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ABSTRACT

In this thesis we propose two (non standard) mathematical methods to deal with different aspects
of theoretical cosmology.

The first problem we face is the computation of Quasinormal Modes (QNMs) of oscillation of a
scalar field on a pure de Sitter (dS) background with an S-matrix like approach. In a QFT on de
Sitter background, one can study correlators between fields pushed to the future and past horizons
of a comoving observer. This is a neat probe of the physics in the observer’s causal diamond (known
as the static patch). We use this observable to give a generalization of the quasinormal spectrum in
interacting theories, and to connect it to the spectral density that appears in the Kéllén-Lehmann
expansion of dS correlators. We also introduce a finite-temperature effective field theory consisting
of free bulk fields coupled to a boundary. In matching it to the low frequency expansion of correla-
tors, we find positivity constraints on the EFT parameters following from unitarity. This first part is
based on reference [1].

The second problem is the computation of the Primordial Black Holes (PBHs) abundance in a
mathematical framework called Peak Theory. The method is independent on the specific inflationary
model that one considers and therefore is general. We compute the probability density distribution
of maxima for a scalar random field in the presence of local non-gaussianities. The physics outcome
of this analysis is the following. If we focus on maxima whose curvature is larger than a certain
threshold for gravitational collapse, our calculations illustrate how the fraction of the Universe’s
mass in the form of PBHs changes in the presence of local non-gaussianities. This second part is
based on reference [2].
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INTRODUCTION

Sometimes in physics, the use of a different mathematical method to solve a problem of which the
solution is already known leads to extensions and generalizations.

Some remarkable examples are Lagrangian and Hamiltonian formulations of classical mechanics.
They could appear as very sophisticated versions of the simple mechanics already explained by
Galilei and Newton’s Principia Mathematica. However the Hamiltonian and the Poisson Brackets
become basic tools of non relativistic quantum mechanics, or the Lagrangian in a relativistic theory.

Similarly, Quantum Mechanics made with these (now basic) instruments can be entirely reformu-
lated via the sophisticated Feynman'’s path integral, that instead become a basic tool in Quantum
Field Theory.

Therefore to rewatch a solved problem from an higher perspective is not an unrewarded effort.

It is often heard that the only system that can always be solved in physics is the harmonic oscillator.
Everything else is found in perturbation theory around the quadratic potential, first approximation
of each point of minimum of a generic potential. This statement is ubiquitous in physics: from
classical mechanics to quantum mechanics, the harmonic oscillator is always an integrable problem.
In quantum field theory, the study of free fields passes through an infinity of decoupled harmonic
oscillators. And the term free theory goes hand in hand with another term: Gaussianity. These two
terms, distant at first sight, find their union in the path integral, where the free Lagrangian, that
is quadratic, is exponentiated. Schematically, the action for a free field can be written using a
differential operator O:

ifd*x O

Z=gr D e (1.0.1)

This integral is a well known Gaussian integral and it is analitically computable.

Deviations from Gaussianity are difficult to deal with, as are problems other than the harmonic
oscillator. In this thesis, using non-standard mathematical approaches, an attempt is made to go
beyond Gaussianity in two different cosmologically inspired physical problems.

DE SITTER QUASINORMAL MODES In the first part of the thesis we will apply the study of
complex analitic properties of correlation functions to rederive the QNMs of oscillation of a free
scalar field on dS. This provides a straightforward generalization for interacting theories, where
instead there is not a standard definition of QNMs.

The usual approach to the problem is to consider the classical free field equations of motion on
the de Sitter background and to solve it with specific boundary conditions. If we work in spherical
symmetry this means to impose that the field is purely outgoing at the cosmological horizon and
regular at the origin. These conditions constraint the QNM spectrum to be discrete and complex.



INTRODUCTION

The alternative approach we follow, based on the study of analitic properties of the 2-point corre-
lation function, allows us to recover the same result that one finds with the usual approach based
on the solution of differential equations for the free theory. On the other side it makes possible to
generalize the concept of QNMs for interacting theories, where instead the standard approach does
not give a clear definition of modes of oscillation, being the interactive equations of motion non

linear.

PRIMORDIAL BLACK HOLES In the second part of the thesis, we solve the (abstract) problem of
peak theory of a random field in presence of a local Non-Gaussianity.

In our context, this mathematical model will be useful to describe the density perturbation field
of the early universe as a random field with a generic statistics (so not necessarily Gaussian) and,
when the fluctuations overcome a certain threshold, a Black Hole is formed.

Despite the clear inspiration from inflationary physics, this mathematical problem is independent
on the specific model and switching from one model to another only changes the form and the size

of the Non-Gaussianity.
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QUASINORMAL MODES FROM ANALYTICAL PROPERTIES

An important characteristic of a spacetime with an horizon is the spectrum of exponents that con-
trol the relaxation of perturbations. At linear level, these exponents coincide with the (generically
complex) frequencies of the quasinormalmodes [3]. But they can also be thought of as the poles of
the retarded Green's function.

De Sitter spacetime has observer-dependent horizons, and is described within these horizons by

the metric
dr?

ds> % r?Zdt? T2 r’d 2. (2.0.1)

It is therefore natural to explore the quasinormal-mode (QNM) spectrum of elds on dS [ 4]. One
motivation is that we believe there has been a long period of in ation in our past. This is a geometry
that is locally close to dS, and the above-mentioned exponents control the power-law decay of cos-
mological correlators. For instance, the infrared dynamics of light scalar elds in de Sitter provides
a rare example of a Markovian process whose decay exponents can be explicitly computed in terms
of the UV couplings [ 5].

An interesting feature of free eld theories on dS background is the fact that the poles associ-
ated to the quasinormal modes are the only singularities of the retarded Green's function, while
in asymptotically at black hole spacetimes there are additional singularities (branch-points) corre-
sponding to the power-law tails [ 6]. One goal of this work is to explore the analytic structure of the
retarded function at the interacting level.

To this end, we nd it convenient to consider in-out correlators obtained by pushing the operator
insertions to the future and past horizons (see gure 1). Operationally, this can be thought of as
a scattering experiment in the static patch, where the scattering states are prepared by a family of
accelerating observers at xed r, in the limit r 1. We will show in section 2.2 that the poles of the
retarded in-out correlators coincide with the well-known spectrum of quasinormal modes for free
scalar elds.

At the interacting level, we use the Kallén-Lehmann representation for the 2-point correlators in
dS. That is, expand the interacting 2-point correlator in terms of correlators of free elds associated
to the unitary representations of dS isometry group [ 7]. Schematically

“Xe “Yee Q 7 oGi"X,Y; . (2.0.2)

We will see how the singularity structure of the retarded function (in ! ) is inherited from that of
the spectral density ~ e. Explicit examples and perturbative arguments given in [ 8, 9] suggest that

* is genericallya meromorphic function. This implies that the static patch retarded function too
will generically have a set of isolated poles as its singularities.
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Figure 1: The Penrose diagram of dS. We study in and out states in one static patch (shaded).

A priori, this sounds surprising. ! Correlators of interacting theories typically have a more intricate
singularity structure (e.g. loops usually introduce branch-cuts). The niteness of volume in the
static patch does not seem to be a good explanation for the simplicity of its correlators. In fact, the
static patch Hamiltonian ( i@ ) has a continuous spectrum, and one can nd (rare) examples with a
continuous spectrum of decay exponents. We present one in section 2.4.

In section 2.5, we present an analogy that might be helpful in understanding why the spectrum
is generically discrete. There we see that the Rindler-space correlator is a meromorphic function of
Rindler frequency for a generic interacting theory on 2d Minkowski spacetime.

Apart from the simple analytic structure, the spectral density = ¢ was shown in [ 8, 9] to be non-
negative as a consequence of unitarity. It is often the case that the unitarity of the UV completion
constrains the low energy observables and the effective eld theory that governs them [ 10]. In section
3, we will nd a similar application. Indeed, the small ! expansion of in-out correlators of a free
theory can be reproduced by a boundary effective eld theofBEFT).As we will see, the emergence of
this BEFT is quite natural when using the tortoise coordinate x arctanhr, with 0Bx @ . Spherical
modes of the eld are effectively free 2d elds except in the vicinity of 0@x 1 (see gure 2). For
small ! this region can be collapsed to a one-dimensional boundary on which composite operators
are localized.

In section 3.2, we will discuss the condition under which a similar BEFT description is applicable
to interacting theories. Naturally, this BEFT has to be formulated at nite temperature, and in
matching it with ( 2.0.2) it is necessary to include dissipative terms. We will see that unitarity leads
to positivity constraints on the EFT coef cients. We will give a summary in section 4.

2.1 in-out correlators

When it is possible to de ne the scattering matrix, it is often a more convenient observable to
work with than the local correlation functions. It depends on fewer variables, for a xed number of

1 We thank Victor Gorbenko for bringing this curious feature to our attention.



2.2 the free case 7

Figure 2: The effective potential for the spherical harmonics of a free eld consists of a mass term (blue) and a centrifugal
barrier (green). They decay exponentially toward the horizon 2 . When! P 1, the interaction region
(shaded) can be collapsed to a boundary with localized interactions.

external legs, and is invariant under eld rede nition. For similar reasons, we consider static patch
correlators for operators that are pushed to its null boundaries, namely the past and future horizons.
In tortoise coordinate

X arctanhr, (21.1

the horizonisat x 2 , and the in and out elds are de ned as

out u,Ffe tI)im “t,x,fe, (212
ut x

in V,fe tIixma “t, X, fe. (2.1.3)
vt X

Some earlier works that motivate working with such in-out observables in the static patch include
[11-13].
To discuss quasinormal spectrum, we will focus on

a

C!, s g due

a

hu out"U,fe, in"0,2e €, (2.1.4)
where is the angle between the two versors f and Z. In a free theory (2.1.4) is the Fourier transform
of the retarded Green's function between two points approaching the past and future horizons.
Note that there is no translation symmetry x x . Therefore, even the two-point correlator is
nontrivial. In a free theory, the above commutator is independent of the choice of state, but encodes
the information about propagation of waves on the curved background. In an interacting theory,
C"1 , « depends on the state. For instance, the Hartle-Hawking state is a thermal state in the static
patch, and c , * carries information about the interactions with the thermal excitations.

2.2 the free case

The exact dS; 1 correlation function of a free scalar eld is [ 14]

Ce’d d 1, 1
;rj;i7775<,d il = (2.2.1)

Gi™, + = "Xe "Yee

2
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Y
where % i m?2 d4—2, and X and Y are the coordinates of ad 2-Minkowski spacetime that

embeds dS; ; as the hyperboloid with X X Y Y 1. In terms of this Minkowski inner product

2
1 XY
When X and Y are timelike separated @0, and we are on the branch-cut of G¢. The two choices of
the branch correspond to the two different ordering of the elds. The commutator is the discontinu-
ity across this cut:

(2.2.2)

1d

- - - 2i A~ 41 1 2 3 d1
X', Ye ’m 2 <1 —- 2F1<1 ,1 d ,T,— . (223)
2
For the particular in-out con guration of the last section,
2
_, 224
1 cos 2e¢ ( )

and hence @0 corresponds to 2" A1 cos . After changing the integration variable in ( 2.1.4) to

U e 1% we nd

A 2i 2 1 cos " 1 14 1d 3 d
~1 L - T . == e 5 . . .
ct, 25 A32d.so du <U > UZ71 UszoRicl 1d 35— Ue.
(2.2.5)
As a function of ! , this integral is analytic in the upper half complex ! plane unless 0. Its

singularities arise from the U 2 limit of the integral. Indeed, the asymptotic expansion of the
hypergeometric function is:
b ae “ce "a be “ce

x 2 x P

2F1Aa,b;C; Xe AL ~_. T~ ~_
be "c a- as "c be

asx 2 (2.2.6)

Therefore the poles are located at

(2.2.7)

The explicit answer for (2.2.5) is given in appendix A. 1.

The frequencies (2.2.7) are precisely the quasinormal mode spectrum of a scalar eld on de Sitter
[4]. In dS, the quasinormal modes are de ned as eigensolutions of the linear eld equations with
outgoing boundary condition at the cosmological horizon and regularity at the origin. They are
called quasinormalbecause with these boundary conditions the linear differential operator is not
Hermitian. Quasinormal modes characterize the decay of perturbations since their frequencies ap-
pear as the poles (in the lower half-plane) of the retarded Green's function. By the Cauchy theorem
the response to a sourceJatt 0is [3]

~ a | ) -~ o~ - .
“t.8 g d3x%g dt g Gr™! JRIETRE  Q ape” "' tail. (2.2.8)
=2 QNMs
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The *“tail” corresponds to non-exponential contributions (often power-law decays that eventually
dominate) and comes from additional singularities of the Green's function. dS Green's function is
special in that there are no other singularities except for the QNM poles, and hence there is no tail.
We see thatC"! , « has the same analytic structure.

2.3 spectrum of interacting theories

The description of the quasinormal modes as the eigensolutions of the wave equation with particular
boundary conditions is speci c to free elds. However, we can still wonder about the analytic struc-
ture of the Green's function, or ! , *, in an interacting theory. The poles would still describe the
exponential decay of perturbations and hence they are the most natural generalization of the quasi-
normal spectrum to the interacting case. However, one might expect a more complicated singularity
structure (such as branch-points) to appear at the interacting level. We can use the Kallén-Lehmann
representation for the 2-point correlators [ 8, 9]

diad

"Xe “Yee s,° Y G e (2.3.1)
2

ia 2 ’
to evaluate C*! , . In the above expression, the integral runs over the unitary representations of
dS called the principal series. This is a redundant (but useful) presentation, since d and
T “d . By analytic continuation to d 1 sphere, one can show that ** ~ *e, Per-
turbative computations suggest that ~  is generically meromorphic even in an interacting theory.
Dots account for other unitary representations, such as the complementary series. In perturbative
examples, those will form a discrete sum of G;~ ; e« with real
We would like to connect the analytic structure of ~ « to that of C*! , «, by a contour deforma-
tion from the path >% iR closing it to the right half plane in ( 2.3.1). For this purpose it is useful
to use the identity

G~ . d - (2.3.2)
2
where
S S " F d 1, 4 1. 233
g 2 1d21° 2k < > ;e (2.3.3)
Using the symmetry =~ ¢« "d e, we can write (2.3.1) as
d ja d
“Xe “Yee g f =" e e 234
S¢ ja 2] (2.34)

where
A T B (2.3.5)
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In appendix A. 2, we show that the contour in ( 2.3.4) can be deformed to the right if  decays faster
than a d-dependent power of .2 Assuming also that ~~ < is meromorphic, we nd

“Xe "Yee QRes ["Te T oe, (2.3.6)
i

Now the discontinuity of in the timelike region comes entirely from the factor in (2.3.3). The

anti-symmetrized correlator C* , « ~ “Xe, “Yee has support only in this region:

C, e T eQ 2isin® eRes "7 e HF< dT]';Z i d 1; e, (2.3.7)
i

where is the Heaviside function. As an example, we X in (2.2.4) and Fourier transform

with respectto u to nd Cl, . (except for 0, at which oy is in the future lightcone of i, the

singularity structure of C*! , < is the same asC"! , «). A single term in the sum ( 2.3.6), after the
change of variable V 1~"e" 1., gives

2 i o 1
S, dv 1 ve' v it g O'T;zi d 1 V.. (2.3.8)
As a function of ! , the singularities of C"! , « arise from the V0 region of integration. These are

poles located at

QNM spectrum of interacting theories
il i n, n>N. (2.3.9)

Given that Re = ¢ Cd-2, these poles are all in the lower half-plane as expected from causality.
Hence, if © is meromorphic, for every pole ;, we have the full family of the poles corresponding to
the QNMs spectrum of a ctitious eld with dimension i (thoughtnot d ). The real analyticity
of ” implies the existence of another family with associated to ,* The overtones (frequencies with
n C 1) can be thought of as arising from the descendants of a conformal primary operator with
dimension ;. Similarly, for every complementary series representations that appears in (2.3.1),
there will be the full set of associated QNMs.

