly to little group transformations. For massless spinning
particles, the wave-polarisations acquire a phase up to gauge transformations, while
for massive spins they just transform linearly under SO(3) spatial rotations.

1.1.1 Unitarity and the optical theorem

The S-matrix is unitary
S†S = 1 , SS† = 1 (1.15)

as one can directly check by means of the completeness relation3 (see Eq. (1.6)), i.e.

〈Φα|S†S|Φβ〉 =

∫
dγ

Nγ

S∗γαSγβ =

∫
dγ

Nγ

〈Ψin
α |Ψout

γ 〉〈Ψout
γ |Ψin

β 〉 = Nαδ(α−β) = 〈Φα|1|Φβ〉

(1.16)
3Trivially, the same completeness relation holds for the free fields |Φα〉.
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and

〈Φα|SS†|Φβ〉 =

∫
dγ

Nγ

SαγS
∗
βγ =

∫
dγ

Nγ

〈Ψout
α |Ψin

γ 〉〈Ψin
γ |Ψout

β 〉 = Nαδ(α−β) = 〈Φα|1|Φβ〉

(1.17)
for any |Φα〉 and |Φβ〉.

Unitarity of the S-matrix has important consequences on the scattering ampli-
tudes, such as the optical theorem which gives a non-perturbative relation between the
imaginary part of the amplitudes and the total cross-sections. Following e.g. [29, 30]
we define the T matrix

S = 1 + iT , 〈Φβ|T |Φα〉 = (2π)4δ4(pα − pβ)Mβα (1.18)

and using Eq. (1.15) we get
i(T † − T ) = T †T . (1.19)

The matrix elements of the r.h.s. reads

〈Φβ|i(T † − T )|Φα〉 = i 〈Φα|T |Φβ〉∗ − i 〈Φβ|T |Φα〉 (1.20)

= i(2π)4δ4(pα − pβ)(M∗
αβ −Mβα). (1.21)

while the r.h.s. can be written as

〈Φβ|T †T |Φα〉 =

∫
dγ

Nγ

〈Φβ|T †|Φγ〉 〈Φγ|T |Φα〉 (1.22)

=

∫
dγ

Nγ

(2π)4δ4(pβ − pγ)(2π)4δ4(pα − pγ)M∗
γβMγα. (1.23)

having inserted a complet set of states. Therefore, we derived the generalized optical
theorem

Mβα −M∗
αβ = i

∫
dγ

Nγ

(2π)4δ4(pα − pγ)M∗
γβMγα. (1.24)

Whenever the initial and final states are equals, that is α = β (the so-called elastic
forward scattering), we get

2ImMαα =

∫
dγ

Nγ

(2π)4δ4(pα − pγ)|Mγα|2, (1.25)

that is the imaginary part of the forward elastic scattering is a sum (integral) of
squared matrix elements for the transition amplitudes α → γ for any γ that is kine-
matically open.
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The most important consequence of this equation that we use in the following is
the positivity of the r.h.s. that enforces the same for the l.h.s.

ImMαα ≥ 0 . (1.26)

Notice that only the free theory, where none of the transitions is allowed, may saturate
this inequality: in any interacting theory ImMαα > 0.

We can actually say more about the r.h.s. of Eq. (1.25). Recalling the expression
for the total cross-section of the transition α → any in the center of mass frame for
an initial state α containing just two particles,

σ(2→ anything) =
1

4Ecm|pi|

∫
dγ

Nγ

(2π)4δ4(pα − pγ)|Mγα|2 , (1.27)

we see that Eq. (1.25) implies

ImM2→2(s)
∣∣
elastic forward

=
√

(s−m2
1 −m2

2)2 − 4m2
1m

2
2 · σtot

2→anything(s) . (1.28)

The mi are the masses of the initial particles, and σtot
α→anything(s) is the total cross

section for α into any final state that is kinematically open.

1.2 Causality and analyticity

One of the most important concepts in physics is causality which roughly states that
future events cannot affect the past. In special relativity, causality is the statement
that two different inertial observers agree on the causal relationship between two
events, that is the cause and the effect can be uniquely determined. In special rela-
tivity, this is possible only if we can emit signals travelling at most at the velocity of
light. The standard example is provided by a source at rest with an inertial frame
H sitting at the origin O and sending a superluminal signal towards A as in Fig.(1).
Another inertial observer with respect to an inertial frame H′ might not agree on
the causality relationship between the two events, if H′ is related to H by a suitable
Lorentz boost which sends A into the past of the observer. Indeed, we can always
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tim
e

space space

tim
e

Fig. 1: Under a Lorentz boost, the event A with coordinates xµA moves on the hyper-
bola −t2+~x2 = x2

A > 0, eventually becoming prior to O. If we place two transponders
in A′ and B′ reflecting the superluminal signal forward in time, it will necessarily in-
fluence the past of the observer who sent the signal, thus breaking causality.

place two transponders in A′ and B′ to send back the signal to O. If we place an
additional transponder in B′, then the signal can reach O. The only way to avoid
such paradox is to require that signals propagate inside (on) the light-cone.

In a relativistic QFT, (micro-)causality requires that measurements on space-like
distances do not influence each other. In other words, it requires that any two bosonic
Heisenberg-picture operators O1,O2 commute on space-like separated points

[O1(x),O2(y)] = 0 , (x− y)2 > 0 , (1.29)

while fermionic operators anti-commute. Micro-causality has profound consequences
in relativistic quantum theories, such as the Lorentz-invariance of the S-matrix or the
CPT and the spin-statistic theorems. For instance, a formal solution to Eq.(1.13) is
provided by the Dyson series

S = 1 +
∞∑
n=1

(−i)n

n!

∫
dx4

1 dx
4
2 ... dx

4
n T{HI(t1)...HI(tn)} , (1.30)
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where T{...} is the usual time-ordered product and HI is the interaction Hamiltonian
density. The only trouble with the Lorentz invariance of Eq.(1.30) is given by the T -
product, since the time-ordering of two space-like separated events is not generically
preserved under Lorentz boosts (e.g. see Fig. (1)). A possible solution to preserve
Lorentz invariance is to impose that operators commute on space-like intervals, so
that their time-ordering in Eq.(1.30) is not important.

Another important consequence of microcausality is the casual response to ex-
ternal disturbances. Consider, for instance, the simple theory of a scalar field φ(x)

coupled to an external classical source J(x)

H(x) = HJ=0(x) + J(x)φ(x) . (1.31)

The response of the expectation value of φ(x) to the external current is driven by the
scalar fields commutator, which plays the role of the Green function,

〈φ(x)〉J = 〈φ(x)〉J=0 − i
∫ x0

−∞
dy0

∫
d3y 〈0|[φ(x), φ(y)]|0〉J=0 J(y) . (1.32)

We see then the source generates a disturbance to the expectation value of the scalar
field only if J(y) is localized in the past light-cone of x, in accordance with causality.

1.2.1 Analyticity

In this section, we highlight the deep relation between causality and the analytic
structure of 2-to-2 amplitudes in QFT, originally investigated in [31, 32]. Before
showing how this connection occurs, it is very enlightening to discuss an example it
in the context of classical waves scattering, as originally suggested in [33].

Classical wave example Let us consider a wave packet travelling along the z
direction with speed v = 1

A(z, t) =

∫ +∞

−∞
dω eiω(z−t)a(ω) (1.33)
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and scattered at the time t = 0 by an infinitely heavy particle sitting at z = 0. We
assume this integral to be well-defined in the distributional sense. Causality should
be imposed as an external input: we require that the wave packet does not interact
with the scattering center before hitting it, that is

A(0, t) = 0 for t < 0 . (1.34)

Therefore, by inverting Eq. (1.33) we can express the Fourier transform a(ω) as an
integral over positive times,

a(ω) =
1

2π

∫ +∞

−∞
dt eiωtA(0, t) =

1

2π

∫ +∞

0

dt eiωtA(0, t) . (1.35)

By virtue of the convergence of Eq. (1.33), a(ω) can be analytically continued in the
upper-half complex plane. Indeed, under the substitution ω → Reω + i Imω, the
integral Eq. (1.35) still converges, as long as Imω > 0, because of the causality as-
sumption. Therefore, the physical amplitude a(ω) can be seen as the upper boundary
value of an analytic function in the upper-half ω-complex plane. Notice that there
are no branch-cuts away from the real axis, since for any closed contour γ on the
upper-half plane we trivially have ∮

γ

dω a(ω) = 0 . (1.36)

Since a(ω) is an analytic function away from the real axis, we can consider the follow-
ing closed integral for t < 0 over the real axis (shifted by iε) C1 = {ω |ω = z+ iε, z ∈
[−R,R]} and an upper half-circle CR = {ω |ω = Reiθ, θ ∈ [0, π]} of radius R,

0 =

∮
C1∪CR

dωe−iωta(ω) =

∫
C1

dωe−iωta(ω) +

∫
CR

dωe−iωta(ω) . (1.37)

As we send the radius of the half-circle to infinity, R → ∞, the causality condition
for t < 0 implies the first integral vanishes and we automatically get

lim
R→∞

∫
CR

dωe−iωta(ω) = 0 . (1.38)

For instance, any polynomially bounded function, i.e., a(ω) < ωn as |ω| → ∞, ensures
the convergence of Eq. (1.38) because of the exponential dumping factor eImωt arising
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due to the imaginary part of ω. In more practical terms however, it is very hard
to prove a general relation between causality and analyticity, except for very few
particular cases in QFT, as we will see below. For this reason, we will very often
assume analyticity and polynomially boundedness4 as a proxy for casuality, and we
will study the consequences of such assumptions.

Analyticity in QFT We can rigorously generalise this argument to 2-to-2 scat-
tering amplitudes in QFT. The results we are going to derive are completely analo-
gous to Eq. (1.35), where A(0, t) is simply replaced by the retarded Green function
θ(t)[φ(t, ~x), φ(0)] of a field φ(t, x) describing the particles involved in the scattering.
Because of causality, the retarded Green function vanishes everywhere except within
the forward light-cone |t| > |~x|. We will use this fact, together with polynomially
boundedness of correlators in QFT, to infer 2-to-2 amplitudes’ analyticity.

In this section, we will discuss the general case of scalar particle scattering, alongs
the lines of Refs. [29], [37]. The general case can be found in several textbooks,
e.g. [37–39], as well as in more specialized monographs [40,41].

Let us consider the elastic scattering BA → BA of a particle A of mass mA

with a particle B of mass mB. Denoting by φ(x) the field that annihilates particles
A and creates antiparticles Ā, we can use the LSZ reduction formula [29] to express
the connected part of the S-matrix element S c

fi ≡ 〈p3, p4|S − 1|p1, p2〉 in terms of the
amputated Green function

S c
fi =

[
−i
∫
d4xeip2·x

(
�x −m2

A

)] [
−i
∫
d4ye−ip4·y

(
�y −m2

A

)]
〈p3|T

{
φ(y)φ†(x)

}
|p1〉

(1.39)
where p2 and p4 are incoming and outgoing four-momentum respectively. We consider
off-shell momenta. Crucially, we assume that we are scattering asymptotically stable
particles.

4By polynomial boundedness we mean that amplitudes are functions of complex momenta {pi}
that are bounded by a polynomial of arbitrary degree at high-energy, i.e. M({pi}) < |pi|N as
pi →∞. This property follows from the Wightman axioms of QFT, as the correlators are tempered
distributions [34,35] (see also Ref. [36]).
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The strategy to establish the relation between analyticity and causality, is to
manipulate the integrand in Eq. (1.39) so as to write it in terms of a retarded com-
mutator. When the differential operator (�y −m2

A) acts on the Heaviside function
inside the time-ordered product, it returns a bunch of equal time (ET) commutators

(
�y −m2

A

)
T
{
φ(y)φ†(x)

}
= T

{
j(y)φ†(x)

}
+

∂

∂y0
δ(y0 − x0)[φ†(x), φ(y)]

+ 2δ(y0 − x0)[φ†(x), φ̇(y)]

(1.40)

where we defined j(y) ≡ (�y −m2
A)φ(y). Since at equal times any two distinct points

are space-like separated, causality implies that these commutators must have support
inside the light cone: so they either vanish or are proportional to δ(3)(~x − ~y) (or
its derivatives). For this reason, the ET commutators generate disconnected terms,
which vanish on-shell when p2

2 = −m2
A

5. In the general case we are dealing with,
these additional terms generate nothing else polynomials in the momenta, which do
not affect the analyticity property of the scattering ampltitude. The same argument
holds for the action of the differential operator (�x −m2

A) and therefore we can safely
write

S c
fi = −

[∫
d4xeip2·x

] [∫
d4ye−ip4·y

]
〈p3|T

{
j(y)j†(x)

}
|p1〉+ ETC , (1.41)

where ETC stands for the Fourier transform of the equal time commutators mentioned
above. We will discard for simplicity these contribution in the following.

Using spacetime translation invariance, i.e. j(y) = e−iP (y−z/2)j(z/2)eiP (y−z/2),
and changing variable z = y − x, the connected S-matrix element takes the usual
form

S c
fi = (2π)4δ(4) (p4 − p2 + p3 − p1) iA(k, p1, p3) , (1.42)

where A(k, p1, p3) is the scattering amplitude as function of k = p2 + p4,

A(k, p1, p3) = i

∫
d4z e−iz·k/2〈p3|T

{
j
(z

2

)
j†
(
−z

2

)}
|p1〉 . (1.43)

5For instance, for Lagrangian theories with non-derivative interactions, one can use the canonical
commutation relations, e.g. [φ†(y), φ(x)]ET = 0 and [φ(x), φ̇†(y)]ET = iδ(3)(~x− ~y), to show that the
ET commutators give terms like ∼ (p2

2 +m2
A)δ(4)(p2 − p4)〈p3|p1〉, which vanish on-shell.
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Now we can get our initial purpose. Indeed, using the following identity

T {O(y)O(x)} =θ(y0 − x0)[O(y),O(x)] +O(x)O(y) (1.44)

we can rewrite the amplitude nearly as the Fourier transform of a retarded commu-
tator,

A(k, p1, p3) = i

∫
d4z e−iz·k/2

[
θ(z0)〈p3|

[
j
(z

2

)
, j†
(
−z

2

)]
|p1〉

+ 〈p3|j†
(
−z

2

)
j
(z

2

)
|p1〉

]
.

(1.45)

Importantly, the last term without the retarded commutator does not actually con-
tribute to on-shell scattering amplitudes. This fact can be checked by inserting a
complete set of states and using invariance under spacetime translations,

i

∫
d4z e−iz·(p2+p4)/2〈p3|j†

(
−z

2

)
j
(z

2

)
|p1〉

= i

∫
dα

Nα

〈p3|j† (0) |α〉
∫
d4ze−ip4·z(�−m2

A)〈α|φ (z) |p1〉 .
(1.46)

We recognise the last matrix element as the LSZ reduction formula for the scattering
p1 → pα p4. However, the particle B with momentum p1 is a stable asymptotic state
by assumption and cannot decay; therefore, this last term vanishes6. This conclusion
only relies on the fact that the “in”-state B with momentum p1 is a one-particle state
with positive definite energy, as well as the “out”-state with momentum p4

7. For
higher-points amplitudes this term may not vanish.

The scattering amplitude that we would compute on the mass-shell can be then
expressed in the desired form

A(k, p1, p3) = i

∫
d4z e−iz·k/2 θ(z0)〈p3|

[
j
(z

2

)
, j†
(
−z

2

)]
|p1〉 . (1.47)

6Equivalently, one can make the action of creation and annihilation operators on the asymptotic

states clearer, by noticing that
∫
dz0e−ip4·z(� −m2

A)φ(z) =
∫
dz0∂0

(
e−ip4·z

↔
∂0φ(z)

)
= aout(~p4) −

aint(~p4). Crucially, the vacuum and the one-particle states are asymptotically stable. Therefore,
|0〉out = |0〉in, |p〉out = |p〉in, which implies (aout(~p4)− aint(~p4)) |p1〉 = 0, regardless the particle B in
the initial state, with momentum p1, is identical to the particles A created by φ(z).

7If p0
4 < 0, this amplitude can be related, by crossing symmetry (see the next paragraph), to the

physical amplitude where an antiparticle Ā with momenta pĀ = −p4 belongs to the initial state, i.e.
BĀ→ pα. This amplitude, generically, does not vanish.
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The amplitude A(k, p1, p3), written in terms of the retarded commutator, is the func-
tion that we are going to analytically continue in the complex k-plane.

Microcausality and the presence of the step function imply that the integrand
vanishes outside the forward lightcone {z0 > 0 , z0 > |~z|}. Upon the substitution
k = Rek + iImk, the exponential inside the integral becomes e−z

0Imk0[1−~z·Im~k/z0Imk0],
which for |z| → ∞ provides a dumping factor as long as Imk0 > 0 and Imk · z < 0.
Since z is a positive time-like vector, the imaginary part of k must also be a positive
time-like (null) vector. This fact allows us to analytically continue A(k) within the
so-called “forward tube”, see Fig. (2),

F+ = {Imk0 > 0 , Imk0 ≥ |Im~k|} . (1.48)

All these considerations hold because QFT correlators are polynomially bounded,
which is sufficient to ensure the convergence of the integral in Eq. (1.47) all over the
space coordinates.

Fig. 2: The scattering amplitude A(k, p1, p3) is analytic in kµ inside the forward tube
F+ shown in the figure.

We want to stress that our derivation of the analyticity in the forward tube F+

holds generically for off-shell momenta pµ2 and pµ4 . This is more evident if we consider
scatterings in the forward kinematics, where p2 → p4 and therefore k → 2p2. If we
consider generic complex momentum

pµ2 → Repµ2 + iImpµ2 (1.49)
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with positive time-like Repµ2 , the only way to preserve the on-shell condition p2
2 =

−m2
A < 0 is to consider space-like imaginary part Impµ2 , i.e. in the complex region

outside the forward tube F+. We can however derive analyticity of the on-shell
scattering amplitude in the forward kinematics with some extra effort, see Sec. (1.2.2).

On the other hand, our result holds for the on-shell scattering of massless particle
A as well (i.e. mA = 0 but generic mB), because the imaginary part Impµ2 can be
taken parallel to the real part Repµ2 , still preserving p2

2 = 0, see Sec. (1.2.2).

Notice that our assumptions behind Eq. (1.47) do not rely on the flavour of
the particles, therefore our conclusions still holds for a generic scattering of possibly
different flavour states, that is BiAj → BkAn. In particular, consider the scattering
ψχ→ ψχ where the in- and out- states (of momentum p1, p2 and p3, p4 respectively)
are generic linear combinations of flavor states

χ =
∑
i

βiBi , ψ =
∑
i

αiAi , (1.50)

where α, β are vectors in the flavor space (normalized to unity). Then, the amplitude

M(ψχ→ ψχ) =
∑
ijkn

βiαjβ
∗
kα
∗
nM(BiAj → BkAn) (1.51)

is analytic as well.

Crossing symmetry It is instructive to consider now the other elastic scattering
involving antiparticles BĀ → BĀ with same momenta labelling as before. In terms
of LSZ reduction formula, the amplitude is given by

S̄ c
fi =

[
−i
∫
d4x eip2·x

(
�x −m2

1

)] [
−i
∫
d4y e−ip4·y

(
�y −m2

1

)]
〈p3|T

{
φ†(y)φ(x)

}
|p1〉 .

(1.52)
Repeating the same calculations as before, we end up with the amplitude

Ā(k, p1, p3) = i

∫
d4z e−iz·k/2 θ(z0)〈p3|

[
j†
(z

2

)
, j
(
−z

2

)]
|p1〉 . (1.53)

By changing variables z → −z , k → −k, we can rewrite Eq. (1.53) in terms of an
advanced commutator, hence concluding that Ā(−k, p1, p3) is analytic in the complex
region {Imk0 < 0 , Imk0 < −|Im~k|}.
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Now, we can find a relation between Ā(−k, p1, p3) and A(k, p1, p3)

A(k, p1, p3)− Ā(−k, p1, p3) = iC(k, p1, p3) (1.54)

where C(k, p1, p3) is the Fourier transform of the currents commutator

C(k, p1, p3) =

∫
d4z e−iz·k/2〈p3|

[
j
(z

2

)
, j†
(
−z

2

)]
|p1〉 . (1.55)

By inserting again a complete set of states and using translation invariance,

C(k, p1, p3) =

∫
dα

Nα

〈p3|j (0) |α〉
∫
d4z eiz·

(k+p3+p1−2pα)
2 〈α|j†(0)|p1〉 (1.56)

−
∫

dα

Nα

〈p3|j† (0) |α〉
∫
d4z eiz·

(p3+p1−2pα−k)
2 〈α|j(0)|p1〉 (1.57)

we see that C(k, p1, p3) is non-vanishing for values of pα enforced by momentum
conservation

2pµα = (p3 + p1 ± k)µ , (1.58)

and therefore
(p1 + p3 ± k)2 = 4p2

α . (1.59)

This is the equation of an higher-dimensional hyperboloid in the space (k0, ~k) of
mass 2

√
−p2

α, whose center is translated by the vector ∓(p1 + p3)µ. If there are no
massless particles in the spectrum, there exist a minimum m2

α = −p2
α, corresponding

to a (multi-particle) state α non-trivially interacting with A, then it is clear that
C(k, p1, p3) vanishes for certain values of (k0, ~k) lying on a real region outside the
higher-dimensional hyperboloid. This is the statement of crossing symmetry which
relates physical amplitudes to other amplitudes where a subset of particles are moved
to the opposite side of the reaction, flipping the sign of their four-momentum. Since
the energy of these anti-particles is negative, crossing relates physical and unphysical
amplitudes. We will discuss crossing symmetry in QFT more generally in Sec. (1.3).

1.2.2 Forward scattering

In this thesis, we will mostly interested in the analyticity properties of forward scat-
tering amplitudes, because we will later use the optical theorem Eq. (1.25) to relate
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their imaginary parts to the total cross-section. In the following, we discuss the for-
ward kinematics p1 = p3 and p2 = p4 by choosing for convenience a particular frame
where

p1 = (mB,~0)T , p2 = (E, 0, 0,
√
E2 −m2

A) . (1.60)

Massless scattering

Let us first discuss the massless case mA = 0, for which p2 = (E, 0, 0, E). In this case,
the condition we derived in Eq. (1.48) translates to

ImE > 0 , (1.61)

so that the scattering amplitude for the massless particle A can be analytically ex-
tended in the upper-half complex E-plane.

Massive scattering

In the massive case, the condition Eq. (1.48), i.e. ImE > |Im~p2|, is incompatible with
the on-shell condition p2

2 = −m2
A ∈ R−, since

|Im~p2| = Im
√
E2 −m2

A > ImE (1.62)

for any positive m2
A. Therefore we cannot straightforwardly infer analyticity for on-

shell scatterings as in the massless case.

To make the discussion as simple as possible, we discuss the scattering in 1 + 1

dimensions8. The on-shell amplitude has the form

A(E) = i

∫
dt dz eitE−iz

√
E2−m2

AF ret(t, z), (1.63)

8In 3 + 1 dimensions, the matrix element in F ret is invariant under spatial rotation, since we are
dealing with scalar particles in the forward kinematics. Thus, the angular integral can be performed
explicitly, returning a factor sin(|~x|

√
E2 −m2

A)/(|~x|
√
E2 −m2

A) where |~x| is the 3D spatial coordi-
nate vector. The discussion of this section can be repeated for 3+1 scattering as well, leading to the
same conclusion.
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where
F ret(t, z) = θ(t)〈p1|j

(x
2

)
j†
(
−x

2

)
|p1〉 , x = (t, z) . (1.64)

The difficulty in deriving an analytic continuation for finite massmA is already evident
in the relativistic limit m2

A � E2. In this case, we can expand the exponential in
Eq. (1.63) as

exp
{
itE − iz

√
E2 −m2

A

}
' exp

{
iE

[
t−
(

1− m2
A

2E2

)
z

]}
(1.65)

which makes clear that the analytic continuation in the upper-half complex E-plane
would be possible if the retarded commutator in F ret(t, z) was vanishing in a region
sufficiently inside the forward light-cone. Indeed, under E → ReE + iImE, the
exponential acquires the factor

exp
{
−ImE

[
t−
(

1 +
m2
A

2(ReE2 + ImE2)

)
z

]}
(1.66)

which shows that only the integration region

|z| < t <

(
1 +

m2
A

2(ReE2 + ImE2)

)
|z| (1.67)

obstructs the analytic continuation with ImE > 0, as the sign of expression inside
the curly brackets in Eq.(1.66) becomes positive inside this region. The convergence
of the integral Eq. (1.63) is thus not ensured for ImE > 0 when |z| → ∞. Notice
that this problem occurs for any value of mA; in the following, we do not rely on the
relativistic limit E2 � m2

A.

We can overcome the difficulty on finding an analytic continuation by following
a trick presented in Ref. [39], which consists in introducing a regulator e−δz2 to ensure
the convergence of the integral Eq. (1.63) in the region Eq. (1.67). We thus define a
regularised amplitude

A(E, δ) = i

∫
dt dz eitE−iz

√
E2−m2

Ae−δz
2

F ret(t, z), (1.68)

where eventually δ → 0. We will show that the original on-shell amplitude A(E, 0)

is analytic in the upper-half complex E-plane by writing a dispersion relation for
A(E, δ) in which the smoothness of the limit δ → 0 is manifest.
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Notice that the convenience of the convergence factor is two-fold. The factor e−δz2

allows to analytically continue A(E, δ) for ImE > 0 but also to extend its definition
Eq. (1.68) on the whole real axis. Indeed, for E2−m2

A < 0, the integrand with δ = 0

would grow as exp
(
z
√
m2
A − E2

)
, thus providing a divergence for |z| → ∞ which

is instead compensated by the factor e−δz2 . On the contrary, the function A(E, 0) is
already well-defined for E2 > m2

A on the real axis, where the convergence factor is
not needed9.

In order to show the analyticity of A(E, δ), let us derive the aforementioned dis-
persion relation. By inserting a complete set of states and using space-time translation
invariance in Eq. (1.64) we get (recall that in 1+1 dimensions we defined x = (t, z))

A(E, δ) = i

∫
dα

Nα

∫
d2x e−δz

2
θ(t)

[
e−ix·(p2+p1−pα)|〈p1|j(0)|α〉|2 − e−ix·(p2−p1+pα)|〈p1|j†(0)|α〉|2

]
,

(1.69)

=

∫
dα

Nα

∫
dz e−δz

2
e−iz((p2)z−(pα)z)

[
|〈p1|j(0)|α〉|2

Eα − E −mB − iε
− |〈p1|j†(0)|α〉|2

mB − E − Eα − iε

]
(1.70)

which shows that A(E, δ) may develop an imaginary part when

E = ±(Eα −mB) ≡ E±α (1.71)

if there are intermediate states |α〉 for which the matrix elements inside the brackets
are non-vanishing. We can remove these poles10 by defining a new amplitude

Ã(E, δ) =
∏

α ,|E±α |<mA

(E − E+
α )(E − E−α )A(E, δ) . (1.72)

Because of the optical theorem Eq. (1.28), we can conclude that Ã(E, δ) is real for
|E| < mA. Now, since Ã(E, δ) is analytic in the upper-half complex E-plane and
real on a subset of the real axis, the Schwartz reflection principle [42] implies that
we can analytically continue Ã(E, δ) in the lower-half complex plane too, so that the
function

F̃(E, δ) =

Ã(E, δ) ImE > 0

Ã∗(E∗, δ) ImE < 0
(1.73)

9The amplitude A(E, 0) for E < −mA is related, by crossing symmetry, to the amplitude of
B̄A→ B̄A with positive energy E; thus A(E, 0) exists for E < −mA too.

10We assume the spectrum is discrete under threshold |E| < mA.
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Fig. 3: Because of the analyticity of F̃(ω, δ) on the whole complex plane, we can
deform the integration contour Γ of Eq. (1.74) into Γ̂, eventually sending the radius
of the big circles to infinity. The contour integral in Eq. (1.74) thus reduces to an
integral along the branch-cuts above threshold. The blue points are representative of
the poles E±α below threshold of the function F(ω, 0) in Eq. (1.76) which are removed
in F̃(ω, 0).

is analytic in the whole complex plane, except on the real axis where it may have
branch cuts and poles above threshold. The crucial point is now to show that
F̃(E, 0) = limδ→0 F̃(E, δ) is well-defined, which can be proved by writing a dispersion
relation for F̃(E, δ) and showing that it is perfectly smooth as δ → 0.

Because of the analyticity of F̃(E, δ), we can write

F̃(E, δ) =
1

2πi

∮
Γ

dω
F̃(ω, δ)

(ω − E)
(1.74)

where the Γ is the small contour shown in Fig. (3) which encloses a generic complex
point E. By using the Cauchy theorem, we can deform the contour Γ into into Γ̂ (see
again Fig. (3)), thus writing the dispersion relation

F̃(E, δ) =
1

π

∫
|ω|>mA

dω
ImF̃(ω, δ)

(ω − E)
+ C∞ . (1.75)
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where C∞ is the contribution from the circles at infinity which can be removed by
taking a suitable number of subtractions. Now we are ready to show the smoothness
of the limit δ → 0. Indeed, the right-hand side of the dispersion relation Eq. (1.75) is
well-defined in the limit δ → 0 because the convergence factor e−δz2 was only needed
for |E| < mA, while the dispersion relation is evaluated over the region |E| > mA.

We have then shown that limδ→0 F̃(E, δ) is well-defined and that the function

F(E, 0) =
F̃(E, 0)∏

α ,|E±α |<mA(E − E+
α )(E − E−α )

(1.76)

is analytic everywhere, except for |E| > mA on the real axis, and on the poles E = E±α .
The function F(E, 0) coincides with the scattering amplitude on the real axis and
provides its analytic continuation in the whole complex plane.

Remarks By inspecting Eq. (1.68) for complex values of E, it seems that the intro-
duction of the convergence factor e−δz2 makes the micro-causality pointless in deriving
the analyticity properties of A(E, δ). Indeed, if the micro-causality condition does
not hold, the integral in Eq. (1.68) gets extended outside the forward light-cone, still
allowing, however, the analytic continuation for ImE > 0. This is possible because
any divergence arising potentially in the region t < |z| (where the sign of the argument
of exp

{
−ImE

[
t−
(

1 +
m2
A

2(ReE2+ImE2)

)
z
]}

in Eq. (1.66) is positive for ImE > 0) is

cured by the convergence factor e−δz2 which dominates at large |z|. Despite of this,
the micro-causality condition is still necessary to ensure that the function A(E, δ)

does not diverge exponentially as ImE →∞, which is an important feature that we
assumed in our discussion. In particular, we implicitly assumed that the contribution
at infinity C∞ in Eq. (1.75) can be consistently subtracted.

1.2.3 Analyticity of forward scattering in the s−plane

Because of Lorentz invariance, scattering amplitudes of scalar particles only depends
on the Mandelstam variables, that is

A(k, p1, p3) = A(s, t, u) , Ā(k, p1, p3) = Ā(s, t, u) . (1.77)
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In the forward kinematics p1 → p3 and p2 → p4 (t → 0 and u → 2(m2
A + m2

B) − s),
we can treat the amplitudes as one-variable functions

A(s) ≡ A(s, 0, u) , Ā(s) ≡ Ā(s, 0, u) . (1.78)

We can establish the analyticity of A(s) in the upper-half complex s−plane by notic-
ing that in the rest-frame of p1 Eq. (1.60), the relation between the Mandelstam
variable s and E is linear

s = 2mBE +m2
A +m2

B (1.79)

so that analyticity with respect to E trivially implies the analytic structure with re-
spect to s. Conversely, the crossed amplitude Ā(−k, p1, p1) is obtained from Ā(s, 0, u)

just by exchanging s↔ u, therefore it is an analytic function in the upper-half com-
plex u-plane. Since u = 2m2

A+2m2
B−s, Ā(u, 0, s) is analytic in the lower-half complex

s−plane.