24 acontinuous spectrum

In [9], the in-in perturbation theory was analytically continued to one in Euclidean AdS. This auto-
matically results in a meromorphic ~ ¢, and a discrete sum over complementary series represen-
tations. Hence, if there is a counter-example, it must be non-perturbative. It is well known that for
light interacting scalar elds in dS, perturbation theory fails. Originally, this problem was solved by

2 This is the same contour deformation performed in [ 8], but instead of 0 we are interested in the timelike con gura-

tion @0, where there is no obvious exponential decay coming from S



2.5 discrete spectrum in rindler space

switching to a stochastic description [ 15, 16]. This allows a reliable non-perturbative computation of
the relaxation exponents as the eigenvalues of the Fokker-Planck equation

N 1 1 ~ ] 1 ~ 1 ~ 1
@p't,' * 8—@pt, © 3@TVE epTt e (2.4.1)

where V™' « is the scalar potential and dots include corrections that can be computed perturba-
tively (in slow-roll parameters such as V®~H?V,V®$?) [5, 17, 18]. The eigenvalue problem can be
mapped to a Schrédinger equation with an effective potential [ 16]

~1 1. @~ e ~ 4 § ~1
Vett ' ® =V o YT ee Vie —V' o (24.2
2 3
If we take v*' « (E' tanh' , the effective potential approaches a constant as' & and hence the

spectrum of decay exponents will have a continuum above a gap. It follows that the corresponding
* is not meromorphic in this example. For an application of this model see [ 19].

25 discrete spectrum in rindler space

As a simpler example, we consider the retarded function in the Rindler wedge of 2d Minkowski
spacetime. We will see that generic interacting theories will have a discrete spectrum of singularities
in terms of the Rindler frequency. As before, we de ne the in and out elds by taking the elds to
the past and future Rindler horizons. The metric in the left Rindler wedge can be written as

ds® 4e 2" dt? dx2e. (2.5.1)
The Minkowski coordinates are related to these by
X% 2eXsinht, X! 2e*cosht. (2.5.2)

The past and future horizons correspondto x 2 andt 2

X0 xt et x e, future
(25.3)
X0 xt e'X* eV. past
We dene i,"veand o4 ue asthe elds pushed to the horizons and study
Cue ° ou'Ue, in"0ce (2.5.4)

Note that the expectation values in (2.5.4) could be thought of as being computed in the thermal
state obtained after tracing out the complement of the Rindler wedge, or as Minkowski correlators.
We are interested in the analytic structure of the Fourier transform of C ue:3

a

Cle s due™ C ue. (2.5.5)

From the perspective of Minkowski coordinates, this transform is similar to going to rapidity space and €1 « resem-

bles the celestial amplitudes. For two recent works on the analytic properties of such amplitudes see [ Duary_ 2022
Kapec_2023.

11
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Let us compute this in a theory with mass gap m and a density of states “se C0. The Kallén-
Lehmann representation of the Minkowski Feynman correlator is

“ds s ik X

2 k2 s i '
The commutator (2.5.4) is the difference between the time-ordered and anti-time-ordered correlators,
which implies (after switchingto k  k® k')

“T™ “Xe “QOece d?k 2.5.6
S, d7ks, (25.6)

a a

Cloe %Sa dus dk dk s ds s "k k seglt Tkt ik (25.7)

It is straightforward to perform k , then u and then k integrals. For instance, the u integral can be
rewritten in terms of U €Y as

a

s, duu" ek Ut ek oo (2.5.8)

The nal result is 1 .
e S-sinh™ 1 221 *s, ds “s's " (2.5.9)
In a free theory “se “s mZ2e and we see that C*! « is meromorphic. In this case it has poles

in the upper half plane. Given that the elds are always timelike separated for any u, there is no
reason for the Fourier transform to be analytic in the upper-half-plane. 4

In the interacting case, one expects additional singularities to arise in (2.5.9). Now “se is in
general a continuous function. For instance, it accounts for the multi-particle states that mix with
the single particle states via interactions. However, if the theory is gapped, i.e. s @m?e 0, then
the additional singularities in ( 2.5.9) can only arise from the s 2 limit of the integral. Generically,

“se behaves as a power (or a combination of powers) of s. This would again lead to a discrete set
of polesin! .

In general the same thing does not apply to dS: if the spectral function is not meromorphic, then
in the deformation of the contour in the integral ( 2.3.1) one must take into account the contribution
coming from branchcuts, that result in integral of some discontinuities. Generically, this cannot be
represented as a discrete sum over pure exponentials.

4 In fact, the function decays fast enough in the upper-half ! plane that the inverse Fourier transform for both signs of u

can be computed by closing the integration contour on that side.



BOUNDARY EFFECTIVE FIELD THEORY

A useful setup for studying low-frequency perturbations in a black hole geometry is the worldline
EFT [20]. The idea is that for long wavelength perturbations the neighborhood of a black hole can
be replaced by a worldline on a weakly curved geometry and with interactions localized on it.
This is an open system because waves can fall through the horizon. The effect can be taken into
account by introducing additional operators on the worldline that represent near horizon degrees
of freedom and are short-lived [ 20, 21]. One might expect a local dissipative EFT, formulated on the
Schwinger-Keldysh (SK) contour, to arise after integrating out these operators [ 22].

In this section, we ask if a similar idea can be applied to the low-frequency in-out observables in
dS static patch. The analog of the black hole region is now the region 0 @« 1. Since the size of$ 1
factor reaches anO” 1 constant asx @ , the appropriate EFT would be a collection of KK modes
propagating on a half-line, and with interactions localized at the boundary. The EFT is dissipative
because we are interested in a description of modes with ! P 1in a system at nite temperature
T ;L.

3.1 free theory

To motivate the idea, consider a massive free eld and decompose it in terms of spherical harmonics

t,N Qi TtxeYim "Pe. (3.1.1)
I, m
In a free theory, different |, decouple. The action for the s-wave perturbations is
2

1 a
S 5s dts dxtanh?x 2, &7 m—hz 2, . (3.1.2)
cosh? x

We expand g in radial eigenmodes

00 t,Xe SO dz— 1 “tefy TXe, (313)

where asymptotically
fi oxe @ T TH g T oy A (3.1.4)

13
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boundary effective field theory

and the phase shift is given by*

- 220 tjt e nde il e "1~ il oo
PI 2 2
€ Al e ~Ln il e ~1- il oo (3.1.6)
2 2
Now every | "te is a harmonic oscillator with frequency ! and the Hartle-Hawking state corre-
sponds to a thermal state with T 1~2 . The ladder operators, de ned via:
~ 1 . L
| “te © ZT%m e™ ale" 7 (3.1.7)
satisfy
- 1
ala & 2 1 | 0?62!—1. (3.1.8)
The in-out correlator is given by
- d e?
out~ o N ~ng 2 ailu
ago Ut oo O & —e ™ S5, (3.1.9)

where the integration contour runs from 2 to 2 and below the double pole at 0. Naively, one
gets a singular integral that goes through 0. This singularity is an artifact of the exchange of the
limit x 2 and the integral. The contour deformation is the one that reproduces the correct result.

What suggests the possibility of an effective worldline theory that matches this result at low ! is
that at large x the action (3.1.2) reduces to that of a massless2d eld on a half-line. We can couple
this to a boundary by writing (we drop the 00 index to avoid clutter)

a

1, A ]
Seerr s dtg  dx 557 B xeQoch @ 2 . (3.1.10)

n

We now show that with an appropriate choice of c, this BEFT matches the expansion around! 0
of the full result. It is enough to match the low- ! expansion of the phase-shifts on the two sides.
The equation for the mode functions in the EFT reads

fP%e 1 2f; "xe  “xof, "0+ Q cp! 2. (3.1.11)
n 0

The correctly normalized solutionis f; “xe 2cos Ix * where

1 eZi a
l tan ! T Qo 2n . (3.1.12)
n 0

A unique choice of “c, ¢ exists because the phase shift given in 8.1.6) is real for real ! and satis es

eZi ~0e 1, ezi “l e e 2i 7! . (3113)

For generic | the mode function is

- it (A it I it il
1 t,xe Ee tanh’ x" coshxe 2F <

;% I;tanh? xe , (3.1.5)
Yo

being % i m2 %%ZZ.

For an application of the dS phase shift and its analogs on black hole backgrounds to the computation of the free eld

partition function see [ 11, 13].



3.2 interacting theory

3.2 interacting theory

It is natural to ask if the in-out correlators of an interacting theory can also be matched to a BEFT,
and what constraints unitarity imposes on the EFT parameters. Intuitively, this would be the case if
interactions turn off fast enough for x Q 1. Then for the low-frequency observables the interaction
region x 1 can be collapsed into a pointat x 0.

It would be interesting to nd a classi cation of theories for which this is possible. We did
not succeed so far, but we do not expect the set to be empty either. It plausibly includes super-
renormalizable theories because of the large blue-shift toward the horizon. The example of last
section supports this expectation: We can think of the mass term as an interaction added to the free
massless theory. As we showed explicitly, the correlators of this theory match with a massless free
theory coupled to a boundary.

Given ~ e, a way to check the rapid fall-off of interactions is to inspect the projection of ( 2.3.1)
into the space of spherical harmonics

a mue, h 0 f g B Yo S TH FIEY 3.2.1)

d ia
> | 21

If the interactions turn off at large X, we would expect the LHS to be universal for u P 1 because
an in-state that travels all the way to x 1 region and re ects back arrives to the future horizon at
u not much less than 1. We note that regardless of , all free commutators C¢"u,l; < approach a
universal formin the limit u 2

Ciouls . '5 O'e's, uP logSS (32.2)
Therefore, if the integration over  converges with a negative power of S $the interacting commu-
tator will approach the same universal behavior exponentially in  u.? Since nontrivial interactions
would ultimately leave their imprint in this observable, if the latter is universal for uP 1, we
expect a boundary description to emerge at low frequency. Assuming this, we proceed to show that
unitarity (i.,e. = < AQ) constrains this BEFT.

First, we write ( 3.2.1) as

_ d! _
a fhye, N Qe f € Wgn ., (3.2.3)
where the contour is the same as in (3.1.9) and
d ja d A
S e ngia o e e (3.2.4)
2

Above, to exchange the order of the ! and integrals, we assumed a suf ciently fast convergence
of the integral over . More generally, one might need to perform a number of subtractions before

One advantage of S-matrix is its invariance under eld rede nitions. This does not hold for static-patch in-out correlators

since, from a global perspective, they are just a particular con guration of local correlators. For instance, changing
2

in a free theory results in = . 2"« that given 2" ¢ (see B, 23]) does not satisfy the above
convergence requirement.
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being able to do so. Depending on I, the free phase shiftse? ™' !'* approach 1or 1as! 0.In
an interacting theory, ~ < is supported on more than one . Therefore, there has to be nonzero
absorption:

F! «S@S 0.5 interacting theory. (3.2.5)

Let us focusonthel 0,d 3case and try to match the low ! behavior of S™! « with a BEFT. In
an interacting theory, the boundary action will include interactions and not just quadratic operators.
Moreover, this effective theory includes the novel features of a nite temperature EFT, namely dis-
sipative terms that have to be formulated on the SK contour. Absorption is caused not only by the
production of the low-energy effective degrees of freedom, but also via interaction with the thermal
bath.

It is believed that when the environment degrees of freedom have a short correlation time
the long wavelength “hydro description” admits a local expansion controlled by [22). For us
is related to the quasinormal decay time. We have seen that the spectrum is typically discrete and

H 1~ 1.. This implies the existence of a local expansion for! P 1

D

STe Q ERSRTIN (3.2.6)

(the overall minus is for later convenience). Since this is a 2-point correlator, the coef cients s,
could be matched with a quadratic action. However, in addition to ( 3.1.10), we have to include the
dissipative terms to the action (dropping as before the 00index of the s-wave)

S S dt s, dx x Qobn@ a@‘' (3.2.7)
n

where in terms of the elds on the forward and backward part of the SK contour (respectively R
and |)

L R
—_—, . 3.2.8
> R L (3.2.8)

Following the SK perturbation theory (see Appendix A. 3), we compute the leading dissipative cor-
rection
SEFT . % g 20,2 o3, , (3.2.9)
c
where is xed by the conservative coef cients as in ( 3.1.12). Note that SE*™ 0. 1. This means
that matching is possible only if

— " e 1 3.2.10
g2 21 ( )
Furthermore, in the presence of interactions (3.2.5) implies a postive friction term

bo AO. (3.2.11)

It is of course natural to have a friction rather than an anti-friction in an open system.
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There is an alternative way to nd this bound and new ones on the higher derivative conservative
terms using the moments constraints. First, we expand the free phase shifts (3.1.6):

e2| ! ,I 0 Q _Sn ° || on . (3212)
non!

For m? A2 (i.e. above the conformal mass), we have
2
S,~ * AO, ;7 ¢ so” e 2, Sp” e C§ so” e °. (3.2.13)

Substituting the expansion in ( 3.2.4),

a d ja
Ste Q Sdzia g—i SR | B (3.2.14)
n 0 2

we can write the coef cients as averages of over the following distribution:

% ia d a - - n o0 N
d s o1 *Sh * S dsg — ———sSn " So* Sp € (3.2.15)
7 i 2i 0 dsg 2i
7111111111111111111121212111111111111111111 111112121111111111111111111122111111111
5
""sg*A0

On the other hand, these coef cients must match the EFT result (see Appendix A. 3):

. 2 .. by 1o, . 2’1 2by b2 cocye. . .
SEFT e 1 St e 20 T e2 0 0 i e 0% 42, (3216
Co o Co

where cg @0 if has support only for m? A 2. The second relation in (3.2.13) and the fact that
asif C sp€ implies

1 bOCl

Z Ca (32.17)
therefore:
bo CO. (3.2.18)
The third relation in ( 3.2.13) and “speas3f Cafsgf2 implies
¢ B ‘1 b (32.19

3¢co

So far we did not include boundary interactions. Loops from those would lead to additional an-
alytic contributions to ( 3.2.16) starting from O~"! . Therefore, they are degenerate with the b, and
cn parameters, and our bounds should be interpreted as unambiguous constraints on the expan-
sion coef cients of S”! e« rather than coef cients in the Lagrangian. The scheme dependence of the
Lagrangian is, of course, a general fact.






CONCLUSIONS OF PART |

In this work, we used in-out correlators in dS static patch to give a generalization of the quasinor-
mal spectrum in interacting theories. We related this spectrum to the spectrum of dimensions that
appear in the Kalén-Lehmann spectral density ~ e of the 2-point correlators. We have seen that the
guasinormal spectrum is generically (though not always) discrete, and the analytic structure of the
correlators is similar to the celestial amplitudes.

The downside of our approach is that the horizon correlators are not well-de ned when gravity is
dynamical. In that context, it seems more natural to de ne the operator insertions with respect to the
worldline of a dS observer. On the other hand, the generalization of the quasinormal spectrum to the
interacting case might be relevant in computing the corrections to de Sitter entropy as thoroughly
discussed in [11].

We have also showed that at low frequencies, the in-out correlators can, under certain conditions,
be matched to a nite temperature boundary EFT. This BEFT can be thought of as the hydrody-
namic limit of the problem. It might be useful in understanding the structure of thermal EFTs and
dissipative hydrodynamics. In particular, it would be interesting to nd similar positivity bounds
in them.

Finally, it would be interesting to explore the consequences of unitarity for the cosmological
correlation functions, and to nd potentially observable consistency conditions. See [ 24] for an
earlier work in this direction.
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PRIMORDIAL BLACK HOLES

5.1 physical motivation

The possibility that the totality of dark matter in the Universe consists of primordial black holes
(PBHSs) still holds the stage even though almost half-a-century has passed after the pioneering
proposal of Hawking and Carr[ 25, 26]. This is especially true in the mass range 10'® RMpgy g R
10! in which black holes are neither too light (otherwise they would have evaporated in the past
through Hawking radiation|[ 27]) or too heavy (otherwise they would distort space-time in a way
that contradicts present bounds from lensing experiments|[ 28, 29)).

PBHSs could have formed in the very early Universe during the radiation dominated era. ! The key
ingredient that triggers the formation of a PBH is the presence of an over- uctuation in the density
of the Universe which, if large enough, gravitationally collapses dragging down any matter within
its horizon, that is the parcel of space around any point reachable at the speed of light.

The theory of in ation provides an elegant mechanism that explains the origin of density per-
turbations in the Universe. In the in ationary picture, space-time uctuates quantum mechanically
around a background that is expanding exponentially fast. After the end of in ation, these curva-
ture uctuations are transferred to the radiation eld, creating slightly overdense and under-dense
regions. It is, therefore, fascinating to ask whether the formation of PBHs ts in the in ationary
picture of structure formation. 2 To answer this question, two (related) aspects need to be addressed.

i) The in aton dynamics should give rise to a peak in the power spectrum of curvature pertur-
bations.? This translates into a large variance for density perturbations that, in turn, enhances
the chance to create overdense regions above the threshold for gravitational collapse.

i) The abundance of such collapsing regions should be large enough to explain the totality of
dark matter.

Here we focus on simple single- eld in ationary models. It is known that in order to ful | point i)
slow-roll conditions must be violated. The simplest option is to introduce, few e-folds before the end
of in ation, an approximate stationary in ection point in the in aton potential (see refs. [ 35-37] for
the earliest proposal in this direction). When the in aton, during its classical dynamics, crosses this
region (during the so-called “ultra slow-roll phase”), curvature perturbations, due to the presence of

1 Itis also possible to have PBH formation during matter domination[ 30].

2 This is not the only option. The formation of PBHs may have been independent of in ationary physics; PBHs may
have been originated from topological defects formed during symmetry breaking phase transition, for instance from the
collapse of string loops [ 31-33].

3 An exception, where no ampli cation of the power spectrum is needed, are models where PBHs form from the collapse
of domain walls created during in ation[ 34].
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negative friction, get exponentially enhanced [ 38-42].% Point ii) is more subtle. Due of their intrinsic
guantum-mechanical origin, the way in which quantum uctuations lead to a classical pattern of
perturbations can be described only in a probabilistic sense. Consequently, the computation of the
abundance of collapsing regions requires informations about the statistical distribution of density
perturbations. Most of the time, for simplicity, the gaussian approximation is assumed. However,
the very same fact that slow-roll conditions are violated as a consequence of point i) suggests that
non-gaussianities may play a relevant role. Refs. [45, 46] indeed nd that during an ultra slow-roll
phase sizable non-gaussianities of local type are generated. In the rest of this paper we will dub
these non-gaussianities “primordial” to distinguish them from non-gaussianities that arise from the
non-linear relation between curvature and density perturbations.

What is the impact of primordial non-gaussianities on the gaussian approximation when com-
puting the PBH abundance? Ref. [47] addressed this question in the context of threshold statistics.
The main result of ref.[47] is that the abundance of PBHSs is exponentially sensitive to primordial
non-gaussianities °. Based on this result, ref. [45] claims that, in the context of single- eld in ation-
ary models which feature an approximate stationary in ection point, the gaussian approximation
is hardly trustable when computing the PBH abundance.

The goal of this work is to address the same question using a different computational strategy
inspired by peak theory [ 48]. More precisely, we associate regions where the overdensity eld takes
values above the threshold for gravitational collapse with spiky local maxima of the curvature
perturbation eld, and compute the number density of the latter using peak theory that we extend
to include local non-gaussianities.

Our main conclusion is that the impact of local non-gaussianities on the PBH abundance is far less
important compared to what previously thought. We con rm that in models for PBH production
(at least the class of models that we are going to consider), local non-gaussianities are sizeable
enough to invalid the use of the the gaussian approximation to estimate their abundance. However
we nd that their impact is modest when translated in terms of the amplitude of curvature power
spectrum, namely it is enough to change it by a factor 2 or smaller to obtain the same PBH
abundance predicted by the gaussian calculation. This shift can be obtained by a small change of
the parameters of the in ationary model.

En route, we discuss the difference between threshold statistics and peak theory, and we explain
under which conditions (and why) peak theory gives a PBH abundance which is larger than the
one computed by means of threshold statistics.

The structure of this part is as follows.

4 Alternatively, a parametric ampli cation of curvature perturbations could be caused by resonance with oscillations in
the sound speed of their propagation[ 43]. Another possibility is that, after the in ationary phase, the in aton begins to
oscillate near the minimum of the potential and fragments into oscillons which, in turn, lead to copious production of
PBHs [44].

5 More precisely this means that in the context of threshold statistics the PBH abundance is given by eq. ( 6.2.14), where G,
are the n' normalized cumulants of the non-gaussian distribution.
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T In section5.2 we introduce the problem and present our solution strategy. This section is
paired with appendix B where we explain in more detail the cosmological interpretation of all
gquantities involved.

¥ In chapter 6 we discuss our main results and we explain the discrepancy with the previous
literature. This section is paired with appendix C-F where we collect all relevant technical
details.

T We conclude in chapter 7.

5.2 problem setup and solution strategy

Consider in position space
h"k R R R K2, (5.2.1)

where is a constant, Rk is a gaussian scalar random eld while h*# is non-gaussian because of
the presence of the non-linear term on the right-hand side. In this case, non-gaussianities are called
of local type because for a given M at which we evaluate h the amount of non-gaussianity is localized
at the same position. We brie y discuss in appendix B the physical interpretation of eq.( 5.2.1) and
the limitations of this parametrization of non-gaussianities.

The rst observation is that

@h" % @R 1 2 R, (5.2.2)

meaning that stationary points of R are also stationary points of h (@R 0implies @h 0).

What is crucial, however, is that the nature (saddle points, maxima or minima) of these “shared”
stationary points depends on the sign of the factor 1 2 R. Consider the matrix of second deriva-
tives evaluated at a stationary point &; (we will further indicate a minimum with &, and a maxi-
mum with &). One nds the Hessian matrix hj “&e Rjj K" 1 2 Rge.b

To x ideas, consider the simple case of two spatial dimensions & “x,yeT and the case in which
the stationary point &, is a minimum of R.

Minima of R are identi ed by two conditions. The rst one, Ryx Rn*Ryy “Rhe Ry “Kpe? AO
separates extrema from saddle points. The second oneR ,x “#n* AOand Ryy “Kle A0, separates min-
ima from maxima. Since we have hyy “Knehyy “Rine  hy, “Rihe? "1 2 Rpe? Ryx KnoRyy “Rine
Ryy “Rine2 it is obvious that the condition Ryx “Rn*Ryy “Rine Ry “Rine2 AOis also satis ed by h.

On the contrary, since hy “Rne "1 2 Rp*Ryx Khpe and hyy "Kpe "1 2 RpeRyy "y, itis
possible that a minimum of R becomes a maximumofh if 1 2 Ry, @D0. Viceversa, a maximum of
R can become a minimum of h.

The argument trivially generalizes to the more realistic case of three spatial dimensions.

6 We use the short-hand notation f, &, fi " @f & evaluated at & and f;; "R+ @ "% evaluated at & for some
generic function f. The at spatial Laplacianis ©?f"& p; f; "&b.
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In peak theory, one computes the number density of maxima[ 48]. We are interested in the number
density of maxima of the non-gaussian variable h. As argued before, identifying this quantity with
the number density of maxima of R (based on the observation thath and R have the same stationary
points) is not correct. Let us give a quantitative argument to support this claim. From the previous
discussion, it is clear that counting the maxima of R might be not enough. On the contrary, a simple
modi cation could be the following. One should

i) Count the maxima of R;
i) Add the minima of R that, depending on the value of "1 2 Rpe, become maxima of h;

iii) Subtract the maxima of R that, depending on the value of "1 2 R*, become minima of h.

Ref. [49] assumesi). However, the two operations ii) and iii) do not balance between each others,
and a sizable correction to i) will be introduced if is large enough. In g. 3 we show how the
number density of maxima of the gaussian variable R changes (in percentage) as a function of
when ii) and iii) are implemented. Schematically, we compute

“#minimaof R  maximaof he “#maximaofR minimaof he

#maximaof R '
We obtain g. 3 using gaussian peak theory (implementing the results of ref.[ 48], see appendix C).
If we take P 1,ii) and iii) do not alter the estimate of i). However, for sizable a 0.2 the change in
the number density of maxima of R becomes evident.

In situations of cosmological interest, the issue is further complicated by the fact that we are not
really interested in all maxima of h but only in those which are “spiky enough.” The reason is that
the quantity which is relevant is the density contrast "Rt (also dubbed overdensity eld in the
following) whose relation with h"kb (assuming radiation dominated epoch) reads [ 50]

(5.2.3)

N max

R 4 1% onfe c2nem Lhocgip o
Alte E_)(aH. e ©“h" K §h| Nh| ) L. (524)

where the time dependence comes from the scale factora a"te and the Hubble rate H H"te while
h does not depend on time because eq. b.2.4) assumes perturbations to be on super-horizon scales.
Eq. (56.2.4) can be thought as a Poisson equation in which h plays the role of gravitational potential
while the density contrast can be written more precisely as “Rlte "R te~ b te where , teis
the average background radiation energy density and ~ “Rklte  “Klte |, te its perturbation. The
physics-case that is relevant for the present study is the one in which the density contrast has a
peak localized in some region of space that is high enough to trigger the gravitational collapse into
a black hole. If the number of these peaks above threshold is large enough, these black holes can be
part of dark matter. In the range 10 RMpgy g R 10?!, a population of PBHs may account for the
totality of dark matter observed in the Universe today.
Consider a peak of the overdensity eld, located at some spatial point ﬂ)k.
- 4 1 2 4

. fie opag o Lo o 1.2 5 s
P te —<—e e P @2 ke Shitfheehi e <= ©%h"fke,  (5.25)
9 aH 2 9 aH
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Figure 3: Percentage increase in the number density of maxinf& afhen we ii) add the minima d® that become
maxima ofh and iii) subtract the maxima oR that become minima df (see egq52.3)). To make this
(illustrative) plot we set ¢ 1and 34 (see appendix C for de nitions).

where in the second step we linearized in h. We follow here the approach of refs.[51, 52 in which
the linear approximation was adopted. Since the peak amplitude of the overdensity must be larger
than some critical value ., we deduce the condition

© ?h fye & %aH-z . (5.2.6)

on the curvature of h at the peak of

If we assume that local maxima of h coincide with peaks of (thatis ﬂ)k ), then the condition
in eq. (5.2.6) tells that only maxima of h which are “spiky enough” contribute to the formation of
black holes. Of course, the assumption that local maxima of h coincide with peaks of requires
some care. Ref. b3] argues, both analytically and numerically, that this assumption is well justi ed.
However, ref.[ 53] only considers the case in which h is gaussian, that is,h R with 0in our
case (but they include the presence of the non-linearities in eq. (5.2.5)). Since stationary points of R
are also stationary points of h, we tend to believe that the same conclusion holds true in the case
with  x 0 but of course this is an important point that has to be checked explicitly.

All'in all, the strategy we shall follow in the course of this work is the following.

First, we will compute the number density of maxima of the non-gaussian random eld  h that are
“spiky enough” according to the condition in eq.( 5.2.6). This requires a generalization of the work
in ref.[48] such as to implement local non-gaussianities. Second, we will check that these maxima
are also peaks of the overdensity eld. If this last point will turn out to be true, our computation
of the number density of “spiky enough” maxima of h will provide the abundance of peaks of the
overdensity eld that are large enough to form black holes.






RESULTS AND DISCUSSION

We present in this section the main results of our analysis. In section 6.1 we discuss how primordial
non-gaussianities of local type alter the abundance of PBHs. In section6.2 we compare with the
existing literature.

All technical details are collected in appendix B (where we discuss the origin of eq. ( 5.2.1) from
a cosmological viewpoint), appendix C (where we discuss the gaussian limit), appendixes D and E
(where we discuss how to construct the non-gaussian part and the approximations that are involved)
and appendix F (where we give formulas for computing cumulants of generic order).

6.1 the abundance of pbhsinthe presence of primordial local non -gaussianities

The quantity of central interest is the fraction of the Universe's mass in the form of PBHs at the time
of their formation. As customary in the literature, we indicate this quantity with . The present-day
fractional abundance of dark matter in the form of PBHs is given by (for a review, see ref.[ 54])

1-2

g “tee 14
PBH O 1e o U PBH .

, 6.1.1
oM ‘101 10675 1018 g (611)

where g;"tse is the number of relativistic degrees of freedom at the time of black hole formation
(that we normalize and set to its standard model value). Eq. ( 6.1.1) is de ned modulo an overall O~ 1
factor whose precise value depends on the detail of the gravitational collapse that leads to black
hole formation. In this paper we consider Mpgy 10'® g; consequently, as an order-of-magnitude
estimate, & 10 1 is excluded since it would imply overclosure of the present-day Universe, peH A
DM -
We nd the following formula

fraction of the Universe's mass in PBH in the presence of primordial local hon-gaussianities

1 a _ a _2~2 . ")f xi-zz
—»2’\:2 a d SX - dxe f"xee 21 :
4271 =8 (6.1.2)
5 1 . X " e - 5 “X x¢°2
S °d" g dxe “f'xee 2t %

that we derive in detail in appendix C (as far as the gaussian limit is concerned) and appendix D

(where we discuss how to construct the non-gaussian part and the approximations that are in-
volved).

In short:
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The parameter , already de ned in eq. ( 5.2.1), indicates the presence of local non-gaussianities

(of quadratic type). The limit 0 reproduces the gaussian result. A more physical interpre-

tation of this parameter is given in appendix B. In concrete models of in ation which generate

a sizable abundance of dark matter in the form of PBHs (see, for instance, ref. [55]), we expect
> 0.24,0.61 [45, 46)].

We derive our result based on peak theory. More precisely, we associate regions where the
overdensity eld takes large values with spiky local maxima of the comoving curvature per-
turbation, and compute the number density of the latter using peak theory that we extend to
include local non-gaussianities. Within this approach, eq. ( 6.1.2) represents an original result.

The spectral moments 12 are de ned by (see eq. (C.0.9) and discussion in appendix C)

Kk .

Z s d?PRAk- k3 (6.1.3)
where Pr ke is the dimensionless power spectrum of the gaussian random eld R. The a-
dimensional parameter is de ned as §~ 2 o and takes values0 @ @1. In this paper

we analyze two possible cases. In order to elucidate some intermediate results of our compu-
tational strategy, we use in appendix C a simple toy-model for the power spectrum given by
the log-normal function (see eq. (C.0.24) and related discussion)

Ag log® kkte

Pr ke 9 =-ex ,
R 2V P 2v2

(6.1.4)

since in this case the spectral moments can be computed analytically and they are given by 12
Ag k?rj e2*V? The three parameters”™kt,Ag, Ve in eq. (6.1.4) control, respectively, the position of
the peak of the power spectrum, the peak amplitude of the power spectrum and its width.