In the forward kinematics, Eq. (1.59) promptly simplifies to s = m2
α = −p2

α > 0

and u = m2
α > 0, and crossing symmetry simply acts as exchanging s↔ u for t = 0,

A(s) = Ā(u) , s ∈ (uIR, sIR) . (1.80)

where
sIR = m2

α , uIR = 2m2
A + 2m2

B −m2
α , (1.81)

andm2
α corresponds to the threshold energy of pair-production, i.e. m2

α = (mA+mB)2.
Since these two functions are equals in a subset of the real axis, we can define an
analytic function in the whole complex plane

M(s) =

A(s), if Ims > 0

Ā(u) = Ā(2m2
A + 2m2

B − s), if Ims < 0
. (1.82)

Furthermore, assuming that for s ∈ (uIR, sIR) the amplitudes are real, the Schwartz
reflection principle [42] implies that Ā(u) is the unique analytic continuation of A(s)

in the lower-half plane, i.e. A(s) = Ā(2m2
A + 2m2

B − s),. In other words, ifM(s) is
“real” below threshold

M(s) =M∗(s∗)
∣∣∣
uIR<s<sIR

, (1.83)
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Fig. 4: Analytic structure of M(s). The branch-cuts develop for s > sIR = (mA +

mB)2 and s < uIR = (mA − mB)2 as dictated by unitarity Eq. (1.88). The point
sX corresponds to the crossing symmetric point sX = m2

A +m2
B which satisfies s(u =

sX) = sX . The point s = m2 is a representative of single poles due to particle exchange
in the s−channel below the elastic threshold, i.e. m2 < sIR. The point s = 2sX −m2

is a representative of corresponds to single poles due to u−channel particle exchange.

then it is real in the whole complex plane

M∗(s) =M(s∗) . (1.84)

The functions A(s) and Ā(u) can be read, therefore, as boundary values of the same
analytic functionM(s)

A(s) = lim
ε→0+

M(s+ iε) , Ā(u) = lim
ε→0+

M(s− iε) . (1.85)

while the reality condition Eq. (1.84) and crossing symmetry relate the two functions
on opposite sides of the complex plane

A(s+ iε) = Ā∗(2m2
A + 2m2

B − (s− iε)) , ε > 0 . (1.86)

The assumptions we made about the realness of the amplitudes was crucial in order to
analytically continue A(s) in the whole complex plane. Notice that this assumption is
indeed consistent whenever the spectrum in gapped, i.e. absence of massless particles.
In fact, the reality condition Eq. (1.84) implies that any discontinuity of M(s) is
proportional to its imaginary part

DiscM(s+ iε) =M(s+ iε)−M(s− iε) =M(s+ iε)−M∗(s+ iε) = 2iImM(s+ iε) .

(1.87)
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which in turn vanishes below a given threshold mass, because of the optical theorem
Eq. (1.28). It is then the unitarity which dictates where the amplitude is discontinuous
across the real axis

DiscA(s+ iε) = 2i
√

(s−m2
A −m2

B)2 − 4m2
Am

2
B · σ

tot
BA→anything(s) (1.88)

for s ≥ sIR = (mA + mB)2, the same holding for the function Ā(s, u). Crossing
symmetry instead implies that another branch cut develops for s < uIR = (mA−mB)2,
see Fig. (4).

1.2.4 General integer spin

So far we discussed the analyticity properties of scattering amplitudes of scalar parti-
cles. Since in this thesis we will deal with amplitudes of spinning particles, we spend
some word on their analytic properties.

The only difference with respect to the scattering of scalar particles is the pres-
ence of non trivial polarizations and the anti-commutation of fermionic fields, if
any. Let us consider, for simplicity, a process Aσ1X → Aσ3Y with generic momenta
p1p2 → p3p4, where A is a particle of generic spin, and X,Y may be general (multi-)
one-particle states. The labels σ1, σ3 are Lorentz little-group indices. By applying
the LSZ reduction formula, the amplitude for this process is

M(AX → AY ) = uσ1α1
(p1)uσ3α3

†(p3)Oα1α3(p1, p3, p2, p4) (1.89)

where the amputated Green function takes the form

Oα1α3(p1, p3, p2, p4) = ∆−1
α′1α1

(p1) ∆−1
α3α′3

(p3)×
∫
d4x eip1x

∫
d4y e−ip3y 〈Y |T

{
Aα′3(y)A†

α′1
(x)
}
|X〉 ,

(1.90)

where ∆−1(p) is the inverse of the propagator11. The indices α1, α3 label the repre-
sentation under the Lorentz group carried by the fields: the trivial one for scalars, a
two-component spinor index for Weyl fermions, a 4-component spinor index for Dirac
fermions, and a four-vector Lorentz index α1 = µ for vectors, etc...

11We are using the convention that particles A are annihilated by the field A(x) and created by
the conjugate field A†(x)



40CHAPTER 1. UNITARITY AND ANALYTICITY OF SCATTERING AMPLITUDES

The derivation of the analyticity of the amputated Green function goes along
the lines of the previous computation for the scalar field, with the exception that,
if the field A is fermionic, the commutator in Eq. (1.44) should be replaced by an
anti-commutator. Since anti-commutators of fermionic fields vanish on space-like
distances, we conclude that Oα1α3(p1, p3, p2, p4) is an analytic function of k = p2 + p4

inside the forward tube F+, for bosonic and fermionic fields.

The only trouble for the analyiticty of the full amplitudeM(Aσ1X → Aσ3Y ) is
due to the presence of the wave-function polarizations. Since we will focus eventually
on forward elastic amplitudes of identical particles, let us discuss first the scattering
of massive spin-1 particles Aσ1Aσ2 → Aσ1Aσ2 in the forward kinematics

p3 = p1 , p4 = p2 . (1.91)

Let us rotate the axis so that the scattering takes place on the z-direction: p1 =

(E, 0, 0, p3
1) with E =

√
m2
A + p1 · p1. In this case, the three polarization vectors

take the usual form

εσ=±
µ (p1) =

1√
2

(0, 1,±i, 0)T , εσ=0
µ (p1) =

1

mA

(p3
1, 0, 0, E)T . (1.92)

Because of the transversality condition, εσµ(p1)pµ1 = 0, the scattering amplitude can
depend on the external polarizations only through contractions like

εσµ(p1)pµ2 , εσµ(p2)pµ1 , εσµ(pi)ε
µσ′(pj) . (1.93)

The only contraction which provides non-analytic terms on the Mandelstam variable
s is12

ε0µ(p1)pµ2 =

√
−us

2mA

(1.94)

which however does not pose any problem: it appears squared in the amplitude, so
that these non-analyticities vanish13. The same conclusion applies for generic massive

12Contractions of pµ2 with transverse polarizations (σ = ±) trivially vanish.
13Indeed, for scattering of longitudinal particles, the amplitude contains an even number of polar-

izations, simply because we restricted to elastic forward kinematics. It is straightforward to check
that the only non-vanishing contractions are ε0µ(p1)pµ2 , ε

0µ(p1)ε0µ(p2) and ε0µ(p1)ε0µ(p1), which
means that if ε0µ(p1)pµ2 =

√
−us

2mA
enters in the expression of the amplitude, then it appears at least

squared.
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interger spins, for which the polarizations are just symmetrized traceless products of
spin-1 polarizations, εµ1,...,µs = ε(µ1 ...εµs).

On the other hand, non-singularities may arise in fermions’ amplitudes. Indeed,
there may exist some extra IR branch-cuts of finite extension of the type

√
−su that

come from the discontinuities of the wave-function polarizations, but only in certain
parity-violating theories for massive fermions. We refer the reader to Ref. [14] for a
detailed discussion.

1.3 Crossing symmetry for spinning particles

In this section, we discuss how crossing symmetry works for spinning particles, along
the lines of Ref. [14]. Understanding this property will be important to derive the
dispersion relations for forward scattering amplitudes discussed in Sec. (3.3.1)

1.3.1 Crossing one particle

Let us consider the scattering process

Ap,σ,bX{ki,σi,ai} → Y{kj ,σj ,aj} (1.95)

where we single out a particle A that we are going to cross from the initial to the
final state. The states X and Y are multi-particles states whose explicit structure is
unimportant for our discussion. Here

• Ap,σ,b is a certain initial particle (in-state) with four-momentum p, Lorentz
little-group index σ (either spin or helicity depending whether it is massive
or massless). The particle A may carry an irreducible representation r of an
internal symmetry, in which case the index b will label the state inside the
irrep. We distinguish anti-particles from particles with a bar over their quantum
numbers. The bar over the corresponding irrep index indicates the element
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inside the conjugate representation r∗. Therefore, |p, σ, a〉 is a particle state in
r, whereas |p̄, σ̄, ā〉 is an anti-particle state in r∗.

• X and Y stand for generic in- and out- states respectively, that contain other
spectator particles. We label their momenta, Lorentz little-group and internal
symmetry indices as {ki, σi, ai} and {kj, σj, aj} collectively.

In our convention, A(x) annihilates a particle A and creates an anti-particle Ā,
whereas A†(x) creates a particle and annihilates an anti-particle. We adopt the usual
definition for the wave-function polarizations:

〈0|Aα b(0)|p, σ, a〉 ∝ δabu
σ
α(p) , 〈p̄, σ̄, ā|Aα b(0)|0〉 ∝ δabv

σ̄
α(p̄) , (1.96)

where α is the index of the representation of the Lorentz group carried by the field
A. Notice that our discussion holds for general casual fields, as we are not fixing
their Lorentz representation: they can be scalars, Weyl (Dirac) spinors, vector fields
as well as higher spin fields.

Following the LSZ reduction formula [29], the scattering amplitude for the process
(1.95) is obtained by contracting the amputated Green functions with the wave-
functions polarizatios uσα of the incoming particles. Highlighting the contribution of
the state A, we get

M(Ap,σ,bX → Y ) = uσα(p)×∆−1
α′α(p)

∫
d4x eip·x 〈Y{kj ,σj ,aj}|A

†
α′ b(x)|X{ki,σi,ai}〉︸ ︷︷ ︸

≡Oα({ki,σi,ai},{kj ,σj ,aj},p,b)

(1.97)

where ∆−1
αα′(p) is the inverse propagator. Because of the general LSZ formula, the

kinematical function multiplying the wave-function polarization is related to the same
function appearing in the crossed process amplitude

M(X → Āq̄,σ̄,b̄Y ) = (−1)2SA vσ̄α(q̄)×∆−1
α′α(−q̄)

∫
d4x e−iq̄·x 〈Y{kj ,σj ,aj}|A

†
α′b(x)|X{ki,σi,ai}〉︸ ︷︷ ︸

=Oα({ki,σi,ai},{kj ,σj ,aj},−q̄,b)

,

(1.98)
where the (−1)2SA factor arises from spin statistics with SA the value of the spin of
the particle A. The amputated Green functions are equals if the crossed out-state,



1.3. CROSSING SYMMETRY FOR SPINNING PARTICLES 43

corresponding to the anti-particle Ā, carries the same momentum but with flipped
sign, i.e. for unphysical momenta q̄ = −p14. This equality is the statement of cross-
ing symmetry: irrespectively of the helicity (or spin) of the external wave function
polarization, the amputated Green function is the same for these two processes.

Notice that the particle/anti-particle wave-function polarizations dotted in the
amputated matrix elements are actually related via CPT invariance. For vector,
Dirac, and left- or right-handed (massless) Weyl representation we have respectively 15

εσ ∗µ (p) = (−1)σε−σµ (p) , v±(p) = ∓γ5u∓(p) , v+
L (p) = u−L(p) , v−R(p) = u+

R(p).

(1.99)
We find thus simple relations between the amplitudes by simply considering opposite
helicities in the crossed scattering, i.e. σ̄ = −σ.

1.3.2 Crossing two particles

We now discuss how crossing symmetry acts with two particles. Let us consider a
generic scattering

Ap1,σ,1a1 Xp2,σ2,a2 → Ap3,σ3,a3 Yp4,σ4,a4 (1.100)

where A is the particle we are going to cross, while X and Y are spectator parti-
cles. Although in this thesis we will exploit the consequences of the optical theorem
Eq. (1.28) applied to elastic forward 2-2 scatterings, in this section the discussion is
general. Indeed, our conclusions will not depend on the spectator states X and Y ,

14For instance, for a fermionic field A (with Ā ≡ A†γ0) we have explicitly

M(Ap,σ,bX → Y ) = i

∫
d4x eipx 〈Y |Āb(x)|X〉

[(
i
←
/∂ +m

)
uσ(p)

]
,

M(X → Āq̄,σ̄,b̄Y ) = −i
∫
d4x e−iq̄x 〈Y |Āb(x)|X〉

[(
i
←
/∂ +m

)
vσ̄(q̄)

]
which reduce exactly to Eqs.(1.97),(1.98) when q̄ = −p in the last equation.

15For a generic irreducible representation (A,B) of the Lorentz group SO(3, 1)× SU(2)× SU(2)

where A and B are positive half-integer numbers that label the irreps of (2A+1)(2B+1) dimension,
the relation Eq. (1.99) becomes uσα(p) = (−1)2B+S+σv−σα (p) where S is the spin of the particle,
see [14].
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which we can generically assume X and Y as multi-particles states with total mo-
mentum p2 =

∑
i∈X p2,i and p4 =

∑
i∈Y p4,i respectively, where the sum is extended

to all the particles in these states.

The crossed process we are going to compare is

Āq̄1,σ̄1,ā1 Xp2,σ2,a2 → Āq̄3,σ̄3,ā3 Yp4,σ4,a4 , (1.101)

looking provisionally to a generic kinematics with momenta q̄1,3 and spin σ̄1,3 for the
crossed particles. The LSZ reduction formula again relates the amplitudes of these
processes (we suppress internal symmetry indices)

M(AX → AY ) = uσ1α1
(p1)uσ3α3

†(p3)Oα1α3(p1, p3, p2, p4) (1.102)

M(ĀX → ĀY ) = (−1)2SA vσ1α1
(q̄1)vσ3α3

†(q̄3)Oα1α3(−p̄3,−p̄1, p2, p4) (1.103)

where the amputated Green function is16

Oα1α3(p1, p3, p2, p4) = ∆−1
α′1α1

(p1) ∆−1
α3α′3

(p3)×
∫
d4x eip1x

∫
d4y e−ip3y 〈Y |T

{
Aα′3(y)A†α′1

(x)
}
|X〉

(1.104)
These expressions can be further simplified in the forward scattering where the kine-
matics of the initial and final state are the same

p1 = p3 , σ1 = σ3 . (1.105)

while momentum conservation implies p2 = p4 (and analogous for the barred quanti-
ties). In this special kinematics the wave-function polarizations in (1.102) and (1.103)
pair to actually form the matrix-elements of density matrices (also called spin projec-
tors, the same that appear in matrix elements squared when calculating cross-sections)

uσα(k)uσα′
†(k) ≡ ρσαα′(k), vσα(k)vσα′

†(k) ≡ ρ̃σαα′(k) , (1.106)
16For instance, if A is a spin-1/2 field with no internal symmetry, the matrix elements are

M(AX → AY ) = [i(/p1
−m)u(p1)]` [iū(p3)(/p3

−m)]α

∫
d4xd4y e−ip3yeip1x 〈X|T{Aα(y)Ā`(x)}|Y 〉 ,

M(ĀX → ĀY ) = [iv̄(p̄1)(−/̄p1
−m)]` [i(−/̄p3

−m)v(p̄3)]α

∫
d4xd4y e−ip̄3yeip̄1x 〈X|T{Āα(y)A`(x)}|Y 〉

which are of the form Eq. (1.102),(1.103),(1.104), with the minus sign arising from the anti-
commutation of the spinors and with ∆−1(p) = i(/p−m).
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and (1.102), (1.103) become

M(AX → AY ) = ρσ1α1α3
(p1)Oα1α3(p1, p1, p2, p2) (1.107)

M(ĀX → ĀY ) = (−1)2SA ρ̃σ̄1α1α3
(p̄1)Oα1α3(−p̄1,−p̄1, p2, p2) (1.108)

respectively. We immediately see that for unphysical momenta p̄1 = −p1, the kine-
matical function multiplying the density matrix is the same for the two amplitudes.
The only obstruction in establishing an equality is the density matrix in the crossed
amplitude ρ̃σ̄1(−p1). The two amplitudes would match for σ̄1 = −σ1 if the density
matrix has definite parity transformation property, i.e.

ρ̃−σ1(−p1) = (−1)2SAρσ1(p1) . (1.109)

In fact, this property turns out to be true, as we are going to discuss. Let us consider
the massless and massive case separately.

Massless particles In this case, σ̄ = −σ because massless anti-particles have
necessarily the opposite helicity than their particle. The expressions Eq. (1.107)
and Eq. (1.108) become more closely related to each other because of the relations
Eq. (1.99). In fact, for arbitrary massless spins the generic expression of ρ(p) has been
calculated by Weinberg [29,43,44]. The density matrix can be extended analytically
to a function ρ(p) of the whole 4-momentum p with definite parity under reflection

massless spin-S: ρ̃∓(p) = (−1)2Sρ±(−p) . (1.110)

For massless fields, the polarizations are defined up to gauge transformations. This
means that Eq. (1.110) holds up to these redundancies, which however does not affect
scattering amplitudes, as they are gauge invariant.

Using the definite parity transformation of the density matrix, the crossed am-
plitude becomes

M(ĀX → ĀY ) = ρ−σ̄1α1α3
(−p̄1)Oα1α3(−p̄1,−p̄1, p2, p2) (1.111)

which is equal to Eq. (1.107) for unphysical momenta p̄1 = −p1. Therefore, crossing
symmetry for massless spinning particles acts simply as in the scalar case Eq. (1.80)
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in the forward elastic limit. Restricting to 4-particle scattering, crossing for massless
particles is equivalent to exchanging s ↔ u for t = 0, taking the complex conjugate
representation of the internal quantum numbers

M(AX → AY )(s, t = 0) =M(ĀX → ĀY )(u, t = 0) , (1.112)

which is almost identical to expression Eq. (1.80) that holds for particles without
spin.

Massive particles The case of massive integer spins works similarly. For a spin-
1 we can construct directly the density matrix by working in the frame where the
scattering happens on the z-axis, i.e.

εσ=±
µ (p1) =

1√
2

(0, 1,±i, 0)T , εσ=0
µ (p1) =

1

mA

(p3
1, 0, 0, E)T , (1.113)

from which it is clear that the density matrices are even function of the 4-momentum
and respects the parity transformation Eq. (1.109). This results extends to massive
integer higher spins as well, since their polarizations are just symmetrized traceless
tensor products of spin-1 polarizations.

The massive Dirac fermions are slightly more complicated because the represen-
tation is reducible, (1/2, 0) ⊕ (0, 1/2), which is reflected in the presence of a γ5 in
Eq. (1.99). Nevertheless, by direct inspection of the Dirac density matrices

ρσ(k) = uσ(k)uσ†(k) = (/k +m)
1 + γ5/aσ(k)

2
γ0 (1.114)

ρ̃σ(k) = vσ(k)vσ†(k) = (/k −m)
1− γ5/a−σ(k)

2
γ0 (1.115)

where aσµ(k) = −aσµ(−k) is the (analytically continued) polarization 4-vector [14, 45],
one sees that indeed ρ̃−σ(k) = γ5ρσ(k)γ5 = −ρσ(−k).

All in all, the crossed amplitudes can be obtained for massive (massless) spinning
particles, in the forward limit, simply by flipping the spin, taking the complex conju-
gate representation of the internal quantum numbers, and reversing the 4-momentum
not only in the amputated Green-functions but also in the (analytically continued)
wave-function polarizations, as in Eq. (1.112).
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1.4 Dispersion Relations

In this section, we use the previous results of analyticity, crossing symmetry and uni-
tarity to derive a class of dispersion relations for the elastic forward 2-to-2 scattering
amplitudes.

Roughly speaking, analyticity and crossing allows to express the (derivatives
of) scattering amplitude as an integral of its imaginary part over the branch cuts.
Unitarity, in the form of the optical theorem, relates the imaginary part to a positive
quantity, the total cross-section. These relations will be applied in the context of
EFTs amplitudes in Chapter (2), providing strong positivity bounds on the Wilson
coefficients of the effective Lagrangian [1].

Let us consider the center-of-mass 2-to-2 scattering of some stable massive spin-
ning particle A

Ap1,σ1Ap2,σ2 → Ap3,σ3Ap4,σ4 (1.116)

whose amplitudeMσ1σ2σ3σ4(s, t) is a function of the Mandelstam variables. For sim-
plicity, we are assuming A does not carry any internal symmetry representation. The
generalisation to more flavours can be straightforwardly obtained by repeating the
following derivation.

We will work with forward elastic amplitudes at t = 0 and we call,

Mσ1σ2(s) ≡Mσ1σ2σ1σ2(s, t = 0) . (1.117)

Because of analyticity away from the real axis or below the elastic threshold, that is
for 0 < s < 4m2, we can expand the amplitude around an IR point µ2 in the complex
s-plane as

Mσ1σ2(s) =
+∞∑
n=0

Σ
σ1σ2 (n)
IR (µ2)(s− µ2)n . (1.118)

The coefficients Σ
σ1σ2 (n)
IR (µ2) are proportional to the n−th derivatives of the amplitude

computed at the IR point s = µ2, i.e.

Σ
σ1σ2 (n)
IR (µ2) =

1

n!

∂n

∂sn
Mσ1σ2(s)

∣∣∣
s=µ2

, (1.119)
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Fig. 5: Integration contours in the complex s-plane at fixed t = 0, with poles at
s1 = m2 and s2 = 3m2. The discussion of this section is analogous for a more generic
structure of IR poles.

and they can be obtained by means of the Cauchy integral formula

Σ
σ1σ2 (n)
IR (µ2) =

1

2πi

∮
Γ

ds
Mσ1σ2(s)

(s− µ2)n+1
=
∑

Res
s=si,µ2

[
Mσ1σ2(s)

(s− µ2)n+1

]
, (1.120)

where Γ is the contour shown in Fig. (5), which encloses the IR simple poles associated
to stable light resonances exchanged in the scattering.

Using Cauchy’s integral theorem we deform the contour integral into Γ̂ that runs
just around the s-channel and u-channel branch-cuts, and goes along the big circle.
If we consider more than two subtractions, i.e. n ≥ 2, the contribution from the
integral along the big circle vanishes and the dispersion intergral is convergent. This
is a consequence of the Froissart-Martin asymptotic bound

|M(s→∞)| < const · s log2 s (1.121)

which is always satisfied in any local massive QFT [46, 47]. Therefore, if n ≥ 2, the
polynomial in the denominator of Eq. (1.120) has the lowest order that ensures the
convergence, i.e. lims→∞ |M(s)|/sn+1 → 0, and we can write Σσ1σ2

IR as an integral
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around the two branch cuts

Σ
σ1σ2 (n)
IR (µ2) =

1

π

∫ 0

−∞
ds

ImMσ1σ2(s+ iε)

(s− µ2)n+1
+

∫ +∞

4m2

ds
ImMσ1σ2(s+ iε)

(s− µ2)n+1
(1.122)

The integral along the u-channel branch-cut runs over non-physical values of s =

(−∞, 0) but, by a change of variables, it can be expressed in terms of the crossed
amplitude evaluated on physical momenta. Indeed, crossing particle 1 and 3 in the
forward elastic limit t = 0 implies that

Mσ1σ2(s) = Mσ̄1σ2(u = −s+ 4m2) . (1.123)

Carrying out the change of variable s → 4m2 − s on the integral over the u-channel
branch cut, we get the final expression of the dispersion relation

Σ
σ1σ2 (n)
IR (µ2)=

∫ ∞
4m2

ds

π

(
ImMσ1σ2(s)

(s− µ2)n+1
+ (−1)n

ImMσ̄1σ2(s)

(s− 4m2 + µ2)n+1

)
. (1.124)

We want to stress here that Σσ1σ2
IR in the left-hand side of Eq. (1.124) is a low-energy

quantity. It is nothing but the sum of the IR residues and it is therefore calculable
within the EFT, since 0 < µ2 < 4m2, in terms of the couplings and masses of the IR
theory. The right-hand side, instead, is an integral up to infinite values of energies,
i.e. probing the UV physics, and therefore it cannot be computed within the EFT.
The dispersion relation Eq. (1.124) provides then a suggestive link between IR and
UV physics that we will discuss more deeply in the next chapter.

1.5 Summary

In the first part of this chapter, we reviewed some very well-know results of S-matrix
theory: the optical theorem, analyticity and crossing symmetry of scattering am-
plitudes. Following e.g. Ref. [37], in Sec. (1.2.1) we have argued that the off-shell
amplitude for any scattering p1p2 → p3p4 is an analytic function of kµ ≡ pµ2 + pµ4
within the so-called forward tube {Imk0 > 0 , Imk0 > Im~k}. Restricting to forward
(t = 0) elastic kinematics, we discussed how to extend the proof of analyticity to on-
shell scattering of massive particles and then we proved the analyticity in the whole
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complex plane of the Mandelstam variable s = −(p1 +p2)2, except for single poles and
branch-cuts on the reals axis, the first dictated by locality and the latter by unitarity.

Later, we have reviewed how crossing symmetry acts on scattering amplitudes of
spinning particles, along the lines of Ref. [14]. Although crossing does not generically
act as simple as exchanging s ↔ u, like for scalar particles’ amplitudes, its action
dramatically simplifies in the forward limit. We showed that crossing act as exchang-
ing s↔ u at t = 0 for spinning particles as well, provided we properly exchange the
quantum numbers of the external states that are crossed.



Chapter 2

To positivity and beyond

In Chapter (1) we showed that Lorentz invariance, unitarity and causality imply that
any elastic forward scattering amplitudeMσ1σ2(s) satisfy the dispersion relation1

Σ
σ1σ2 (n)
IR (µ2)=

∫ ∞
4m2

ds

π

(
ImMσ1σ2(s)

(s− µ2)n+1
+ (−1)n

ImMσ̄1σ2(s)

(s− 4m2 + µ2)n+1

)
, (2.1)

where
Σ
σ1σ2 (n)
IR (µ2) =

1

n!
(∂nMσ1σ2(s)/∂sn) |s=µ2 (2.2)

and the integral extends over the s−channel branch-cut. In this chapter, we discuss
how we can turn these relations into a powerful tool to chart the space of consistent
EFTs.

In the first part, we use the optical theorem to derive the so-called positivity
bounds,

Σ
σ1σ2 (2k)
IR (µ2) > 0 , (2.3)

along the lines of Ref. [1], that can be turned to constraints on the EFTs’ Wilson coef-
ficients. These are relations that any EFT, admitting a unitary, causal and local UV
completion, must satisfy. Importantly, the left-hand side is an IR quantity, therefore
calculable within the EFT. We then show that even stronger bounds on the EFT’s

1We are restricting ourselves to the simple case in which the particles have all the same mass.
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coefficients can be derived by retaining the low-energy contribution in the right-hand
side of the dispersion relation [13,16], that we call beyond positivity bounds.

In the second part, we discuss two interesting applications: the EFT of a weakly-
broken Galileon and dRGT massive gravity (or Λ3-theory)2. We show that our new
bounds provide a lower bound on the Galileon symmetry-breaking terms and the
graviton mass m, for a fixed cut-off scale. Conversely, they put an upper bound on
the physical cut-off for fixed graviton mass and Galileon symmetry-breaking terms.

This has dramatic consequences on the validity of massive gravity. Indeed, under
the customarily accepted assumption that Λ3 = (m2Mpl)

1/3 is the cutoff of the theory
in Minkowski background, i.e. away from all massive sources, this lower bound on
the graviton mass reads

m & 240 keV (2.4)

with 1% uncertainty, which is grossly excluded observationally. Moreover, we show
that combining our results with the experimental bounds on the graviton mass, we
get an upper bound on the physical cut-off Λ

Λ . (4 · 106km)−1
( m

10−32 eV

)3/4

(2.5)

with 100% uncertainty, meaning the theory fails to describe gravitational phenomena
on scales comparable to the Earth-Venus distance.

2.1 Positivity Bounds

In the previous chapter we derived the dispersion relation of the 2-to-2 forward elastic
scattering amplitude of particles with same mass. For these processes, the optical
theorem Eq. (1.28) gives

ImMσ1σ2(s) = s
√

1− 4m2/s · σσ1σ2tot (s) > 0 , (2.6)

2In this theory, Λ3 = (m2Mpl)
1/3 is the strong-coupling scale associated to the longitudinal modes

of the massive graviton.



2.1. POSITIVITY BOUNDS 53

where σσ1σ2tot =
∑

X σ
σ1σ2→X is the total cross-section, which implies that the imaginary

parts are strictly positive for any theory where particles 1 and 2 are interacting.
Because of this, the integrands in Eq. (2.1) are positive definite for any even n = 2k,
as long as 0 < µ2 < 4m2. One then obtains the rigorous positivity bounds [1, 6],

Σ
σ1σ2 (2k)
IR (µ2) > 0 , k ≥ 1 , (2.7)

where the inequality is saturated only for the free theory where the total cross-section
vanishes. Since Σ

σ1σ2 (2k)
IR (µ2) is calculable in the IR, Eq. (2.7) provides non-trivial con-

straints on the EFT’s Wilson coefficients. Since they only depend on very general con-
sequences of Lorentz-invariance, unitarity, causality, locality and crossing-symmetry,
the positivity bounds do not rely on details of the UV completion. For this reason,
these bounds have been applied to different EFTs, such as pion theory [4, 5], com-
posite Higgs models [6–8], WW-scattering [1,6,9] and massive gravity [10]. Also, the
proof of the a-theorem in four-dimensional QFTs relies on the positivity bounds [2].

As a simple example, let us consider the theory of a pseudo-Goldstone boson π,
from an approximate global U(1) symmetry which is broken spontaneously in the IR.
Since at high-energy the boson enjoys the usual shift symmetry π → π + const, the
effective Lagrangian reads

LEFT = −1

2
(∂π)2 +

λ

Λ4
(∂π)4 − ε2π2

(
Λ2 + c(∂π)2 + . . .

)
(2.8)

where Λ is the cutoff and λ ∼ O(1). The parameters that break the approximate
Goldstone shift symmetry, i.e. those with no derivatives on π, are instead suppressed,
naturally, by a small parameter ε � 1. From an EFT point of view, both signs of λ
are consistent with the shift symmetry3; however

ΣIR = λ/2Λ4 > 0 , (2.9)

so that only λ > 0 is compatible with the positivity bound Eq. (2.7). Unitary, local,
causal and Lorentz invariant UV completions can generate only positive values for λ
in the IR [1].

3In fact, one can show that around non-trivial backgrounds, such as ∂µπ = cµ with cµ constant,
scalar field perturbations propagate superluminally if λ < 0 [1]. In this simple case, the positivity
bounds, which are inherited from fundamental properties of the putative microscopic theory, happens
to have an IR counterpart.
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It is instructive to give an example of explicit UV completion and see how the
positivity constraint originates. An example of calculable UV completion for the
theory Eq. (2.8) is a linear sigma model from which the π arises as the only state
in the spectrum below the mass of the radial (or Higgs-like) mode. The Lagrangian
reads

L = ∂µΦ∗∂µΦ− λ̃
(
|Φ|2 − v2

2

)2

(2.10)

where we reparametrize the fields as Φ(x) = 1√
2
(v + h(x))eiπ(x)/v, and

λ̃ > 0 (2.11)

because of vacuum stability. Expanding the terms around the vev v, the Lagrangian
becomes

L =
1

2

(
1 +

h

v

)2

(∂π)2 + (∂h)2 − 1

2
M2

hh
2 + ... , (2.12)

where M2
h = 2λ̃v2. The forward π-π amplitude in the UV theory is

M(s) =
λ̃

M2
h

[
s2

s+M2
h

− s2

s−M2
h

]
. (2.13)

Expanding for small values of s with respect to M2
h , i.e. integrating out the field h,

we get the matching condition between the IR and UV

λ

Λ4
=

λ̃

M4
h

, (2.14)

where the positivity of λ has been tracked back to the positivity of the UV parameter
λ̃.

Notice that Eq. (2.1) required finite m 6= 0. However, it holds even for some
massless theories which have a smooth limit m→ 0, so that the positivity bound can
be derived with an arbitrarily small, before taking the massless limit. In the U(1)

pseudo-Goldstone boson example, we are thus free to take ε arbitrarily small.

Tree-level bounds As a matter of fact, ΣIR is calculable within the EFT. Moreover,
if we EFT is sufficiently weakly coupled, the branch-cut arising from loops of light
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particles can be neglected. One can then put bounds on the tree-level EFT, whose
amplitudes MEFT

tree (s) have discontinuities only as simple poles. In such a case, we
can use again Cauchy’s theorem on the tree-level EFT amplitude so that ΣIR is more
promptly calculated as minus the residue at infinity [10],

Σ
σ1σ2 (2k)
IR (µ2) = −Res

s=∞

[
MEFT

tree (s)

(s− µ2)2k+1

]
, (2.15)

up to small corrections coming from the EFT loops. For amplitudes that scale as
MEFT

tree (s) ∼ s2 for large s and t = 0 (as in e.g. the Galileon or ghost-free massive
gravity, see Eq. (2.26),(2.38),(2.39)), the IR residue selects the coefficient of the s2

term of the tree-level amplitude, i.e.

Σσ1σ2
IR =

1

2
(∂2MEFT

tree /∂s
2)|m2�s . (2.16)

In this case, the left-hand side of the dispersion relation Eq. (2.1) is µ2-independent
and one can thus drop the dependence on µ2 of the right-hand side too.

2.2 Beyond positivity bounds

So far we invoked very general principles of QFT and derived positivity constraints
on EFT’s Wilson coefficients. In fact, we can extract more than positivity bounds
by noticing that the right-hand side of the dispersion relation Eq. (2.1) contains IR
contributions which are computable within the EFT. We can then split the integral
in two terms

Σ
σ1σ2 (2k)
IR (µ2)=

(∫ E2

4m2

+

∫ ∞
E2

)
ds

π

√
1− 4

m2

s

∑
X

(
sσσ1σ2→X(s)

(s− µ2)2k+1
+

sσσ̄1σ2→X(s)

(s− 4m2 + µ2)2k+1

)
.