However, we remark that in single- eld in ationary models the value of that de nes the
amount of local non-gaussianities and the shape of the power spectrum are intimately related,
and in general one can not take as a free parameter and x the power spectrum to a speci ¢
functional form like the one introduced in eq. ( 6.1.4). A more realistic example is the following.

Consider the power spectrum de ned by the piecewise function

¢ . N1 10027K 1 K 1o
DSCe Texp ST for k@
H e
realistic power spectrum Pr ke Prkie ) exp % for kq Dk Dk»
SNLF log2k ok t°
.t.z Skk_z. exp °9 2v22 ! for kAk2
(6.1.5)

with two power-law behaviors for k P k+ and k Q k; that, for k k¢, are connected by the
log-normal function in eq. ( 6.1.4). In this case, it is possible to show that the spectral index
of the fall-off of the power spectrum after the peak at k ki is related to by the relation
n, 4 thatis twice the value of the Hubble parameter after the end of the ultra slow-roll
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phasel In our numerical analysis, therefore, we use the realistic power spectrum in eq. ( 6.1.5)
with the condition n, 4 for xed . This provides the above-mentioned relation between
the amount of local non-gaussianities and the shape of the power spectrum. We remark that
this point is often overlooked in the literature. As a numerical check, we show in g. 4 (left

Figure 4: Power spectra for the model in réf5] (red, with labelk 1), ref. [56] (blue, with labek 2*°) and ref. p7]

(green, with labek °88) computed numerically by solving the Mukhanov-Sasaki equation (left panel). The
slope of the power-law falloff after the peak3s® where ¢ is the value of the Hubble parametefwhose
evolution, as function of the-fold timeN with N;, the beginning of the ultra slow-roll phase, is shown in the
right panel) after the end of the ultra slow-roll phasg; in turn, is related to the parameter that controls

the size of local non-gaussianities via  ¢~2 (see appendix B).

panel) the power spectra of comoving curvature perturbations computed numerically for three

in ationary models in which a ultra slow-roll phase takes place. All power spectra are well
described by the analytical ansatz in eq. (6.1.5). The slope of the power spectra after the peak
is related to the value of the Hubble parameter  (shown in the right panel of the same
gure) after the end of the ultra slow-roll phase which, in turn, controls the size of local
non-gaussianities (see caption and appendix B for more details).

As far as the values of the other parameters in eq. (6.1.5) are concerned, we useky 1.5 10%
Mpc 1,n; 34,k kiS5 ks 3ki~2andv 0.7; the values of k12,Vvand n; are motivated by
a tof eq. ( 6.1.5) done with respect to the numerical power spectrum obtained in the context of

1 This can be understood as follows. The modes that constitute the fall-off of the power spectrum after the peak are those for
which the horizon-crossing condition k aH happens after the end of the ultra slow-roll phase [ 55]; during this part of the
dynamics the power spectrum can be approximated by means of the conventional slow-roll relation Pg "ke H?-8 ?
where the Hubble parameter  evolves in time according to "N« E e 2 oN \where o (which is a negative number,

o @0, see appendix B) is the value of the Hubble parameter after the end of the ultra slow-roll phase. We neglect the
contribution coming from the time-evolution of H, which is sub-leading. This means that we have Pgr "ke E&e? °N. From
k aH we have dk~k dN, and we can convert the e-fold time-dependence into a k-dependence, Pg "ke EkZo k4
where we used that 0~2 (see appendix B).
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the explicit models studied in ref.[ 55]. In particular, notice that the spectral index nj describes
the growth of the power spectrum that leads to the formation of the peak; its value is related to
the value of the Hubble parameter  during the ultra slow-roll phase and the duration of the
latter. Semi-analytical arguments (see ref. [58]) suggest that n; @4.° The value ky 1.5 10%
Mpc ! is chosen because it impliesMpgy 108 g (for which  pgy pMm IS possible, see
ref.[46]). We consider the peak amplitude of the power spectrum Pgr“kte as a free parameter.
The power spectra that we consider lead to a narrow PBHs mass function.

T The function f"xe is given in eq. (D.1.17) and the quantity x; in eq.(D.1.12). The function x " e
is de ned by the relation (see eq. (D. 1.14))

12 gex e YamHm? (6.1.6)
4 2

where . O71e is a threshold value above which a peak of the overdensity eld collapses to

form a black hole. The left hand side of eq. (6.1.6) corresponds to the critical curvature of h in

eg. (6.2.6), see section D. Formally, eq. 6.1.6) depends on time via the comoving Hubble radius

1-aH. We evaluate eq. €.1.6) at the time t,, when curvature perturbations re-enter the horizon

and become causally connected (see refs.§1, 52] and appendix F of ref.[ 2]) 3. In eq. (6.1.6) we

use the short-hand notation ajm Hm @ tmeH tme.

¥ An important comment concerns the so-called smoothing procedure. Consider the case in
which one takes a very narrow power spectrum, like the toy-model introduced in eq.( 6.1.4)
with a small value of v, sayv 0.1. In this case it is not strictly necessary to introduce a
smoothing procedure because the power spectrum is characterized by a well-de ned scale in
momentum space, k k. The realistic case introduced in eq. (6.1.5), on the contrary, requires
more care. Although the power spectrum peaks at k ki, the peak is broadened by the
relatively large value of v, and it also possesses a pronounced power-law tail at large k Q k.
In this situation we can not blindly apply eq.( 6.1.2) to compute the PBH abundance because
the spectral moment % is formally ultraviolet-divergent unless the power spectrum decays
fast enough, which is however not the case in the realistic model. * The solution to this issue
(discussed in appendix F of ref.[ 2]) is to smooth-out small scales by introducing an appropriate
cut-off. At the operative level, we use, instead of eq. (6.1.5), the power spectrum P&“t“k-
Pr ke exp” k2~k§ut- and we choose k¢ such as to minimize the threshold value in the right-
hand side of eq. (6.1.6). Notice that this smoothing procedure is relevant for the determination
both of the threshold value and the spectral moments in eq. ( 6.1.3).

2 However, see ref.[59] for a special case (derived in the context of non-attractor in ation) in which the growth of the
power spectrum can be steeper, although for a limited range of k. A steeper growth can also be attained in multi- eld
in ationary scenarios[ 60].

3 Notice however that eq. (5.2.4) is valid on super-horizon scales. This means that at horizon-crossing additional non linear
effects are present. Recently, these corrections have been considered in refg1].

4 Of course, any power spectrum generated by the in ationary dynamics has an intrinsic cut-off set by the smallest scale

(largest k) that exits the Hubble horizon before in ation ends. More precisely, therefore, with the words “ultraviolet-
divergent integral” we mean that % is dominated by small scales.
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Physically, the fact that the power spectrum in eq. ( 6.1.5) does not possess a well-de ned scale
means that the PBHs it generates will be characterized by a relatively broad mass distribution
(rather than sharply peaked at the value associated to k+). The cut-off procedure described
before selects the scale (and, therefore, the value of the massM pgy) at which the abundance
of PBH will be the largest.

¥ We use the linear approximation in eq. ( 5.2.4).

We now discuss the implications of eq. (6.1.2). In the left panel of g. 5 we show the fraction of

Figure 5: Left panel: Fraction of the Universe's mass in PBHs at the time of their formation computed with (solid
lines with colors) and without (dashed black line) non-gaussianities as a function of the peak amplitude of the
power spectrunPr “kie. We adopt the realistic model for the power spectrum introduced i.&d)(and
the abundance is computed using &dL.@). We show the impact of non-gaussianities for different benchmark
values of . In the hatched region we haveA 10 6 and the Universe is overclosed (see@fy.1) and related
discussion). Right panel: we consider two spatial dimensions, and compare the exact computatigthof
the approximation obtained including only the third-order cumulants. We also show the valueliined
by means of the exponential approximation in ed.(24); the latter gives an estimate of the abundance off
by many orders of magnitude compared with the actual result.

Universe's mass in the form of PBH computed according to eq. ( 6.1.2) for increasing values of the
parameter starting from the gaussian case with 0. What values of are expected in concrete
models? In popular single- eld models of in ation that generate a sizable abundance of dark matter

in the form of PBHs, we nd 0.38 (ref. [55]), 0.37 (ref.[62)), 0.30 (ref. [63)]), 0.22
(ref.[57]), 0.61 (ref.[56]). The plot shows that including local non-gaussianities of primordial
origin makes the formation of PBHs easier, and the value of Pr"kte required to reproduce the
benchmark abundance 10 8 turns out to be smaller than the gaussian one. We nd that the
rescaling of the peak amplitude implied by the presence of local non-gaussianities is modest, a



34

results and discussion

factor a few in realistic models. Moreover, let us mention that it can be obtained at a price of
an even smaller retuning of the parameters of the in ationary models. Similar results have been
obtained in[ 46] for the calculation of the PBH abundance with threshold statistics.

In addition to the exact result presented in eqg. ( 6.1.2), we also consider a “perturbative” approach
based on a power-series -expansion around the gaussian distribution. To this end, we work in two
(instead of three) spatial dimensions. This simplifying assumption allows to perform most of the
computations in appendix C and appendix E analytically, and makes possible to visualize and check
numerically a number of intermediate results by means of simple two-dimensional plots.

Let us rst clarify the exact meaning of the word “perturbative.” From a statistical viewpoint,
the -expansion corresponds to an expansion in cumulants of the joint non-gaussian probability
distribution according to the schematic summarized in table 1 (see appendixC, appendixE and
appendix F for details). In the gaussian approximation, all cumulants C, g3 vanish and the second-

Gaussian
O ¢ |0 2|0 % |0 4 | 0O 5
0
second-order cumulants C, 3 7 3 7 7 7
third-order cumulants Cs 7 3 7 3 7 7
fourth-order cumulants Cy4 7 7 3 7 3 7
fth-order cumulants Csg 7 7 7 3 7 3

Table 1: We organize the cumulants C, of the joint six-dimensional probability distribution
P"h,hyx,hy , hyx ,hyy ,hyy ¢ as a series expansion in. In the case 0, only second-order cumu-
lants are non-vanishing (egs. (E77-E.0.80) with 0), and we reconstruct the gaussian limit. At order
O~ «, the leading correction is given by third-order cumulants (eq€).85-E.0.92)). At order O 2o,
we include corrections to the second-order cumulants (e@s7{#E.0.80)) and the leading pieces in the
expression of fourth-order cumulants (eqsO(EO5E.0.120)).

order ones correspond to the entries of the covariance matrix of the distribution. This result is valid
in the limit 0. If x 0, all cumulants C,, g3 are generated. However, the non-zero cumulants
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can be organized in terms of an -expansion as shown in table 1 (see caption, and appendix E and
appendix F for details). Crudely speaking, we have

Chez O " 2. O ", (6.1.7)

At order O" «, only the leading part of the third-order cumulants C3 appears® We can, therefore,
consider an expansion around the gaussian distribution including only the leading part of the third-
order cumulants Cz. The rationale for this approximation is twofold.

i) If we compare the perturbative approach with the exact computation (downgraded in two spa-
tial dimensions) we can estimate the validity of the approximation in which only the leading
part of the third-order cumulant Cj is included.

This exercise is useful for the following reason. In the approach based on threshold statistics,
one usually computes, using the tools of cosmological perturbation theory, the cumulants in
the form of (the connected part of) correlators of the density perturbation eld. In the presence
of ultra slow-roll, however, this computation is not simple (see refs.[ 45, 46€]), and one typically
includes only the leading term in the so-called bispectrum (that is the three-point correlator).
This approximation precisely corresponds to the one in which only the leading part of the
third-order cumulant Cs is included (that is the one proportional to in eq.(6.1.7)). In the
right panel of g. 5 we show the comparison between the exact computation of  and the
approximation in which only the leading part of Cj is included; as mentioned before, we
work in two spatial dimensions and we x 0.45. The comparison shows that truncating the
expansion at the rst order in the non-gaussian corrections does not fully capture the impact
of non-gaussianities on

Based on this result, we pose the attention on the fact that a similar conclusion is likely to
be valid also when computing correlators in cosmological perturbation theory. The local non-
gaussianity which is present at the level of the three-point correlator (computed, for instance,
in refs. [45, 46] and used in ref.[45] to estimate the impact of hon-gaussianities on ) induces

5 More precisely, for each cumulant the expansion is controlled—considering for simplicity the log-normal power spectrum
in eq. (6.1.4)—by the dimensionless parameter A ¢ P 1.

35
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corrections also at higher orders. In terms of (cosmological) Feynman diagrams, the situation
can be sketched as follows

third-order cumulant fourth-order cumulant from (cubic interactions) 2 (6.1.8)

end of in ation

pure fourth-order cumulant (6.1.9)

where the square of the third-order local interaction enters at the fourth-order (as well as at
higher ones).® The comparison shown in the right panel of g. 5 suggests that, without includ-
ing the contributions that third-order local interactions induce in higher-order cumulants, a
precise computation of cannot be claimed.

In addition to this observation there is a second, and by far more problematic, issue that we
shall discuss next.

i) When computing non-gaussian corrections in the form of a series expansion around the gaus-
sian distribution, some care must be taken. Seemingly harmless approximations, indeed, may
lead to erroneous conclusions. Consider the simpli ed case discussed before in which only
the leading part of the third-order cumulants Cj is included. A wrong approximation in the
evaluation of the non-gaussian probability distribution leads to the expression of the abun-
dance that we report in eq. (E.0.104). In this compact expression, the non-gaussian correction
exponentiates and alters the argument of the exponential function in the gaussian distribution.
If this approximation were true, the effect of non-gaussianities would be exponentially large.
For illustration, we add in the right panel of g. 5 the value of that one gets by means of
ed. (E0.104). Clearly, eq. (E0.104) overestimates the actual value of by many orders of mag-
nitude. In appendix E we explain why this approximation is wrong and what is the correct
procedure to follow.

The reader may wonder why we are wasting time discussing a wrong result. The reason is that
it rings a bell. Previous studies on the impact of primordial non-gaussianities found, although

in a slightly different statistical context, that non-gaussian corrections alter exponentially the
gaussian value of , analogously to what happens with eq. (E. 0.104), an expression that we

6 Of course, higher-order correlators generated by pure higher-order interactions—for instance, a pure quartic interaction
in the violet vertex of the example above—could also be present but, as discussed in appendix B, we do not consider them
explicitly in this paper.
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just branded inaccurate. A closer look at this literature, therefore, is mandatory. This will be
the subject of the next section.

6.2 comparison with the literature

The impact of primordial non-gaussianities on the computation of PBH abundance was discussed
in ref.[47] in the context of the so-called threshold statistics. Ref.[47] nds that primordial non-
gaussianities may play a very relevant role because they alter the argument of the exponential
function that sets the value of the PBH abundance in the gaussian case. Ref. i5] applies the results of
ref.[47] to the case of single- eld in ationary models which feature the presence of an approximate
stationary in ection point, and concludes that the gaussian approximation does not give the correct
estimate of the PBHs abundance precisely because the non-gaussian correction exponentiates and
drastically changes the gaussian result.

However, this conclusion clashes with our result. In fact, as we are going to show, the impact of
non-gaussianities on the PBH abundance is much smaller than what found in ref.[ 47]. To explain
the discrepancy, let us rst re-derive the main result of ref.[ 47] in a simpli ed way.

In a nutshell, in the context of threshold statistics one computes, assuming a gaussian distribution,
the probability to nd regions where the overdensity eld takes values above a given threshold.
It is known that threshold statistics gives a smaller PBH abundance if compared with peak theory.
Let us brie y explain the origin of this difference even if this point is not crucial to understand the
discrepancy between our conclusions and ref. [47]. In this section we work directly with the density
contrast . Furthermore, we start considering the gaussian limit. The gaussian probability density
distribution of  with variance and spectral moments  (where o ) is given in the two cases
by the expressions

- 1 25 2
Pthreshold™ * &—=——¢ , (6.2.1)
2
1 ? f7xe "X ~ 2 2.9 2
Poeak” * —————= dX »————ex i e 6.2.2
peak "5 .2 R% CI380 51 2. p >1 2. | ( )
£111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111;
G™ , .
1 a
_— dxPpeak X, *, 6.2.3
"5 W2 R%_ SO peak ( )

where the, function f"xe is given explicitly in eq. (D. 1.17). The two quantities 0 D _§~_2 @1
and Ry 371~ , are factors depending on the power spectrum of  (notice in particular that  is
the same de ned below eq. (6.1.3) but now written in terms of the spectral moments of instead
of R). The variable x is dened by x © ? ~,. The two expressions are similar but there are two
differences. First, Pyea” * has dimension of inverse spatial volume (because of the factor 1~R§). This
is becausePyeq” * is de ned in peak theory as a number density of maxima. This implies that
the true comparison is between the a-dimensional quantities Piyeshoiq” © and R%Ppeak‘ . Second,
Ppeak” ® CONtains an extra factor (the one in curly brackets) with respect to Pyreshoid” *- This factor
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arises because in peak theory one starts from the ten-dimensional gaussian joint probability density
distribution P° , ;, j*of andits rst( ;)andsecond ( j ) spatial derivatives and imposes a num-
ber of conditions that select among the stationary points those that are maxima[ 4§]. In threshold
statistics, on the contrary, one simply integrates out all spatial informations by reducing P~ , i, jj ¢
to the one-dimensional gaussian distribution in eq. ( 6.2.1). The crucial aspect is that the function
G" , ¢ in eq.(6.2.3) depends on in a way which is proportional to the parameter . The latter
controls the degree of correlation between gnd x. When 0, the two variables are completely
uncorrelated, and we ndthat G°0, » "29 6 6~10 10 .Inthis case,G"0, * does not depend on

: peak theory and threshold statistics give the same qualitative answer (in the sense that the only

-dependence is encoded in the gaussian exponential which is in common between the two). When

1, and x are strongly correlated. This fact deforms the shape of the probability density distri-

Figure 6: Isocontours of constant probability density distributi®jeo¢"X, * de ned in eq.6.2.3). We use ~
and we set (for illustrative purposes only) the threshold at 3. The probability above the threshold is
obtained integratindPpeak X, © forx> 0,2 = and > ,2 . We show the case with 0 (no correlation
betweerx and , left panel) and  0.95 (strong correlation betweenand |, right panel).

bution of x and and gives more weight to the region in which  crosses the threshold for collapse.
This is illustrated schematically in g. 6 (using ~ ). In the case of strong correlation between

and x, therefore, it is well expected that after integrating above the threshold A . peak theory
gives a result which is larger than threshold statistics. * In threshold statistics, this information about
the correlation between and x is completely lost since is treated independently from the spatial
con guration. We remark that the difference between threshold statistics and peak theory is more
and more relevant as we approach the limit 1. As already pointed out, the value of s dictated
by the properties of the power spectrum (in this case, strictly speaking, the power spectrum of

7 Notice that, for the sake of simplicity, we are implicitly assuming in this example the same threshold value ¢ in the case
of peak theory and threshold statistics in order to highlight the main difference between the two statistical approaches.
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which is however related to the power spectrum of comoving curvature perturbations) with a very
peaked power spectrum that corresponds to the limit 1

After this digression, we can back to the main point of this section. In the context of threshold
statistics, non-gaussianities are included in the form of a Gram—Charlier A series around the gaus-
sian ansatz [64]

a

. ] 1 ‘
Png™ ¢ P01 nQ o ———=Bn"0,0,G,:::,G *Hp Gl_’—é (6.2.4)
~ & G . G . T10G Gee ‘
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where Pg~ ¢« "1~ 2 eexp” 2-2 2« s the gaussian probability density distribution of ~ with
variance (that is Pireshold” © introduced in eq. (6.2.1)) and H, are the physicists' Hermite poly-
nomials.® We de ne ~ and we introduce the n-th complete exponential Bell polynomial
Bn"X1,::1,Xn* PR 1Bnk X1,::5,Xn k 1° With By i the partial exponential Bell polynomials. We
indicate with G, the n" normalized cumulant de ned as the connected part of the n-point cor-
relator (evaluated at the same point) of the overdensity eld normalized by the n™ power of the
standard deviation

n times
31111111111111111111111111111.1111111111111111111111111111u

SR TRbe
G — (6.2.6)

The explicit computation of eq. ( 6.2.6) in the presence of an ultra-slow roll phase is discussed, in the
context of cosmological perturbation theory, in ref.[ 46] (see also ref. §5]). Notice that the quantity
* “Rb::: “Rbe is dimensionless, and so is G,. We now integrate Pyg~ ¢ over some threshold .

¢ .We de ne the abundance =~ .° RaC dPng” *.We nd®

[0}

~ 1 Cc 1 2.9 : 2 c ~ c
c* =Erffc®=" 2 _—e ¢ Bn"0,0,G,:::,G *H, 1 =" (6.2.8)
2 2 2 . OQ nign-2 >
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2— Q |2n S &n n 1 é f
11111111111111111111Im111111131111111111111311111111111113111111111111131311111111111113111111}]111111111111111111111111111111111111111111111111111
gaussianapprox g~ c* non gaussian correction
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where in the last step we use “1-2¢Erfc™x~ 20 "1~ 2xse X*2 for x Q 1.

8 We remind that

an Y29 2 ~ 1eM X2 2

X . ~ ~ n x2 d" x2
X" 2 e Hn B > , with Hp "x 1 €

e (6.2.5)

so that the reader can immediately recognize in eq. (6.2.4) the structure of a derivative expansion.
9 We use the property

a 2.5 2 2
ol o ge 7 Hn @~ ol canl@%‘. (6.2.7)

™|
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We now adopt the approach suggested in ref.[47] and approximate

Hn @—%‘ N2 n o802, (6.2.10)

which seems justi ed since ¢ Q 1. In this case eq. 6.2.9) becomes?

1 PO O
- c® OTeXpGE—C Q =
2 c 2 n 3 n!

(6.2.14)

We nd, therefore, the main result of ref.[ 47]: The non-gaussian correction exponentiates, and
changes the argument of the exponential in the gaussian distribution.

10 The complete exponential Bell polynomial is de ned by the exponential generating function[ 65|

) a X'tj“ a n

exp, Q -, Q Ba'XxpiiiXne o, (6.2.11)
i1l no n:

and the rst few complete Bell polynomials are By 1, B1"X3* X1, B2 Xg,Xp¢ xf X2, B3 X1,X2,X3* xf 3X1X2  X3.
In our case we havex; X, 0 and the previous de nition takes the form

»a th “ a n
exp, Q '7, 1 Q BnAO,O,xs,:::,xwtn—,, (6.2.12)
js It n 3 !

which applies to our case with t ¢ and Xjez3 G g3 Since the application of eq. (6.2.10) to eq. (6.2.9) gives

2
e 01 ec..z

2

a n
~ .. C
1 anBn 0.0,Gs,:11,Gres (6.2.13)

Notice that, compared to our result, ref.[ 47] nds an additional factor "~ 1+" in eq.(6.2.14) which, however, does not
appear in our computation.
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Consider the simpli ed case in which only the third-order normalized cumulant (a.k.a. skewness)
is non-vanishing, G x 0 and G, a3 0. This is the approximation studied in ref.[ 45] in which the
third-order cumulant is computed in the case of local non-gaussianities. * We nd

. o 1 2 ¢ .
c® —exp&— ——, with- G x0 and Gas O. (6.2.16)
2 ¢ 2 6
Ref. [47] and ref.[45) used the above equations to conclude that the gaussian estimate of the PBH
abundance is hardly trustable. This result is based on the approximation in eq. ( 6.2.10). However, as
we shall now discuss, the applicability of this approximation is not as straightforward as one may
think. Let us critically inspect the issue. o o
We de ne, for ease of reading, the quantity by~ ¢* =~ 2 ¢c~n!12"2eB,"0,0,G,:::,G *Hp 1" c~ 2°
which enters in the non-gaussian correction in eg. (6.2.9). As a consequence of eq.6.2.10), we have
(slashed terms are neglected if we apply the approximation in eq. ( 6.2.10))

G 3 1,
b3 TCCEL =, (6.2.17)
C
6
10 15
b —‘@ = =, (6.2.18)
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b ¢ = = == /= 6.2.19
9 1296 2z 4 6 8 (6219
by, i (6.2.20)

and so on. We see, for instance, that we neglected the term 7033 I324in eq. (6.2.19) but we kept
the term G 3~6in eq. (6.2.17). This is hardly justi able given that . Q 1 and we expect GG O"1e

11 Notice, however, that assuming G; x 0 and G, a3 0 is not fully consistent with the local non-gaussianities computed
in ref. [45]. Indeed, local non-gaussianities automatically generate non-vanishing cumulants of any order. This is evident
in our approach, in which  x 0 generates a whole tower of non-zero cumulants. From a more mathematical viewpoint,
consider the following theorem. The sequence n,n 0,1,2,:::¢ corresponds to moments of a non-negative probability density
function if and only if the determinants

o0 1 2 no
-1 2 3 n1—
Dp 1 det— , 3 4 ho— N 012::, (6.2.15)
n n1 n2 on °
are allnon-negative§6]. Consider the illustrative case with G Oforn E4. Wehave o 1, ;1 0, » 2, 3 Se
and n "“n ellforn E4even ( n Ofor n E4 odd). The last condition simply means that cumulants of order

higher than three vanish (and the corresponding moments purely gaussian). The rst determinant D3 AO already sets a
non-trivial condition on the skewness, that is 2 oG @ 2. However, there is more than this. It is indeed trivial to see
that higher-order conditions Dn A0 for n A3 impose increasingly strong bound on G; so thatonly G;  0is allowed if all
the in nite number of constraints are implemented. In other words, the theorem above implies that  skewness alone can not
consistently parameterize a non-gaussian probability density funclibis result resonates with what we discussed at point ii)

in section 6.1. Computing only the three-point correlator of the overdensity eld does not fully describe non-gaussianities

but one should at least include the contributions that the three-point function generates at higher orders.
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(see ref. 6] for a careful computation of G). This is enough to question the validity of the result
based on eq. 6.2.10). Furthermore, from this simple comparison, we also see that the approximation
in eq. (6.2.10—contrary to what naively expected—qgets worse for larger .

Figure 7: Left panel. Numerical comparison between i) the gaussian regilt . de ned in eq.6.2.9), ii) the expo-
nential approximation in eqf(2.16) and iii) the exact expansion of ¢c» g~ ¢* 1 Pﬂ"‘gx bn~ c* for
increasing values afnax. We takeG;  0.25 and we show our results as function of. Right panel. Same
as in the left panel but using the scaling in e§2(25) to draw as function ofPg "kye. We take o 1.2

In particular, in this speci ¢ case, we can rewrite the sum ( 6.2.8) by using the recurrence property
of the Bell polynomials:

n
“ n ~
Bn 17X1,:i0,Xn 1 Q <k-Bn kK X1,:00,Xn k®* Xk 1- (6.2.21)
k 0

In our particular case xx 1 G 1,3, therefore

Bz 1.70,0,G,0,:::,00 %‘Sk 173k 2¢GB3k"0,0,G3,0,:::,0e. (6.2.22)

This can be easily recasted in the form:

R T AL IE U TR 1
By "0,0,G;,0,:::,00 L oo TK I (6.2.23)

L 0, if nx3k

Using this identity inside the eq. ( 6.2.8) we get:

a k
" 1 c 1 2.5 1 @ c
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To show more explicitly the error that one makes by taking the exponential approximation in
eg. (6.2.16) we plot in the left panel of g. 7 the comparison between i) the gaussian result ¢~ c*
de ned in eq. ( 6.2.9), ii) the exponential approximation in eq. ( 6.2.16) and iii) the exact expansion
of “¢o & ¢ 1 Pp™b," ¢ forincreasing values of nmax'? We take G 0.25 and we set
G.a3 0. The approximation gives a wrong estimate of the actual magnitude of the non-gaussianities.
As expected, the exponential approximation diverges from the actual result for larger values of .

There is another point that is worth emphasizing. Taking G xed and changing only ., as
done in the left panel of g. 7 is not fully consistent since both G and . are functions of the
power spectrum Pg. More explicitly, we have the scaling ¢ EPg"kte 12 and G EPR k1?2 (see
appendix B). This means that reducing Pr "kte to decreaseG does not improve on the applicability
of the exponential approximation since , in turn, increases. To better visualize this point let us

consider the following benchmark scalings

~ 12 ~ 12
Pr Kkt G 08 TR K (6.2.25)

035 0.05 ' 0.05 ’

and take . 1.2. We can now redo the comparison we did before but now as function of PR k+e.
The result is shown in the right panel of g. 7. We conclude again that the exponential approxi-
mation overestimates the impact of local non-gaussianities on the PBH abundance by many orders
of magnitude compared with the actual result. Using the exponential approximation, one would
wrongly conclude that, in order to t the reference value 10 8, an order-of-magnitude decrease
in the peak amplitude of the power spectrum is needed compared to the gaussian result.

. a k ~ . . . .
12 One can argue that the power seriesP | ; %7Hak 1" contained in eq. (6.2.24) is not convergent. Nevertheless it should
be regarded as an asymptotic series that gives a trustable value after an optimal truncation. Moreover it is Borel summable,

a a - oK ~ .
and its value can be computed numerically evalutating the Borel sum R, e t Pk 1 AthTHgk 1"Xxe dt. This check has
been done and the value obtained agrees with the one got by the optimal truncation.






CONCLUSIONS OF PART 11

We conclude summarizing the main results and novelties of our work.

X We have studied the impact of primordial non-gaussianities of local type on the abundance of
PBHSs. For this purpose we have focused on the maxima of the the comoving curvature per-
turbations. We have shown that those peaks “spiky enough”, i.e. with a curvature larger than
a certain threshold, are good proxies for the maxima of the density eld which undergo grav-
itational collapse, and produce PBHs. Exploiting this observation, we have obtained that the
cosmological abundance of PBHs can be computed using eg. 6.1.2). Our calculations extend
the gaussian peak theory formalism [ 48] to include the effect of local non-gaussianities.

We have examined the consequences of our results for models of single- eld in ation with
an ultra slow-roll phase. These scenarios have been investigated for the production of PBHSs.
In this context, the impact of primordial non-gaussianities is not dramatic. In fact, the de-
sired PBH abundance can be obtained with an amplitude of the power spectrum of curvature
perturbations which is only a factor 3 2 smaller from the value inferred with the gaussian
approximation.

X In parallel to the exact result presented in eg. (6.1.2), we have developed a computational strat-
egy that approximates the effect of primordial non-gaussianities in the form of an expansion in
cumulants around the gaussian result. In order to have full analytical control, we worked out
this part in two (instead of three) spatial dimensions. The presence of local non-gaussianities
affect cumulants at any order, and we have shown what is their structure. Furthermore, we
have shown that the only inclusion of third-order cumulants is not suf cient to fully capture
the effect of local non-gaussianities.