(2.17)

If we choose E2 � Λ2, the first integral is computable, by construction, within
the EFT. The second one instead contains UV contributions which are unknown
within the EFT but nevertheless strictly positive, still with µ2 ∈ (0, 4m2). Therefore,
an exact inequality follows from dropping the UV integral in the right-hand side of
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Eq. (2.17)

Σ
σ1σ2 (2k)
IR (µ2) >

∑
X

∫ E2

4m2

ds

π

√
1− 4

m2

s

[
sσσ1σ2→X(s)

(s− µ2)2k+1
+

sσσ̄1σ2→X(s)

(s− 4m2 + µ2)2k+1

]
IR

.

(2.18)
Both sides are now calculable, hence the subscript IR. The Σ

σ1σ2 (2k)
IR (µ2) must not only

be positive but strictly larger than something which is itself positive and calculable
within the EFT [13,16]. In fact, we can retain any subset X of final states (with mass
lower than the cut-off), independently on whether they are elastic or inelastic: the
more channels and information are retained in the IR, the more refined the resulting
bound will be.

The information provided by our bound Eq. (2.18) is particularly interesting in
theories where the elastic forward amplitude, which appears in the left-hand side, is
parametrically suppressed compared to the non-forward or inelastic ones that appear
in the right-hand side. Non-forward contributions are indeed retained in the right-
hand side because the total cross-section is an integral all over the phase space and
therefore it can have a different parametric dependence on the IR variables. This
tension results in constraints on the couplings and/or masses of the EFT, that include
and go beyond the positivity of ΣIR.

By means of dimensional analysis, one can easily understand in which theories
this tension occurs. For instance, consider a generic elastic amplitude Mσ1σ2(E2),
strongly coupled at a given scale4 Λs, which admits the following schematic high-
energy expansion in powers of m2/E2

Mσ1σ2(E2) =

(
E

Λs

)n(
1 + an−2

m2

E2
+ . . .

)
. (2.19)

We can estimate the IR residue associated to this amplitude as

Σ
σ1σ2 (2)
IR (µ2) ∼ 1

Λ4
s

(
m

Λs

)n−4

, (2.20)

4The scale Λs is defined to be the scale at which the amplitude is ∼ O(1) and corresponds
(roughly) to the strong-coupling scale, which may be larger then the actual physical cut-off Λ where
new states enter.
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where we took µ2 ∼ m2. If m2 � E2 � Λ2, one can work to leading order in powers
of (E/Λ)2 and (m/E)2 in the right-hand side of Eq. (2.18), getting to

1

Λ4
s

(
m

Λs

)n−4

>
1

16π2

E2n−4

Λ2n
s

, (2.21)

where the 1/16π2 factor comes from the phase space integral of the total cross-section.
Now, if we neglect O(1) errors coming from the EFT truncation, we can derive a
parametric relation between the cut-off and the EFT parameters by taking E ∼ Λ,

mn−4 >
1

16π2

Λ2n−4

Λn
s

, (2.22)

which turns into a non-trivial upper bound on the cut-off, provided amplitudes are
sufficiently soft, i.e. n > 4. More generally, with respect to the hard-scattering
amplitude dominating the right-hand side of Eq. (2.18), the forward scattering am-
plitude can have a different parametric dependence on the Wilson coefficients. Even
in this latter case, the beyond positivity bounds provides non trivial relations between
different couplings of the EFT, as we will see below.

The Galileon (see Sec. (2.3)), massive gravity (see Sec. (2.4)), polynomially shift
symmetric scalars [48], massive Higher-Spin theories (see Sec. (3)) as well as other
models where 2→ 2 is suppressed while 2→ 3 is not, are other examples of theories
that get non-trivial constraints from our bound Eq. (2.18). Notice that even in
situations without parametric suppression, our bound carries important information:
it links elastic and inelastic cross-sections that might depend on different Wilson
coefficients of the EFT.

Amplitudes in an EFT mean finite, yet systematically improvable, accuracy δ =

(E/Λ)2 in the calculation. The main source of error for small masses is the truncation
of the tower of higher-dimensional operators. Therefore, working to leading order
(LO) in powers of (E/Λ)2 and (m/E)2 (hence also (µ/E)2), the bound Eq. (2.18)
takes a simpler form

Σ
σ1σ2 (2k)
IR,LO >

∑
X

∫ E2
ds

πs2k

[
σσ1σ2→X(s) + σσ1σ̄2→X(s)

]
IR,LO

[
1 +O

(m
E

)2
+O

(
E

Λ

)2
]
,(2.23)
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where the error from the truncation

O

(
E

Λ

)2

=

(
cUV +O(1)

g2
∗

16π2
ln
E

Λ

)(
E

Λ

)2

+ . . . (2.24)

is controlled by the (collective) coupling g∗ of the IR theory, which renormalizes the
higher-dimensional operators that come with (unknown) Wilson coefficients cUV ∼
O(1).5 The IR running effects, from Λ to E, are an irreducible (yet improvable)
source of error, whereas the UV contribution is model dependent.

Choosing E at or slightly below the cutoff Λ gives just an order of magnitude es-
timate for the bound [14,15]. A rigorous bound can instead be obtained even for large
couplings g∗ ∼ 4π and cUV ∼ 1, by choosing a sufficiently small δ = (E/Λ)2. Percent
accuracy can be achieved already with E/Λ ≈ 1/10. Of course, nothing except more
demanding calculations prevents us from reducing the error, e.g. by working to all
order in the mass or including next-to-next-to. . . next-to-LO corrections, so that the
truncation in the EFT expansion (or the running couplings) affects the result only by
an even smaller relative error, loops×O(E/Λ)n.6

2.3 The weakly-broken Galileon

In this section, we discuss the first application of our bounds. In Galileon theories
with symmetry-breaking terms [49,50],

L = −1

2
(∂µπ)2

[
1 +

c3

Λ3
�π +

c4

Λ6

(
(�π)2 − (∂µ∂νπ)2)+ c5 (. . .)

]
+

λ

4Λ4

[
(∂π)2

]2 − m2

2
π2 ,

(2.25)

the 2-to-2 tree-level scattering amplitude is

M(s, t) = −3

4

c2
3 − 2c4

Λ6
stu+

1

2Λ4

(
λ+

c2
3m

2

2Λ2

)
(s2 + t2 + u2) , (2.26)

5cUV � 1 would just signal the misidentification of what the actual LO hard-scattering amplitude
is and would require including the operators with large cUV within the LO amplitude.

6In addition, the LO may possibly receive corrections from the logarithmic running of LO cou-
plings. In the examples where our bounds are interesting, symmetry are often at play and the LO
operators do not actually get renormalized, except from small explicit breaking effects.
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where Λ is the physical cutoff of the theory and c3, c4, c5 ∼ O(1) are the coefficients
of the Galileon non-trivial invariant operators. The shift symmetry π → π + cµx

µ is
explicitly broken by a mass term and the (∂π)4 interaction: the corresponding Wilson
coefficients are therefore expected to be small.

The leading term of the elastic amplitude is proportional to stu and vanishes at
t = 0. The residue ΣIR is thus sensitive to the small Galileon symmetry-breaking
terms contributions weighted by λ and (m/Λ)2. Moreover, at high-energy the forward
amplitude grows like ∼ s2, so ΣIR in Eq. (2.15) is µ2−independent and its scaling
can be estimated purely by dimensional analysis as done in Eq. (2.20)

ΣIR = a1
λ

Λ4
+ a2

c2
3

Λ4

(m
Λ

)2

(2.27)

for some dimensionless coefficients a1, a2. On the other hand, neither the Galileon
elastic cross-section nor the right-hand side of Eq. (2.18) are suppressed by the
symmetry-breaking terms. In fact, at high-energy the right-hand side is dominated
by the stu term of the scattering amplitude; therefore, our bound Eq. (2.18), for
E2 � µ2 ∼ m2 approximately gives

a1
λ

Λ4
+ a2

c2
3

Λ4

(m
Λ

)2

>
1

16π2

[
c2

3 − 2c4

Λ6

]2

E8 (2.28)

showing the tension between expected naturally small terms (in the LHS) and O(1)

Wilson coefficients (in the RHS). We can derive rigorous bounds by explicitly com-
puting both sides of the dispersion relation. Let us discuss two extreme cases.

In the massless limit, the bound Eq. (2.23) shows not only that λmust be positive,
but (parametrically) at most one-loop factor away from (c2

3 − 2c4)/4 when E ∼ Λ,

λ >
3

640

(c2
3 − 2c4)

2

16π2

(
E

Λ

)8

. (2.29)

For a massive Galileon with negligible λ and c3 6= 0 instead, one gets a lower bound
on the mass,

m2 > Λ2

(
3

320

)
(c3 − 2c4/c3)2

16π2

(
E

Λ

)8

. (2.30)
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Therefore, the Galileon-symmetry-breaking terms can not be arbitrarily suppressed.
In both cases, the beyond positivity bounds provide non-trivial relations between the
EFT’s parameters.

Although our analysis has been performed at tree level, the results Eqs. (2.29),
(4.71) hold when loop effects are included. For instance, the 2 → 2 amplitude re-
ceives a contribution from a one-loop diagram with only c3 insertions that scales as
(s/Λ2)6c4

3/16π2, possibly with a log (see Fig. (1)). The correction to ΣIR goes in-
stead like (m/Λ)6c4

3m
2/16π2Λ6, with a real log since ΣIR is evaluated for µ2 below

threshold. Therefore, this contribution is negligible and consistent with our bound
Eq. (4.71) as long as m � E � Λ. As one expects for such a higher derivative
theory as the Galileon, unsuppressed loops affect higher-dimensional operators only,
and correspond to nothing but next-to-LO corrections to both sides of the inequal-
ity. Similarly, the contribution to the dispersive integral from the symmetry-breaking
(∂π)4 interaction is negligible as long as λ/c2

3 � (E/Λ)2, which is consistent with our
bound Eq. (2.29) again as long as E � Λ.

Fig. 1: Estimate of the Galileon loops from symmetry-preserving and symmetry-
breaking operators.
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2.4 Massive gravity

The action for dRGT massive gravity [17, 18] is an effective theory with a cut-off Λ,
with leading terms in the EFT expansion given by7,

S =

∫
d4x
√
−g

[
M2

Pl

2
R− M2

Plm
2

8
V (g, h) +

∑
p,q

cp,q

(
∂

Λ

)p
hq

]
, (2.31)

where R is the Ricci scalar for gµν , and V (g, h) = V2 +V3 +V4 + ... is the soft graviton
potential, with the following leading terms

V2(g, h) =b1〈h2〉+ b2〈h〉2 , (2.32)

V3(g, h) =c1〈h3〉+ c2〈h2〉〈h〉+ c3〈h〉3 , (2.33)

V4(g, h) =d1〈h4〉+ d2〈h3〉〈h〉+ d3〈h2〉2 + d4〈h2〉〈h〉2 + d5〈h〉4 , (2.34)

with 〈h〉 ≡ hµνg
µν , 〈h2〉 ≡ gµνhνρg

ρσhσµ, etc. The expression ∼ ∂phq hides different
Lorentz structures of the higher-derivative operators which generically arise at low-
energy.

In the following considerations, we adopt the basis of polarizations reported in
Appendix (A.1): there are two tensor (or helicity-2) polarizations (T , T ′) that do not
grow with energy, two vector (or helicity-1) polarizations (V , V ′) that grow linearly
with energy, and one scalar (or helicity-0) polarization (S) that grows quadratically
with the energy.

The Fierz-Pauli tuning b1 = 1, b2 = −1 is chosen for the mass term in V2(g, h)

to avoid the appearance of a ghost with mass mghost ∼ m. For a generic choice of the
coefficients in V3, V4, the lowest-scale suppressing the scalar mode interactions arising
from V (g, h) is

Λ5 =
(
m4MPl

)1/5 ≈ (m/10−32 eV)
4/5

1010 km
. (2.35)

Since this is a very small strong-coupling scale, Λ5-theory is not good enough to make
sensitive predictions (see Ref. [51] for a review).

7In Eq. (2.31), indices are raised and lowered with the effective metric gµν = ηµν + hµν , written
in term of the Minkowski metric ηµν (with mostly + signature) and a spin-2 graviton field hµν . We
label MPl = (8πGN )−1/2 the reduced Planck mass, where GN is the Newton constnat.
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This problems can be overcome with a proper tuning of the coefficients in V3, V4

[17, 18,52],

c1 = 2c3 +
1

2
, c2 = −3c3 −

1

2
,

d1 = −6d5 +
3

2
c3 +

5

16
, d2 = 8d5 −

3

2
c3 −

1

4
,

d3 = 3d5 −
3

4
c3 −

1

16
, d4 = −6d5 +

3

4
c3 ,

(2.36)

which increases the strong-coupling scale to [53]

Λ3 =
(
m2MPl

)1/3 ≈ (m/10−32 eV)
2/3

320 km
. (2.37)

and leaves up just two free parameters, c3 and d5, which define a class of massive
gravity theories8. Because of this tuning, Λ3 is the lowest scale suppressing the
helicity-0 self-interactions. For example, the high energy amplitudes of scalar modes
go as9,

MSSSS(s, t) =
st(s+ t)

6Λ6
3

(1− 4c3(1− 9c3) + 64d5) , (2.38)

for s, t � m2. Besides, the same scale Λ3 suppresses vector-vector and scalar-vector
interactions as well, as can be seen in the decoupling limit. Something similar hap-
pens for the abelian Higher-Spin theories, as discussed in the next chapter around

8Besides, this tuning is enforced by another class of positivity bounds from non-forward ampli-
tudes, see [54].

9The energy growth in Eq. (2.38) can be easily estimated in the decoupling limit of massive
gravity, where the scalar sector reveals leading Galileon interactions, e.g. the quartic Galileon
(∂π)2(�π)2 givesM∼ E6. Besides, notice that one can not directly interpret the bounds obtained
in Sec. (2.3) for the scalar Galileon as the longitudinal component of the massive graviton, since the
IR dynamics is different and we are after next-to-decoupling effects (i.e. ∼ m2) in ΣIR: for example,
in the scattering of the Galileon scalar mode, the helicity-2 mode exchanged in the t-channel gives
a contribution to the amplitude that is as large as the contribution from the exchange of the scalar
mode.
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Eq. (3.45). The other relevant high-energy amplitudes are

MV V V V =MV ′V ′V ′V ′ =
9st(s+ t)

32Λ6
3

(1− 4c3)2 ,

MV V ′V V ′ =
3t3

32Λ6
3

(1− 4c3)2 , (2.39)

MV SV S =
3t

4Λ6
3

(
c3(1− 2c3)(s2 + st− t2)− 5s2 + 5st− 9t2

72

)
,

MV ′SV ′S =
1

96Λ6
3

(
st(s+ t)(7− 24c3 + 432c2

3 + 768d5)− 9t(1− 4c3)2t2
)
.

Because of this high-energy growth, massive gravity belongs to the class of derivatively
coupled theories well constrained by the beyond positivity bounds. The estimate
Eq. (2.21) for n = 6 returns a lower-bound on the graviton mass at fixed Λ (for
E ∼ Λ) [14]

m2

Λ6
3

>
1

16π2

Λ8

Λ12
3

, (2.40)

or, as an upper-bound

Λ <
[
(4πMPl)m

3
]1/4 ≈ (m/10−32 eV)

3/4

107 km
, (2.41)

which happens to be comparable to the inverse distance between the Earth and Venus,
well below Λ3. This scale is nothing else Λ4 = (m3MPl)

1/4 up to a O(1) factor.

The advantage of dealing with massive gravity is, in fact, twofold: a massive
graviton has five polarisations, which increase the number of calculable IR residues
Σσ1σ2

IR , as well as the elastic/inelastic cross-sections to retain in the right-hand side of
the dispersion relation. On the other hand, the potential of dRGT massive gravity de-
pends on only two parameters c3, d5. This means that we can derive more conditions
than free parameters, thus improving the bounds, by combining different scatterings
of the same particle. Equivalently, for any given point (c3, d5), we can test the exis-
tence of a consistent dRGT solution by combining the beyond positivity bounds from
different elastic/inelastic scatterings. This is what we will do in the next sections.



64 CHAPTER 2. TO POSITIVITY AND BEYOND

2.4.1 Rigorous bounds

The amplitudes for SS, V (′)V (′), V (′)S elastic scatterings have the following residues10,

ΣSS
IR =

2m2

9Λ6
3

(7− 6c3(1 + 3c3) + 48d5) > 0 ,

ΣV V
IR = ΣV ′V ′

IR =
m2

16Λ6
3

(
5 + 72c3 − 240c2

3

)
> 0 ,

ΣV V ′

IR =
m2

16Λ6
3

(
23− 72c3 + 144c2

3 + 192d5

)
> 0 ,

ΣV S
IR = ΣV ′S

IR =
m2

48Λ6
3

(
91− 312c3 + 432c2

3 + 384d5

)
> 0 ,

(2.42)

which are functions of c3, d5 and suppressed by m2/Λ6
3. We can even consider elastic

scatterings of indefinite-helicity states ψ

εψµν(p) =
∑

i=T,T ′,V,V ′,S

αiε
i
µν(p) , (2.43)

where α is a unit vector, such that the IR residue of the forward elastic scattering
ψψ → ψψ includes contributions from inelastic channels as well. For instance, taking
maximal superpositions of S and T polarizations, i.e.

αi =
1√
2

(cos θ, sin θ, 0, 0, 1) (2.44)

one gets a stronger bound [10] for any value of θ,

m2

36Λ6
3

(
35 + 60c3 − 468c2

3 − 192d5

)
> 0 . (2.45)

At this point, we can go beyond positivities. We choose the energy scale E in
Eq. (2.23) below the cutoff, E . Λ, so that the EFT calculation of the cross-sections
is trustworthy, and above the mass E � m, so that the hard-scattering amplitudes
Eq. (2.38),(2.39) dominate such cross-sections.

We define the accuracy of the EFT calculation as

δ ≡
(
E

Λ

)2

, (2.46)

10In the following, we define Σσ1σ2

IR ≡ Σ
σ1σ2 (2)
IR .
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and, by applying Eq. (2.23) only retaining the elastic scatterings in the right-hand
side, we obtain five relations11

Fij(c3, d5) >

(
4πMPl

m

)( g∗
4π

)4

δ6 , (2.47)

where we have defined a coupling12

g∗ ≡
(

Λ

Λ3

)3

, (2.48)

which measures the hierarchy between the pysical cut-off Λ and the strong-coupling
scale Λ3. The functions Fij(c3, d5) are given in the Appendix (A.3); for instance, the
functions arising from the purely scalar and vector modes scattering are

FSS =

[
960

7− 6c3(1 + 3c3) + 48d5

(1− 4c3(1− 9c3) + 64d5)2

]3/2

, (2.49)

FV V =

[(
2560

27

)
5 + 72c3 − 240c2

3

(1− 4c3)4

]3/2

(2.50)

The inequalities following from Eq. (2.47) represent a much improved, sharper and
more conservative version of the estimate in Eq. (2.40): they imply lower bounds
on the graviton mass, which for a fixed g∗ can not be arbitrarily small compared to
4πMPl [16]. Equivalently, they can be read as upper bound on the physical cut-off
for fixed graviton mass.

As remarked in Ref. [14], one can take m → 0 only by sending g∗ → 0 as well.
As we discuss below, g∗ cannot be arbitrarily small without seriously compromising
the predictive power of the theory. Indeed, the rough estimate Eq. (2.41) implies that

g∗ . 10−14
( m

10−32 eV

)1/4

, (2.51)

highlighting that the true, physical cut-off, i.e. the scale associated to new degrees
of freedom, is much lower than Λ3. This is in contrast with the vast literature of

11While tensor polarizations contribute to the IR residues, they contribution to the total cross-
sections nowise provide an improvement of the bounds, as discussed in Appendix (A.2).

12Notice that unlike stated in Ref. [55], we are not assuming any hierarchy between Λ and Λ3. In
particular, we are not assuming g∗ � 1. In fact, we will see that in light of our beyond positivity
bounds, g∗ can only be ∼ 10−13 ÷ 10−10.
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massive gravity, where Λ3 is identified as the true cut-off, and therefore g∗ ∼ O(1) is
implicitly understood. In the next section, we will see that the estimate Eq. (2.51) is
not so inaccurate.

2.4.2 Sharpening the bounds

The bounds Eq. (2.47) can be read in several ways: as constraints on the plane
of the graviton potential parameters (c3, d5) for a given graviton mass m and ratio
(Λ/Λ3)3 = g∗, as a constraint on g∗ for fixed m at a given point in the (c3, d5)

region allowed by positivity, or equivalently as a bound on the graviton mass for fixed
coupling at that point. For these last two interpretations, an absolute constraint
on g∗ versus m can be derived. Another, perhaps more preferable but equivalent,
interpretation is that Eq. (2.47) can be read as a constraint in the space (c3, d5,Λ)

for any fixed graviton mass.

We begin with a discussion of the bounds on the parameters c3 and d5. The exper-
imental upper limit on the graviton mass is extremely stringent,m . 10−32−10−30 eV,
depending on the type of experiment and theory assumptions behind it (see Ref. [24]
for a critical discussion). Taking m = 10−32 eV as benchmark, we show in Fig. (2)
the constraints on c3 and d5, for given g∗; the colored regions being allowed by our
constraints. The yellow region is determined from the standard positivity constraints
Eqs. (2.42), (2.45), while the others follow from our new bounds in Eq. (2.47). Al-
ready for g∗ = 5 · 10−13 (right panel), corresponding to the situation where Λ and Λ3

are about a factor 104 away from each other, our bounds do not admit any solution
in the (c3, d5) plane, likewise for any larger value of g∗ at the same mass.

To find the absolute maximum value of g∗ below which our bounds allow for a
solution, or, analogously, the minimum value of m, we write Eq. (2.47) as

m > 1.2 · 1012 eV
(g∗

1

)4
(
δ

1%

)6
1

Fij(c3, d5)
, (2.52)

and note that at each point (c3, d5), the bound is determined by the smallest Fij.
Therefore, the maximum of the (continuous) function min{Fij}(c3, d5) in the pos-
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Fig. 2: Exclusion plots in the (c3, d5) plane for ghost-free massive gravity, for fixed
accuracy δ = 100%, mass m = 10−32 eV, and coupling g∗ = 3 (5) · 10−13 in the left
(right) panel. The two plots illustrate how the region allowed by our bounds (green
region inside the solid line) shrinks to the point of disappearing as the coupling is
increased above 4.5 · 10−13. The yellow region is allowed by the standard positivity
constraints, Eqs. ( (2.42), (2.45)), whose optimized version from Ref. [10] is delimited
by the dotted black line. The other regions are the ones consistent with our new
bounds, Eq. (2.47), the different colors corresponding to each of the Fij shown in
Appendix. ( (A.3)), as specified in the legend. On the dash-dotted red (dashed black)
line, FV V (FSS) vanishes, and so it does the corresponding bound.

itivity region sets the most conservative bound. This corresponds to (ĉ3, d̂5) ≈
(0.18,−0.017) (close to the black point in Fig. (2)) for which FV S ≈ 4.6 ·106, yielding
the lower bound

m > 10−32 eV
( g∗

4.5 · 10−13

)4
(

δ

100%

)6

. (2.53)

Recalling the direct experimental constraint on the graviton mass, m . 10−32 eV, our
bounds imply that any value g∗ & 4.5 · 10−13 is excluded, for δ = 100%, irrespectively
of the values of (c3, d5). We stress that, unlike the interpretation of this result given
by Ref. [55], such small value of the coupling is not a free choice: there is no possibility
of tuning freely g∗ for a fixed cut-off Λ. Indeed, our bounds set the hierarchy between
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Λ and Λ3, and therefore g∗ ∼ 10−13 is the outcome of our computation.

For fixed coupling g∗ and graviton mass, recalling the definition Eq. (2.48), the
maximal cut-off is then

Λ '
(
4 · 106 km

)−1
( g∗

4.5 · 10−13

)1/3 ( m

10−32 eV

)2/3

, (2.54)

of the order of the Earth-Venus distance r⊕V ∼ 107km.

Finally, the other interpretation we mentioned is to treat Eq. (2.47) as a con-
straint in the space (c3, d5,Λ) for a given graviton mass. We show in Fig. (3) the
allowed regions by our bounds, where in the right plot we retained also the inelastic
channels. In this case, the optimal bound becomes

Λ . (4 · 106km)−1
( m

10−32 eV

)3/4
(

δ

100%

)−1/2

. (2.55)

2.4.3 Implications

To our knowledge, most literature of massive gravity has so far identified the cutoff
Λ with the scale Λ3, so that one would expect g∗ ∼ O(1). One direct implication of
our bounds is that this scenario is now grossly excluded, even for δ = 1%. Indeed
Eq. (2.53), evaluated for an uncertainty of δ = 1% and g∗ ∼ 1 read

m & 240 keV , (2.56)

which is clearly incompatible with the experimental bounds.

Moreover, a such low cut-off as Eq. (2.55) is clearly problematic, a major draw-
back of the theory of massive gravity once we recall that General Relativity (GR) has
been precisely tested at much smaller distances, down to the mm or even below, see
e.g. Ref.’s [22–24]. In other words, in the light of our bounds, dRGT fails to describe
gravitational phenomena below scales of the order of the Earth-Venus distance, where
instead GR, taken as an EFT, provides successful predictions.
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Fig. 3: Exclusion plots in the space (c3, d5,Λ) for the benchmark point m = 10−32 eV
with δ = 100%. Points outside the contours are excluded. Each contour corresponds
to the intersection of the regions selected by our bounds Eq. (2.47), as well as the
positivity bounds Eq. (2.42), for a fixed value of the cut-off Λ. In the left panel, the
bounds are obtained by only retaining the elastic channels in the cross-section, while
in the right panel we keep the inelastic channels as well.

More specifically, let us consider the experimental tests of massive gravity in
the form of bounds on fifth forces from the precise measurements of the Earth-Moon
precession δφ [19–21]. Due to the Vainshtein screening [25, 26], which is generically
dominated by the Galileon cubic interactions in the (c3, d5) region allowed by our
bounds, the force mediated by the scalar mode compared to the standard gravitational
one is

FS
FGR

∼
(
r

rV

)3/2

, (2.57)

where rV = (M/4πMPl)
1/3Λ−1

3 = (M/4πm2M2
Pl)

1/3 is the Vainshtein radius (not
to be confused with the Earth-Venus distance r⊕V ) associated with the (static and
spherically symmetric) source under consideration, in this case the Earth, M = M⊕.
Before our bound, one would find that at lunar distances r = r⊕L ≈ 3.8 · 105 km, the
ratio of forces and thus also the precession δφ ∼ π(FS/FGR), even if very small for
m = 10−32 eV, would be borderline compatible with the very high accuracy of present
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Fig. 4: A non-scale representation of the typical scales involved in the effective theory
around a massive body as the Earth. The Vainshtein radius rV is the order the size
of the solar system, inside which non-linearities restore continuity with GR and the
scalar-mode interactions to matter are suppressed. However, the screening is no longer
effective at Earth-Venus distances r⊕V , since our bounds imply the EFT breaks down
and new degrees of freedom are expected to kick in at this scales.

measurements δφ ∼ 10−11. Now our bound Eq. (2.55) for δ = 100% shows that the
EFT is not valid already for r ∼ 1/Λ > r⊕V , see Fig. (4). This implies that new
degrees of freedom should become active at r ∼ r⊕V , unless some new and “ad hoc”
mechanism suppresses the derivative expansion in Eq. (2.31), allowing to extrapolate
predictions to smaller scales.

One should note that the computation in Eq. (2.55) holds in Minkowski space
and not necessarily in regions near massive bodies, such as the Earth, where classical
non-linearities are important and the Vainshtein screening is active. In such non-
trivial backgrounds, the strong coupling scale Λ3 gets redressed as Λ3 → zΛ3, with
z � 1 deep inside the Vainshtein region [56]. However, this Vainshtein rescaling
relies on the assumption that the tower of effective operators is such that only the
building blocks of the type ∂∂π/Λ3

3 are unsuppressed and dominate (we work here
for simplicity with the Stueckelberg mode π in the decoupling limit), and therefore
it does not generically extend to operators suppressed by extra derivatives, (∂/Λ)n,
sensitive to the bona fide cutoff of the EFT13. The cutoff for the fluctuations keeps

13For example, the scalar-mode contributes to the gravitational potential generated by a body of
mass M⊕ as

Vπ(r) ∼ M⊕
M2

Pl

1

r

[
1 +

M⊕
MPl

1

Λ3
3r

3
+ ...

] [
1 +

1

Λ2r2
+ ...

]
, (2.58)
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being Λ, which, following our bound Eq. (2.55), is encountered much before the strong
coupling scale, i.e. Λ � Λ3. For example, we can speculate about situations where

Fig. 5: Exclusion region for massive gravity in the plane of (g∗,m). The grey region
is theoretically excluded by our lower bound Eq. (2.53), with either δ = 1% (dark)
or δ = 100% (light), irrespectively of the values for (c3, d5) in the massive graviton
potential. Colored lines show the physical cutoff length: solid lines correspond to Λ

in Eq. (4.72), while dashed lines correspond to Λ⊕, obtained after assuming ad-hoc
a Vainshtein redressing of Λ due to the gravitational field on the Earth’s surface,
Eq. (2.59). Either cutoff, and with it the domain of predictivity of massive gravity,
increases with g∗ and m, at odds with our theoretical constraint and the experimental
upper bounds on the graviton mass. The black horizontal line is a representative of
the latter, corresponding to m = 10−32 eV.

where the first expansion encodes the non-linearities contributions, while the second encodes the
corrections coming from the EFT expansion in (∂/Λ)2. Inside the Vainshtein region, the non-
linearities in the first brackets resum to (r/rV )3/2 [21, 51], which is the desiderable feature to pass
the solar system constraints. However, in light of our bounds, the Vainshtein screening breaks
at Earth-Venus distance scales r ∼ 1/Λ ∼ r⊕V , simply because the EFT expansion is no more
under control, unless ad-hoc assumptions are made about the infinite tower of higher-dimensional
operators.
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all the associated Wilson coefficients happen to be suppressed, which entails the
validity (and thus calculability) of the theory extends beyond Λ, even in flat space.
In this case we can effectively choose E in Eq. (2.23) larger than Λ, and therefore
our bounds get stronger as well. Alternatively, we can imagine that the whole tower
of operators associated with the extra derivative terms come with the right powers
of fields (and coefficients) in order for the true cutoff Λ (as well as Λ3) to be raised,
i.e. Vainshtein redressed, in a (certain, appropriately chosen) non-trivial background,
but not necessarily extending the calculability in Minkowski space. In this case,
rescaling Λ at the Earth’s surface, r = r⊕ (thus assuming a spherical background),
one arrives at

Λ⊕ ∼
(
rV
r⊕

)3/4

Λ (2.59)

≈ (370 m)−1
( g∗

4.5 · 10−13

)1/3 ( m

10−32 eV

)1/6

,

Even with this extra epicycle, the redressed cutoff of massive gravity is still orders
of magnitudes larger than the (sub)millimeter scale, where GR has been successfully
tested. This fact is illustrated in Fig. (5) where we compare our bounds Eq. (2.53)
with different values of the (redressed) cut-off.

The tension between the bounds, direct limits on the graviton mass, and fifth-
force experiments, lead us to conclude that ghost-free massive gravity is not a proper
contender of GR for describing gravitational phenomena, in that the EFT can not
tell, for example, what the motion of the Moon is. This constitutes a major concern
for the theory of massive gravity in view of our bounds.

In summary, our theoretical bounds either rule out massive gravity or show that
the theory is unable to make predictions at scales where GR instead does and in agree-
ment with experimental observations. Of course, violation of the assumptions that
led to our bounds (e.g. Lorentz invariance, polynomial boundedness) is also a logical
possibility, although not much different from finding explicit UV completions, since
also requires non-trivial dynamics in the UV. Finally, note that considering either
smaller couplings or masses (e.g. m ∼ H0 ∼ 10−33 eV to explain cosmic acceleration)
only aggravates the problem, since the (inverse) cutoff is increased.
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2.5 Summary

In the first part of this chapter, we showed that Lorentz-invariance, analyticity, cross-
ing symmetry, and unitarity of the S-matrix imply that the EFT’s Wilson coefficient
must satisfy a set of positivity bounds

∂2kMσ1σ2(s)

∂s2k

∣∣∣
s=µ2

> 0 , µ2 ∈ (0, 4m2) . (2.60)

Successively, we showed that stronger constraints can be derived by taking into ac-
count the low-energy cross-sections under the dispersive integral Eq. (2.1)

1

2k!

∂2kMσ1σ2(s)

∂s2k

∣∣∣
s=µ2 ,LO

>

∫ E2

ds

πs2k

[
σσ1σ2→tot(s) + σσ1σ̄2→tot(s)

]
IR,LO

. (2.61)

where leading order (LO) terms in m/E and E/Λ are retained on both sides of the
inequality, which are then computable within the EFT. In theories where the forward
scattering amplitude is suppressed with respect to the non-forward ones, we showed
that our bounds provide non-trivial constraints on the EFT’s parameters.