X Previous works have studied primordial non-gaussianities in the context of threshold statistics,
nding that non-gaussianities exponentially affect the PBH abundance as given by eq. ( 6.2.14).
We have found that that result is not correct and largely overestimate the PBH abundance.

X En route, we discuss the difference between threshold statistics and peak theory, and we ex-
plain under which conditions (and why) peak theory gives a PBH abundance which is larger
than the one computed by means of threshold statistics.
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APPENDIX






DE SITTER QUASINORMAL MODES

a.l free commutator

Starting from eq. (2.2.5) and setting % i

N 21
CA!’. dlI ~
4T W07
1 cos " 1 1 . 1 . d 3 d
M v vV —— Fie= 1 ,= 1 ;——; Ve .,
(< 2 2hcs 1oy 2 2

where M f " se R)a xS 1f*xedx is the Mellin transform that can be analytically computed.

& i %t il Z %t it Z
o 20 S c1 e
% i ilZ% i i'Z. d - d d 1 .,
S o1 = oFc—= i i, = il ,—— i ,sin® e
%2 i Z %2 | 2 2 2
il 1d =
" z ~ 1 1 3 d .5 ﬁ
ne —e Fp<= y= I, —— 1l ;SN —*R,
<Sl 2 < | 5 5 5 A

(A.1.1)

(A.1.2)

where ,F; is the regularized hypergeometric function that has no singularities. From the expression

(A.1.2) it is straightforward the evaluation for 0,5, , where we can use that:

,F1"a,b;c;00  —,

Ce

. 1 %7 %$17
2F<a,1l a;c;—=° 2 72

2 o w27 %317
~ “c a be
Fi"a,b;c; 1. - ~ ,
2 as "c be
to show that:
S i %t i Z % i il Z% i i Z
20 % 1 e % i Z% iz
G . ] 1o i vz Ltw i o0z
2 22°1 it e g “1 il e ’
A % i itZ% iz
B S N B e |

(A.1.3)

(A.1.4)

(A.1.5)

(A.1.6)

(A.17)

(A.1.8)
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The poles are those in eq. @.2.7). For 0 there is an additional set of poles that extends to the

upper half plane:

. 1d
! i<n

e, n>N. (A.1.9)

For x 0 microcausality condition ensure the analyticity in the upper half plane. Indeed the

condition “Xe, “Ye 0 when "X Y2 A 0 means that the in-out commutator vanishes for
U @ug” * log%in? EZ If we anti-Fourier transform C"! , « to have the commutator in the real
space:
~ *od ilu A~
Cu, « s, 2—e TOCT ., (A.1.10
for ,ug” * 0, then:
~ ° o d! ilu A~
Cu, - S, 2—e C’!, o Oforu @no. (A.1.11)
If u @0 we close the contour upwards and this means that C*! , « has to be analytic in the upper
half plane because of the residue theorem.
If >70, o
~ dl 1. T ee il S e An ~
Cu, - S, 5 © Bouto =gl o °C1 '« Oforu@ug” -. (A.1.12)
Again, for u @ug~ ¢ we close the contour upwards and then the function ! ( e - o" +Cn ,

has to be analytic in the upper-half plane, but since ! ( e "™ o * is an entire function, therefore
I ( €1, «has to be analytic.

The only failure of this argument is for 0, becauseugy” a8 and so the microcausality
condition is not applicable, since the commutator can be non-vanishing | u >R, that is why its
Fourier transform C"! , « can have poles in the upper-half plane, as indeed happens e.g. in the free
case in eq. (A1.6).

The analytic structures of C*! ,00 and C"! , « for the free theory are reported in gure 8.

a.2 closure of the contour

We want to show under which conditions the integral in eq. ( 2.3.4) can be computed via contour

deformation to use the residue theorem. It is suf cient to prove that the integral on the arc at in nity

vanishes. In terms of de ned via % i , the condition is

d . d . -
Vgrg RSO d <5 [ g<§ [ . W W 0. (A.2.1)

We make a technical hypothesis on that is:

d % iz
V <= i VB —H as SS @, (A.2.2)
2 % i



A.2 closure of the contour

Figure 8: Complex plotoArg C*! , « vs! .Left 0and right . The red crosses highlight the poles.

otherwise one can see that the (A2.1) is not zero. This condition imposes d-dependent power-like

decay on . The perturbative examples in d 2,3 satisfy this requirement.

The hypergeometric function can be approximated via the saddle point approximation of its

integral representation:

1 2 eV

1 1, d . X"1 Xe
dx x"1 Xe 51 x-gexp |Iog1 » g

One nds that, for SS 2 :

d A A 9w iz A
R e N e A
2 2 % 1 Zsin"i e

where A” « is a constant and:

(o) —°_>AO,1°, for >"2 , Oe
2 1

We can observe that:
3
Sin"i S Sinh™ S
¥

1 1 1
Co— -e?Re 1 “ekhe
2 2 2

cosh™2 Re s c0s™2 Im e c
2

(A.2.3)

(A.2.4)

(A.2.5)

(A.2.6)

(A.2.7)

(A.2.8)

(A.2.9)
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Now we use the hypothesis (A. 2.2) so that:

\Y; <g i -g<% e g T VRAT 582 o Im (A.2.10)
where A” e is another constant. Therefore:

o
RSO d V<% iRe' -g<% iRe' o I jRei WRA™ . ﬁso d ¢ o RN (A.2.11)
(o]

A~ « R1p"Rlogc” += Lo Rlogc™ ee 2. 0 (A.2.12)

a

where I, and L, are respectively the modi ed Bessel function of the rst kind and the modi ed
Struve function and A~ « is again a constant.

a.3 sk perturbation theory for the 2 -point function

In the BEFT one can treat perturbatively both the conservative and non conservative interactions
with the SK formalism [ 67]. The exception is the 2 operator which is relevant and must be treated
non-perturbatively. So as the free action we take

a a

S s, dtS0 dx

NI

§2 B yegy 2. (A.3.1)

The presence of the “mass” produces the phase shift:

5
o

e2| [

(A.3.2)

Differently from the non perturbative approach followed in section ( 3), one can treat perturbatively
with the SK formalism also the conservative term. Indeed one can de ne the SK action starting from
the action (3.1.10) as:

Ssk Ry L SgerT R SeEFT L (A.3.3)

The conservative term in SK language are all of the form @ @
The insertion of a generic derivative operator inside the action of the form:

a

S gs, d@ “t,0-@ “t,0 (A.3.4)

gives, at O"ge, the following deformation of the commutator: *

g’ "Xs, "Yee gt "Xs CYey (A.3.5)

igSRdt@‘t “t,00 Yoy, @'t t,00 "Xeyg, (A.3.6)

1 In what follows t y means expected value in the SK formalism.
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where the subscript 0 means that those are computed in the free theory. The SK correlator are
connected with usual correlators as:

t Ttx,xe Tty,yeye o Ttx tye TtxoXxe, Tty,ye g (A.3.7)
t Tt xe Tty,yeyy O (A.3.8)
- - 1. . -
t tx,xs  “ty,yey, > tx,Xe, “ty,yeeep; (A.3.9)
. s

“tx,xe, Cty,ye o I—Sa "—cosA!x "1 ee cOs"ly “leesin | Tty tye (A.3.10)
T Tty Xe. Tt oo E ’ d!—cos"lx “1 oo cOS”! "l eecos | "t tyve
X X®, ly,ye*€q S. e 1o - : Yy : L I AA

(A.3.11)

The non-conservative terms inside the BEFT action appear as in eq. 8.2.7). With these tools we can
compute the effect at linear level in the coupling of both the conservative and non-conservative
terms:

a a

b o
¢’ ou'Us, in"0e Qs dz'—! 2N 1ocog? 71 e Pl (A.3.12)
n 1

a

a
. - A d! R -
nc  out U*, in O€ Q bn S, 2—! 2N 1eog? "1 oeg?
n o0

- (A.3.13)

This means, if we expand in powers of ! the EFT version of the function that appears in ( 3.2.3):
2, Zbo 1,

SEFTA I o 1 -
Co CO

0% 3Z. (A.3.14)
To achieve theO"! 3. term in the above expansion we need to include not only the conservative inter-
action at linear order c¢; 2°t,0e, but also the dissipative interaction bg %o Z"t,0e at quadratic
level O %32

From the path integral formulation one can see that:

“Xe, "Yee t "Xe Yy (A.3.15)
t AX. AY.yO I At AX. AY.SntyO t AX. AY.yOt Sntyo. (A.3.16)
7111111111211121111111111111121112111211111211211111211111111211121112111112112211111111111111111111211111111111111
O"b 0°*
U TXe TYeSLzo t TXe TYeSuyot Sy ¢
2T , 0 ° §50°b3e (A.317)
O %32Z. (A.3.18)

For the speci c case of Sy borydt “t,0 “t,0-, after the Wick's contraction, we have that the

O"b3e term is:

bz. “Xe, “Yee b3 S, dtdt % X Ct0you 0 Ct50zou Ct50e Yez .
(A.3.19
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So eventually we have that:

s ~ ~ ¢ d! ilu Ibg 2 on. 3
bz an’Us, w0 5 ——e™ —D1? 0%, (A.3.20)
0 CO
from which:
i - . 2i"1 2by b2 cocye .
SEFy . p 2y 2 b°2 )2 0 0 P % 0%t (A.3.21)
Co c3 c

As a consistency check, settingby 0 gives the expansion of the exact phase shift (3.1.12) up to
order ! 3.

One might go beyond the quadratic action including a 2 interaction. The leading contribution
in (A.3.21) isat O"! e, that is the same order at which dependence on ¢y shows up.



SCALAR PERTURBATIONS DURING INFLATION IN THE PRESENCE OF
ULTRA SLOW-ROLL

In this work we focus on single- eld models of in ation. We indicate with the canonically nor-
malized in aton eld and with U U™ e its potential. The dynamics of  can be obtained solving

the equation of motion
d 2 dlogUu

1
—(——eo
2 d d

d2 d 1d 8

¢ 2 2.2, BO.1
dNZ dN 2 dN 0, (B0D

with slow-roll initial conditions; N indicates the number of e-folds de ned by dN  Hdt, where
H a-a is the Hubble rate, a the scale factor of the Friedmann-Lemaitre-Robertson-Walker metric,
and t the cosmic time (with d~dt). We will also use in the following the conformal time de ned

by means ofdt~d  a or, equivalently, dN~d  aH (notice that, in the limit in which H is constant,
we have the relation 1~aH; the conformal time, therefore, is negative, and late times towards

the end of in ation can be formally identify with the limit 0).

Scalar uctuations can be ef ciently described in terms of the Mukhanov-Sasaki eld variable
u” ,& which is a gauge-invariant combination of both uctuations of the in aton eld and scalar
uctuations of the background Friedmann-Lemaitre-Robertson-Walker geometry. The Mukhanov-
Sasaki eld variable solves the differential equation (for a review, see ref.[ 68])

d?u , 1d?z,

5z Sqz U (B0.2)
1d%z 5,5 . . 1 d d

S22 a?H?ta C2 e o B0.3
zd2 @ aH ‘d d (B803)

with z "1-H<"d ~d « and ©? the laplacian acting on spatial coordinates. The Hubble parameters
are de ned by H~H? and H~2HH.
The eld u can be quantized by de ning the operator

d3k - & ta

- K g .3 Uk age ug -a&eim‘I , (B.0.4)

with the annihilation and creation operators that satisfy the commutation relations of bosonic elds
agage afaf. O, agag. "2 R R®, ag®e 0, (B0.5)

where the last condition de nes the vacuum. The equation of motion for each mode uy~ e takes the
form of a Schrédinger equation

d?u 1d?z

k CRZ T

iz Ed > ug O, (806)
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which can be solved imposing Bunch-Davies initial conditions at some initial time when k Q aH.
This choice de nes the initial vacuum state as the minimum energy eigenstate for an harmonic oscil-
lator with time-independent frequency in a space-time which is locally at (because we are at length
scales much smaller than the de Sitter curvature radius). Quantization of scalar perturbations is eas-
ier in terms of the Mukhanov-Sasaki eld variable u~ ,&b since the quadratic action corresponding
to the equation of motion in eq. (B. 0.2) is the action describing a canonically normalized free eld
with an effective time-dependent mass. However, the dynamics of the modes uy in Fourier space is
more transparent if we introduce the so-called comoving curvature perturbation R u-z; in analogy
with eq. (B.0.4), R can be promoted to a quantum operator

Al d3k ~ S R S
R* R s o5 R -age ™% R{ wafe 'tV (80.7)
with Ry uk-z that satis es the time-evolution equation
d’Ry . dRg k2
— 2+— ——R¢ O, B.0.8
dN2 dN  azHZ (B08)
which is the differential equation of a damped harmonic oscillator.
In the canonical picture of slow-roll in ation (that is for small Hubble parameters , P D,

eg. (B0.8) can be solved in two complementary regimes divided by the so-called horizon-crossing
condition k aH. At early times, when k Q aH (in such case the modes are called sub-horizon),
the last term dominates over the friction one, and the solution oscillates. As time passes by during
in ation, the comoving Hubble radius 1~aH shrinks, the horizon-crossing condition is met, and one
eventually enters in the regime characterized by k P aH (in such case the modes are called super-
horizon); the last term in eq. (B.0.8) can be neglected and the latter admits the constant solution
dRy~dN 0. In other words, after horizon crossing the mode Ry freezes to a constant value that it
maintains in time until the end of in ation (more precisely, until the mode re-enters the conformal
Hubble horizon after the end of in ation).

In the canonical picture of slow-roll in ation, after horizon crossing quantum uctuations can
be regarded as classical, which motivates the description of cosmological perturbations in terms
of classical random elds[ 69]. We will give a more precise de nition of random elds in ap-
pendix C. At the conceptual level, the previous statement implies that one has the schematic relation
limyanp1R™ K R meaning that for super-horizon modes the quantum operator R can be
interpreted as a classical random eld R"#; notice that the latter is time-independent because the
modes Ry are frozen in time. The previous relation can be formulated in a more precise form by
saying that vacuum expectation values on the quantum side are interpreted as statistical averages
on the classical side. Formally, in the classical picture we still have the Fourier decomposition

~ d3k

R s Az—.séRka,g,eiNf\' Riake F% (B0.9)
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but now creation and annihilation operators are no longer g-numbers but stochastic c-numbers
which are de ned by the statistical averages

1 “3e~f] Bbe - . .
‘agage 572 3 3R RE Cafage, agage ‘agage O. (B.0.10)

Notice that ‘a,ga&me ‘a;gkg,ge is only valid for classical uctuations, since it implies that the stochas-
tic parameters commute. Furthermore, the stochastic parameters ag, a& have zero mean value (con-
sequently, 'R"kbe 0) in order to match the fact that the quantum operator R~ & in eq. (B.0.7) has
zero vacuum expectation value.

The random eld R"# is fully speci ed by the entire hierarchy of its correlation functions. The
simplest one is the two-point correlation function. The latter can be de ned by introducing the idea
of power spectrum. The power spectrum g ke is de ned by the Fourier transform of the two-point
correlation function

A3k ff @ sin"kre k?

R AR N Ne S ,\2—.3e R ke So dk kr 2—2 R ke . (BO].].)