As first application, we discussed the weakly-broken Galileon. We showed that
our bounds forbid the explicit symmetry-breaking terms from being arbitrary small.
For instance, if the only source of Galileon symmetry-breaking is given by a mass
term, our bound yields

m2 > Λ2

(
3

320

)
(c3 − 2c4/c3)2

16π2

(
E

Λ

)8

, (2.62)

implying that the massless limit is the free theory. Indeed, as we send m→ 0 for any
fixed Λ and E, the left-hand side goes to zero, so the couplings c3, c4 vanish as well
so to respect the inequality.

We then discussed the consequences of our bound on dRGT massive gravity,
which showed that the cut-off Λ of this theory is not Λ3 = (m2MPl)

1/3, as commonly
assumed in the literature so far, but

Λ . Λ4 = (m3MPl)
1/4 , (2.63)
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well below Λ3. Specifically, we provided a robust theoretical lower bound on the
graviton mass with uncertainty δ

m > 10−32 eV
( g∗

4.5 · 10−13

)4
(

δ

100%

)6

, (2.64)

where we recall g∗ = (Λ/Λ3)3 measures the separation between the cut-off Λ and the
strong-coupling scale of the longitudinal modes Λ3 = (m2Mpl)

1/3. When combined
with the experimental constraints on the graviton mass, our bounds seriously limit
the realm of predictivity of massive gravity, since the physical cutoff Λ is forced well
below Λ3

Λ . (4 · 106km)−1
( m

10−32 eV

)3/4
(

δ

100%

)−1/2

, (2.65)

implying that dRGT massive gravity it is not able to make sensitive predictions below
scales of the order of the Earth-Venus distance. We argued that, even assuming that
the Vainshtein mechanism does not break at r ∼ 107km, our bounds are inconsistent
with a Vainshtein redressing of the cutoff, which would be in the range 40 ÷ 400m
(see Fig. (5)) In other words, our result implies that the graviton mass can only
be below the experimental upper bound at the expense of a premature break down
of the theory, therefore at the price of loosing predictivity at unacceptably large
(macroscopic) distances.

Needless to say, our bounds neither apply to Lorentz-violating models of massive
gravity (e.g. [57]), nor to theories with a massless graviton: one can avoid our bounds
by dropping any of the assumptions on the S-matrix that led to them.



Chapter 3

EFTs of Massive Higher-Spins

One curious aspect of the Standard Model (SM) is that its fundamental fields describe
particles of spin s < 2. Despite this fact, it is not a surprise that relativistic strongly-
interacting resonances with s ≥ 2 are constantly produced at LHC. Peculiarly, these
massive Higher-Spin (HS) particles come in a tower of unstable bound states of quark
and gluons with masses comparable to their inverse typical size, set by Λ−1

QCD. For this
reason, a relativistic EFT description of these states is almost impossible, unless the
entire spectrum is accounted for. In terms of an EFT language, there is no separation
of scales between the physical cutoff and the HS mass, thus it is meaningless to talk
about EFT.

This chapter explores an alternative scenario. We are interested in relativistic
EFTs of a single massive (integer) HS particle with Compton wavelength λ ∼ m−1

much larger than its compositeness scale, such that these states can be legitimately
treated as “elementary” particles. According to our current knowledge, these scenarios
seem not to be realized in Nature. The reason why this happens is one of the main
questions of this chapter.

There are instead very strong theoretical reasons why we do not observe massless
HS particles. Indeed, these particles are constrained by a series of “No-Go” theorems,
see e.g., [58,59] for reviews. These theorems, e.g. Coleman-Mandula and Weinberg’s

75
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soft theorem [60, 61], do not represent a fundamental obstacle in the construction of
a consistent massive HS EFT, but rather provide a simple guide to understand the
low-energy interactions. The first part of this chapter is dedicated to showing that
seemingly consistent low-energy interacting EFTs for HS are, indeed, possible. We
will defer the question of whether these theories are physically consistent or not to
the second part.

For pedagogical reasons, we go step-by-step through the construction of such
theories. In Sec.(3.1) we start discussing the EFT of massive spin-3 particles, first
embedding the free theory into a variation principle, following the logic of Fierz and
Pauli [62] and Singh-Hagen [63]. Later, we derive the same results from a particle
physics perspective, which allows us to single out the dynamics of transverse and
longitudinal modes of the HS particle. This approach will prove very useful for
systematically studying the high-energy regime, revealing a hidden symmetry of the
longitudinal modes reminiscent of the Galileon, see Sec.(3.1.3). Finally, we generalize
our construction to arbitrary (integer) spin particles in Sec.(3.2).

The second part, Sec. (3.3), investigates the question of whether the absence of a
separation of scales between mass and cutoff is a fundamental feature of HS theories
or just an accident of our limited experience. The relevant parameter to approach
this question is

ε =
m

Λ
,

the scale Λ being the physical cutoff, i.e. the scale at which new states appear. A
small ε� 1 implies a large range of validity for the HS EFT.

In the literature, there are several bounds on ε depending on couplings the HS
to gauge fields [64–68]. We propose instead a new class of constraints on ε, which do
not rely on coupling the HS particle to external probes, such as electromagnetism or
gravity, but rather directly target the consistency of the self-interacting HS theory.
We focus on scenario where the HS is the lightest particle of the spectrum, working
in the regime MPl →∞.

We first discuss the simple requirement that the EFT be perturbative in its range
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of validity. Then the constraints from perturbativity are superseded in theories where
the putative microscopic theory from which the HS EFT emerges is Lorentz invariant,
local, and unitary. We show that the simplest seemingly consistent massive spin-3
EFT violates the positivity bounds discussed in Sec. (2.1). In fact, the inconsistency
is twofold: the beyond positivity bounds push the cutoff down, very close to the HS
mass. More specifically, for a generic potential λLΦ4 the (beyond) positivity bounds
for the longitudinal polarizations give

ε & (λL/16π2)1/(8s−4) .

For instance, the transverse modes of a spin-3 with ε = 0.1 are very weakly coupled,√
λL . 10−9, the bound getting more stringent for more accurate EFTs. The bound

can be read in another way: the higher the spin, the smaller the gap, unless the
coupling is simultaneously taken smaller. We also show that a similar bound holds
as well for special types of HS potentials that dispay higher strong-coupling scales
analogously to the case of Λ3-theory of massive gravity [18,53],

even spin: ε >
(
λL/16π2

)1/(6s−4)

odd spin: ε >
(
λL/16π2

)1/(6s−2)
.

Convention and notation In this chapter, we work in Minkowski space-time with
mostly plus signature ηµν = diag (−,+,+,+). To make the discussion about general
HS EFTs more readable, we adopt the following notation. Given a totally symmetric
rank-s field φµ1...µs , we will use the symbols

φ = φµ1...µs , φ′ = ηµ1µ2φµ1...µs , ∂φ = ∂(µφµ1...µs) , ∂ · φ = ∂αφαµ2...µs ,

where (anti) symmetrizations are defined without normalization factors, e.g. a(µbν) =

aµbν + bνaµ and a[µbν] = aµbν − bνaµ. Implicit indices are meant to be totally sum-
marized. We will write φT in place of the traceless part of φ, namely

φT = φ− 1

2s
ηφ′

in our convenient notation. We sometimes denote ∂nφ a generic Lorentz structure of
n derivatives acting on a field φ, while ∂µ1µ2...µn the product of n derivatives, i.e. for
a scalar field ∂µ1µ2...µnπ = ∂µ1∂µ2 ...∂µnπ
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3.1 Massive spin-3

We start discussing the interacting effective theory of a massive spin-3 particle. In
our description, we choose the symmetric traceless representation (3/2, 3/2) of the
Lorentz group SO(3, 1) ∼ SU(2)× SU(2) to describe a spin-3 field, which we denote
as Φµνρ. This representation is reducible under massive little group transformations,
i.e. SO(3), (

3

2
,
3

2

)
=

s∑
j=0

D(j) (3.1)

where D(j) denotes the spin-j irreducible representation of SO(3). States within the
same multiplet of fixed j are labelled by the usual spin−z component mz = −j, ...,+j
and therefore the dimension of the multiplet is 2j+1. The fact that the representation
(3/2, 3/2) decomposes as Eq. (3.1) means that our description will generically include
more degrees of freedom than required. To address our purpose of describing a single
spin-3 particle, it is then essential to decouple the extra states with j < s from the
free theory and interactions. The next section is dedicated to construct such free
theory fulfilling this requirement. For the sake of simplicity, we focus on a theory of
a stable massive particle, requiring a Z2 symmetry

Φ→ −Φ . (3.2)

3.1.1 Free theory: the old school

To construct the free theory of a massive spin-3, we follow the same logic of [63], that
is writing down the most generic quadratic Lagrangian and then tuning each of its
terms so to end up with 2 × 3 + 1 = 7 propagating degrees of freedom. This last
requirement means that the free field must satisfy the Klein-Gordon equation and the
transversality constraint on-shell,(

�−m2
)

Φµνρ = 0 , ∂µΦµνρ = 0 . (3.3)

The last condition consists of nine independent equations, which can be used to
decouple the extra states in Eq. (3.1) with j < 3. However, these equations cannot be
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derived from a variation principle and new fields must be introduced in the Lagrangian
[62], [63]. Let us try to introduce a trace Φµ = ηνρΦµνρ as an auxiliary field and
consider the most generic quadratic Lagrangian

Lfree =
a

2
(∂σΦµνρ)

2 +
b

2
(∂µΦµνρ)2 +

c

2
(∂µΦµ)2 +

d

2
(∂µΦν)

2

+ wΦρ∂µ∂νΦ
µνρ − z

2
Φ2
µνρ +

y

2
Φ2
µ

(3.4)

where a, b, c, d, w, z, y are constants. The equations of motion are readily computed,

Oµνρ ≡ −a�Φµνρ − b

3
∂(µ∂αΦνρ)α − c

3
η(µν∂ρ)∂αΦα −

d

3
η(µν�Φρ)

+
w

3
η(µν∂αβΦµ)αβ +

w

3
∂(µνΦρ) − zΦµνρ +

y

3
η(µνΦρ) = 0 ,

(3.5)

from which, after a proper tuning of the constants, we should derive the on-shell
conditions (

�−m2
)

Φµνρ = 0 , ∂µΦµνρ = 0 Φµ = 0 . (3.6)

The traceless condition is important not to make the auxiliary fields propagating.

We are going to show that the introduction of a single auxiliary field is not
enough to reproduce the correct equations of motion. Indeed, if Eq. (3.6) holds, we
can just apply the weaker constraint ∂µ∂νΦµνρ = 0 and the traceless condition to
simplify Eq. (3.5), getting to

− a�Φµνρ − b

3
∂(µ∂αΦνρ)α − zΦµνρ = 0 . (3.7)

By acting with a derivative on this last equation, we can reproduce the transversality
constraint, using ∂µ∂νΦµνρ = 0 , if and only if

a = −b/3 . (3.8)

With this choice, the transversality constraint would be satisfied and Eq. 3.7 would
return the Klein-Gordon equation.

Yet, the conditions we used to get Eq. (3.7) are inconsistent: they cannot be
derived irrespectively of how we tune the quadratic terms. We can show this fact
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by combining ∂µ∂ν∂ρOµνρ = 0 and ηµν∂ρOµνρ = 0 into a system of two equations for
∂µ∂ν∂ρΦ

µνρ and ∂ρΦρ,

A ·

[
∂µ∂ν∂ρΦ

µνρ

∂ρΦ
ρ

]
= 0 (3.9)

where A is the matrix

A =

[
(w − a− b)�− z (w − c− d)�2 + y�

2w − 2
3
b (w − a− b

3
− 2(c+ d))�− z + 2y

]
. (3.10)

A necessary condition to reproduce the transversality and traceless condition is that
the homogeneous system specified by A only admits trivial solutions. This happens
only if the determinant of A is a non-vanishing algebraic expression, that is

detA = α2�
2 + α1�+ α0 6= 0 (3.11)

does not depend on the d’Alembert operator, where α1, α2, α3 are functions depending
on the coefficients in Eq. (3.4). Such solution, i.e. α1 = α2 = 0, can always be found.
We can then derive another system of equations for ∂µ∂νΦµνρ and Φρ by combining
∂µ∂νOµνρ = 0 and ηµνOµνρ = 0,

B ·

[
∂µ∂νΦ

µνρ

Φρ

]
= 0 (3.12)

where B is the matrix

B =

[
(w

3
− 2

3
b− a)�− z 1

3
(w − d)�2 + y

3
�

2w − 2
3
b (w

3
− a− 2d)�− z + 2y

]
. (3.13)

However, requiring that detB is a non-vanishing algebraic expression is inconsistent
with α1 = α2 = 0, α0 6= 0 and a = −b/3, as can be checked by explicit computation.
Therefore, there is no hope to lower the number of propagating degrees of freedom to
seven.

This problem is solved by adding a scalar auxiliary field H,

Lfree =
a

2
(∂σΦµνρ)

2 +
b

2
(∂µΦµνρ)2 +

c

2
(∂µΦµ)2 +

d

2
(∂µΦν)

2 + wΦρ∂µ∂νΦ
µνρ

− z

2
Φ2
µνρ +

y

2
Φ2
µ +

x

2
(∂H)2 +

k

2
H2 + qH∂µΦµ .

(3.14)
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As before, we first get a system for ∂µ∂ν∂ρΦµνρ, ∂ρΦρ and H by accounting also the
equations of motion for H

∂µ∂ν∂ρOµνρ = 0

ηµν∂ρOµνρ = 0

−x�H + kH − q∂µΦµ = 0

=⇒ A ·

∂µ∂ν∂ρΦµνρ

∂ρΦ
ρ

H

 = 0 (3.15)

where A is now the matrix

A =

 (w − a− b)�− z (w − c− d)�2 + y� +q�2

2w − 2
3
b (w − a− b

3
− 2(c+ d))�− z + 2y +2q�

0 −q (−x�+ k)

 .

(3.16)

Since detA = α3�3 +α2�2 +α1�+α0, requiring a trivial solution to this homogenous
system leads to three constraints on the 10 coefficients of the Lagrangian. Now,
requiring that detB is also an algebraic relation brings the number of constraint to
five, while a = −b/3 provides another constraint. On top of these six relations, three
parameters are redundant because we can always rescale the total action and we
are free to perform field redefinitions for Φ and H. So we get 10 − 5 − 1 − 3 = 1

free parameter, that is the mass. We choose these redundancies to write the free
Lagrangian as

Lfree = −1

2
(∂σΦµνρ)

2 +
3

2
(∂µΦµνρ)2 +

3

4
(∂µΦµ)2 +

3

2
(∂µΦν)

2 + 3Φρ∂µ∂νΦ
µνρ

− m2

2

[
Φ2
µνρ − 3Φ2

µ

]
+

3

16
(∂H)2 +

3m2

4
H2 +

√
3

4
mΦµ∂

µH ,

(3.17)

which leads to the expected equations of motion(
�−m2

)
Φµνρ = 0 , H = 0 , ∂µΦµνρ = 0 , Φµ = 0 . (3.18)

The lengthy computations that lead to Eq. (3.17) become even more cumbersome
as we increase the spin of the particle. Also, all the effort to fix the coefficients
in Eq. (3.4) does not provide any understanding of the interactions to come. For
this reason, in Sec.(3.2) we will adopt another perspective that will allow us to get
Eq. (3.17), as well as its generalisation to generic HS, in much more physical terms,
by looking at the propagation of the would-be Goldstone bosons associated to the
longitudinal modes. This approach will settle us ready to study the interactions.
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3.1.2 Interactions and high-energy limit

The solutions to Eq. (3.18) can be constructed in terms of polarization tensors of
different spin-z components

Φµνρ(x) =

∫
d3p

(2π)3
√

2Ep

∑
σ

[
a(p, σ)εµνρ(p, σ)eip·x + a∗(p, σ)ε∗µνρ(p, σ)eip·x

]
,

(3.19)
where εµνρ(p, σ) satisfy

εµµν(p, σ) = 0 , pµεµνρ(p, σ) = 0 . (3.20)

The basis for εµνρ(p, σ) is chosen by studying the representations of the massive little
group (see [29] for further details).

For each pµ such that p0 > 0 and p2 = −m2 < 0, we can choose a reference
vector kµ that is related to pµ via Lorentz boots, i.e. pµ = Λµ

ν(p)k
µ. The Lorentz

boost defining pµ is not uniquely fixed, since we can always multiply it on the right
by a little group transformation. The standard boost expression we pick for Λµ

ν(p) is

Λi
k(p̂) = δik + (γ − 1)p̂ip̂k ,

Λi
0(p̂) = Λ0

i(p̂) = p̂i
√
γ2 − 1

Λ0
0(p̂) = γ

γ = p0/m .

(3.21)

Let us consider the rest frame where kµ = (m, 0, 0, 0). In this frame, the polar-
ization tensors are purely spatial, as can be inferred form Eq. (3.20),

kµε
µνρ(k, σ) = 0 =⇒ ε0ij(k, σ) = 0 . (3.22)

We can construct these polarizations by considering an orthonormal basis of the 3D
space {p̂, q̂1, q̂2}. The vector p̂ points towards the direction along which we will
perform the boost Eq. (3.21), while the directions q̂1, q̂2 can be chosen arbitrarily in
the perpendicular plane to p̂. The polarizations εijk(k), are now easy to construct in
terms of p̂i,q̂i1, and q̂i2 as

εijnS (k̂) ∝ p̂(ip̂jp̂n) − traces , εijnH,m(k̂) ∝ p̂(ip̂jq̂n)
m − traces ,

εijnV,mp(k̂) ∝ p̂(iq̂jmq̂
n)
p − traces , εijnT,mpq(k̂) ∝ q̂(i

mq̂
j
pq̂

n)
q − traces .

(3.23)
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Each combination provides two independent tensors but εijnS . We will use the index
σ = T, T ′, H,H ′, V, V ′, S to label the basis elements.

The polarizations εµνρ(p, σ) are now obtained by boosting the system through
Eq. (3.21), which reveals their different high-energy growth1 as |p| � m,

εT,T ′ ∼ const , εH,H′ ∼ |p|/m ,

εV,V ′ ∼ (|p|/m)2 , εS ∼ (|p|/m)3
. (3.24)

We will refer to T, T ′ as the transverse modes and to the others as the longitudinal
modes. Because of their different high-energy scaling, they are not generically strongly
coupled at the same scale. As we are going to discuss in the next sections, one
can write down interactions for which the scalar (σ = S) or the transverse modes
(σ = T, T ′) are more strongly coupled respectively, see Eq. (3.27) and Eq. (3.48). In
fact, we can write down interactions for which the scalar and the vector (σ = V, V ′)
become strongly coupled at the same scale, see Eq. (3.32).

In this section, we classify the interactions in terms of the amplitudes’ high-
energy growth. We focus on 2 → 2 scattering processes, whose amplitudesM have
dimension of a coupling-squared, so that we define the coupling as g2(E) ≡ M(E)

with E =
√
s the center of mass energy. Different processes and interactions can be

associated with different coupling strengths, for each of them we define the value of
the coupling at the physical cutoff Λ as g2 ≡ g2(Λ). We define the strong-coupling
scale Λsc of a generic process when

g2(Λsc) =M(Λsc) ' (4π)2 . (3.25)

Longitudinal interactions and Stuckelberg fields

The most relevant self-interactions are of the type

Lint
L = λ1Φ2∂Φ− λLΦ4 + ... (3.26)

1The energy growth can be easily seen from the explicit form of the Lorentz boosts Eq. (3.21).
Indeed, the γ factor comes with powers p̂, which is orthogonal to q̂1,2. Therefore, after the boost,
each insertion of p̂ in Eq. (3.23) brings a factor of γ at high-energy.
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TTTT HHHH H ′H ′H ′H ′ V V V V SSSS

Φ4 generic λL λL(E/m)4 λL(E/m)4 λL(E/m)8 λL(E/m)12

Φ4 tuned 0 0 λL(E/m)4 λL(E/m)6 λL(E/m)10

R4 (E/f)12 (m/E)4 (E/f)12 (m/E)4 (E/f)12 (E/f)12 (m/E)4 (E/f)12

Table 3.1: Examples of leading energy-growth rate of 2 → 2 scattering amplitudes
with E ∼

√
s ∼

√
−t, for generic Lorentz contractions. The first two lines are

discussed in Eq. (3.48) and Eq. (3.27). The last line, instead, corresponds to the
specific combination in Eq. (3.32). Since m/E � 1, transverse polarizations are
more strongly (weakly) coupled in a R4(Φ4)-theory. For more general combinations
of external polarizations, the energy-growth can be readily estimated from the examples
in this table.

where by Φ2∂Φ we mean different Lorentz contractions with three fields and one
derivative, and the same for Φ4. Since we required a Z2 symmetry Φ→ −Φ, the most
relevant interaction is given by a potential Φ4. Only three independent contractions
give non-vanishing contributions to on-shell scattering amplitudes2

− V (Φ) = −λLΦ4 = λ1 Φ de
a ΦabcΦ f

bd Φcef + λ2 Φ d
ab ΦabcΦ ef

c Φdef + λ3

(
ΦabcΦ

abc
)2
.

(3.27)
Amplitudes for the scattering of states with different spin-z component (which, again,
we label σ = T, T ′, H,H ′, V, V ′, S for mz = ±, 3,±2,±1, 0 respectively) exhibit dif-
ferent rates of energy-growth, therefore they become strongly coupled at different
scales. For instance, an explicit computation shows that the leading contribution
from Eq. (3.27) to the scattering amplitude of two helicity-0 polarizations at E � m

is

MSS→SS
leading =

1

25m12

[
3

4
(2λ1 − λ2 + 2λ3) (stu)2 +

λ2 + 2λ3

16

(
s2 + t2 + u2

)3
]

+ · · ·

(3.28)
and grows as fast as ∼ (E/m)12, suggesting that perturbative unitarity would break
at

E ∼ Λsc
12 ≡ m

(
16π2

λL

)1/12

(3.29)

2The contractions involving the trace Φµ vanish on-shell.
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where we have defined a generic strong-coupling scale

Λsc
n ≡ m

(
16π2

λL

)1/n

. (3.30)

These scales are comparable to m for λL ∼ O(1) couplings. Similarly, the V polariza-
tions become strongly coupled at Λsc

8 > Λsc
12 while H-polarizations at Λsc

4 > Λsc
8 > Λsc

12,
see Tab. (3.1) and Fig. 1. Since the longitudinal modes are more strongly coupled
than the transverse ones, we refer to this kind of interactions as “longitudinal”.

Fig. 1: We show the hierarchy of the strong-coupling scales Λsc
n . Black, blue and

red lines correspond to the strong-coupling scale of the scalar, vector and helicity-2
longitudinal modes. The dotted line, i.e. for n = 10, corresponds to the tuned spin-3
potential Eq. (3.32), which raises the strong-coupling scale of the scalar to Λsc

10. For
any fixed coupling λL, the physical cut-off Λ should lie below the smallest scale.

There is a particular tuning in Eq. (3.28), that is

λ2 = λ1 = −2λ3 , (3.31)

which improves the leading growth to (E/m)10, hence extending the possible range
of validity of the EFT up to E ∼ Λsc

10 > Λsc
12

3. This tuning corresponds to the
3We should always keep in mind that the strong coupling scale might not have any physical
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combination [69] (see also [70,71])

−λLΦ4 = −λ3εµ1µ2µ3µ4εν1ν2ν3ν4Φ
µ1ν1σΦµ2ν2

σΦµ3ν3ρΦµ4ν4
ρ , (3.32)

and is analogous to what happens in the theory of massive gravity [18, 53] where it
leads to the raising of the strong-coupling scale from Λ5 to Λ3. In Sec (3.1.3) we will
show that this tuning is stable against quantum corrections.

We can understand the tuning Eq. (3.32) by splitting the dynamics of the massive
spin-3 state into its transverse and longitudinal components, see Fig. (3). We describe
them as stand-alone fields, by introducing gauge redundancies with a field redefinition
known as Stueckelberg trick4

Φµνρ → Φµνρ − ∂(µϕνρ) , ϕµν ≡ Hµν − ∂(µAν) + 2∂µ∂νπ (3.33)

where the fields enjoy the gauge symmetries

Φµνρ → Φµνρ + ∂(µξνρ)

Hµν → Hµν +
√

3mξµν + ∂(µλν)

Aµ → Aµ + λµ + ∂µλ

π → π + λ

(3.34)

with traceless ξµν . Notice that under this web of transformations, the combination
ϕµν simply shifts as a Goldstone field

ϕµν → ϕµν +
√

3mξµν(x) , (3.35)

and therefore its derivatives do not transform covariantly under local shifts. The
covariant derivative is promptly defined in Eq. (3.33), by dressing ordinary partial

meaning. For example, if the UV completion underlying our EFT is weakly coupled (i.e., new states
kick in at energies Λ � Λsc

10,Λ
sc
12) we cannot give any meaningful definition of the strong-coupling

scale within the EFT. Therefore, the strong-coupling scale Λsc corresponds roughly to the largest
possible value for the physical cutoff, Λ < Λsc, for a useful calculable EFT. This is the analog of the
strong-coupling scale 4πmW /g in the scattering of longitudinally polarised W bosons, for which a
SM description without the physical Higgs boson ceases to make sense.

4We have embedded the auxiliary field H appearing in the free Lagrangian Eq. (3.17) in the trace
of the Stueckelberg field Hµν , i.e. H = ηµνHµν .
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(totally symmetrized) derivatives with the spin-3 field as 5

D(µϕνρ) = ∂(µϕνρ) −
√

3mΦµνρ (3.36)

The transformations Eq. (3.34) correspond to the massless gauge symmetries of
spinning particles, in addition to the local shifts of the Stuckelberg fields. These
shifts are analogous to the local transformation of the Goldstone scalar field eaten by
a massive vector through the Higgs mechanism.

The “unitary gauge” Eqs. (3.17),(3.32) is recovered by choosing the gauge pa-
rameters such that ϕµν = 0, that is

Unitary gauge: λ = −π, λµ = −Aµ , ξµν = HT
µν . (3.37)

Out of the unitary gauge, the free Lagrangian Eq. (3.17) becomes [69]

Lfree = Lkin
Φ + Lkin

ϕ − ΦµνρJ µνρ − m2

2

[
Φ2
µνρ − 3Φ2

µ

]
+

3

4
m2
(
ϕµµ
)2

, (3.38)

where Lkin
Φ is the kinetic term of the spin-3 field Φ, Lkin

ϕ is the usual linearized Einstein-
Hilbert free action for a spin-2 ϕµν and

J µνρ = − m√
3

[
∂(µϕνρ) − 2η(µν∂αϕ

ρ)α +
1

2
η(µν∂ρ)ϕαα

]
(3.39)

is the current associated to the global shift ξ of ϕµν . This pattern is analogous to
massive spin-1 theories where the vector field couples to the global current of the
spontaneously U(1) broken symmetry

LA = −1

4
FµνF

µν − m2

2
AµA

µ − AµJ µ − 1

2
∂µπ∂

µπ , J µ = −m∂µπ . (3.40)

We will generalise this pattern for any HS in Sec. (3.2).

The effect of the field redefinition Eq. (3.33) on the free Lagrangian is then to
generate kinetic and mass mixings among the transverse and longitudinal modes.

5This is analogous to the covariant derivative of a U(1) Goldstone boson eaten by a vector, i.e.
Dµπ ≡ ∂µπ −Aµ.
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Interactions in the unitarity gauge give rise, instead, to derivative interactions of
longitudinal modes. For instance, if we substitute Eq. (3.33) into Eq. (3.27), we can
read scalar interactions with three derivatives acting on each π, which capture the
high-energy growth ∼ (E/m)12 of the scalar-scalar scattering amplitude.

The tuned potential Eq. (3.32) instead, at high-energy E � m corresponds to
the combination

∝ λ3εµ1µ2µ3µ4εν1ν2ν3ν4∂
µ1ν1σπ∂µ2ν2σπ∂

µ3ν3ρπ∂µ4ν4ρπ . (3.41)

However, integrating by parts, Eq. (3.41) turns out to be a total derivative. Therefore,
the high-energy scattering amplitude is dominated by the would-be subleading terms
(i.e., suppressed by powers of the mass) ∼ (m/E)2 × (E/m)12, which originate from
resolving the kinetic mixing of π with the transverse modes. In fact, notice that the
local shift of the scalar Goldstone δπ = λ(x) forbids the presence of a standard kinetic
term (∂π)2. It is precisely the mixing arising from ΦµνρJ µνρ that allows to generate
a kinetic term for π; the same argument holds for the vector modes Aµ.

To resolve the mixings in Eq. (3.38) in a way that keeps the m→ 0 limit mani-
festly smooth, we perform the field redefinition6

Φµνρ → Φµνρ +
m

2
√

3

[
η(µνAρ) − η(µν∂ρ)π

]
,

Hµν → Hµν +
5

2
m2 ηµνπ ,

(3.42)

which we will justify for a generic spin-s particle in Sec. (3.2). In this new basis, the
m→ 0 limit is smooth and we can identify the propagating “high-energy” degrees of
freedom as massless spin-3, 2, 1 and 0 states, associated with the fields Φ, H,A, π,

Lfree
m→0 = Lkin

H + Lkin
ϕ −

5

4
F̂ 2
µν − 15(∂π̂)2 , (3.43)

with Aµ = Âµ/m and π = π̂/m2 the (almost) canonically normalized fields. There-
fore, we have shown that we can separate the dynamics of a massive spin-3 state into

6Notice that the gauge symmetry for the trace Φµ is now enhanced with a local shift δΦµ ∝
ηνρ∂(µξνρ) +mλµ(x) which makes it redundant. However, if we demand a smooth m→ 0 limit, we
cannot gauge it away.
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that of the transverse and longitudinal modes. This feature will be generalised to
massive spin-s particles in Sec. (3.2).

We can now consider the high-energy limit of Eq. (3.32)

m→ 0 , λL ∼ m10 , (3.44)

which selects the interactions [69]

8λ3

m10
εµ1µ2µ3µ4εν1ν2ν3ν4

[
∂ρF̂µ2ν2∂

ρF̂ν1µ1 ∂µ3ν3σπ̂ ∂
σ

µ4ν4
π̂ + 2∂σF̂µ2ν2∂

ρF̂ν1µ1 ∂µ3ν3ρπ̂ ∂
σ

µ4ν4
π̂

− 1

25
ηµ4ν4∂

σπ̂∂µ1ν1σπ̂∂µ2ν2ρπ̂∂
ρ

µ3ν3
π̂
]
,

(3.45)

that are most relevant for E < Λsc
10, where the tuned EFT is valid. Here only the S

and V helicities are interacting, while the other modes decouple.

Transverse interactions

As it is clear from the energy growth ofthe transverse modes, Eq. (3.24), their scat-
tering amplitudes from the potential Φ4 do not grow with energy and, therefore, they
are more weakly coupled than the longitudinal modes. This latter fact remains gener-
ically true for any longitudinal interaction ∂nΦ4 with arbitrary derivatives. There are,
however, interactions that give rise to strongly coupled transverse modes, which are
constructed in terms of the spin-3 analogous of the Riemann tensor [72]

Rα1α2α3µ1µ2µ3 = ∂α1α2α3Φµ1µ2µ3 (3.46)

with anti-symmetric contractions, that is invariant under tracefull gauge transforma-
tions

δRα1α2α3µ1µ2µ3 = 0 , δΦµνρ = ∂(µλνρ) , λµµ 6= 0 . (3.47)

We can write a class of “transverse” interactions (in the unitary gauge):

Lint
T =

R4

f 12
T

+ ... (3.48)
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Eq. (3.42)

Fig. 2: Power-counting of the amplitudes sourced by the R4-type operators. As ex-
plained in the main text, the spin-3 Riemann tensor is invariant under Eq. (3.47) and
therefore interactions for the helicity-0 and helicity-2 modes arise from R4-type opera-
tors only through mixings, which we resolved with Eq. (3.42). We collectively indicate
these mixings with the crossed white circle. Helicity-1 interactions are sourced without
any mass suppression, as can be seen from the field redefinition Eq. (3.42). It is the
coupling of the spin-3 with the current J µνρ of the Goldstone fields, and the mass
term Φ2, that generate the mixings that source helicity-2 and helicity-0 interactions.

where by R4 we mean a generic Lorentz contraction of four Riemann tensors, e.g.
(Rα1α2α3µ1µ2µ3R

α1α2α3µ1µ2µ3)2. These are analogous to the F 4
µν-type interactions for a

vector.

The 2-2 scattering amplitude for transverse modes grows as ∼ (E/fT )12, where
fT characterise the strong coupling scale

Λsc
T ≡ (4π)1/6fT , (3.49)

which is very close to the scale fT and, a priori, arbitrarily far from the particle mass
m. Therefore, for what concerns the transverse polarizations in a R4-theory, the ratio
between mass and cutoff can take arbitrary values ε = m/Λ < 1 in the interacting
theory. In fact, analyticity and unitarity of the S-matrix put stringent bounds on
ε [69], by means of the dispersive relations derived in Sec. (2.1). We will discuss these
bounds in Sec. (3.3).

On the basis of derivative counting, the most (wrong) naive expectation of the
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energy growth of helicity-0 amplitudes sourced by R4 is ∼ E24/(mfT )12; instead,
its high-energy growth is ∼ (m/E)4 × (E/fT )12, therefore mass-suppressed (see Ta-
ble (3.1)). This suppression happens because the generalised Riemann tensor does not
generate any helicity-0 interactions, but only helicity-3 and helicity-1 interactions, as
it can be seen after resolving the mixings with Eq. (3.33) and Eq. (3.42) and recalling
that the spin-3 Riemann tensor is gauge invariant (see Eq. (3.47)), i.e. schematically

R Eq. (3.42)−−−−−−→ ∂3Φ + ∂3Â . (3.50)

Therefore, scalar interactions are sourced by R4 only through the kinetic/mass mix-
ings generated by the coupling ΦµνρJ µνρ and the mass term m2Φ2

µνρ, see Fig. (2).
As we said, these mixings are resolved with Eq. (3.42), from which it is clear that
external legs of Hµν and π̂ must have the same energy-growth; the same argument
holds for external legs of Φµνρ and Âµ. The scattering of the H,H ′ polarizations takes
place only after mixing with the transverse ones, thus suppressed by powers of m/E.

There is no reason, a priori, why fT and Λsc
12 (or Λsc

10) should be equal, since the UV
completion behind the EFT might couple to the transverse and longitudinal modes
at different scales. It is then more natural, from an EFT approach, to split the theory
of a massive spin-3 particle into a transverse sector, characterised by interactions of
the type ∂nRm, and a longitudinal sector, characterised instead by interactions of
the type ∂nΦm. These two sectors are coupled through the linear mixing ΦµνρJ µνρ

in Eq. (3.38), see Fig. (3). Mixed-type interactions Rn∂pΦm can be written down as
well, depending on how the two sectors couple each other. As we will see in Sec. (3.2),
this picture can be generalised to generic spin-s theories, making the way the different
degrees of freedom are organised in the massive multiplet very straightforward.

3.1.3 Polynomial shift symmetries

We want to make the last comment about the high-energy limit E � m. In this case,
the quadratic action Eq. (3.43) is trivially invariant under the N -th order polynomial
symmetries

π̂ → π̂ + f (N)(x) , Âν → Âν + C(N)
ν (x) , (3.51)
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transverse sector

Relevant
coupling

longitudinal sector

spin-3

Interactions
spin-3 current

Interactions

Goldstone fields

Fig. 3: We describe the HS interactions in terms of its transverse and longitudinal
modes. The longitudinal modes are the would-be eaten Goldstone bosons and belong
to a sector which enjoys the shift symmetry Eq. (3.35). The transverse modes of the
spin-3 belong to a different sector, whose interactions are characterised by a different
coupling and scale. The two sectors are coupled through the relevant coupling of the
spin-3 with the global current (spontaneously broken) of the shift symmetry Eq. (3.35).
In this setting, the transverse and longitudinal modes mix so to concoct a massive HS
state.

with

f (N)(x) =
N∑
n=0

1

n!
cTµ1...µnx

µ1 . . . xµn ,

C(N)
ν (x) =

N∑
n=1

1

n!
bTνµ1...µnx

µ1 . . . xµn

(3.52)

where cTµ1...µn and bTνµ1...µn are traceless tensors and symmetric under νi ↔ νj. Gener-
ically, the latter corresponds to a generalization of the Galileon symmetry to HS
fields but also includes gauge symmetries, e.g. C

(N)
ν = ∂νΩ, when all the indices

are totally symmetrized. For instance, N = 1 non-gauge transformations are of
the kind bTµν1 = bT[µν1]. Notice that these transformations are true symmetries (not
gauge redundancies), as they act on the transverse modes of the vector field. The
scalar transformation is instead an extended shift-symmetry of the type described in
Ref. [48].

The interactions may spoil the invariance (for any N) under Eq. (3.52) and
therefore it is interesting to probe the set of operators which preserves the highest
number of symmetries, at least in the high-energy regime. Interactions made of ∂N+1π̂
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and ∂N+1Âµ are trivially invariant for any N ; we are interested instead in non-trivial
invariants with less then N + 1 derivatives per field.

We recall that the interactions of the longitudinal sector (in general interactions
that cannot be written in terms of R alone) are rewritable in terms of the covari-
ant derivative Eq. (3.36). After the mixings with the transverse modes are resolved
through the field redefinitions Eq. (3.42), the covariant derivative becomes

D(µϕνρ) ≡ ∂(µHνρ) −
2

m
∂(µνÂρ) +

6

m2
∂µνρπ̂

+ 3η(µν∂ρ)π̂ −
1

2
mη(µνÂρ) −

√
3mΦµνρ .

(3.53)

This makes it clear that in the high-energy regime we expect N = 2 symmetry for
the scalar mode and N = 1 for the vector. In fact, it is easy to show that each
operator in Eq. (3.45) is actually a non-trivial invariant under the N = 2 polynomial
shift symmetry of both the scalar and vector modes up to total derivatives [69] .
Besides, they are not renormalized by loops, as can be understood by simple derivative
counting, similarly to what happens for N = 1 invariant Galileons [73,74].

3.2 EFT for generic spin

In this section, we provide the generalisation of the construction of the EFT for a
generic integer spin-s massive field. We will use a different approach than working at
the level of the free equations of motion (as done in Sec. (3.1)), which turns out to
be extremely useful to study the interactions in the regime E � m.

Similarly to the spin-3, a free massive spin-s particle can be described by a
totally symmetric traceless field which transforms in the representation (s/2, s/2) of
the Lorentz group SO(3, 1) ∼ SU(2)×SU(2). To describe a massive spin-s multiplet,
the field must satisfy on-shell the usual Klein-Gordon equation, together with the
transverse condition7(

�−m2
)

Φµ1...µs = 0 , ∂µ1Φ
µ1...µs = 0 , (on-shell) . (3.54)

7The representation (s/2, s/2) of SO(3, 1) is reducible and can be used to describe particles with
spin j = 0, 1..., s (e.g., a spin-0 field could carry s derivatives Φµ1...µs

= ∂µ1...µs
φ(x)− traces). The
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The free field can be constructed in terms of the physical polarizations

〈0|Φµ1...µs(0)|p, σ〉 ∝ εµ1...µs(p, σ) , (3.55)

which satisfy the on-shell conditions, with σ labelling the spin-z component. At high
energies, E2 � m2, the solutions to the equations of motions Eq. (3.54) are defined
up to gauge transformations

εµ1...µs → εµ1...µs + p(µ1χµ2...µs) , (3.56)

parametrized by a transverse (p · χ = 0) and traceless (χ′ = 0) tensor χ, which
transforms as a lower-spin polarization tensor. As we shall see, the χ encodes the
longitudinal modes of the massive multiplet in the high-energy regime, as well as the
auxiliary fields that are unavoidable for a proper local Lagrangian description of these
states.

As we have shown in the previous sections, it is extremely useful to separate the
EFT of interacting massive HS particles into two different sectors, eventually coupled.
They describe the interactions of the transverse and the longitudinal modes, the latter
corresponding to the lower-spin would-be Goldstone bosons. These sectors, however,
cannot describe a particle in isolation (i.e., when m → 0), since, as we have seen in
the spin-3 theory (see Eq. (3.42)), the kinetic terms of the lower-spin Goldstones are
only induced through the linear mixing with the transverse modes8.This description,
however, allows to derive the free Singh-Hagen Lagrangian [63] and automatically
provides a natural and systematic way to power-count the interactions of the different
modes. Finally, also in this section we consider theories with Z2 symmetry.

To avoid cluttered notation, we will drop the Lorentz indices that are completely
symmetrized. So, for example, we will write Φ in place of Φµ1...µs for a totally sym-
metric tensor. Instead, metric contractions are taken before symmetrizing the indices;
for example, we will write ∂∂ ·Φ in place of ∂(α∂

µ1Φν1
µ2...µs)

ηµ1ν1 or ∂∂Φ′ rather than

transverse and traceless conditions project out the j < s components, ending up with the j = s

representation that has dimension Dj=s = 2s+ 1.
8This is analogous to the spin-2 in massive gravity. The longitudinal scalar mode π acquires a

kinetic term through the mixings with the transverse modes, which are resolved under the redefinition
hµν → hµν + ηµνπ.
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∂(µ1∂µ2Φ
αβ
µ3...µs)

ηαβ. A trivial contraction is instead Φ · Φ = Φµ1...µsΦ
µ1...µs (see the

end of the Introduction for details about the notation).

3.2.1 The Transverse Sector

The transverse sector contains, in isolation, a massless spin-s state i.e. two degrees
of freedom. In order to extend the off-shell description with a local Lagrangian9, it is
useful to relax the on-shell conditions p · χ = 0 while enlarging the gauge symmetry
group Eq. ((3.56)). We introduce traces Φ′ as pure gauge degrees of freedom while
keep working with double-traceless fields Φ′′ = 0.10 The massless spin-s field enjoys
then the gauge invariance11

Φ→ Φ + ∂ξ , ξ′ = 0 , (3.57)

which we will need to only propagate two degrees of freedom. Notice that because ξ′ =
0, the double-traceless constraint is preserved, whereas the single trace transforms as
Φ′ → Φ′ + ∂ · ξ.

The quadratic gauge invariant Lagrangian is [78]

Lfree
s =

s

2
(∂ · Φ)2 − 1

2
(∂µΦ)2 +

s(s− 1)

2

[
Φ′ · ∂ · ∂ · Φ +

1

2
(∂µΦ′)

2
+

(s− 2)

4
(∂ · Φ′)2

]
,

(3.58)

from which the field equations can be collected in terms of the so-called Fronsdal
tensor

Γs ≡ �Φ− ∂∂ · Φ + ∂∂Φ′ = 0 , (3.59)

that can be used to write the kinetic lagrangian in the more compact form

Lfree
s =

1

2
Φ ·
(

Γs −
1

2
ηΓ′s

)
≡ Φ · Γ̂s . (3.60)

9Non-local descriptions of massless HS are discussed in Refs. [75–77].
10This is analogous to the case of a massless spin-2 in General Relativity, where one can choose

to work with a traceful hµν by enlarging the volume-preserving gauge transformations to generic
diffeomorphisms. Going back to a traceless hµν is just a question of gauge fixing.

11We are not aware of any consistent non-abelian extensions of the gauge transformation in flat
space-time, therefore we focus on abelian transformations.
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Interactions.

One of the consequences of the Coleman-Mandula theorem is that there cannot exist
higher-spin conserved charges for interacting theories. We can accomplish this fact
by writing the self-interactions in a manifestly gauge-invariant way in terms of Γs in
Eq. (3.59) and the HS analogous of the Riemann tensor [72]

Rα1α2...αsµ1µ2...µs = ∂α1α2...αsΦµ1µ2...µs (3.61)

with anti-symmetric contractions. These generalizations of the Christoffel symbols
and curvature tensor of spin-2 fields, introduced in Ref. [79], are linear in the HS field
and manifestly gauge invariant

δξΓµ1...µs = 3∂(µ1∂µ2ξ
σ

µ3...µs)σ
= 0 , δξRα1α2...αsµ1µ2...µs = 0 , (3.62)

where the first relation holds only for traceless ξ parameters, while the second involv-
ing R is satisfied also for ξ′ 6= 0. Interactions involving the Fronsdal tensor Γs are
proportional to the equations of motion (see Eq. (3.59)) and can therefore be removed
by a suitable field redefinition (the same holds for other operators with less than s

derivatives per field [79] that we do not discuss here).

For a single flavour and odd spin, cubic interactions are forbidden,12 while for
a non-trivial flavour structure or even spin, the contribution to R3 to 2-2 scattering
amplitudes is always smaller than those from the quartic contact-term, since they
scale with more powers of energy. We can therefore focus on quartic interactions for
the transverse polarizations, schematically of the form

Lint
s =

(Rα1...αs
µ1...µs

)4

f 4s
T

+ · · · (3.63)

with fT a scale characterizing the interaction strength, and the dots standing for terms
with higher derivatives, or more insertions of R, relevant for processes with more

12Poincaré symmetry implies that the amplitude for the state of any two spin-s particles, with s
odd, from the cubic vertex be anti-symmetric (e.g. [80]). Moreover, two of the helicities in a massless
cubic vertex with spin s are always equal; therefore it can be non-zero only in the presence of a non-
trivial flavour structure, in which case they may be constrained by the arguments of Ref. [81].
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than four external states. Eq. (3.63) implicitly hides thousands of possible contrac-
tions; from studying HS scattering amplitudes it is however obvious that the number
of physically independent contractions, as long as massless states are concerned, is
equivalent to the number of helicity four-point amplitudes: only four parity-invariant
combinations are independent.

As expected, the highly irrelevant operators in Eq. (3.63) vanish at low energy,
complying with the Weinberg soft theorems. Moreover, since these interactions are
trivially invariant under Eq. (3.57), they do not give rise to any HS charge, in agree-
ment with the Coleman-Mandula theorem13.

3.2.2 The Longitudinal Sector

The longitudinal sector provides the missing longitudinal modes necessary to describe
a massive multiplet of spin s in a somehow complicated generalization of the known
case of massive vector theories. It consists of a tower of lower-rank double-traceless
tensor fields φ(k) of spin k = s − 1, s − 2, . . . , 0, transforming non-linearly under the
would-be spin-s gauge symmetry. In order to project out unnecessary degrees of
freedom otherwise present in this redundant description, the fields in the longitudinal
sector transform under a tower of gauge transformations

δφ(s−1) = m
√
s ξ + ∂λ(s−2)

δφ(s−2) = λ(s−2) + ∂λ(s−3)

. . .

δφ(0) = λ(0)

(3.64)

where λ(k) are traceless gauge parameters (rank-k tensors), and the fields have non-
canonical mass dimension, [φ(s−k)] = 2 − k; the dimensionfull parameter m will be
linked later to the HS physical mass.14 For the purpose of studying the longitudinal

13Yet, the exactly massless limit is incompatible with a finite coupling to gravity [82], an argument
that can be evaded only at finite mass.

14The normalization of the gauge parameter ξ has been chosen to reproduce the quadratic La-
grangian with bare mass m, see Eq. ((3.72)).
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sector, ξ should be thought as a global parameter. The symmetry associated with
the ξ parameters will eventually be gauged when longitudinal and transverse sectors
interact to concoct a massive HS state. This is the HS analog of the shift symme-
try characteristic of the scalar Goldstone bosons eaten into massive spin-1 states.
Analogously, but within the longitudinal sector, each Goldstone boson φs−n eats the
lower-level Goldstone boson φs−n−1 whose shift symmetry φs−n−1 → φs−n−1 + λs−n−1

has been gauged in Eq. ((3.64)). Another simple way to derive such a cascade of shift-
symmetries, whose Goldstone bosons are gauged-away, is by Kaluza-Klein reduction
of a massless HS in 5 dimensions [64, 83].

A Lagrangian for the longitudinal sector is easily built in terms of the double-
traceless combinations15

ϕ(k) ≡ φ(k) − ∂ϕT(k−1) , (3.65)

which, under the web of gauge transformations Eq. ((3.64)), shifts simply as

δϕ(k) = λ(k) , δϕ(s−1) = λ(s−1) ≡ m
√
s ξ . (3.66)

Then, simple invariants can be built in terms of derivatives of ϕ(s−1) as well as single
traces ϕ′(k) (given that the gauge parameters λ(k) are traceless). In addition to these,
the generalized Christoffel and Riemann tensors for φ(s−1) (but not the ones of lower
spin) can also be used to build invariants. At the quadratic level the most general
Lagrangian, invariant under Eq. (3.64) up to total derivatives, is therefore

Lfree
L = φ(s−1) · Γ̂s−1 + Laux (3.67)

with Γ̂s−1 defined in Eq. ((3.60)) and

Laux =
∑
k

bk
(
∂µϕ

′
(s−k)

)2
+ b̃k

(
∂ · ϕ′(s−k)

)2
+ ck

(
ϕ′(k)

)2
+
∑
k<k′

ak,k′
(
∂ · ϕ′(s−k)

)
·ϕ′(s−k′) ,

(3.68)
where bk, b̃k, ak,k′ , ck are generic dimension-full coefficients. These coefficients will be
fixed once we gauge the ξ symmetry by requiring to not generate ghost-like kinetic
terms for the longitudinal fields (see Sec. (3.2.3) and Appendix (A.4)). Terms with
more fields, will-be interactions, can be written instead as polynomials in

ϕ′(k) , ∂ϕ(s−1) , (3.69)

15Eq. (3.65) is a recursive definition for ϕ(k). Here ϕT(k−1) denotes the traceless part of ϕ(k−1).
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and their derivatives. We stress that Eq. (3.67) should not be thought as a weakly
coupled Lagrangian for particles in isolation, as the standard kinetic terms for the
lower-spin Goldstone fields are induced only after mixing with the transverse sector.
Indeed, the local shift symmetries of the Goldstone fields forbid an explicit kinetic
term. Similarly to the situation in massive gravity, and contrary to the spin-1 case, the
longitudinal sector in isolation does not describe a theory of particles. Yet, coupling
it to the transverse sector, accompanied by the tuning of a finite set of parameters
(analog to Fierz-Pauli tuning in massive gravity), will make the longitudinal compo-
nents sprout to life and defer the would-be ghost instabilities beyond the cutoff. We
will make an example of this tuning in the next section and in Appendix (A.4).

3.2.3 Higgsing

Interactions between transverse and longitudinal sectors are generically controlled by
the most relevant operator: the minimal coupling of the transverse spin-s fields with
the current of the longitudinal sector, associated to global shifts of φ(s−1) in Eq. (3.67),
namely

Lmix = −ΦJ . (3.70)

In practice this is equivalent to gauging the global symmetry ξ in Eq. (3.64), that is
promoting it to a local symmetry. The current, in its expression invariant under the
λk gauge symmetries of the longitudinal sector in Eq. (3.64), is given by

J = − m√
s

[
∂ϕ(s−1) − 2η∂ · ϕ(s−1) +

1

2
η∂ϕ′(s−1)

]
. (3.71)

Since it is charged under the gauged ξ-shift, δξJ ∼ m2, a mass term for the spin-s
field is necessary in order to make the full Lagrangian Lfree

s + Lfree
L + Lmix invariant

under local ξ transformations. Notice that Laux is already invariant under these local
transformations. The resulting quadratic Lagrangian is [69]

Lfree = Φ · Γ̂s + φ(s−1) · Γ̂s−1 −
m2

2

[
Φ2 − s(s− 1)

2
Φ′

2

]
− Φ · J + Laux . (3.72)

By a proper gauge choice–the HS analog of the unitary gauge–both φ(0), φ(1) and the
traceless component of the higher-spin Golstone fields φ(k>1) can be removed from
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Eq. (3.72)
Unitary gauge: φ(0) = φ(1) = φT(k>1) = 0 . (3.73)

However, the single-traces of the Goldstones fields with k = 2, . . . , s − 1 cannot be
removed and appear as auxiliary fields of spin 0, 1, . . . , s− 3

φ(k) =
1

2k
ηφ′(k) . (3.74)

whose kinetic and mass terms arise from Laux defined in Eq. ((3.68)).

Tuning conditions. For generic values of the coefficients in Eq. ((3.68)), single-
traces are dynamical and have ghost-like kinetic terms. However, there is a specific
choice which makes these fields auxiliary, in the sense that the equations of motions are
algebraic, φ′(k) = 0. This choice fixes the number of degrees of freedom to Ndof = 2s+1

and removes the ghost-like instabilities. We can find this choice by demanding that
ghost-like kinetic terms for the Goldstone fields be absent. This is analog to the
Fierz-Pauli tuning of the mass term in a massive spin-2 field theory, which projects
out the term (�φ(0))

2.16

For this purpose, it is useful to split the Goldstone current Eq. ((3.71)),

J = J̃ + Is−2 , Is−2 =
m√
s

[
2∂∂ϕT(s−2) − 2η�ϕT(s−2) − η∂∂ · ϕT(s−2)

]
, (3.75)

where we recall that ϕT(s−2) is the traceless part of ϕ(s−2). A standard kinetic term for
φ(s−2), i.e. of the form of Eq. (3.58), can be induced under the field redefinition17

Φ→ Φ + κ ηϕT(s−2) , κ =
m√

s(s− 1)
, (3.76)

where κ has been chosen to cancel the kinetic term variation under Eq. (3.76),

δ
(

Φ · Γ̂s
)

= 2Φ · δΓ̂s + κ ηϕT(s−2) · δΓ̂s , δΓ̂s = κ

√
s

2m
(s− 1)Is−2 , (3.77)

16Ref. [63] obtains the same result by enforcing the equations of motion Eqs. ((3.54),(3.74)).
17Notice that this is the only allowed field redefinition to preserve the double-traceless condition

of Φ and to remove the mixing between Φ and ϕ(s−2) in Eq. (3.72).
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against the mixing −Φ · Is−2. This generates the standard kinetic term of a traceless
field18

m2

2
(2s− 1)ϕT(s−2) · Γ(ϕT(s−2))−

3

2
m2(s− 1)(s− 2)

(
∂ · ϕT(s−2)

)2
, (3.78)

with an additional piece. Recalling from Eq. (3.65) that (ϕ′(s−1))
2 ⊃

(
∂ · ϕT(s−2)

)2

,
this additional piece is canceled by tuning the coefficient cs−1 in Eq. (3.68)

cs−1 =
3

8
m2(s− 1)(s− 2) . (3.79)

Notice that the kinetic term of the traceless field ϕT(s−2) is invariant only under gauge
transformations with transverse gauge parameters. Therefore, the Lagrangian con-

tains ghost-like terms ∼
(
∂2ϕT(s−3)

)2

, since the definition

ϕTs−2 = φT(s−2) − ∂ϕT(s−3) +
1

(s− 2)
η∂ · ϕT(s−3) (3.80)

does not resemble a transverse gauge transformation. These terms can only be re-
moved if the coefficients a1,2, b2 and b̃2 in Eq. (3.68) are tuned to specific values, such
that a gauge invariant kinetic term for the tracefull field ϕ(s−2) is recovered. We can
then repeat this procedure until all ghost-like kinetic terms are absent; we detail the
computation for the (s−3)-Goldstone field in Appendix (A.4). Now, since the kinetic
terms of the longitudinal modes are suppressed by powers of mass, as in Eq. (3.78),
the smooth massless limit is obtained if we canonically normalise the fields. In this
way, the resulting Lagrangian describes the 2s + 1 degrees of freedom of a massive
HS state, with mass m [69].

3.2.4 Interactions

We have identified different types of interactions: those that originate in the trans-
verse sector in terms of the Riemann tensor Eq. (3.63), and those from the longitudinal
sector originally built with the building blocks in Eq. (3.69): ∂ϕ(s−1) and ϕ′(k). Opera-
tors involving the auxiliary fields ϕ′(k), to which no physical poles are associated, may

18With Γ
(
ϕT
)
we mean the Fronsdal tensor Eq. (3.59) projected on the traceless components of

ϕ.
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be removed by means of field redefinitions.19 Since interactions built with ∂ϕ(s−1)

are not invariant under the local transformations associated with ξ(x), one should
promote the symmetrized derivatives of ϕ(s−1), gauged by the Φ-field, to covariant
derivatives20

Dϕ(s−1) ≡ ∂ϕ(s−1) −m
√
sΦ . (3.81)

For instance, an interaction
(
∂ϕ(s−1)

)4
/f 4

L, with fL the strong-coupling scale of the
s − 1 longitudinal modes, is written as

(
Dϕ(s−1)

)4 and can be read in the unitary
gauge schematically as

λL(Φµ1...µs)
4 , λL ∝ m4/f 4

L . (3.82)

Notice that in non-abelian theories, like massive gravity, longitudinal interactions arise
already from the mass term, so that their coupling equals m2; for abelian theories
instead, mass and couplings are independent and therefore the scaling of λL with the
mass cannot be fixed univocally. For example, one can fix λ ∼ m10 such to keep finite
the amplitude of the scalar Goldstone bosons in the massless limit. However, we will
see in Sec. (3.3.1) that unitarity and analyticity of the scattering amplitudes allows
to estimate precisely the scaling of the EFT’s coupling with respect to the mass.

Of course, one can always add more irrelevant operators in each sector by in-
cluding more derivatives, see e.g. Eq. ((3.102)), or consider mixed-type interactions
involving Riemann tensors, e.g. m2

f2Lf
6
T

Φ2R2 or other mixed cubic interactions, see
e.g. [84].

Since we are focussing on Z2 symmetric theories, the first leading interactions
starts at four-points ∼ λLΦ4. Interactions of this kind lead to helicity-0 scattering

19For instance, we can iteratively remove any interaction of the form φ′(s−1)G
[
∂n, φ′(k),Φ

]
with

G[...] a polynomial in fields with at most n derivatives, by the variation of the mass term of φ′(s−1)

under the redefinition φ′(s−1) → φ′(s−1) −G
[
∂n, φ′(k),Φ

]
/(2cs−1).

20Anti-symmetric combinations, e.g. ∂[αϕµ1]µ2...µs
, could be gauged by other fields as in

Eq. ((3.81)), however by assumption these do not populate the infrared physics. Therefore, we
omit these combinations in the following, noticing that they cannot be dynamically generated as
long as the interactions only involve symmetrized derivatives.
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amplitudes growing asM∼ E4s with a strong coupling scale Λsc
4s, where we defined

Λsc
n ≡ m

(
16π2

λL

)1/n

. (3.83)

However, softer behaviours can be achieved with the generalization of the tuning
Eq. ((3.32)) to spin-s fields which, in the unitary gauge, can be written as [69]

s even: εµ1...µ4εν1...ν4 · · · ερ1...ρ4 Φµ1ν1...ρ1Φµ2ν2...ρ2Φµ3ν3...ρ3Φµ4ν4...ρ4 ,

s odd: εµ1...µ4εν1...ν4 · · · ερ1...ρ4Φµ1ν1...ρ1αΦ α
µ2ν2...ρ2

Φµ3ν3...ρ3βΦ β
µ4ν4...ρ4

. (3.84)

These potentials lead to scalar amplitudes

s even: M∼ E3s ,

s odd: M∼ E3s+1 ,
(3.85)

realizing explicitly the optimal high-energy behaviour conjectured in Ref. [70]. This
result can be understood by consistently taking the decoupling limit, as explicitly
shown in the next section, see Eq. (3.94),(3.95). For the EFT to be perturbative, the
cutoff ΛL must lie below the strong-coupling scale

Generic: ΛL . Λsc
4s , (3.86)

Tuned (s even): ΛL . Λsc
3s , (3.87)

Tuned (s odd): ΛL . Λsc
3s+1 . (3.88)

The vector polarizations are strongly coupled at Λsc
4(s−1) and similarly for the other

modes. Instead, interactions R4/f 4s
T imply amplitudes involving transverse polariza-

tions that grow asM∼ E4s, but are not enhanced by inverse powers of the mass. The
strong-coupling scale of the transverse interactions is therefore mass independent,

ΛT . Λsc
T = (4π)

1
2sfT . (3.89)

Other polarisations have larger cutoffs associated with the R4/f 4s
T interactions.

3.2.5 Best high-energy behaviour for arbitrary spins

Our understanding of the mixings between the transverse and longitudinal modes
allows us to explicitly realize the best energy growth of four-scalar amplitudes from
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zero-derivative HS interactions, namelyM ∼ E3s andM ∼ E3s+1 for even and odd
spin respectively, which was conjectured in Ref. [70]. The potential that gives rise to
such a behaviour is given in Eq. (3.84), and consists of s and s− 1 ε-tensors for even
and odd spin respectively. The scalar interactions in terms of the Stueckelberg scalar
field π ≡ φ(0) can be read through the gauge invariant combination Dϕ(s−1) defined
in Eq. ((3.81)) away from the unitary gauge. Generically, the leading interaction is of
the form (∂sπ)4, but the specific contractions with the ε-tensors in Eq. ((3.84)) makes
this term vanish up to total derivatives,

εµ1...µ4εν1...ν4 · · · ερ1...ρ4∂µ1ν1...ρ1π ∂µ2ν2...ρ2π ∂µ3ν3...ρ3π ∂µ4ν4...ρ4π = 0 + tot. derivatives .
(3.90)

The terms that now dominate the amplitude at high-energy are the would-be sub-
leading terms which originate from terms like

s even: εµ1...µ4εν1...ν4 · · · ερ1...ρ4∂µ1ν1...ρ1π ∂µ2ν2...ρ2π ∂µ3ν3...ρ3πDϕ(s−1)µ4ν4...ρ4
,

(3.91)

s odd: εµ1...µ4εν1...ν4 · · · ερ1...ρ4∂µ1ν1...ρ1απ ∂ α
µ2ν2...ρ2

π ∂µ3ν3...ρ3βπDϕ(s−1)
β

µ4ν4...ρ4
.

(3.92)

In this basis, the Stueckelberg field π has not a proper kinetic term, since its local
shift symmetry in Eq. (3.64) forbids it, and must be induced by resolving the mixings
of the transverse and longitudinal modes. This is analogous to what happens in
the Stuckelberg formulation of massive spin-2 and spin-3 theories. By generalizing
the argument given in Sec. (3.2.3) and Appendix (A.4), this is done via the field
redefinitions

Φs → Φs + κ η φ(s−2)

φ(s−1) → φ(s−1) + λs−1η φ(s−3)

φ(s−2) → φ(s−2) + λs−2η φ(s−4)

. . .

φ(2) → φ(2) + λ2η π

(3.93)

where κ, λk are chosen such as to generate gauge-invariant kinetic terms for the Gold-
stone fields. Their value is unimportant for the purpose of this discussion.

Let us focus on the even and odd spins cases separately.
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Even spin. The leading scalar interaction is obtained by applying the cascade of
transformations in Eq. ((3.93)) to the non-vanishing term Eq. ((3.91)). For even
spins, the scalar field is obtained as the result of the chain of transformations Φs →
φ(s−2) → · · · → π under which

εµ1...µ4εν1...ν4 · · · εσ1...σ4ερ1...ρ4 ∂µ1ν1...σ1ρ1π ∂µ2ν2...σ2ρ2π ∂µ3ν3...σ3ρ3π η(µ4ν4 ...ησ4ρ4)π (3.94)

is generated. This term is not vanishing and leads to a scalar amplitudeM ∼ E3s,
as clearly seen by counting derivatives.

Odd spin. In this case, the scalar field comes from the chain of transformations
starting from the spin-(s − 1) Goldstone field φ(s−1) → φ(s−3) → ... → π. The four-
scalar interaction that is then generated is

εµ1...µ4εν1...ν4 · · · εσ1...σ4ερ1...ρ4 ∂µ1ν1...σ1ρ1απ ∂ α
µ2ν2...σ2ρ2

π ∂ β
µ3ν3...σ3ρ3

π η(µ4ν4 ...ησ4ρ4∂β)π .

(3.95)
Upon symmetrization and integration by parts, the only non-vanishing term is the one
where the index β lies on the derivative, which leads toM∼ E3s+1. Another impor-
tant property of these interactions is that they are symmetric under the polynomial
shifts Eq. ((3.52)) with N = s− 1.

3.3 Constraints on Abelian HS theories

In this section, we derive bounds on the separation of scale ε = m/Λ. Several bounds
are known in the literature for very specific cases. For an HS particle of spin s coupled
to electromagnetism with charge q, then ε & q1/(2s−1) assuming the cutoff lies below
the strong-coupling scale, hence implying that ε→ 1 as the spin increases [64]. This
bound is evaded in models without minimal coupling to photons, for instance, when
a single neutral HS is at the bottom of the spectrum. A similar bound is expected
to hold for coupling HS to gravity with the replacement q → m/mPl, and indeed
Ref. [65] has explicitly shown that ε & (m/mPl)

1/3 for s = 2. Other consistency
conditions that rely on probing the HS sector by scattering scalar particles that
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exchange an intermediate HS at tree level are discussed, e.g. in Ref. [66]. Generalizing
the causality constraints of Ref. [67], the positivity of the eikonal phase shift in the
tree-level scattering of an HS gravitationally coupled to a scalar, sets other bounds
under certain assumptions [68]. While these gravitational bounds are robust, they
are not directly relevant for phenomenological purposes far below the Planck scale
(gravity is very weakly coupled at low energy), and in fact, these constraints evaporate
as Λ/mPl → 0 or when new, light, degrees of freedom are more important than gravity.
We want to extend these bounds to the most general case of an isolated massive HS
which do not interact to external probes, like electromagnetism and gravity.