The fact that r“ke depends only on k $kand the explicit angular integrations that we performed
in eq.(B.0.11) are consequences of the assumptions of spatial homogeneity and isotropy (equiva-
lently, spatial homogeneity and isotropy imply that "R"#R"f Ke only depends on the relative
distance r  $8. The limit r  0in eq.(B.0.11) de nes the variance g of the comoving curvature
perturbation

*dk k3 . * dk _ .
oo rke s PRk, (B0.12)

2 "RfR e lim RFRN Re g
0 r 0
where we de ned the dimensionless power spectrum Pg“ke “k3~2 2¢ g“ke. This equation gives
to the power spectrum an intuitive statistical meaning; Pgr“ke represents the contribution to the
variance of the eld per unit logarithmic bin around the comoving wavenumber k. As stated above,
we can also compute eq. (B0.12) by taking the vacuum expectation value of the quantum operator
R~ ,&k. We have (using eq. (B0.5))
* dk k3

R S S, — RS, (B0.13)

a 3
lim aR” KRR~ Kf  lim dk K
k 22

k~aH P 1 kaHP150 Kk 22
where the last step means that we are considering a suf ciently late time (the limit lim o4 p 1,
for xed Kk, represents a time-limit since aH depends on time) such that the mode with comoving
wavenumber K is frozen to its constant value after horizon crossing (and the time-dependence drops
in the last equality). Eq. (B.0.13) gives an operative de nition of the power spectrum. For a given
model of in ation, we can solve eq. (B. 0.8) (equivalently, eq. (B.0.6)) for each k and take a “late-time
limit” in the sense speci ed above (that is we evaluate Ry at some late time after it freezes to a
constant value). The power spectrum is given by Pgr ke “k3~2 2+, $ and fully species the
two-point correlator of the random eld R“&. Equivalently, eq.(B.0.13) can be derived from the
computation of "R R"“}be by means of the decomposition given in eq. (B.0.9).

57



58

scalar perturbations during inflation in the presence of ultra slow -roll

To proceed further, we need to specify the structure of higher-order correlators. Under the as-
sumption that the random eld R is gaussian, however, the power spectrum is enough to fully
reconstruct higher-order correlators. This is because the N-point correlation function either vanishes
(for odd N) or can be expressed in terms of the power spectrum as a consequence of the Isserlis’
theorem (for even N). The assumption that the statistics of the random eld R"kb is gaussian is
well-motivated in the context of the canonical picture of slow-roll in ation. This is because if one
tries to compute, on the quantum-side, the three-point correlator lim oy p1 R™ ,RR™ KRR~ , Kbe
the resulting expression turns out to be suppressed—compared to the two-point correlator—by ad-
ditional powers of the Hubble parameters and [70]. This means that non-gaussianities are not
relevant during conventional slow-roll dynamics during which the Hubble parameters take O"P 1.
values (said differently, this means that any detection of sizable non-gaussianities at CMB scales
will rule out all single eld slow-roll models of in ation).

However, we are interested in a situation which deviates from standard slow-roll dynamics. We
refer to ref.[55] for a detailed (both analytical and numerical) study, and we summarize here the
main points.

Standard slow-roll dynamics takes place at large eld values. However, few e-folds before the
end of in ation (which ends at the absolute minimum of the potential located at the origin) the
in aton eld crosses an approximate stationary in ection point. The in aton eld almost stops but
it possesses just enough inertia to overcome the approximate stationary in ection point. During
this part of the dynamics the Hubble parameter  transits from 0 (that is typical of slow-roll)
to a large positive value that is maintained for few e-folds until the eld crosses the approximate
stationary in ection point. If a 32 (typically one has a 3), the friction term in eq. (B. 0.8) becomes
negative. This part of the dynamics characterized by the presence of negative friction is dubbed ultra
slow-roll. During the negative friction phase, the modes Ry—more precisely, their modulus &Ry S—
change exponentially fast, and can be either enhanced or suppressed depending on the specic
value of k.

After the end of ultra slow-roll, transits to a phase during which it takes negative O”1e values.
The friction term in eq. (B. 0.8) turns positive, and the modes Ry—after being enhanced or sup-
pressed by the negative friction phase—are now free to freeze to their nal constant value. Since
Pr ke "k3-2 2eR, 8, the negative friction phase that modi es exponentially R Sproduces a
distinctive peak in the power spectrum of curvature perturbations.

This peculiar dynamics has important consequences as far as non-gaussianities are concerned.
Because of the presence of the negative friction phase, classicalization of the modes do not happens
after their horizon crossing but is delayed after the end of ultra slow-roll[ 71]. This means that the
three-point correlator “R”~ &R~ kR~ ,kbe has to be evaluated after the end of ultra slow-roll.
Crucially, after the end of ultra slow-roll takes sizable negative O"1¢ values (while we expect

P 1). Let us indicate this value with o (which is a negative number). This implies that non-
gaussianities are no longer negligible since the expected slow-roll suppression is not valid anymore.
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The explicit computation of the three-point correlator in Fourier space gives, for a triad of comoving
wavenumbers kq,k», ks, the so-called local bispectrum [45]

Br "k1,k2,k3* o R Ki* r'kze R'ki* r7kz* Rr7K2e R7kze , (B0.14)
where the three-point correlator is given by the Fourier transform

lim R PR PR B g Sk ke ks s sl B 7B Ky Ky ke
end of USR ' ' ’ S "D e372 4372 43 R Ki,K2,K3ze*,

and where lim ¢nqofusr indicates explicitly that the three-point correlator has to be evaluated at some
late time after the end of ultra slow-roll, when the modes Ry nally set to their nal constant value
(so that the right-hand side of eq. (B.0.15) does not depend on time).

The analysis carried out in refs.[45] shows that non-gaussianities in the presence of ultra slow-
roll are expected to be non-negligible. Egs. (B.0.14, B.0.15) represent the quantum side of the story,
and eq. (B0.14) can be obtained by means of the so-called “in-in” formalism[ 70]. It is important
to understand the implications from the point of view of the random eld R"kb. Consider the
non-gaussian random eld Ryg k¢ de ned by

~

Ry 0 R 20' R 2 aRg f2f | (B.0.16)

where R & is a gaussian random eld—with variance % (see eq. (B0.12)—which admits the
decomposition given in eq.(B.0.9); it is a simple exercise to show that the three-point correlator
"Rne R Rng R Ry Rbe has precisely the form given in eq. (B.0.15). Notice that in eq. (B.0.16) the
presence of the constant piece’R "&b ?e guarantees that the non-gaussian random eld Ry * has
zero mean. This property is physically motivated by the fact that the background solution is stable.

The physics-case sketched in this appendix motivates the non-gaussianities studied in this paper
which are of the form given in eq.(B. 0.16). To avoid cluttering the notation, in the main part of
this work we indicate simply with R the gaussian random eld Rg in eq.(B.0.16) and with h the
non-gaussian one R g . Furthermore, we set T o2

Before proceeding, an important comment is in order. As we have discussed, the structure of
the non-gaussian random eld given in eq. (B. 0.16) is motivated by the explicit computation of the
three-point correlator in egs. (B.0.14, B.0.15) in the presence of ultra slow-roll. This computation is
based on the “in-in” formalism in which one expands the interaction Hamiltonian up to the cubic
order.

However, computing only the bispectrum is not the end of the story. In principle, one should
compute also the trispectrum (that is the connected part of the four-point correlator) and check that
its contribution does not alter the form of non-gaussianities derived including only cubic interac-
tions. Needless to say, the computation of the trispectrum is anything but simple, and we are not
aware of explicit results in the context of ultra slow-roll. From a more pragmatic phenomenological
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perspective, one possible way to proceed—uwidely used for the analysis of CMB non-Gaussianity,
see ref. [r2]—is the following. Instead of eq. (B. 0.16), one takes the more general ansatz

Ry 6 RoRe fr R RE?2 aRgRE?f  f3RG RS, (B0.17)

where f, 3 are free coef cients that parametrize quadratic and cubic deviations from the gaussian
limit. Notice that eq. (B. 0.17) generalizes eq. (B0.16) in the sense that it introduces cubic corrections
but it preserves locality (in the sense that deviations from exact gaussianity at X are located at
the same spatial position). As discussed before, in the absence of an explicit computation there is
no guarantee that ultra slow-roll generates deviations from eq. (B. 0.16) that have the form given
in eq. (B.0.17). Nevertheless, eq. (B0.17) can be considered as a phenomenological parametrization
to study deviations from from eq. (B. 0.16), as done for instance in ref.[73]. For this reason, in our
analysis we will try to set the formalism considering a generic deviation from gaussianity (but al-
ways assuming locality) even though we will present our results for the motivated case of quadratic
non-gaussianities given in eq. (B.0.16).

Finally, let us mention that a resummation of local non-gaussianities at all orders has been pre-
sented in ref.[74, 75].The analysis is based on an expansion of the in aton potential around a local
maximum. It would be interesting to go beyond such approximation and extend this analysis for the
potentials studied here. Moreover it is also worth investigating the role of higher order contributions
leading to non-local non-gaussianities.



CLIFFSNOTES ON GAUSSIAN PEAK THEORY

As a warm-up, consider the case of a n-dimensional scalar gaussian random eld R"kb that we
identify with the random eld associated to curvature perturbations. Peak theory in the case of a
scalar gaussian random eld is well-known[ 48]. However, in this appendix we will give a detailed
discussion. The reason is that in our approach there is an important conceptual difference compared
to the standard results of ref. [ 48]. Ref. [48] computes the number density of peaks of the overdensity
eld working directly with “#{te, and without any reference to curvature perturbations. In this
paper, on the contrary, we aim to compute the same quantity but starting from the distribution of
local maxima of the curvature perturbation. Following this alternative route, we will be able to nd
(see appendix E) a generalization that accounts for the case in which local non-gaussianities in the
de nition of R} are present.

Let us start from basics. A n-dimensional scalar random eld R“# is a set of random variables,
one for each point K in the n-dimensional real space, equipped with a probability distribution
p R &b, R K+ dR" K e:::dR A, » which measures the probability that the function R has
values in the range R"#+ to R"&+ dR"+ for each ofthej 1,:::,m, with m an arbitrary integer
and X, :::, K, arbitrary points. !

We are interested in the behavior of the random eld for a point in space that is stationary, and
we consider m 1 with & & We can expand around this point according to

A A 1" AR AR & A
R7& R7RLe > Q Rij "R N R "R Ko, (C0.1)
ij 1

from which we have

n

Ri "k Q Rij "Rl N N;fj . (C.O.Z)

i1
The goal is to obtain the number density of these stationary points in the n-dimensional space. Not
to violate the cosmological principle, we only want to consider random elds which are statistically
homogeneous and isotropic. Consequently, the speci ¢ value of KL is irrelevant, and we can always
shift to &; O Let us, therefore, drop the explicit dependence on L.

The quantity of central interest for the computation of the number density of stationary points
of R is the joint probability density distribution of the eld R, its rst and second derivatives. This
is intuitively obvious, since identifying maxima (or minima) implies a set of conditions on eld
derivatives, and it is thus mandatory to know what is their probability distribution (derivatives of a
random eld are also random variables themselves).

Notice that, as in ref.[48], all spatial separations and length scales are described in comoving coordinates in the cosmo-
logical background. This means that the number density that we shall compute at the end of this section in eq. (C. 0.33)
must be understood as a comoving number density.
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Consider the realistic case with n 3. We indicate with P°R,R;,Rj *dRd®R;d®R;; the joint
probability distribution for the eld being in the range R to R dR, the eld gradient being in
the range R; to R; dR; and the second derivative matrix elements being in the range Rj to
Rj dRj, all at the same point in space. P"R,R;,Rj * is the joint ten-dimensional probability
density distribution.

If the point is stationary, we can write the joint probability distribution as

P'R,Ri O,Rj*Tet'Rj *TARA*K°R;; . (C.0.3)

We setR; 0 since the point is stationary, and we used eq. (C.0.1) to change variables in the gradient
volume element. We can, therefore, write the probability distribution to have a stationary point in a
volume d3fwith the eld beingintherange Rto R dR as

ns'RedRd*N dRd*Ns P'R,R; O,Rj*Tet'R; *T°R; , (C.0.4)

711111121121121121212121212121212121212121211121211112221121212121212121212121212121212121211111

ns{‘R-

where the integral is extended to the whole range of variability of the second derivatives since
we are considering generic stationary points. The probability distribution to have a maximum in a
volume d3flwith the eld beingintherange Rto R dR is

Nmax R*dRA*N dRd*Ns P'R,R; O,Rj « THet'R; *T°R;j , (C.0.5)

max
“111111112112121111121111112111121211111212121212121212121212121212112121212112121211112121111111

Nmax R*

where now the integral is subject to the conditions on the Hessian matrix that de ne a maximum. An
equivalent de nition holds in the case of a minimum. The probability density distribution Nmax R*®
represents the number density of local maxima (where “number density” is de ned in a probabilistic
sense) with eld value in the range R to R dR.

In order to extract quantitative informations, we need to compute P'R,R;,Rj ¢, setR; 0, and
integrate. This strategy does not depend on the speci ¢ statistics of the random eld.

The computation of P"R,R;,Rj; * drastically simpli es in the gaussian case. This is because the
joint probability distribution of a gaussian eld and its derivatives is a multivariate normal distribu-
tion. Consider the simpli ed case with n 2 in which we have more control on analytical formulas; ?
we have six random variables that we collect in the column vector R "R,Ry,Ry,Ryx ,Ryxy ,Ryy T
We have

1
PR,Ri,Rjj * ]D_exp EAR ‘Res’"C "R "Ree |, (C.0.6)

"2 k2 detC

where k 6 is the dimension of R, "Reis the column vector of the expectation values of Rand C is
the covariance matrix dened by C R ‘Res"R “Ree'ewith elements

Cj TR 'Res"R 'Rese 'RRe 'ReRe. (C0.7)

2 The simplest possibility would be n 1. However, the casen 2 is the simplest setup in which a non-trivial discussion
about spatial isotropy is possible.
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From the computation of the covariance matrix one can fully reconstruct the joint probability distri-
bution.

We restrict the analysis to zero-mean random elds since this assumption is physically motivated
(see discussion in appendix B). From the explicit computation of the two-point correlators "R R g
one nds that the covariance matrix takes the form

R R x Ry R xx Ry Ryy
R ' 3 0 0 2 0 7-2¢
Rx = O i2 0 0 0 0 =

c v 20 0 22 0 0 0 = (€08
R = 22 0 0 338 0 58— o
Ry = O 0 0 0 28 0 —
Ry "~ 22 0 0 28 0 33-8°

and we ndthat Ry, Ry and Ry, are completely uncorrelated while R, Ry and Ry, are correlated.
We introduce the spectral moments
dk

Z s PR “ke k2, (C.0.9)

where Pr ke is the dimensionless power spectrum of R. Notice that in two spatial dimensions
the dimensionless power spectrum of R is related to the power spectrum by means of Pgr ke
"k?~2 ¢ RTkewith gr°ke R(S.

Consider, as an illustrative example, the computation of "Ry, Ry, e We use the explicit form of R
given in eq. (B.0.9). We nd

\Rxnyye
2k k o
S ‘dz 120'2 2051, Riag et G, RE af e M8 18 Riag e N I3, REale Mg
2k k
S Adz 12 d2 7K xK3y et RJZ"“'Rkle2 ag, a& e el lNZ"“'R R akl ag,e
d?k 5. 5 1 W 5 T A 1 dk 4
kakyﬁké 4—23 dkd'’k °cos’' sin R ke 55 kkP “Ke

where in the last line we just introduced polar coordinates. All the entries in eq.(C. 0.8) can be
computed in a similar way.

Interestingly, the pattern of zeros in eq. (C. 0.8) and the relations among different non-zero entries—
obtained before by means of a direct computation—can be understood as a consequence of homo-
geneity and isotropy.