On general grounds, there are several reasons why the ratio between mass and
cutoff cannot take arbitrary values in a HS theory with a given interaction. First,
analogously to massive gravity, the theory becomes strongly coupled at energy scales
Λsc parametrically close to the particle’s mass, leading to a constraint on ε if one
demands an energy range of calculability. Second, we have seen in Sec. (2.1) that
dispersion relations for forward scattering amplitudes imply UV-IR relations when
the S-matrix is unitary, analytic, crossing symmetric, and polynomially bounded in
the forward limit. These relations lead to different classes of positivity constraints on
the parameter ε [69]; we are now going to show that ε� 1.

3.3.1 Positivity and beyond

For a given mass m, the longitudinal scalar modes remain perturbative only up to
energies of order Λsc. If the underlying UV completion is Lorentz invariant, unitary,
casual and local, one can use the positivity arguments (see Sec. (2.1)) to obtain
stronger bounds on the physical cutoff Λ, which may be pushed well below Λsc. The
key physical quantities that enter these arguments are the IR residues defined in
Eq. (1.120)

Σ
z1z2 (2k)
IR =

∑
Res
s=si,µ2

[
Mz1z2(s)

(s− µ2)2k+1

]
, (3.96)

which connects the IR physics (matched, by definition, to the EFT calculation) to
the UV through the dispersion relations Eq. (1.124). Because of unitarity, the IR
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residues for k ≥ 1 are strictly positive for any interacting theory,

Σ
z1z2 (2k)
IR (µ2) > 0 , (3.97)

for values of µ2 in the range (0, 4m2). For instance, for a spin-s particle the TTTT
amplitudes from a generic R4/f 4s

T interaction scale like M ∼ s2s/f 4s
T so that the

residue

Σ
TT (2k)
IR ∼ m4(s−k)

f 4s
T

(3.98)

is proportional to some power of m. In Section (3.3.2) we show that the positivity
bounds set very strong constraints on the EFT of HS, even stronger than in the case
of massive gravity [10,16,54].

As we discussed in Sec. (2.1), the integral on the right-hand side of Eq. (1.124)
contains a positive IR contribution for 4m2 < s . Λ2 that is still calculable within
the EFT.21 The unknown UV contribution s� Λ2 is still positive and Eq. ((1.124))
can be turned into the beyond positivity bound

Σz1z2
IR >

∑
X

∫ Λ2

ds

πs2

[
σz1z2→X(s) + σz1−z̄2→X(s)

]
EFT

, (3.99)

where we set k = 1 and µ2 ∼ m2 � Λ. We are going to use this inequality to bound
the ration m/Λ of the EFT.

Consider first spin-s interactions of the type R4/f 4s
T . The elastic cross section

for TTTT scattering scales as σ ∼ 1/16π2× s4s−1/f 8s
T at high energy, while the k = 1

residue Eq. (3.98) is suppressed by 4s−4 powers of the mass. Using these ingredients
in Eq. (3.99) we find that parametrically

Λ .
(
16π2f 4s

T m
4s−4

) 1
8s−4 = Λsc

T

(
m

Λsc
T

) 4s−4
8s−4

< Λsc
T . (3.100)

21Strictly speaking, at E ∼ Λ the EFT produces results which are O(1) accurate in the dispersion
relation. Better accuracy can be derived by using the EFT only up to Emax < Λ, as in Refs. [9,15,16].
While it is straightforward to keep track of this factor, it is not very important since even O(1) errors
in the dispersion relations translate into small modifications of the bounds on the cutoff for large
spin.
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This new cutoff scale is always smaller than the strong-coupling scale Eq. (3.89),
unless where the EFT is not valid, i.e. m ∼ Λsc

T .

For interactions of the type λLΦ4, the strongest constraints come from study-
ing the longitudinal amplitudes SSSS, whose forward limit generically scales as
λLs

2s/m4s. The bound Eq. (3.99) then implies [69]

Λ . m

(
16π2

λL

) 1
8s−4

= Λsc
8s−4 < Λsc

4s , (3.101)

which is, again, lower than the strong-coupling scales mentioned in Eq. (3.86).

For tuned interactions, Eq. (3.32), the arguments are very similar, and beyond
positivity leads to a cutoff Λ < Λsc

6s−4 or Λ < Λsc
6s−2 for even or odd spin respectively,

still lower than the estimates in Eq. (3.88). More irrelevant interactions p > 2 (even)

L =
∑
p

λ
(p)
L

∂p

Λp
Φ4 = λ

(0)
L Φ4 +

λ
(2)
L

Λ2
∂2Φ4 +

λ
(4)
L

Λ4
∂4Φ4 + · · · (3.102)

lead (up to O(1) factors) to

Generic: Λ . Λsc
8s−4+p ,

Tuned (s even): Λ . Λsc
6s−4+p ,

Tuned (s odd): Λ . Λsc
6s−2+p ,

(3.103)

which are always stronger than the analog bound in the theory without derivatives
Eq. (3.101): Λsc

8s−4+p < Λsc
8s−4, and analogously for the tuned interactions. The latter

can be constructed by acting with derivatives on the tuned HS potential. For any fixed
separation of scalesm/Λ, the bound in Eq. (3.103) can be turned into an upper bound
on the longitudinal couplings. For the generic interactions λLΦ4, a large separation
of scales implies an extremely weakly coupled theory

Generic: λL . 16π2 (m/Λ)8s−4+p , (3.104)

and similarly for tuned interactions and R4 theories.
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Fig. 4: The subtracted residue Σ̃
(2k)
E corresponds to the integral of DiscM along the

red contours underneath the half-circles of radius E2. Since the only poles are on the
real axis, this integral is related to the integral over the two half-circles orientated as in
figure. The blue branch cut corresponds to UV contributions kicking in at the cut-off
Λ. The red branch cut corresponds instead to loops of light degrees of freedom. The
difference between the two circles is given by loop contributions of order ∼

∫ Λ2

E2 dsσ/s
2k

and can be discarded if we work with tree-level amplitudes.

Beyond Positivity and Weak Coupling. The dispersion relation Eq. (1.124)
can also be used to relate residues with different numbers of subtractions. Neglecting
for simplicity µ2 ∼ m2 � Λ2 and working with linear polarizations, we subtract the
IR branch cuts, defining the subtracted residues

Σ̃
(2k)
E ≡ Σ

(2k)
IR − 2

π

∫ E2

0

ds

s2k
σ =

2

π

∫ ∞
E2

ds

s2k
σ . (3.105)

By the Cauchy theorem, this is nothing but the anti-clockward integral over two half-
circles22 in Fig. (4), just above and below the branch cuts, centered at s = 0 and of
radius E2. Since s > E2 inside the integral in Eq. ((3.105)), we have that

Σ̃
(2k)
E > E4 Σ̃

(2k+2)
E . (3.106)

Now, Eqs. ((3.100),(3.104)) imply that a sizeable separation between the mass m and
the cutoff Λ is possible only if the theory is weakly coupled; therefore the branch cut

22For illustration, considering k = 1 and M(s, t = 0) = a(µ2)s2 + β
2 s

2
[
log(s/µ2) + log(−s/µ2)

]
,

then Σ̃(2)(Λ) = a(µ2) +β log(Λ2/µ2), which represents the run s2-coefficient at the scale Λ. Inciden-
tally, the positivity of the total cross section σ shows that running from Λ to Λ′ < Λ makes the Wilson
coefficient larger, that is Σ̃(n)(Λ′) > Σ̃(n)(Λ) for Λ′ < Λ, or equivalently β = da(µ2)/d logµ2 < 0.



110 CHAPTER 3. EFTS OF MASSIVE HIGHER-SPINS

can be neglected. In fact, we can estimate the relative size of the IR branch cut with
respect to the IR residue Σ

(2k)
IR with the EFT. For λLΦ4 interactions, the scalar modes

are more strongly coupled than any other mode. We can then estimate the size of
the IR branch cut by taking the leading order contribution to σSS→SS, which scales
as ∼ λL × λL/16π2 × s4s−1/m8s. The beyond positivity bounds Eqs. ((3.104)) imply
that the IR branch cut contribution is of order∫ E2

4m2

ds

s2k
σSS→SS ∼ λL ×

λL
16π2

E8s−4k

m8s
. Σ

(2k)
IR

(m
Λ

)8s−4
(
E

m

)8s−4k

. (3.107)

Therefore, we can neglect the IR branch cut up at energies E2 . Λ2 and use
Eq. (3.106) to set non-trivial bounds on the EFT coefficients. A similar argument
holds for R4-theories.

Consider the example of a single operator of the form λLΦ4 which gives Σ̃
(2k≤2s)
Λ '

λL/m
4k, or a single R4/f 4s

T that gives Σ̃
(2k≤2s)
Λ ∼ m4(s−k)/f 4s

T . Then, for k ≤ s − 1

Eq. (3.106) reads

λLΦ4 : λL
1

m4k
& λL

Λ4

m4(k+1)
(3.108)

R4/f 4s
T :

m4(s−k)

f 4s
T

&
Λ4m4(s−k)

m4f 4s
T

(3.109)

so that in either case

m & Λ (3.110)

in contradiction with the very assumption that the EFT has a well-defined range of
validity.

3.3.2 Constraints on spin-3

The arguments of the previous section are based on dimensional analysis, assuming
that the leading longitudinal interactions (Φ4-type) are consistent with unitarity. In
this section, we check this assumption on the EFT of a massive spin-3 with longitu-
dinal interactions, showing that they fail the simplest positivity bounds [69].
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We consider the lagrangian

Lint = −V (Φ) +
λ

(2)
L

Λ2
∂2Φ4 + ... (3.111)

where

− V (Φ) = −λLΦ4 = λ1 Φ de
a ΦabcΦ f

bd Φcef + λ2 Φ d
ab ΦabcΦ ef

c Φdef + λ3

(
ΦabcΦ

abc
)2
.

(3.112)
We assume that the higher-dimensional operators do not dominate over the potential
at low-energy, therefore their contribution to the positivity bound is temporarily
neglected.

The potential V (Φ) contributes to the non-vanishing elastic residues (see Eq. (3.96))
for k = 1 at the crossing-symmetric point µ2 = 2m2 as

Σ
(2)V V
IR =

16

75m4
(−2λ1 + 7λ2 + 6λ3) > 0 , Σ

(2)V S
IR = − 16

75m4
(3λ1 − 4λ2) > 0

Σ
(2)V V ′

IR = − 32

225m4
(3λ1 − 5λ2) > 0 , Σ

(2)V H
IR =

8

15m4
λ2 > 0

Σ
(2)SS
IR = − 18

25m4
(λ1 − 2λ2 − 2λ3) > 0 , Σ

(2)SH
IR = − 2

15m4
(3λ1 − 7λ2) > 0

Σ
(2)HH
IR =

1

3m4
(λ1 + 2λ2 + 6λ3) > 0

(3.113)

while TX → TX gives ∼ O(s) forward amplitudes for any longitudinal state X
and have vanishing residue. Pure transverse scattering amplitudes do not grow
with energy and do not contribute to Σ

(2)
IR as well. The positivity constraints for

S, V,H helicities Eq. (3.97) select the blue (yellow) regions for k = 1(2) in Fig. (5).
Moreover, generic linear combinations of polarizations X1X2 → X1X2 with X1,2

µνρ =∑7
i=1 x

1,2
i εiµνρ and

∑7
i=1 x

1,2
i x1,2

i = 1, lead to more constraints (indeed Σ
(2)XY
IR is not

just a linear combination of Eq. (3.113) but it includes inelastic residues summed into
an elastic combination). Such constraints are linear in ~λ = (λ1, λ2, λ3) and can be
written as Σ

(2)XY
IR ≡ ~F (µ2, ~x1, ~x2) · ~λ > 0 for a certain function ~F , that has to hold

for any µ2 ∈ (0, 4m2) and polarizations ~x1,2. With 12 free variables x1,2
i and only

3 coefficients λi, we find numerically a finite set of points {µ2
n, ~xn, ~yn} implying the

positivity constraints shown in red in Fig. ((5)). The lack of overlap between the
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Fig. 5: Allowed regions of the coefficients λ1, λ2 as function of the sign of λ3. Blue:
result from scattering of linear-definite polarizations Eq. (3.113). Red: result from
Σ

(2)
IR > 0 by scattering different choices of linear combination of polarizations. Yellow:

result from Σ
(4)
IR > 0 by scattering only linear-definite polarizations. The dotted line

correspond to the tuning λ1 = λ2 = −λ3 in Eq. (3.32).

red and blue regions implies that the theory with an infrared dominating potential is
inconsistent.23

Surprisingly, the leading interactions λLΦ4 are incompatible with positivity when
all helicity amplitudes are taken into account. This does not mean that the entire
HS formulation is inconsistent, but implies that the leading consistent interactions
are more irrelevant, i.e. higher in derivatives24. Indeed, in deriving Eq. (3.113), we
were assuming λL ∼ O(1), while higher-derivative contributions were suppressed by
(m/Λ)2. Inconsistency of the positivity bounds of λLΦ4 means that their contribution
to Σ

(2)
IR is, at least, the same order as the higher-derivative ones, i.e. λL . (m/Λ)2 λ

(2)
L .

We have studied numerically the 24-dimensional parameter space of operators
of the form ∂2Φ4 looking for combinations that satisfy the simple positivity bound
Σ(2k) > 0 for k = 1, 2, 3 for all elastic amplitudes. We find that no linear combination

23See Ref. [85] for similar bounds on a restricted class of massive spin-2 theories.
24The interactions of Eq. (3.27) can still be present, but they must be subdominant or at most

comparable in the IR; since they are the most relevant, they are also subdominant at higher energy.
Keeping them does not change our qualitative conclusions.
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passes all positivity requirements. This suggests that the most important unitarity-
consistent self-interaction at low energy is actually much more irrelevant than naively
anticipated, hence leading to even more stringent beyond-positivity bounds. With
similar tools, we have analysed few of the many contractions R4, without finding
any combination that passes all the simple positivity bounds. This is certainly very
intriguing and we leave for future studies a systematic discussion of more irrelevant
operators.

3.4 Summary

In this chapter, we have provided an effective quantum field theory description of
abelian, single flavor, stable and self-interacting massive (integer) higher-spin states.
The relativistic degrees of freedom of the HS correspond to the longitudinal (Gold-
stone) and transverse (gauge) modes, which follow different power counting rules since
they realize, non-linearly, different symmetries. The separation into longitudinal and
transverse modes is both conceptual and practical. It offers, on the contrary of the
standard approach of [63], a neat understanding of the structure of the HS kinetic
and mass terms needed to generate a gap between the mass of the HS and the cutoff
of the theory, by removing would-be light ghosts from the spectrum. Moreover, the
symmetries of the modes, Eq. (3.64), have allowed us to identify the least irrelevant
interactions.

For example, the leading operators that contribute to scattering amplitudes
among transverse-only modes are made of the HS Riemann tensor Rn (which re-
spects the emerging gauge symmetry of the massless limit), whereas the leading one
for scattering Goldstone-only modes is of the form Φn. In between, there are other
operators, e.g. R2Φ2, which dominate mixed helicity scatterings. These represent
the HS generalization of the massive spin-1 F 4

µν , A4
µ, and F 2

µνA
2
ρ type of operators,

respectively.

As for any relativistic EFT to make sense, a gap between the mass of the HS
states and the cutoff of the theory is necessary. We have studied whether such a gap
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may originate from underlying microscopic UV completions that are causal, local and
unitary, a question that can be addressed by using dispersion relations of forward
elastic 2-2 amplitudes.

In this chapter, we showed that, for a fixed coupling strength of the 4-point
interactions, the cutoff is parametrically close to the mass, and it goes to zero in the
limit where the HS states are massless, see Eqs. (3.100),(3.101). The rate with which
this happens is set by the particular structure of the interaction.

Our constraints can be turned into upper bounds on the coupling strengths of
the interactions for a fixed ratio m/Λ. For instance, according to our definitions we
define the characteristic squared coupling constant for R4/f 4

T transverse interactions
as Λ = f

1/2s
T g(Λ). Our bounds imply that the EFT is weakly coupled at E ∼ Λ if we

require a consistent separation of scales m� Λ,

R4-type: g2(Λ) . 16π2
(m

Λ

)4(s−1)

. (3.114)

For interactions among the longitudinal modes controlled by λLΦ4, we get the
bound

Φ4-type generic: λL . 16π2
(m

Λ

)4(2s−1)

, (3.115)

Φ4-type tuned s even: λL . 16π2
(m

Λ

)2(3s−2)

, (3.116)

Φ4-type tuned s odd: λL . 16π2
(m

Λ

)2(3s−1)

. (3.117)

These bounds show that the interaction strength must vanish sufficiently fast as the
mass goes to zero, and the theory quickly becomes free. We then discussed an even
stronger bound, Eq. (3.110), which can be obtained whenever the IR theory is more
weakly coupled than the UV completion: it requires the mass of the HS to be as large
as the cutoff, m > Λ, invalidating the EFT, under our assumptions.

These arguments hold for general spin but rely on estimates based on dimen-
sional analysis. To make the bounds more concrete and precise, we have worked out
the details of the explicit spin-3 case in Sec. (3.1). By studying the most relevant in-
teractions of the form λLΦ4, we have found a special combination that maximises the
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strong-coupling scale Eq. (3.32), which is analogous to the dRGT potential for abelian
HS. Surprisingly, however, both tuned and generic interactions of the form λLΦ4 do
not pass standard positivity constraints that use mixed-helicity elastic amplitudes.
This means that spin-3 self-interactions are actually more irrelevant than one would
have naively anticipated, given that the would-be leading ones are, at least, of the
same order as the higher-derivative ones. Neither the 24-dimensional space spanned
by the couplings of irrelevant operators of the type λL∂2Φ4/Λ2 is consistent with our
positivity bounds. We find intriguing the lack of any consistent interaction at the
order we have studied, perhaps a sign of a deeper inconsistency, the study of which
we leave for future work.
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Chapter 4

Goldstino compositeness

One of main goals of LHC is the search of new physics in the form of on-shell reso-
nances, typically associated with weakly coupled physics beyond the Standard Model
(SM). However, by looking at deviations of high-energy observables due to off-shell
states, strongly coupled physics are likely to be tested as well. The heavy physics
indeed generates a tower of higher-derivative (soft) interactions, whose contributions
become sizeable at high-energy; the softer these operators, the higher the energy re-
quired to measure them. The important question then is: how well the heavy physics
can fake the SM? Put differently, how soft these interactions can be?

From a low-energy perspective, one would see no obstruction in arbitrarily soft
interactions involving SM fields, e.g. for a fermion χ

Lint =
c1

m2
∗

(
χ†χ†

)
(χχ) +

c2

m4
∗

(χ∂µχ)
(
χ†∂µχ

†)+
c3

m6
∗

(χ∂µ∂νχ)
(
χ†∂µ∂νχ

†)+ . . . (4.1)

one can suppose a beyond SM sector generating c1 = c2 = 0, while sizeable c3.
However, as we discussed in Chapter 2, unitarity imposes certain positivity constraints
that guarantee the existence of unsuppressed dimension-8 operators, so that c2 6= 0.
Indeed, their contribution to 2-2 scattering amplitudes goes as E4, and therefore the
corresponding Wilson coefficients must satisfy the positivity bounds.

Focussing on the interactions of SM fermions, this implies that the leading beyond

117
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SM effects must be characterized either by operators of dimension-6 or by dimension-
8, but not higher. However, in absence of a symmetry which protects dimension-
6 operators, these are expected to be generated by the strongly coupled physics,
providing sizable contributions to the high-energy interactions. Strongly coupled
dynamics, associated with the compositeness of SM particles, have been thoroughly
considered in [86–95].

The idea of chiral compositeness, which relies on chiral symmetry of SM fermions
and the associated unsuppressed four-fermion dimension-6 operators, is strongly con-
strained both at LEP and LHC, with the corresponding microscopic scale m∗ &
30 − 70TeV for strongly coupled UV completions. In this chapter, we study an al-
ternative paradigm of fermion compositeness, where the dimension-6 operators are
suppressed by a non-linearly realised supersymmetry. We investigate the possibility
that the plethora of SM fermions that we observe at low energy is generated by a
confining supersymmetric strongly coupled sector.

We assume SUSY is spontaneously broken down to the Poincaré group at some
large scale, which we call

√
F . The IR footprints of this strong sector are readily

found to be a bunch of massless fermionic Goldstone fields, whose self-interactions
are dictated by supersymmetry. These fermionic fields are the Goldstini, eventually
identified with the SM fermions in a modern generalization of the Akulov-Volkov
theory for the neutrino [27, 28]. For this reason, we call this scenario Goldstino-
compositeness. However, to be consistent with experimental observations, SUSY
must be broken. Quarks and leptons are not massless as the Goldstini, and they
interact through gravity and SM interactions. We then treat the latter as perturba-
tive deformations of the exact Goldstino limit recovered at high-energy and we work
in the limit Mpl →∞.

In Sec. 4.1 we review the CCWZ formalism to construct the necessary build-
ing blocks to write down a SUSY invariant Lagrangian. We show that, as for any
Goldstone field, the Goldstini χ(x) transform non-linearly under broken SUSY trans-
formations

χ′(x) = χ(x) + ξ + i
(
χ†(x)σ̄µξ − h.c.

)
∂µχ(x) + . . . (4.2)

where ξ is a global Grassmannian variable and the . . . stands for more insertions
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of Goldstini fields. Invariance under Eq. (4.2) imples that Goldstini have lead-
ing dimension-8 self-interactions. For this reason, goldstino-compositeness is mildly
bounded by LHC and LEP, m∗ & 1− 10TeV, making it a viable scenario for colliders
experiments (see Sec. 4.4.1, 4.4.2).

In Sec. 4.3, we investigate scenarios where either one, several, or even all of the
quarks and leptons are (pseudo-)Goldstini. We show that a proper embedding of SM
fermions in fundamental representations of the R-symmetry group U(N ) (eventually
in the same multiplet) generically requires the existence of a very large number of
supersymmetries, i.e. 1 ≤ N ≤ 84, as well as new exotic colored states transform-
ing in the 6 of SU(3)c. We study the phenomenological implications of composite
quarks and/or leptons scenario in Sec. 4.4, showing how the angular distributions of
dijets/dileptons differential cross-sections are affected by the leading dimension-8 op-
erators. We thus extract indirect bounds on the microscopic scale: m∗ & 10TeV for
composite quarks, see Table 4.3, and m∗ & 1TeV for composite electron and muon,
see Eq. (4.57),4.58. The phenomenology of the new exotic colored states is also dis-
cussed in Sec. 4.5, showing that direct searches in the dijets channel puts similar
bounds as the indirect ones, m∗ & 10TeV.

4.1 The geometry of N Goldstini

As for every Goldstone field, the Goldstini χi can be chosen to parametrize the coset
space1 associated to spontaneous SUSY breaking [27,96–99]

U(x, χ(x)) ≡ ei(χ(x)Q+χ†(x)Q†)eix
µPµ , (4.3)

where χα, χ†α̇ belong respectively to the (1/2, 0) and (0, 1/2) representations of the
Lorentz group SO(3, 1) ∼ SU(2)×SU(2). The products χQ and χ†Q† are shorthand
for χαi Qi

α and χ†iα̇Q
† α̇
i respectively. In the following, both spinor and flavor contrac-

1As usual, coset space elements g(x) are identified by the equivalence class g(x)h(x) ∼ g(x)

where h(x) is an element of the unbroken subgroup. Transformations of the Goldstino field under
unbroken group transformations L can be read by applying this equivalence relation, i.e. U ′ = LU =

LUL−1L ∼ LUL−1.
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tions are understood. The relevant part of the extended SUSY algebra we consider
is

{Qi
α, Q

†
β̇ j
} = 2σµ

αβ̇
Pµδ

i
j , [Pµ, Q

i
α] = [Pµ, Q

† i
α̇ ] = {Qi

α, Q
j
β} = {Q† iα̇ , Q

† j
β̇
} = 0 ,

(4.4)
where the latin indices i, j = 1, . . . ,N label the supercharges and for simplicity we
assumed no central charge. We are eventually interested in identifying the unbroken
R-symmetry GR ⊆ U(N ) ∼ SU(N )R×U(1)R, or some of its subgroups, with the SM
flavour and gauge groups2.

As for any Goldstone field, the Goldstini transform linearly under transforma-
tions of the unbroken group, which includes the Poincaré group, the R-symmetry GR

and eventually any other internal symmetries. For example, the action of Lorentz
transformations L(Λ) on the coset representative is

U ′(x′, χ′(x′)) = LU(x, χ(x))L−1

= ei(χLQL
−1+χ†LQ†L−1)eixµLP

µL−1

= ei(χΛ̃Q+χ†Λ̃†Q†)eiΛ
µ
νxµP

ν

(4.5)

from which we get the usual transformation χ′αi (x′) = Λ̃α
βχ

β
i (x(x′)) with x′µ = Λµ

νx
ν ,

where Λ̃α
β and Λ̃†

α̇

β̇ are the spinorial representation of the Lorentz group element.
Moreover, space-time translations act on the coset representative with the operator
H = eiaµP

µ

U ′(x′, χ′(x′)) = HU(x, χ(x)) = U(x, χ(x))H

= ei(χ(x)Q+χ†(x)Q†)ei(x
µ+aµ)Pµ

= ei(χ
′(x′)Q+χ′†(x′)Q†)eix

′µPµ .

(4.6)

Therefore, the Goldstini fields transform in the usual way χ′(x′) = χ(x(x′)). Under
the broken SUSY transformations instead, the Goldstini transform non-linearly. If we
consider an element gξ = exp[iξjQ

j + iξj†Q†j] with ξ anticommuting global variable,

2It would be interesting to study more complicated situations where the SUSY algebra contains
central charges. The embedding of the SM group would be different than the discussion presented
in this chapter. We leave to future work the investigation of such possibility.
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we get

U ′(x′, χ′(x′)) = gξ U(x, χ(x)) , (4.7)

where both the field and space-time coordinates transform

χ′(x′) = χ(x(x′)) + ξ

x′µ(x) = xµ + vµ(ξ, χ(x))
, (4.8)

with vµ(ξ, χ(x)) ≡ −i
(
χ†(x)σ̄µξ − ξ†σ̄µχ(x)

)
. For an infinitesimal ξi, Eq. (4.8) cor-

responds to the following non-linear action of the SUSY transformations

χ′(x) = χ(x) + ξ − vµ(ξ, χ)∂µχ(x) + . . . (4.9)

For matter fields belonging to a SUSY sector, the non-linear representation is the
same as for the Goldstini except that it does not include the Grassmannian shift ξ,
namely

Φ′(x) = Φ(x′(x)) = Φ(x)− vµ(ξ, χ(x))∂µΦ(x) + . . . (4.10)

Covariant derivatives and Maurer-Cartan form

We run in the first difficulty in building an invariant action for the SUSY sector:
derivatives of fields transform non-covariantly. So for example, a naive kinetic term
(∂µΦ)2 for a scalar field Φ transforming as Eq 4.10 is not invariant under SUSY
transformations. More exactly, derivatives transform in the usual way under the
space-time transformation Eq. (4.8)

∂µΦ(x)→ ∂µΦ′(x) = ∂µΦ(x′(x)) =
∂x′ρ

∂xµ
∂

∂x′ρ
Φ(x′) , (4.11)

which obviously is not of the same form as Eq. (4.10) In order to write a manifestly
invariant action under SUSY transformations, it is then necessary to define proper
covariant derivatives. For this reason, it is useful to introduce the Maurer-Cartan
1-form in the SUSY algebra

(U−1dU)(x) = idxµE a
µ

(
Pa +∇aχQ+∇aχ

†Q†
)
, (4.12)
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where for future convenience we have factored out the coefficient E a
µ of the momen-

tum

E a
µ = δaµ − iχj†σ̄a∂µχj + i∂µχ

j†σ̄aχj , (4.13)

whose inverse is defined as

(E−1) µ
a ≡ E µ

a , E µ
a E

b
µ = δba , E a

µ E
ν
a = δνµ . (4.14)

The covariant derivative of the Goldstino appearing in the Maurer-Cartan form is
defined as

∇aχj = (E−1) µ
a ∂µχj ≡ E µ

a ∂µχj , (4.15)

with ∇aχ
j† = (∇aχ

j)†. We can excerpt its transformation rule by looking at the
transformation properties of E a

µ and E µ
a , which can be deduced by the invariance

of the Maurer-Cartan form, that is (U−1dU)′(x′) = (U−1dU)(x). We see that

E a
µ (x)→ E ′ aµ (x) =

∂x′ν

∂xµ
E a
ν (x′(x)) , E µ

a (x)→ E ′ µa (x) =
∂xµ

∂x′ν
E ν
a (x′(x)) ,

(4.16)

that is they transform as vielbeins. It is therefore clear from Eq. (4.15) that ∇aχ

transforms covariantly, as in Eq. (4.10),

∇aχ(x)→ (∇aχ)′(x) = (∇aχ)(x′(x)) . (4.17)

Gauge fields instead transform just as derivatives do. The resulting gauge- and SUSY-
covariant derivatives read Da ≡ ∇a − iAa = E µ

a (∂µ − iAµ). Similarly, the covariant
field strength is

Fab = E µ
a E

ν
b (∂µAν − ∂νAµ − [Aµ, Aν ]) . (4.18)

Effective metric and invariant measure

From the composite vielbeins one can define a composite effective metric

gµν(x) ≡ E a
µ (x)E b

ν (x)ηab → g′µν(x) =
∂x′ρ

∂xµ
∂x′σ

∂xµ
gρσ(x′(x)) (4.19)
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and use it to build the various invariants. The inverse metric is promptly found to be

gµν = E µ
a E

ν
b η

ab = ηµν +
(
iχ†σ̄µ∂νχ+ iχ†σ̄ν∂µχ+ h.c.

)
+ . . . (4.20)

Note that E a
µ ηabg

µν = E ν
b , meaning that we can lower and raise the various indices

with the appropriate metrics. The determinant of the Vielbein

detE ≡ detE a
µ (x) =

√
− det gµν (4.21)

yields the SUSY-invariant measure

d4x detE(x)→ d4x|∂x
′

∂x
| detE(x′(x)) = d4x′ detE(x′) . (4.22)

Every field of the strong sector that interacts with the induced metric unavoidably
interacts with the Goldstini, resulting in model-independent effects. In addition, our
construction allows higher-derivative terms constructed with ∇aχ that are model-
dependent. We explicitly discuss these interactions in the next section. Among the
model-dependent contributions, new higher-derivative geometrical objects may ap-
pear as well, such as

F a
bc (x) ≡ E µ

b (x)E ν
c (x)

(
∂µE

a
ν (x)− ∂νE a

µ (x)
)

= 2i∂bχ
j†σ̄a∂cχj+2i∂cχ

j†σ̄a∂bχj+. . . ,

(4.23)
which transforms covariantly, F a

bc (x)→ F ′ a
bc (x′(x)) and represents a sort of connec-

tion [∇a,∇b]Φ(x) = −F c
ab ∇cΦ(x).

4.2 The Goldstini Effective Action

In this section, we construct the Goldstini EFT, in the limit where explicit SUSY
breaking effects (gauge,Yukawa and gravity) vanish, that is

gSM → 0 , MPl →∞ . (4.24)

In this limit, we assume the existence of a strong sector, in which (extended) SUSY is
spontaneously broken down to the Poincaré group with order parameter F = m2

∗/g∗,
resulting in N massless Goldstini in the IR that we will identify with (a subset of)



124 CHAPTER 4. GOLDSTINO COMPOSITENESS

the SM fermions. We call g∗ . 4π the coupling of the strong sector at the scale of
confinement m∗.

To construct a SUSY invariant action, we can use the covariant ingredients de-
rived in Sec. 4.1. The effective action takes the general form

SSUSY[χ,Φ] =

∫
d4x detE L(∇aχ(x),Φ(x),∇aΦ(x), F a

bc (x), . . .)

=

∫
d4x

√
− det g L

(4.25)

which is manifestly invariant under SUSY transformations Eq. (4.9), provided L is
Lorentz symmetric.3 One can also consider nearly secluded sectors, each enjoying
its own extended SUSY simply by summing over actions of the type Eq. (4.25); see
e.g. [100] for the case of N copies of N = 1 SUSY. In the following we focus on a
single sector with N supercharges.

Goldstini self-interactions: Akulov-Volkov

The most important SUSY-preserving Goldstini interactions are those in Eq. (4.25)
with the least number of derivatives. There is in fact a unique operator that yields
both the leading interactions and the kinetic terms. Not surprisingly, it is the most
relevant operator in a gravitational theory, the vacuum energy, injected at the SUSY
phase transition, namely

LCC = −F 2 , (4.26)

3In practice this requires that all the Lorentz indices a, b, c,. . . must be saturated contracting
them in pairs with the Minkowski metric ηab, its inverse ηab, the fully anti-symmetric εabcd symbol,
or the sigma matrices σa. Likewise for the spinorial indices. To construct an action that is also
R-symmetric, the flavor indices i, j, . . . should be contracted among themselves with the relevant
invariant tensors, such as δji . Notice that detE alone is automatically, i.e. accidentally, invariant
under maximal R-symmetry U(N )R ∼ SU(N )R × U(1)R.
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which, dressed with the Goldstini, provides the extended-SUSY generalization [28] of
the Akulov-Volkov action [27]

S
(0)
SUSY =

∫
d4x − F 2

√
− det g = −F 2

∫
d4x det

[
δaµ − iχj†σ̄a∂µχj + i∂µχ

j†σ̄aχj
]
.

(4.27)
The scale F is the SUSY-breaking scale. The action S(0)

SUSY is accidentally invariant
under maximal R-symmetry U(N )R. Expanding the Vielbein’s determinant

detE = 1−
(
iχj†σ̄µ∂µχj + h.c.

)
(4.28)

+
1

2

[(
iχj†σ̄µ∂µχj + h.c.

)2 −
(
iχj†σ̄a∂µχj + h.c.

) (
iχj†σ̄µ∂aχj + h.c.

)]
+ . . .

we extract the kinetic term as well as the leading order interactions. The canonically
normalized Goldstini χ̃ are

√
2Fχ = χ̃. In the following we omit the tilde˜, whenever

clear. The leading four-fermion interactions come from a dimension-8 operator that
can be written as

−
∫
d4x

1

2F 2

(
χ†jσ̄

a∂µχ
j
)(

χ†i σ̄
µ∂aχ

i
)

=

∫
d4x

1

F 2
(χ†i∂µχ

†
j)(∂

µχiχj) (4.29)

after using the free equations of motion, integrating by parts, and using the Fierz
indentity ∂νχ†β̇σ̄

µ β̇βσ̄ν α̇α∂µχα = −2∂µχ
† α̇∂µχβ. The Akulov-Volkov Lagrangian, with

a single flavor N = 1, can be recast as

LAV = −χ† 2�χ2/(4F 2) , (4.30)

upon integration by parts. This is the only operator with four fermions and two
derivatives that can be built with one fermion. With more flavors, we note that any
dimension-8 operator of this kind that is consistent with the absence of more relevant
interactions is necessarily selected by shift and spacetime transformations of the form
Eq. (4.9).

Model independent couplings to composite fields

Let us consider now the case where, in addition to the Goldstini, other composite
particles emerge from the same sector that breaks SUSY spontaneously. Their fields
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composites naked terms SUSY dressing leading four-body interactions
χ −F 2 −F 2

√
− det g 1

F 2 (χ†i∂µχ
†
j)(∂

µχiχj)

χ, ψ i
2
ψ†i σ̄

µ∂µψ
i(x) + h.c. detE

(
i
2
ψ†i σ̄

a∇aψ
i(x) + h.c.

)
− 1
F 2 (ψ†i σ̄

a∂µψ
i)(χ†jσ̄

µ∂aχ
j)

χ, F −1
4
FA
µνF

Aµν −
√
− det g 1

4
FA
µνF

A
ρσg

µρgνσ − 1
4F 2F

A
µνF

Aµ
ρ

(
iχ†i σ̄

(ρ∂ν)χi + h.c.
)

χ, φ ∂µφ
A†∂µφA

√
− det g gµν∂µφ

A†∂νφA
1

2F 2

(
iχ†jσ̄

(µ∂ν)χj + h.c.
)
∂µφ

A†∂νφA

Table 4.1: Model independent couplings for composite particles X = ψ,Aµ, φ. Partially composite
particles have these couplings weighted by their degree of compositeness squared |εX |2. We use the
notation σ̄(µ∂ν) ≡ σ̄µ∂ν + σ̄ν∂µ.

have kinetic terms, provided by the SUSY-breaking sector itself, which need to be
compensated by Goldstini insertions to make up for the absent kinetic terms of the
missing superpartners. Since the kinetic terms can always be rescaled to a canonical
form, the resulting Goldstini interactions are model independent, controlled by no free
parameter except for the SUSY-breaking scale F (as the Goldstini self-interactions).4

Calling X = ψ, Aµ or φ any composite fermion, gauge boson or scalar, we
construct their SUSY-invariant kinetic terms by making the replacements

∂µX → ∇aX , Fµν → Fab , (4.31)

from which we derive the so-called model independent couplings of the composite
states to the Goldstini. They are reported in Table 4.1, where we have canonically
normalized the Goldstini in the last column, used the free equations of motion and
integrated by parts. Notice that all these interactions respect accidentally U(N )R.

4In fact, this model independency is somewhat of a misnomer: the overall coefficient is controlled
by F alone because we assumed full compositeness. Should some of these non-Goldstini states
X = ψ, Aµ or φ be partially composite instead, the would-be model independent couplings would
actually get rescaled by the degree of compositeness (squared), |εX |2, which measures how large a
fraction of the kinetic term arises from the SUSY-breaking sector. Note that εX 6= 1 necessarily
breaks SUSY.
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GR SUSY Lagrangian leading interactions
ψ = 1 cji detE (∇aχ

i†σ̄b∇aχj)(ψ
†σ̄bψ) cji

1
F 2 (∂νχ

i†σ̄µ∂νχj)(ψ
†σ̄µψ)

π = 1, NGB dji detE
(
∇aχ

i†σ̄b∇aχj
)
∇bπ five-body or ∝ mπ,mχ

π = , NGB c detE
(
∇aχ

†σ̄bTA∇aχ
) (
iπ†TA

←→
∇ bπ

)
c 1
F 2

(
∂µχ

†σ̄νTA∂µχ
) (
iπ†TA

←→
∂ νπ

)

Table 4.2: Examples of model dependent couplings. The symbol represents the fundamental
representation of GR. For composite particles cji , d

j
i , c = O(1).

Model dependent couplings to composite fields

The model dependent couplings may or may not be there, depending on the details
of the UV theory. Generically they do not respect maximal R-symmetry, but just
some of its subgroups. In Table 4.2 we show a few illustrative examples assuming
that the χi carry at least a U(1)R, i.e. χi → χie

iαR , that the scalar π is naturally
light because it is a Nambu-Goldstone boson (NGB), and we restrict to a singlet
fermion. In the last row we kept the leading term in the number of NGBs of the
E-symbol, EAb = −iπ†TA

←→
∇ bπ + O(π4). We also enforced maximal R-symmetry,

GR = U(N )R, for simplicity. This can also be done for the first and second rows by
choosing cji , d

j
i ∝ δji . Alternatively, choosing e.g. cji , d

j
i = diag(c(N)1N×N , c(M)1M×M)

with N = N+M corresponds to realize linearly only the SU(N)R×SU(M)R×U(1)R

subgroup of U(N )R under which χ = (N, 1)x ⊕ (1,M)−xN/M . The size of these in-
teractions depends on the assumptions about the UV theory, e.g. the size of cou-
plings with additional heavy states. The generalization to non-NGB scalars, non-
singlet fermions, or other choices of conserved R-symmetries and its representations
is straightforward. For example, a scalar without a shift symmetry has a model inde-
pendent coupling proportional to its mass squared, −m2

φ|φ|2 detE, which contributes
to a 6-body scattering. Higher-derivative non-NGB couplings would be of the form
detE (∇aχ

†σ̄b
←→
∇ b∇aχ)|φ|2, with a model dependent coefficient.
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SUSY
strong
sector

SM gauging

Yukawa couplings elementary
sector

gauge
bosons

Higgs

SM
SM fermions

Fig. 1: Cartoon of the framework described in the main text. The SM gauging is
performed by coupling the elementary gauge fields to the R-symmetry currents, derived
in Eq. (4.33). The Yukawa couplings are the only source of flavor symmetry breaking,
thus realising the MFV paradigm. Some of the SM fermions are pseudo-Goldstini
arising from the strong sector, the others might be elementary.

4.2.1 External couplings

The supersymmetric sector may couple to an elementary sector which includes, pos-
sibly, elementary (non-supersymmetric) scalars, gauge bosons and some fermions. In
this case, the elementary sector breaks SUSY explicitly, but in a way that can be
kept under control, given that gSM � g∗ is a small perturbation of the undeformed
theory, in the spirit of Ref. [101]. We further assume that the R-symmetry group GR

includes the SM gauge group and (part of) the SM flavor group, the latter broken
only by the Yukawa couplings to the Higgs boson (see Fig. 1). This construction
reproduces a form of MFV [102] that successfully surpasses flavor constraints even
for a low SUSY-breaking scale (for a detailed analysis see Ref. [103]).

Since SM gauge couplings arise from the gauging of GR, an important rôle is
played by the R-symmetry current, the conserved Noether current associated with
infinitesimal R-symmetry transformations χ → χ − iωAT

Aχ (TA are the appropri-
ate R-generators). This current can be found by noticing that in our geometrical
construction Goldstini enter the action only through geometrical objects, so that the
R-current is directly related to the energy-momentum tensor

T µ
a = −δS/δE a

µ

= −LE µ
a + detE

[(
i

2
ψi†σ̄bE µ

b ∇aψi +∇aφ
i†∂νφig

µν + h.c.

)
− FabF

cbE µ
c

]
.

(4.32)
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From this we find, for the R-current [104],

RAµ =
1

F 2
T µ
a χ†σ̄aTAχ =

(
χ†σ̄aTAχ

)(
δµa +

i

2F 2
χj†σ̄µ

←→
∂ aχj + . . .

)
. (4.33)

Finally, another possibility is that the gauge fields themselves could in principle be
part of the strong sector, à la Remedios [91], in which case we can construct their
SUSY-invariant kinetic terms by making the replacement Fµν → Fab.

4.3 Embedding Quarks and Leptons

We now take a step towards the SM and identify (some of) the SM fermions as
Goldstini filling R-symmetry multiplets. We still work in the limit where gauge
and Yukawa interactions vanish, but ensure that the strong sector itself respects the
symmetries of the SM, i.e. gauge and flavor symmetries GSM ≡ GGauge×GFlav

5. Since
the only symmetry under which Goldstini transform is by definition the R-symmetry
GR, the necessary condition to embed the SM fermions is that the gauge and flavor
symmetries must be subgroups of the R-symmetry, GSM ⊂ GR. In addition to this,
the representation of GR under which the Goldstini transform should decompose into
the different representations of the SM fermions under GSM .

While the lowest-dimensional interactions (the Akulov-Volkov Lagrangian Eq. (4.27))
are accidentally U(N )R symmetric, higher-dimensional ones could in principle break
this symmetry down to the SM group, GR = GSM . However, in absence of any dy-
namical mechanism which would explain such symmetry pattern, we assume that the
SUSY-breaking sector is maximally R-symmetric, i.e. GR = U(N )R. In our setting,
the reduction to GSM and then to GGauge is entirely due to the external SM couplings
gSM .

Maximal R-symmetry means, in practice, that we should embed the SM matter
representations that are associated to Goldstini in the fundamental of U(N )R. To do

5We consider the full SM group GGauge = SU(3)C × SU(2)L ×U(1)Y and GFlav = SU(3)5
Flav ×

U(1)B ×U(1)L. Whenever including the right-handed neutrinos νc we actually consider SU(3)6
Flav.
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so, the following decompositions turns out to be useful6

SU(N ×M) ⊃ SU(N)× SU(M)⇒ = ( , ) , (4.34)

SU(N +M) ⊃ SU(N)× SU(M)× U(1)⇒ = ( ,1)a/N ⊕ (1, )−a/M . (4.35)

Embedding SM fermions

To identify the SM fermions as Goldstini emerging from a SUSY breaking pattern, we
can embed them into representations of the R-symmetry group U(N )R. We now show
how to consistently perform this embedding. We will procede by steps, increasing the
number of SM fermions gradually, as well as the number of supersymmetries N .

Singlet leptons Let us consider the simplest case: only the singlet electron
ec is a Goldstino. The quantum numbers under SU(3)C × SU(2)L × U(1)Y

are (1,1)1. In this case we promptly identify the hypercharge with the U(1)R

of N = 1, that is χ = ec. For the case with all three generations of singlet
leptons, we assume SU(3)ec flavor symmetry. The proper embedding is via a
triplet eeec = (ec, µc, τ c) = 31 of SU(3)R × U(1)R in N = 3, where the U(1)R

and SU(3)R factors are identified with the hypercharge and the flavor group
respectively. In this case the R-symmetry index j is nothing but that the flavor
index, χj = ecj.

Lepton doublets Embedding only one lepton doublet, ` = (1,2)−1/2 under
GGauge, requires N = 2 and again maximal R-symmetry U(2)R ∼ SU(2)L ×
U(1)Y . The R-symmetry index is an electroweak index in this case, χj =

`j = (νL, eL)j. Similarly, including all lepton doublets requires to consider
N = 6 and to decompose the fundamental of U(6)R as 6−1/2 = (2,3)−1/2 with
respect to SU(2)R × SU(3)R × U(1)R. One then identifies SU(2)R × U(1)R

with SU(2)L × U(1)Y and SU(3)R with the flavor group. With little extra

6In the first case, an index I in the fundamental that runs from 1 to N ·M can be split into
a collective pair of indices I = (i, j) where i = 1, . . . N and j = 1, . . .M . In the second case the
collective index I = 1, . . . N+M is split in two separate indices, i = 1, . . . , N and j = N+1, . . . , N+

M .
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effort we can embed all leptons, including the singlet neutrinos νc, taking the
maximal R-symmetry group GR = U(12)R. Such a large R-symmetry contains
the proper subgroups SU(12)R × U(1)R ⊃ SU(6) × SU(6) × U(1)R × U(1)A

that in turn ⊃ (SU(3)× SU(2))× (SU(3)× SU(3)× U(1)C)×U(1)R×U(1)A,
where the three SU(3)’s are identified with the flavor groups acting on the flavor
triplets `̀̀, eeec and νννc, while the SU(2) factor is identified with SU(2)L. The last
abelian U(1)C allows us to give independent hypercharges to doublet and singlet
leptons. Explicitly, the fundamental of U(12)R decomposes as

12r = (6,1)r,a ⊕ (1,6)r,−a = (3,2,1,1)r,a,0 ⊕ (1,1,3,1)r,−a,c ⊕ (1,1,1,3)r,−a,−c

= −LLL⊕ eeec ⊕ νννc (4.36)

under the chain of subgroups we have mentioned above. The hypercharge is
identified with Y = −A/(2a) + C/(2c), the lepton number is L = A/a, while
the U(1)R plays no role (we could have demanded just SU(12)R rather than the
maximal U(12)R).

Quarks The embedding of either SU(2)L doublet or singlet quarks works
like for leptons. Things become more complicated when we embed the quark
doublets together with the singlets inside the same fundamental representation
of SU(N ). This is due to the difficulty in obtaining both a 3∗ (for dc and uc)
and a 3 (for q) of SU(3)C when decomposing the fundamental of SU(N ). The
solution to this problem is to add extra states to fill a larger multiplet that
can give rise to 3∗’s, since a 3∗ of SU(3) can be built out of two fundamentals,
3⊗ 3 = 3∗ ⊕ 6. Then, in light of the Eq. (4.34),(4.35), a simple embedding to
accommodate all quarks (all flavors) can be done by taking SU(72)R × U(1)R,
with the 72r decomposing as

72r =(2,3,3,1,1,1,1)r,3a,0 ⊕ (1,1,1,3,3∗,1,1)r,−a,c ⊕ (1,1,1,3,6,1,1)r,−a,c

(4.37)

⊕ (1,1,1,1,1,3,3∗)r,−a,−c ⊕ (1,1,1,1,1,3,6)r,−a,−c

= qqq ⊕ uuuc ⊕XXX−2/3 ⊕ dddc ⊕XXX1/3 (4.38)

with respect to the subgroup(
SU(2)× [SU(3)]2

)
×
(
[SU(3)]2 × [SU(3)]2

)
× U(1)R × U(1)A × U(1)C .
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A diagonal SU(3) out of three SU(3)’s is identified with the color group while
three other SU(3)’s represent the flavor group SU(3)Flavq ×SU(3)Flavd ×SU(3)Flavu

(this matter content is then consistent with two extra global SU(3) factors).
The hypercharge reads Y = −R/(12r) +A/(12a)−C/(2c), whereas the baryon
number is B = −R/(6r) + A/(6a). The states XXX−2/3,1/3 are new exotic states
predicted by maximal R-symmetry, charged under QCD and the flavor groups.
These light fermionic states will be discussed in a moment.

All SM content Embedding all SM quarks and leptons into Goldstini re-
quires N = 84 supercharges7, where the fundamental splits as 84 = 12 ⊕ 72,
and we can apply the results derived above. The extra 36 states correspond
again to three families of the two exotic color sextets.

Exotic states The prediction of maximal R-symmetry is that there are extra
Goldstini X−2/3,1/3 that are colored and charged under Y , transforming as

XXX−2/3,1/3 = (6,1)−2/3,1/3 (4.39)

under GGauge. From the decomposition in Eq. (4.37) we see that these ex-
otic states (aka sextets) are also triplets of the flavor groups, either SU(3)u or
SU(3)d, depending on their hypercharge. The extra 36 states correspond again
to three families of the two exotic color sextets.

There are two interesting points related to this extra matter content. First,
they give rise to [SU(3)C ]2U(1)Y and [U(1)Y ]3 anomalies. In order to cancel
them there must exist extra light colored (non-supersymmetric) states, such as
complex conjugate color sextets,

YYY 2/3,−1/3 = (6∗,1)2/3,−1/3 , (4.40)

to form, along with X, real representations of GGauge. The YYY ’s are anti-triplets
of flavor. We will loosely refer to these Dirac fermions Ψ6 = X ⊕ Y c as the
sextet 6. The sextet is light, relative to the cut-off m∗ ∼

√
g∗F , since a mass

7Although this large number of supercharges may seems unconventional, it is still a plausible
possibility. For instance, SUSY can emerge as an IR symmetry. We comment on this point at the
end of the section.
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term m6XY requires breaking SUSY explicitly (see Eq. (4.64)). Second, the
sextet contributes significantly to the running of the strong coupling: four extra
Weyl fermions (two pseudo-Goldstini X and two extra fields Y ), in the 6 and
6∗ of SU(3)C , per three generations, imply a contribution δb6 = −20 to the
1-loop β-function

β1−loop = −bg3/(16π2) . (4.41)

This implies that abovem6 the β-function changes sign and would hit a Landau-
pole at roughly

Λ ' m6Exp[2π/(bαs(m6))] ≈ 102m6 (4.42)

where we have taken αs(m6) ≈ 0.09. This sets an upper bound on the scale of
strong coupling m∗, which should enter before Λ. Equivalently, this sets a lower
bound on the mass of the sextet

m6/m∗ & 10−2 . (4.43)

Thus embedding all quarks and leptons into the same R-symmetry multiplet requires
N = 84 supersymmetries, a number at which the reader might be willing to raise an
eyebrow. It is indeed well known that complete massless supermultiplets (i.e. within
a linearly realized SUSY with massless particles) and N > 8 supercharges imply
the existence of massless higher-spin states which are pathological, in flat space, on
very general grounds [60,61,105] (see e.g. [58] for a review). A spontaneously broken
extended SUSY does not predict those massless higher spins at all. In non-linearly
realized SUSY, the would-be higher-spin superpartners are actually multi-particle
states obtained by including Goldstino insertions that do in fact raise/lower the spin,
but without producing single particle states.8 However, extended SUSY could just
be realized as an emergent symmetry which (re)appears in the IR from UV dynamics
that do not necessarily exhibits such a symmetry [108–110]. Alternatively, another
option is to consider several almost sequestered N ≤ 8 supersymmetric sectors which
are linked by an approximate permutation symmetry, e.g. ZM o [N -SUSY]M (where
M is a flavor index). Finally, another possibility is that only a subset of SM fermions
emerge as Goldstini.

8This is made manifest for instance in the constrained superfield formalism [106,107], where the
scalar partner of the Goldstino is a pair of Goldstini, X = χ2 + θχ+ θ2F .
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4.4 Collider Phenomenology

In section 4.1 we have built the Goldstini EFT in the symmetric limit, that is gSM → 0

and MPl → ∞. We have seen that Goldstini are characterized by interactions of
dimension-8, while lower-dimensional ones are generically induced by explicit SUSY
breaking couplings (gauge and yukawa couplings). We now attempt to access to
the strongly coupled dynamics by considering 2 → 2 pseudo-Goldstini scattering at
the highest possible energies. For comparison, we study both our scenario based
on non-linearly realized SUSY, as well as the standard one based on dimension-6
operators, which updates the analysis of Ref. [88]. In the next section, we will discuss
instead indirect bounds on the dimension-6 operators generated from SUSY breaking
couplings. Our main focus is LHC phenomenology, which gives us access to scattering
of quarks in the multi-TeV region, but we also brush upon LEP-2 to investigate the
extend to which leptons could arise as pseudo-Goldstini.

The results on composite quarks are summarized in Table 4.3: we show the
bounds on the SUSY-breaking scale

√
F for goldstino-compositeness, as well as those

on the scale f for chiral-compositeness, in different composite quark scenarios. A
direct comparison between the two types of compositeness is also presented in terms
of bounds on the cut-off, identified as m∗ ≡

√
g∗F for Goldstini and m∗ ≡ g∗f for

chiral composites. The results on composite leptons, specifically eR and µR, are given
in Eq. (4.57) and (4.58).

4.4.1 LHC

We focus on the process that gives, at present, access to the highest energies: dijet
events pp → jj initiated by valence quarks at 13 TeV. The experimental analysis
can be found in Ref. [111], corresponding to an integrated luminosity of 15.7 fb−1

collected with the ATLAS detector9. The relevant pseudo-Goldstini interactions are

9Updated data with integrated luminosity of 37fb−1 are available here [111]. The implementa-
tion of these data do not significantly improve our bounds. A different analysis instead should be
performed to use data at the highest luminosity of 139fb−1 [112]. We leave this to future work.
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parametrized by the operators

Ouu = (∂ν ūRγ
µuR)(ūRγµ∂

νuR) Oud = (∂ν ūRγ
µuR)(d̄Rγµ∂

νdR) + h.c.

Odd = (∂ν d̄Rγ
µdR)(d̄Rγµ∂

νdR) Oqu = −(∂ν q̄Lγ
µqL)(∂ν ūRγµuR) + h.c.

Oqq = (∂ν q̄Lγ
µqL)(q̄Lγµ∂

νqL) Oqd = −(∂ν q̄Lγ
µqL)(∂ν d̄RγµdR) + h.c. , (4.44)

where in each particular composite quark scenario the Wilson coefficients are cij =

1/(2F 2). These operators contribute to the differential dijet cross section at the
partonic level,10

dσ

dt̂
(qiqi → qiqi)BSM =

4αs
9
Âqi1 +

1

48π

[
B̂qi

1 (2û2 + 2t̂2 + ŝ2) + 6B̂qi
2 (û2 + t̂2)

]
,

dσ

dt̂
(ud→ ud)BSM =

1

16π
û2B̂3 , (4.45)

where ŝ, t̂, û are the partonic Mandelstam variables (ŝ + t̂ + û = 0 in the massless
quarks approximation) and

Âu,d1 = cqq + cuu,dd , B̂u,d
1 = c2

qq + c2
uu,dd , B̂u,d

2 = c2
qu,qd , B̂3 = c2

qq + c2
ud + c2

qu + c2
qd .

The BSM contribution is then characterized by a strong energy growth and by being
more central (−t̂ ≈ ŝ) than the SM one. Indeed, in pp collisions, QCD contributes
mainly with a t-channel gluon exchange, giving rise to a differential cross-section
which grows approximately as (

dσ̂

dt̂

)
QCD

∝ α2
s

t̂2
(4.46)

where t̂ = −ŝ/2(1− cos θ̂), θ̂ being the scattering angle in the collision center of mass
(CM) frame of the partons. The analog of the CM scattering angle is conveniently
represented by the boost-invariant difference between the two jet rapidities yj =

log
√

(Ej + pzj)/(Ej − pzj),

χ ≡ e|yj1−yj2 | = (1 + | cos θ̂|)/(1− | cos θ̂|) . (4.47)
10The leading contributions at high energies come from two initial first-family quarks (as opposed

to quark-antiquark, two antiquarks or second- and third-family quarks), due to the enhanced PDFs
in pp collisions.
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The central region (cos θ̂ ≈ 0) corresponds to small χ, where the BSM differential
cross section peaks. Such a behavior can be recognized in Fig. 2 left panel, where we
show the SM distribution and two different BSM contributions both corresponding
to a composite dR, one from goldstino-compositeness (cdd 6= 0) and the other from
chiral-compositeness (c(1)

dd 6= 0, operators and cross section formulae can be found in
Ref. [88]). The variable χ can be expressed also in terms of the scattering angle θ̂ as

χ =
1 + | cos θ̂|
1− | cos θ̂|

' 1

1− | cos θ̂|
∝ ŝ

t̂
(4.48)

Under this approximation the differential cross-section (4.46) behaves as(
dσ̂

dχ

)
QCD

∝ α2
s

ŝ
(4.49)

for fixed ŝ. At the hadronic level, the cross-section is convoluted with a product of the
parton distribution functions (PDFs) which, for a given ŝ, is approximately fixed (up
to logarithmic scaling variations with the factorization scale). We therefore expect a
flat distribution for dσ/dχ in the SM (see again Fig. 2).

We compute the BSM particle-level cross section in two different ways to double-
check: via the analytic differential cross section Eq. (4.45), integrated over the PDFs
(CT10 [113]) and binned according to the experimental analysis, and via a MadGraph
[114] simulation of our model implemented with FeynRules [115]. This is compared
with data from Ref. [111] with the cut on the dijet invariant mass Mjj > 5.4 TeV;
we check, a posteriori, that the bounds obtained on the compositeness scale m∗ are
compatible with the EFT hypothesis: m∗ � Mjj. The analysis includes additional
cuts on the transverse momentum of the leading jet pT (j1) > 450 GeV, on the average
rapidity of the two jets (yj1 +yj2)/2 < 1.1, and on the rapidity difference |yj1−yj2|/2 <
1.7. For the SM prediction we use the NLO differential distribution reported in
Ref. [111], but we normalize it to the total number of SM events, compatible with
the above cuts, that we compute using POWHEG [116] and PYTHIA8 [117] with
PDF4LHC15 [118], obtaining σcutsSM = 50.8± 9.1 fb (corresponding to ∼ 800 events for
the integrated luminosity of Ref. [111]). NLO effects on the new physics distribution
are instead neglected, although these could be relatively important compared to SM
NLO effects, in the region of parameters that saturates the bounds (in this region,
the SM and BSM contributions are similar in size, see Fig. 2).
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Fig. 2: Left: Dijet angular distributions in the highest-energy bin Mjj > 5.4 TeV, for the experi-
mental data with its systematic plus statistical uncertainties (black points), the SM prediction with
its theoretical error (blue band), and the BSM predictions for the dimension-8 operator Odd (solid
orange) or the dimension-6 operator O(1)

dd [88] (dashed red). The corresponding (positive) coefficients
have been chosen to saturate the bounds Eq. (4.50) and (4.51). Right: Bounds on the scale m∗ for
a composite dR with a dimension-8 operator |cdd| = (4π)2/2m4

∗ (orange) or a dimension-6 operator
|c(1)
dd | = (4π/m∗)

2 (red) and for all quarks composite with dimension-8 operators |cij | = (4π)2/2m4
∗

(black), for different χ bins (dots) and for all bins combined (lines). The round dots and solid lines
correspond to c > 0 while square dots and dashed lines to c < 0.

We extract bounds on the Wilson coefficients in each χ bin and combine them to
obtain the final constraint. In Fig. 2 we report these bounds for the case of a composite
dR as a function of m∗, defined as cdd ≡ ±g2

∗/2m
4
∗ for goldstino-compositeness and

c
(1)
dd = ±(g∗/m∗)

2 for chiral-compositeness, with strong coupling g∗ = 4π. The final
bounds for positive (m+

∗ ) or negative coefficients (m−∗ ) at the 95% CL are11

dR chiral composite: m+
∗ & 36 (g∗/4π) TeV , m−∗ & 40 (g∗/4π) TeV . (4.50)

dR Goldstini: m+
∗ & 9.4

√
g∗/4πTeV , m−∗ & 9.0

√
g∗/4πTeV . (4.51)

Recall these bounds are derived from the bin with Mjj > 5.4 TeV. This means that
for our analysis to be safely consistent with the EFT assumption Mjj � m∗, we
must require g∗ & 2 in the case of chiral-compositeness and g∗ & 4.5 for goldstino-
compositeness, i.e. the new physics must be strongly coupled.

Finally, the scenario of a composite dR is constrained the weakest of all the cases,
11Goldstino operators are in fact subject to positivity constraints that require strictly positive

coefficients (see section 4.4.3). Our bounds for c < 0 simply illustrate the relevance of the interference
with the SM.
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goldstino chiral
composites

√
F [m∗] (TeV) f [m∗] (TeV)

dR 2.6 [9.4] 2.9 [36]

uR 3.8 [13.5] 4.7 [59]

uR, dR 3.9 [13.7] 4.9 [62]

qL 3.9 [13.7] 4.9 [62]

qL, dR 4.0 [14.2] 5.0 [63]

qL, uR 4.5 [16.1] 5.7 [72]

qL, uR, dR 4.6 [16.2] 5.8 [73]

Table 4.3: 95% CL bounds on the SUSY-breaking scale
√
F for different quark as pseudo-Goldstini

scenarios (second column) and on the scale f for different cases of chiral-compositeness of quarks
(third column). The respective Wilson coefficients are given by cij = 1/(2F 2) for the operators in
Eq. (4.44) and by c(1)

ij = 1/f2 for the operators O(1)
ij = (ψ̄iγ

µψi)(ψ̄jγµψj) given in Ref. [88]. The
compositeness scale in each case is given by m∗ ≡

√
g∗F or m∗ ≡ g∗f with g∗ = 4π, their bounds

reported in brackets.

while when all quarks are composite, the LHC reach is maximal. In Fig. 2 we show
the constraints in this scenario, the final result being

qL, uR, dR Goldstini: m+
∗ & 16.2

√
g∗/4πTeV , m−∗ & 14.2

√
g∗/4πTeV . (4.52)

The bounds for the rest of composite scenarios are given in Table 4.3.

In our setting, SUSY is explicitly broken when the SM couplings are turned
on. In this case, dimension-6 four-fermion operators are generated and they come
suppressed by gSM . The question arises then whether experimental searches are more
sensitive to these more relevant (but gSM -suppressed) effects or to the dimension-8
(but g∗-enhanced) effects. Eq. (4.50) (where g∗ should be replaced by gSM) and (4.51)
show that, for g∗ within the validity of the EFT, the constraints on pseudo-Goldstini
from the latter are clearly superior.
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4.4.2 LEP

During its second phase, LEP collided electrons and positrons at energies significantly
higher than the Z-pole, measuring angular distributions with percent precision. Here
we focus on how the differential cross sections for e+e− → e+e−, µ+µ− are affected by
the goldstino-compositeness of the R-handed electron eR and muon µR, and compare
them with LEP-2 data [119] to extract bounds on their SUSY-breaking scale F or
compositeness scale m∗.

Let us first recall that limits on standard chiral-compositeness of eR, parametrized
by the dimension-6 operator c(6)(ēRγ

µeR)(ēRγµeR), were extracted by the LEP col-
laborations,

eR chiral composite: m+
∗ & 43 (g∗/4π) TeV , m−∗ & 40 (g∗/4π) TeV , (4.53)

where we normalized the correspondingWilson coefficient as |c(6)| = (g∗/m∗)
2. Bounds

were obtained as well on (ēRγ
µeR)(µ̄RγµµR):

eR, µR chiral composite: m+
∗ & 41 (g∗/4π) TeV , m−∗ & 33 (g∗/4π) TeV , (4.54)

Our interest here is in deriving first-time bounds on the goldstino-compositeness of
eR, which is parametrized by the dimension-8 operator

Oee = (∂ν ēRγ
µeR)(ēRγµ∂

νeR) , (4.55)

and on the scenario where both eR and µR are pseudo-Goldstini, in which besides Oee
also

Oeµ = (∂ν ēRγ
µeR)(µ̄Rγµ∂

νµR) + h.c. (4.56)

is generated, with the same coefficient.12 These operators induce non-standard contri-
butions to the differential cross sections for Bhabha scattering and dimuon production.
They share some similarities with the dijet case, in particular the t-channel photon
exchange also gives rise to a forward singularity, such that the SM contribution and
the interference with the BSM are enhanced for small angles.

12We do not study τR compositeness since the sensitivity of LEP in e+e− → τ+τ− is weaker.
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The experimental sensitivity in e+e− production at small angles is approximately
4% (95% CL) of the SM contribution. This means that, contrary to the LHC, LEP is
really testing small departures from the SM, and it is sensitive then to the SM-BSM
interference term. We take the SM prediction provided in Ref. [119] and compute the
new physics effects analytically. The theoretical uncertainties on the total SM cross
section amount to 2% for σ(e+e−) and 0.4% for σ(µ+µ−), resulting in an uncertainty
for dσ/d cos θ|SM of 4% and 1% respectively (assuming the error to be uniformly
distributed with the scattering angle θ). For the purpose of this analysis, we use
samples of events with integrated luminosity of 3 fb−1 and increasing effective CM
energy from 189 to 207 GeV.

We combine the limits from different energy and angular bins and obtain

eR Goldstini: m+
∗ & 1.8

√
g∗/4πTeV , m−∗ & 1.4

√
g∗/4πTeV . (4.57)

eR, µR Goldstini: m+
∗ & 1.9

√
g∗/4πTeV , m−∗ & 1.5

√
g∗/4πTeV . (4.58)

The bounds on the scenario where both electron and muon are pseudo-Goldstini
is driven by Bhabha scattering, with a SM cross section significantly larger than
dimuons – the constrains on only Oeµ are milder m+

∗ & 1.6
√
g∗/4πTeV and m−∗ &

1.5
√
g∗/4πTeV. It is amusing to find that goldstino-compositeness of leptons is

allowed at incredibly small scales from direct searches, even for light leptons and
maximally strong coupling g∗ = 4π.

In fact, precision is relatively less important, compared to the collider energy,
when searching for this type of compositeness, as it becomes clear when comparing
the reach of LHC vs LEP. In contrast, dimension-6 operators are typically better
constrained by LEP (or barely so by the LHC [94]). Indeed, the relative size of
our effects scales as δ ∼ (E/m∗)

4 in the linear regime13, and as (E/m∗)
8 for large

deviations from the SM. In order to increase the bound on the scalem∗ by a factor of 2
we would need to increase the precision at a given energy by at least a factor of 16; the
same goal can be achieved by a factor of 2 increase in energy. The LHC high-energy
reach makes it the best machine to test for fermions with enhanced soft behavior.

13This is the scaling of the interference term between BSM and SM amplitudes. For large devia-
tions from the SM, the total cross section is dominated by the square of the BSM amplitude.



4.4. COLLIDER PHENOMENOLOGY 141

Another consequences of this same fact is that the limits on the scale m∗ for chiral-
compositeness are much higher, their effects scaling as (E/m∗)

2. This also means
that, for a proper extraction of the bounds, SUSY-breaking effects which generate
four-fermion operators should be included in the analysis [120], even if suppressed by
(gSM/g∗)

2.

4.4.3 Positivity Constraints on Goldstino compositeness

An interesting aspect of the dimension-8 interactions studied in this work is that they
are subject the positivity constraints discussed in Sec. 2.1. From a phenomenological
perspective, this represents an important prior, from first principles, to our statistical
analysis, that reduces the parameter space by half. Without any prior, our analysis
above leads to 95% CL intervals of the form [−c−(g∗,m

−
∗ ), c+(g∗,m

+
∗ )], while our the-

ory prior implies ]0, ĉ(g∗,m∗)]. However, taking it into account in our statistical analy-
sis, we do not get a sizable improvement of our knowledge on goldstino-compositeness
(compared to Eq. (4.51) and (4.57)). We indeed find

dR Goldstini: m∗ & 9.3
√
g∗/4πTeV , (4.59)

eR Goldstini: m∗ & 1.7
√
g∗/4πTeV . (4.60)

Whether ĉ(g∗,m∗) < c+(g∗,m
+
∗ ) depends on the likelihood L being symmetric or

not under reflection of the Wilson coefficients c→ −c. Indeed, if it is symmetric then

0.95 =

∫ c+
c−
dcL∫∞

−∞ dcL
=

∫ c+
0
dcL∫∞

0
dcL

, (4.61)

where the last expression defines the bound with our prior, thus ĉ = c+. Under our
assumption of symmetric errors, a significant asymmetric likelyhood can arise if two
conditions are met: an under or upper fluctuation in the data (with respect to SM
prediction) is present and the size of the constraints is such that the cross section has
a sizable interference term (linear in the Wilson coefficient). In our LHC analysis,
departures from the SM are not large (apart from the third χ bin in Fig. 2). Most
importantly, the experimental resolution, limited by statistical errors at present, is not
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enough to resolve the SM-BSM interference term in the cross section, which is instead
dominated by the quadratic new physics contribution.14 For this reason, positivity
constraints do not improve sizably our constraints onm∗ and g∗. This conclusion does
not change if we include the data at 37fb−1 [111] since the fluctuations with respect
to the SM are not enough to make the likelihood asymmetric.

4.5 Phenomenology of the new colored states

We have discussed in section 4.3 that embedding all of the quarks as Goldstini requires
the existence of new exotic colored particles and their extra (non-SM fermions and
not pseudo-Goldstini) partners. Their quantum numbers under the gauge and flavor
symmetries U(1)Y × SU(2)L × SU(3)C × SU(3)Flavu × SU(3)Flavd are

XXX− 2
3

= (1,6,3,1)− 2
3
, XXX 1

3
= (1,6,1,3) 1

3
, (4.62)

YYY 2
3

= (1,6∗,3∗,1) 2
3
, YYY − 1

3
= (1,6∗,1,3∗)− 1

3
(4.63)

They have the same quantum numbers as uc and dc except they transform as a 6 of
SU(3)C . Masses for these states require an extra source of explicit SUSY breaking,
which we simply write as

m62/3
X−2/3Y2/3 +m61/3

X1/3Y−1/3 . (4.64)

Being this a small deformation of the SUSY-preserving dynamics, we expect the
sextets to be naturally light, thus present in the low-energy spectrum with a mass
m6/m∗ & 10−2 (see discussion under Eq. (4.40)) Furthermore, the pseudo-Goldstini
X have SUSY-preserving interactions which, because of maximal R-symmetry, are
invariant under X → −X. Therefore such interactions do not contribute to the
sextet’s decay to the SM: symmetry breaking effects can play a major rôle here.
Specifically, a new SUSY-breaking spurion (with different quantum numbers than
gSM or m6) can be introduced in association with a linear coupling of the sextet, the

14Notice that this fact is safely compatible with the validity of our EFT expansion, due to the
underlying strong coupling, see the discussion below Eq. (4.51) and Ref. [92].
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lowest-dimensional one being, schematically
εgs
m∗

ΨσµνχGµν , (4.65)

where Ψ = Y2/3,−1/3 and χ = uc, dc, where recall Y is a non-Goldstini state. In
fact, Y could well be external to the strong dynamics, in which case its degree of
compositeness should be factored in. Besides, ε � 1 is expected since (4.65) is an
irrelevant operator. This operator is not only important for the sextet decay but
also for its single production at the LHC. In the following we will always omit the
hypercharge of X and Y , being always understood its value from the coupling to the
SM quarks.

Decays

These sextets can couple to gluons and the SM u or d quarks through the model-
dependent SUSY-breaking couplings in Eq. (4.65) (recalling that 6⊗ 3 = 8⊕ 10 and
3⊗ 8 = 3⊕ 6∗ ⊕ 15)(

εgs
m∗

)
K

bA

i Y iσµνqbGAµν + h.c. , q = uc, dc (4.66)

where K bA

i are the Clebsch-Gordan coefficients linking the anti-sextet to the anti-
triplet and the adjoint, normalized such that

K
bA

i Kj
A b = δ ji , K

bA

i Ki
A b = 6 . (4.67)

ε is a SUSY-breaking parameter that depends on assumptions like the degree of
compositeness of Y . Despite the interactions (4.66) being suppressed, they represent
the main decay mode for the sextet. In particular, they open the following decay
channels:

X, Y → jj, bj, tj (4.68)

with decays widths approximately given by,

Γ(Y → qg) ≈ αsε
2 m

3
6

4m2
∗
. (4.69)

We assume, consistently with ε being a small symmetry-breaking parameter, that
Γ� m6, such that the narrow-width approximation applies to the searches described
below.
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Fig. 3: Left: 95% CL upper limits on single- and pair-production cross sections, compared with the
theoretical cross sections for single-production (blue) with m∗/ε = 20 (solid) or m∗/ε = 10 (dashed)
and pair-production (dot-dashed red). Right: Exclusion regions at 95% CL from single-production
(dark grey; [111] solid line and [111] dashed line) and double-production (light grey; dot-dashed
line). Also shown are lower bounds (red) on the (inverse) coupling of the sextet, m∗/ε ≈ 19 TeV

(dashed; corresponding to a scale m∗ = 5.4 TeV, the highest energy of our dijet analysis, and a small
parameter ε = 0.3), m∗/ε ≈ 27 TeV (dot-dashed; same m∗, ε = 0.2) and m∗/ε ≈ 33 TeV (solid;
coupling below which pair production dominates the constraints).

Production and direct searches

The sextet can either be singly produced via gq → Y (see e.g. Ref. [121]) or pair
produced gg, qq̄ → XX̄, Y Ȳ . We assume m62/3

= m61/3
but focus on direct searches

of a single sextet flavor, coupled to first generation quarks (for a fully degenerate
family spectrum, our analysis can be appropriately rescaled). The relative sensitivity
of single production is larger for heavy sextets, although it requires large couplings
ε/m∗, while double production presents a poorer mass reach, but it is more model-
independent given the cross section is fixed by QCD.

In the narrow-width approximation, the LO partonic cross section for single
production and decay is given by

σgq→Y→jj = σgq→Y · BR(Y → jj) , σgq→Y =
π2αs

2

(
ε

m∗

)2

m2
6 δ(ŝ−m2

6). (4.70)

where q = u, d. This cross section suffers from significant NLO corrections (e.g. from
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gg → Y j) that we neglect given the exploratory nature of our analysis. We com-
pare our LO prediction, appropriately convoluted with the PDFs, with experimental
searches of singly produced exotic quark-like resonances decaying into dijets [111,111].

Pair production gives rise to a four-jet signal. We compute the associated cross
section at LO with MadGraph [114], requiring four leading jets with pT > 80 GeV

and pseudo-rapidity |η| < 1.4. We compare our results with the cross section bounds
provided by Ref. [122].

We present in Fig. 3 left panel single- and pair-production cross sections along
with their corresponding experimental limits. For single production we take two
different values of the (inverse) coupling m∗/ε = 10, 20 TeV in order to illustrate
the variation of the cross section. In the right panel we show the final bounds in
the (m∗/ε,m6) plane. As anticipated, single production dominates the constraints
at high masses and large couplings (i.e. small m∗/ε). Note that given the sextet is
predicted upon all quarks being pseudo-Goldstini (and maximal R-symmetry), for
which LHC searches in section 4.4.1 set a bound on the compositeness scale m∗ &
16.2

√
g∗/4πTeV (see Table 4.3), the coupling ε/m∗ cannot be too large while keeping

ε � 1. This is exemplified by the vertical (red) lines in Fig. 3, which should be
understood as upper bounds on the sextet linear coupling, restricting the regime
where limits from single production apply. In contrast, pair production sets the
robust lower bound m6 & 1.2 TeV.

4.6 Summary

Unitarity of the underlying UV theory implies there are only two scenarios for fermion
compositeness, which can be broadly differentiated from the point of view of a long-
distance observer. The first such scenario is characterised by a series of chiral-
symmetric four-fermion operators of dimension-6, whose phenomenological implica-
tions are well known and studied in the literature. The second scenario has instead
a well-defined limit where the dimension-6 effects vanish and compositeness is man-
ifested through dimension-8 operators. One certain realization is associated with
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non-linearly realized supersymmetry; that is, the fermions are composite pseudo-
Goldstini.

In this chapter we built the EFT of N Goldstini and discussed how to em-
bed the SM fermions in such a framework. In particular, the SM gauge and flavor
groups are subgroups of the R-symmetry ⊂ U(N ). The SM gauging and Yukawa
couplings however, explicitly break supersymmetry, these breakings propagating to
other observables, such as dimension-6 operators that were forbidden in the exact
supersymmetric limit, but can be treated as perturbative.

We compared this goldstino-compositeness with the standard chiral-compositeness,
confronting them both with experimental data in the form of measurements of dijet
distributions at the LHC or e+e− scattering at LEP (in addition to other low-energy
observables). We argued that electrons could be pseudo-Goldstini already at scales
m∗ & 1 TeV, while light quarks require scales m∗ & 10 TeV – from a phenomeno-
logical point of view goldstino-compositeness is therefore on a better footing than
chiral-compositeness, which requires scales m∗ & 40 TeV.

Embedding all quarks and leptons inside the same R-symmetry multiplet predicts
the existence of new exotic colored states (and their non-SUSY partners). We have
showed that direct searches in dijets channels require m∗ & 10 TeV.



Conclusions

The take-home message of this thesis is that not all the EFTs are born equals: some
do not admit a consistent UV completion. The main goal of this thesis was to explore
under which circumstances an EFT can be completed consistently into a unitary,
local, and causal UV theory, extending the results from earlier literature significantly.

We have seen that unitarity, analyticity, and crossing-symmetry of the UV S-
matrix, leave IR footprints on the Wilson coefficients, in the form of a set of positivity
constraints. These consistency conditions (and their improved version discussed in
Chapter 2) provide a guide to charting the space of consistent EFTs. In this thesis,
we have studied the consequences of the positivity bounds (and beyond) applied to
relevant EFTs in cosmology and particle phenomenology.

Several of the results presented in this thesis are based on the fundamental prop-
erties of scattering amplitudes that are inherited from the first principles of the UV
theory. In Chapter 1, we reviewed how unitarity, locality, and causality constrain the
2-2 forward elastic amplitude to be an analytic function of the external momenta.
We also discussed how crossing-symmetry works for spinning particles and derived a
set of dispersion relations for forward elastic amplitudes.

In Chapter 2, we used the forward elastic dispersion relations and unitarity to
infer the positivity bounds of the Wilson coefficients. Then, we went beyond positivity
bounds and derived rigorous inequalities for calculable amplitudes within the EFT.
In short, we inferred stronger bounds by retaining the IR contribution of the integral
in the dispersion relation, while keeping the error from truncating the EFT towers

147
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of higher-dimensional operators under control. Our bounds provide simple, general,
and robust inequalities that can be applied straightforwardly to several EFTs.

As relevant applications of these ideas, we first discussed the weakly-broken
Galileon, for which our bounds forbid the explicit symmetry-breaking terms from
being arbitrary small. For instance, if the only source of Galileon symmetry-breaking
is given by a mass term, our bound yields

m2 > Λ2

(
3

320

)
(c3 − 2c4/c3)2

16π2

(
E

Λ

)8

, (4.71)

implying that the massless limit is the free theory: as we send m → 0 for any fixed
Λ and E, so the couplings of the Galileon-symmetric operators c3, c4 do.

Then, we showed that our bounds rule out dRGT massive gravity in a large
range of masses m and couplings g∗ = (Λ/Λ3)3, where Λ3 = (m2MPl)

1/3 is the strong-
coupling scale of the theory. We showed that the space of solutions in the parameter
space (c3, d5) of dRGT massive gravity is non-empty only if g∗ . 4.5 × 10−13. Such
small value is not a free choice: it is the outcome of the tension between the ex-
perimental bounds on the graviton mass and our theoretical bounds. The physical
meaning of such small coupling is straightforward. Indeed, g∗ measures the hierar-
chy between the physical cut-off Λ (i.e. the scale where new degrees of freedom are
excited) and the strong-coupling scale Λ3. Taking the more stringent bound on the
graviton mass m < 10−32 eV from Lunar Laser Ranging Experiments, our bounds
imply

Λ . Λ4 = (m3MPl)
1/4 ∼ (107km)−1 , (4.72)

showing that the maximal cut-off of dRGT is not Λ3 (as usually assumed when g∗ ∼ 1),
but the smaller scale Λ4. Put differently, our bounds show that such EFT of massive
gravity does not stand competition with GR already below macroscopically large
distances: of the order of the Earth-Venus distance. Moreover, no signs of additional
degrees of freedom have been detected at shorter distances, despite experiments have
sensitivity to couplings even much smaller than g∗ ∼ 10−13, e.g. at the Earth-Moon
distance δ (Fπ/FGR) ∼ 10−11.

In Chapter 3, we have provided an effective quantum field theory description of an
abelian, single flavor, stable, and self-interacting massive (integer) Higher-Spin state.
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We turned the focus on the longitudinal and transverse modes’ dynamics, the former
being Goldstone bosons that non-linearly realize different symmetries. We showed
that each mode follows different power counting rules, which we studied in detail. We
used our understanding of the power-counting to classify the HS interactions, showing
a tuning of the HS potential which realizes the best amplitudes’ high-energy growth
of the helicity-0 modes (hence the largest strong-coupling scale)

even spin s: M∼ E3s , (4.73)

odd spin s: M∼ E3s+1 , (4.74)

in contrast to the behaviour M ∼ E4s associated to a generic potential. Moreover,
we showed that for E � m this tuning preserves non-trivially the polynomial shift-
symmetry associated to the longitudinal modes, i.e.

π → π + cµx
µ + cTµνx

µxν , Aµ → Aµ + bTµνx
ν , (4.75)

while the spin-2 and spin-3 modes decouple, so that their shift-symmetries are trivially
preserved by their kinetic term.

However, the predictivity of HS theories is undermined by unitarity. In fact,
the number of polarizations increases with the spin, so that the higher the spin,
the more positivity constraints must be satisfied. We showed that the positivity
bounds alone rule out an IR dominating potential for a spin-3 particle. Even though
a particular tuning of the higher-derivative operators may be compatible with the
positivity bounds, an EFT description for HS particles seems pointless in view of our
beyond positivity bounds. Indeed, the cut-off turns out to be parametrically small
for fixed coupling. We estimate the size of the separation of scales set by our bounds
for generic types of interactions. For example, for spin-s leading interactions of the
kind λ

Λp
∂pΦ4, we find

m

Λ
& (λ/16π2)1/(8s−4+p) ,

implying that either m ∼ Λ or the coupling λ is very small. More irrelevant operators
or higher spin particles push the cut-off down to the mass, making the entire EFT
formulation inconsistent or extremely weakly coupled.

Finally, in Chapter 4 we emphasized that unitarity of the underlying UV the-
ory suggests a different fermion compositeness paradigm than the one based on
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chiral-symmetry and unsuppressed dimension-6 operators, e.g. (q̄Lγ
µq)2. This new

paradigm is based on non-linearly realized extended SUSY, which protects the fermions’
masses (as chiral symmetry) but suppresses dimension-6 operators (as opposed to
chiral symmetry). Because SUSY is spontaneously broken, the massless particles ap-
pearing in the IR spectrum are the Goldstini, of which we constructed the EFT. We
then applied this paradigm to Beyond Standard Model physics, testing the chance
that (some of) the SM fermions arise as pseudo-Goldstini of some supersymmetric
strongly interacting sector which confines at high scales. Given the very irrelevant
interactions, the bounds on the microscopic scale m∗ associated to the strong sector
are very mild, m∗ > 1− 10TeV , making this paradigm testable at future colliders.

All in all, we have shown that there is much more information preserved along the
RG flow than previously known. The positivity bounds and their improved version
provide a powerful tool to decrypt such information and map the space of consistent
EFTs, on the basis of fundamental principles of the UV theory.

Outlook There are several directions that we can explore further. For example,
we can relax our HS bounds by giving up the Z2 symmetry, thus allowing trilinear
vertexes

√
λLmΦ3 and

√
λLΦ∂Φ2 for even and odd spin respectively. These terms

provide O(1) effects to the IR residues entering the positivity bounds, relative to
the contribution from Φ4, and therefore they might cure the above-mentioned in-
consistency. However, while trilinear couplings may resolve the inconsistency of the
Φ4 interaction with the standard positivity bounds, more stringent constraints from
the tension between the cut-off and the mass are expected by the beyond-positivity
bounds.

One can then try to add extra states of lower spin at around the mass of the
highest spin state, trying to construct a new EFT for this larger set of degrees of
freedom. The structural question would then become whether a finite set of degrees
of freedom is needed to generate a new gap m/Λ � 1 consistent with the positivity
bounds. For instance, an odd spin Φs may couple to a lower spin Φs−1 in order to
form trilinears m2

sms−1

Λ2 Φ2
sΦs−1, m3

s−1Φ3
s−1, etc. that affect significantly the positivity

bounds for ms ' ms−1.
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Another possible direction is suggested by the high-energy limit of the tuned HS
potential, e.g. for spin-3

λ3εµ1µ2µ3µ4εν1ν2ν3ν4Φ
µ1ν1σΦµ2ν2

σΦµ3ν3ρΦµ4ν4
ρ . (4.76)

We found that the decoupling limit m → 0 and λ3 ∼ m10 of this theory returns
interactions of the vector Aµ and scalar π modes of the form

∼ (∂2A)2(∂3π)2 + (∂3π)3∂π (4.77)

which preserve the polynomial shift symmetry of the longitudinal modes non-trivially.
A priori there are several ways to deform the theory Eq. (4.77) in the IR, the trivial
one being adding a mass to both modes. In this thesis we have studied the HS
theory as one particular example of IR deformation, showing its inconsistency with
an underlying unitary and causal UV completion. It would be interesting to study
what are the consistent IR deformations of Eq. (4.77), if any.

Also, the scenarios with SM fermions as pseudo-Goldstini bring new interesting
questions for future research, as they provide a plethora of new effects that can be
searched at future colliders (such as FCCee, ILC or CLIC in e+e− scattering). For
example, if other SM species are also composite, new effects can be present in the
neutral diboson pair production (ZZ,Zγ and γγ) some of which, however, have been
already discussed in Ref. [123]. Moreover, if the Higgs is composite in addition to the
light quarks, new effects can be present in Higgs pair or charged diboson production,
e.g. W+

LW
−
L , from operators of the type

1

2F 2

(
iψ̄γ{µDν}ψ + h.c.

)
DµH

†DνH . (4.78)

Similarly, if the transverse (T) polarizations of vectors are strongly interacting, along
the lines of Remedios [91], the amplitudes for W+

T W
−
T are modified by

− 1

4F 2
FA
µνF

Aµ
ρ

(
iψ̄γ{ρDν}ψ + h.c.

)
. (4.79)

In the light of the fact that dimension-6 operators including transverse vectors have
suppressed SM-BSM interference in the high-energy limit [124], so that these dimension-
8 operators would provide a comparable contribution to interference terms, it would
be interesting to extend the reasoning of Ref. [123] for this kind of processes.
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Additionally, from a theoretical point of view goldstini-compositeness relies on
the existence of approximate and emergent supersymmetries, which would be inter-
esting to set this on a firmer ground. In this roadmap, the incorporation of a solution
to the hierarchy problem through extended suspersymmetry would be an important
additional target.
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Appendices

A.1 Polarizations

We adopt the following basis of linear polarizations

(
εT (k1)

)µν
=

1√
2


0 0 0 0

0 1 0 0

0 0 −1 0

0 0 0 0


µν

,

(
εT
′
(k1)

)µν
=

1√
2


0 0 0 0

0 0 1 0

0 1 0 0

0 0 0 0


µν

, (A.1.1)

(
εV (k1)

)µν
=

1√
2m


0 kz1 0 0

kz1 0 0 E

0 0 0 0

0 E 0 0


µν

,

(
εV
′
(k1)

)µν
=

1√
2m


0 0 kz1 0

0 0 0 0

kz1 0 0 E

0 0 E 0


µν

,

(
εS(k1)

)µν
=

√
2

3


kz 2

1

m2
0 0

kz1E

m2

0 −1/2 0 0

0 0 −1/2 0
kz1E

m2
0 0

E2

m2



µν

,

which are associated to the particle kµ1 = (E,k1) = (E1, 0, 0, k
z
1) moving along the z-

axis with E2 = k2
1+m2. These polarizations are real, symmetric, traceless, orthogonal,

transverse to k1, and with norm ε∗µνε
νµ = 1.15 The polarizations associated to the

15We are taking the same matrix entries of Ref. [10], except that that we have removed the i
factor from the vector polarizations and taken all upper Lorentz indices. We checked that our choice
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other momenta kµi in the 2-to-2 scattering, in the center of mass frame, are obtained
by a Lorentz transformation of those in Eq. (A.1.1), for instance

(
εV (k3)

)µν
= Rµ

µ′R
ν
ν′

(
εV (k1)

)µ′ν′ (A.1.2)

with Rµ
µ′ the rotation around the y-axis by cos θ = 1 + 2t/(s − 4m2) such that

k3 = Rk1. While this definition is valid and legitimate, it corresponds effectively
to consider k1 as the canonical reference vector, rather than (m, 0, 0, 0), upon which
constructing the massive one-particle states via boosting. Alternatively, it means that
the standard Lorentz transformation that sends (m, 0, 0, 0) to k1 is a boost along the z-
axis followed by a rotation that sends ẑ to k̂1 (like it is done e.g. for massless particle
in Ref. [29]), rather than the sequence rotation-boost-rotation usually adopted for
massive states [29]. The advantage of our convention is that it removes the little group
matrix that would otherwise act on the polarization indices z = T, T ′, V, V ′, S when
performing the rotations that send k1 to ki (the Wigner rotation must be adapted
accordingly too). For massless particles the differences between the two conventions
is essentially immaterial as the little group acts just like phases.

A.2 Transverse graviton scattering

The scattering amplitudes involving helicity-2 polarisations nowise improve the bound
Eq. 2.41. This happens because the cross-sections involving tensor modes are sup-
pressed with respect to the forward amplitude. For example, the elastic scattering
amplitude TT → TT only takes contributions from the contact/cubic interactions
originating from the Ricci tensor and the potential terms. In terms of the canonically
normalized field ĥµν = hµνMPl, the interactions are

1

MPl
∂2ĥ3 +

1

M2
Pl
∂2ĥ4 +

m2

MPl
ĥ3 +

m2

M2
Pl
ĥ4 (A.2.1)

satisfies the completeness relation. The i factor is never important in elastic amplitudes, but it should
actually be included whenever considering mixed-helicity states that include vector components, as
done in [10].
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which give, at high-energy E2 � m2,

MTT→TT (E2) ∼ E2

M2
Pl

+
m2

M2
Pl

+
m4

M2
Pl

1

E2
+ ... (A.2.2)

Therefore, by dimensional analysis Σ
TT (2)
IR ∼ 1/(mMPl)

2 = m2/Λ6
3, i.e. the same size

as Σ
SS (2)
IR . However, the cross-section is suppressed as well σTT→TT ∼ E2/M4

Pl =

m8E2/Λ12
3 and our bounds become

m2

Λ6
3

>
1

16π2

m8

Λ12
3

, (A.2.3)

implying that the graviton mass can be arbitrarily smaller than the maximal cut-off
of quantum gravity, i.e. m < 4πMPl. Nevertheless, the IR residue is non-vanishing
and therefore it provides additional positivity bounds that we will discuss in the next
section.

A.3 Explicit expressions of the Fij functions

Our beyond positivities applied to dRGT massive gravity can be recast in the form

Fij(c3, d5) >

(
4πMPl

m

)( g∗
4π

)4

δ6 , (A.3.1)

where the function Fij(c3, d5) are defined as

FSS =

[
960

7− 6c3(1 + 3c3) + 48d5

(1− 4c3(1− 9c3) + 64d5)2

]3/2

,

FV V =

[(
2560

27

)
5 + 72c3 − 240c2

3

(1− 4c3)4

]3/2

, (A.3.2)

FV V ′ =

[(
896

9

)
23− 72c3 + 144c2

3 + 192d5

(1− 4c3)4

]3/2

,

FV S =

[
80640

(
91− 312c3 + 432c2

3 + 384d5

)
1975− 29808c3(1− 2c3)(1− 4c3 + 8c2

3)

]3/2

,

FV ′S =

[
80640

(
91− 312c3 + 432c2

3 + 384d5

)
1891− 21504d5 + 48(c3(−649 + 6c3(649 + 24c3(−41 + 153c3))) + 10752c3(1 + 6c3)d5 + 86016d2

5)

]3/2

.
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A.4 Tuning conditions

In this appendix, we show that the mixing between the spin-s field and the current
of Goldstones J generates the correct kinetic term for φs−2 and φs−3 if the mass
terms and kinetic mixings of the auxiliary fields are tuned to specific values. These
correspond to the coefficients found in Ref. [63] after some field redefinitions.

Consider the resulting Lagrangian of a massive spin-s particle Eq. (3.72) after
the transformation Eq. (3.76)

L = Φ · Γ̂s + φ(s−1) · Γ̂s−1 +
m2

2
(2s− 1)ϕT(s−2) · Γs−2

− m2

2

[(
Φ + κηϕT(s−2)

)2 − s(s− 1)

2

(
Φ′ + 2sκϕT(s−2)

)2
]
−
(
Φ + κηϕT(s−2)

)
· J̃

+ cs−1

(
φ′(s−1)

)2 − 4cs−1φ
′
(s−1) · ∂ · ϕT(s−2) + a1,2

(
∂ · ϕ′(s−1)

)
· ϕ′(s−2)

+ cs−2

(
ϕ′(s−2)

)2
+ b2

(
∂µϕ

′
(s−2)

)2
+ b̃2

(
∂ · ϕ′(s−2)

)2
+ · · ·

(A.4.1)

where we have added additional mass terms and kinetic terms of the auxiliary fields.
In what follows, we define the operator

Ik ≡
m√
s

[
2∂∂ϕT(k) − 2η�ϕT(k) − η∂∂ · ϕT(k)

]
, (A.4.2)

which reduces to Eq. 3.75 for k = s − 2 and is proportional to the variation of the
Fronsdal tensor under Weyl-like transformations of the field φ(k),

φ(k) → φ(k) + λkηϕ
T
(k−2) , δΓ̂(k) = λk

√
s

2m
(k − 1) Ik−2 , (A.4.3)

where λk is the transformation parameter.

In the main text, we have shown that a field redefinition of Φ (see Eq. (3.76))
introduces a kinetic term for ϕT(s−2) which is invariant only under gauge transforma-
tions with transverse gauge parameters. Therefore, the Lagrangian contains ghost-like

terms ∼
(
∂2ϕT(s−3)

)2

, since the definition

ϕTs−2 = φT(s−2) − ∂ϕT(s−3) +
1

(s− 2)
η∂ · ϕT(s−3) (A.4.4)
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does not resemble a transverse gauge transformation. These terms can only be re-
moved if the coefficients a1,2, b2 and b̃2 are tuned to specific values, such that a gauge
invariant kinetic term for the traceful field ϕ(s−2) is recovered. For this purpose, we
recall that for a massless spin-k field the quadratic Lagrangian can be equivalently
written in terms of the traceless fields ϕ′(k) and ϕ

T
(k)

L(k) = −1

2

(
∂µϕ

T
(k)

)2
+
k

2

(
∂ · ϕT(k)

)2
+

(k − 1)2

2
ϕ′(k)∂ · ∂ · ϕT(k)

+
(k − 1)2(2k − 1)

8k

(
∂µϕ

′
(k)

)2
+

(k − 1)2(k − 2)2

8k

(
∂ · ϕ′(k)

)2
.

(A.4.5)

It is then clear that a gauge invariant kinetic term for ϕ(s−2) is reproduced if we match
the coefficients a1,2, b2, b̃2 with the previous equation

a1,2 = −m2 (2s− 1)(s− 3)2

4
, b2 = m2 (2s− 1)(s− 3)2(2s− 5)

8(s− 2)

b̃2 = m2 (2s− 1)(s− 3)2(s− 4)2

8(s− 2)
,

(A.4.6)

whereas the coefficient cs−2 is fixed by demanding a Fronsdal kinetic term for ϕTs−3,
as done previously for cs−1. Indeed, let us notice that the transformation Eq. (3.76)
induces a kinetic term for ϕT(s−3) through the mass term of Φ, i.e.

− m4s(2s− 1)(s− 2)

2(s− 1)
ϕT(s−3)Γs−3 −

m4s(2s− 1)(2s− 5)

2(s− 1)
ϕT(s−3) · ∂∂ · ϕT(s−3) , (A.4.7)

as well as mixing terms between φ(s−1) and ϕT(s−3)

s(1− 2s)κφ(s−1) · Is−3 +
1

2
m2(s− 3)(2s− 1)φ′(s−1) · ∂∂ · ϕT(s−3) . (A.4.8)

With the choice of a1,2 made in Eq. (A.4.6), the latter mixing is removed, whereas
the former can be removed by a Weyl-like transformation

φ(s−1) → φ(s−1) + λs−1ηϕ
T
(s−3) , (A.4.9)

under which the kinetic term of φ(s−1) transforms as

δ
(
φ(s−1) · Γ̂(s−1)

)
=

√
s(s− 2)

m
λs−1φ(s−1) · Is−3 + λs−1ηϕ

T
(s−3) · δΓ̂(s−1) . (A.4.10)
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The mixing φ(s−1) · Is−3 in Eq. (A.4.8) then cancels if

λs−1 =
m2(2s− 1)

(s− 1)(s− 2)
. (A.4.11)

Therefore, by summing Eq. (A.4.7, A.4.8, A.4.10) a non-standard kinetic term is
generated

3

2
m4(s− 1)(2s− 1)ϕT(s−3) · Γs−3 +m4(2s− 1)(2s− 3)ϕT(s−3) · ∂∂ · ϕT(s−3) . (A.4.12)

The coefficient cs−2 must be tuned to cancel the last mixing

cs−2 = m4 (s− 3)(2s− 1)(2s− 3)

4
. (A.4.13)
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