Homogeneity, that is translational invariance, implies that correlators do not depend on the spe-
ci ¢ spatial position at which they are computed. For instance, this means that the spatial derivative
of "RR eshould vanish (this must be true for a generic correlator evaluated at a given spatial point);
from this condition, one nds @ RRe+ 0 'RR;e O0sothatR, Ry and Ry are uncorrelated.
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Similarly, from @™~ RxRxes 0one gets RyRyx e 0 (with similar relations along other directions)
so that rst and second derivatives are uncorrelated. On the contrary, from @~ RR e 0it follows
that 'RRyxe "RyRyeas indeed obtained in eq.(C.0.8). Similarly, ‘'RRyy e "RyRye

Isotropy, that is rotational invariance, implies that correlators do not depend on a particular direc-
tion in space. The simplest consequence of isotropy is that 'RyRxe "RyRyeand 'RyRye O0.Inor-
der to derive these two conditions, a very useful trick (that we shall use also in the non-gaussian com-
putation) is to introduce—instead of the two components x and y of the two-dimensional vector —
the complex conjugated variables z x iy andz* x iy fromwhichwe have @ ~@ i@ *~2and
@: "@ i@ ~2.If we now rotate the two-dimensional vector X (without changing its length) the
complex number z changes by a phase factore' , thatisz € z(andz* e ' z%). Consequently,
the derivatives with respect to z and s change accordingto@ e P @and @: € @:.If we now
consider the correlators 'R;R;eand "R;: R :ethey rotate accordingto 'R;R,e e 2 *R,R,eand
‘R;:Rz:e €@ "R,:R,:e Because of isotropy of the two-dimensional space, 'R,R,eand 'R,:R,:e
can not depend on and, therefore, they must vanish. Consequently, the system of equations

o

‘RzRZe _A‘RxRXe ZI‘Rnye \RyRye. O, (C.O.].O)

‘R;tR,:e = RyRxe 2i'RyRye 'RyRyes 0, (C.0.12)

NI SN

admits the solution 'RyRxe "RyRyeand 'RyRye 0 which are precisely the relations we were
looking for. More in general, if we consider the rotation @ e I @ and @: e @: a generic

correlator will take a phase factor €  where “#z* derivativese “#zderivativese. If x 0, then
the correlator must be equal to zero as a consequence of isotropy. For instance, we have R, R,:e 0
(because 1) but 'R,;R;:ex 0 (because 0).

Combining homogeneity and isotropy validates the remaining entries in eq. (C. 0.8). For instance,
from @ RRyxe* "RyRye "'RRy e 0 (homogeneity) we nd "'RRy, e 0 since isotropy implies
"RxRye 0. As a nal check, we consider the block of the second derivatives in eq. (C. 0.8). From
the previous argument, isotropy implies that 'R, ;R,;e 0and "RxitR e 0 (together with their
complex conjugated "R,:;:tR;:,te Oand 'Rz:R;:,:e 0). These two relations imply "Ryx Ryy €
‘Ryy Ryye 0Oand RyxRxe "RxxRyy e 2Ry Ry e Both these relations are veried by the
entries in eq. (C.0.8). We can actually do more since it is possible to show that 'Ryx Ryy € "Ryy Ryy €
Let us write

‘RxxRyy & "@X RAN’@y R ke ‘@1X1RAk~‘h°@2y2RAk~\b'e§l A K
@1x1@2y2\RAk\~h'RAk~‘b°e§l 5 A @1@2‘RX1A&'RY2A&.e§1 A K- (C012

where the rst step is just a more explicit de nition of "Ry, Ryy e while in the following ones we
consider two distinct point &,  “x1,y1* and &b “X»,y.e that we later set equal again. Now the
point is that because of homogeneity of space the correlator "Ry, & Ry, & +e depends only on the
distance % &b Swe can, therefore, exchangel 2 obtaining "Ry, &Ry, & *e without altering
the result. From eq. (C.0.12) this means that we have 'Ry« Ryy € "Ryy Ryy €as indeed veried in
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ed. (C0.8). If we combine this result with the previous relation "'Ryx Ryx€ "RxxRyy € 2'Ryy Ry €
we nd "Ry Ryxe 3Ry Ry ewhich is again veried in eq. (C. 0.8). Finally, we also note that the
condition 'Ryx Ryy € "Ryy Ryy eimplies that 'R,;:R;;:e "R R;:;:e These kind of relations
based on homogeneity and isotropy will be useful later in the non-gaussian case.

Using the properties of the exponential function, eq. (C. 0.6) takes the form

PAR,Ri,Rij. PARX.PARy.PAny.PAR,Rxx,Ryy., (C013)
where
2 ' R2« " 4R2, ¢
P Ry* J7441:expCER—,§‘, P'Rye %1:exp" —% . P Ry- %2:exp” >,
1 1 1 i 5 2 *
(C.0.14)
and
R R xx Ryy
L . R _ 2 22 29 _
~ BTA 1E = _ -
PRRuc Ry 33 Geg P RO R Coraz 12 338 88 =

Ryy 22 58 338 °
(C.0.15)

with R "R,Rx,Ryy *T. As customary in the gaussian case, from the knowledge of the power
spectrum it is possible to fully reconstruct the statistics of the random eld. From eq. (C. 0.5) we get
the number density of maxima

R 1 -

nmax R. _ZsmaXdedexy dRyy -RXX Ryy R)Z(yTFy\ny.P R,Rxx,Ryy., (C016)

1

Ya

where we used PRy 0+ PRy 0 1~ f The integration region is de ned by the conditions
max "Ry Ry RZ A0, Ry @), Ry, @0-.

The change of variables™Ryx ,Ryy ,Rxy* 7r,s, * dened by

1 . 1.
I COS EARXX Ryy d y rsin ny ) S E RXX Ryy ° y (C017)

turns out the be useful. The Jacobian of the transformation is J 2r, and we have Ryx Ryy R,

s?> r2. The conditon s> r? A0 becomes s @r @s with s A 0 since Ryx @0 and Ryy @O.

Furthermore, we restrictto r AOIf 0@ @2 . Allinall, we havemax "0@ @2 , sAO0, 0@r @se.
The parametrization in terms of “r,s, ¢ is useful because we have

2s "Ry Ry + O©OFZFR. (C.0.18)
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This implies that any condition that restricts the value of the curvature © 2R can be implemented
through s by imposing s Asmin instead of s AQ. This is the case of eq. b.2.6) with 0 (thus h R),
which reads

Smin 9 am Hm *?
m;“ -2 2’“ .. (C.0.19)
Eg. (C.0.16) becomes

8 : s "R2 3 45* 2 4sR 2 42
Nmax" R, Smin ® Y g dsg drr's® rZeexp e o0 — 1L -

222 22 4 smn 0 2537 1° 2

12 20 1

(C.0.20)

where, according to the previous argument, we set to smin the lower limit of integration over s and
de ne Nmax R,Smin® such that Nmax"R,Smin 0 Nmax” Re. The integration over r gives

Nmax R, Smin® (C.0.21
2 a ) 452 « 2 2 2 2
48 % 48 4s R R

Z——s ds,— e : lLepme_—ht 5 —ELT— S,
422 22 4 sm 5 . 255 1* 5 2 20 o0

1 20 1
711111111111111111111111221111111111111111111121221111111111111111111222111111111111111111121222111111111111111111121212111111111111111111112121111111111;

Romin ds N max"R ,s°*

where

—E ¢
2 20

Nmax R,S* s

i T Ve, 0t 4 Mg 1R R
2 2]!
2 0 o

(C.0.22)

can be interpreted as the number density of maxima with eld value intherange R to R dR and
curvature © 2R in the range 2sto 2°s dse. We note that the argument of the exponential function
in Nmax” R, s* is invariant under the exchange R~ ¢ 2s~ ».

From the structure of the argument of the exponential function in nmax"R,se, it is natural to
introduce the dimensionless parameter §~ 2 o Which is completely determined, as we shall
explain in a moment, by the properties of the power spectrum. Furthermore, it is easy to see that
we have 0@ @L. In turn, this condition implies 3 3 4 A0 so that the square root in eq. (C.0.22)
is always real valued. Let us verify the non-trivial conditon 3 3 A0; from the de nition in

eg. (C0.9), we have

dk _ . dk® dk _ . 2
62 1 s PRk s GPRTKFK® g S oPR7kek? (C.0.23)
dk dk® y
——=Pr kPR k¥ %™  k®KZ.
K K® R R

Toconcludethat 3 5 4§ AO, we only need to show that "k® k%k?s A0 since the power spectrum
is positive de nite and the integrals over k cover the positive real axis. In the rst double-integral,
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we can changek  k®without altering the result, and this means that we can also substitute k%
“k* k®e~2: if we do this transformation, the factor “k® k%k2e becomes k® kZ¢2~2 which is
always positive. This concludes the proof.
From eq. (C.0.22) we see that the value of controls the amount of correlation between R and s.
If we take 0, the two variables are completely uncorrelated (because f 0). On the contrary,
1 corresponds to the case in which they are maximally correlated.
To proceed further, we assume the following analytical expression for the power spectrum

2A
oAg exp log“ " k~k+e

PR ke —= C.0.24

" = 57 (C024
As far as the spectral moments in eq. (C.0.9) are concerned, we nd the analytical result

2 AgkZedtvt, (C.0.25)

which implies 2 Agand e 2, where we see that0 @ @1 as expected. The three parameters
“Ag,V,kye fully specify our problem. The physical picture is the following.

X The scalek+ represents the comoving wavenumber at which the power spectrum peaks. This
quantity is related to the mass of the black holes produced after the collapse of the regions
where the overdensity eld is above threshold. We take ky 0~10*e« Mpc * corresponding to
Mpgy O°10%. g.

X The parameter v controls the broadness of the power spectrum and, in turn, the broadness of
the mass distribution of the black holes. The casev 0.1, for instance, corresponds to a very

narrow power spectrum. This, in turn, will generate a very narrow mass distribution of black
holes.

X The amplitude of the power spectrum A is related to the abundance of dark matter)in the
present-day Universe in the form of black holes, and typical values are of order Ag~ 2v
0710 2.. To x ideas, to get Pr ke 10 2 one needsAy 25 103 forv O0.L

Let us now pause for a moment to clarify the rationale of the computation that we are doing.

We are interested in regions of space where the eld R has large curvature © R since in this
case the overdensity eld (which is proportional to © ?R) takes large values. In eq. (C0.22) we
can select regions with large curvature by implementing (as done in eq.(C. 0.21)) a lower limit

of integration over s. However, eq. (C.0.22) always associates, by construction, regions with large
curvature (consequently, peaks of the overdensity eld) with local maxima of R. This association
can be analytically justi ed as follows. Consider the Taylor expansion in eq. (C. 0.1) which we rewrite

in two spatial dimensions taking a local maximum as stationary point of R

- 1
R'& Ru 3

oy
23)1
z
gx_’z

«i "R Ky (C.0.26)

2
i
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This quadratic equation can be written in a canonical form (that is without cross terms) if we do a
coordinate transformation N K%® “x®y% such that the new axes are aligned along the eigenvectors
of the matrix Rj; “Kly+. We are free to do this rotation because of isotropy. In such case, eq. (C0.26)
takes the form

RK% Ry % X2 y%e (C.0.27)

where ; 1, AO are the (minus) eigenvalues of Rj “&+. Notice that in eq. (C.0.27) we used homo-
geneity to shift the position of the maximum &, to the origin of the new coordinate system. From

eq. (C0.27) we see that an iso-density surface with constant Rg= R“KN% is an ellipse with canonical

equation

~ 1-2
Ry Ri
L o2 2 & 1 ;0w RRe (C.0.28)

——X - a
ZARM Rjgpﬂ 2AR|\/| Rk?pey i
and semi-axesa; 1. The key point is that the actual magnitude of the eigenvalues ; depends on
the steepness of the eld R around the position of its maximum. This follows from eq. (C. 0.27) if we

apply the Laplacian with respect to the coordinates k%®since we nd
1 2 ©2R°K%. (C.0.29)

Suppose now that the point &®coincides with a peak of the overdensity eld, ﬂ)k. Using eq. (5.2.6),
we nd

e L 9. 9" aH+? A i
1 2 ©ZR Poice & 5 aHe? . 2 25 c O L 0Q1. (C.0.30)
2 2
711111111111111111111111 11111111111111111111111ﬂ
Q1

In eq. (C.0.30) we used the fact that we typically expect “aH+2~ , Q 1; we will comment in more de-
tail about this estimate at the end of this section. Notice that in eq. (C. 0.30) we assumed that the two
eigenvalues ; have the same magnitude. This is because we have separately R xx Aﬂ)k- and

2 Ry “ﬂ)k-, and the second derivatives Ryx ad Ryy have the same covariance (see eq. (©.8)).
We can now do the same expansion in eq. (C0.26) but with respect to the rst derivatives of R at
&\ . The stationary condition R;“fjy¢ O reads

¢ R K% 1x® 0

2
Ri"& QR; Ky KN fy; 0 O ! (C.0.32)
i1 i .
o Ry"R%  o,y* 0

where in the last line we introduced, as done before, the eigenvalues ; 1,. We identify again
the point K®with a peak of the overdensity eld so that we can use the estimate in eq. (C. 0.30).
Furthermore, ﬁloerepresents now, by construction, the distance between the local maximum of R
and the peak of the overdensity eld. We can estimate this distance by means of eq. (C. 0.30) and
eq. (C0.31). In eq. (C.0.31), R,"N% and RyAPZIOe are not equal to zero (since we moved away from the
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local maximum of R) and their magnitude can be estimated (in a probabilistic sense) by means of
the covariance matrix. We have R,"K% R, K% ‘R R4e'? ;. We nd

§% lelt o pt
2 i~ 2 2 kT

2
e3v

(C.0.32)

As we will see in a moment, we have that 1-k+ is typically of the order of the comoving horizon
length 1~aH at the time when the perturbations re-enter the horizon and become causally connected.
Therefore, we nd %P 1-~aH. This means that high peaks of the overdensity eld lie “close” (that
is within an Hubble radius) to local maxima of the curvature perturbation. We can validate the

Figure 9: Numerical simulation of the random el® together with its rst and second derivatives. At each point in
space (discretized in steps  5andy  5) we associate a vector of valliés, Ry, Ry ,Rxx ,Rxy ,Ryy ®
randomly generated from eq. (3&). We use the power spectrum in eq.q24) to compute the correlation
matrix. We setv 0.7, ky 15 10 Mpc ! andAy 25 10 3. Left panel. We show the density plot
of the random variabl@s~ , © 2R~ , which is related to the overdensity eld. Right panel. Same as
in the left panel but zoomed in the region where the random vari@bfeR ~ , has a pronounced peak. We
superimpose (blue arrows) a vector plot that keeps track of the gradiefiRglpRy «. The yellow star marks
the position of the local maximum Bf that lies close to the peak €f 2R~ ».

analytical approximation by means of a numerical check. To this end, we use the full joint probability
density distribution in eq. (C. 0.6) to generate a sample of random values that we distribute on a two-
dimensional grid (see caption of g. 9). In other words, at each point on the spatial grid corresponds
avalue of R "R,Ry,Ry,Rxx,Rxy ,Ryy T randomly generated from eq. (C.0.6). In the left panel
of g. 9 we show the spatial distribution of the random variable 2s~, © ?R~ ,. We focus on a
region in which © 2R takes a large value (in units of »). In the left panel of g. 9, we indicate this
region with a red contour. We zoom in this part of the plot in the right panel of g. 9. The analytical
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argument explained before suggests that we should nd a maximum close to the point where the
curvature eld peaks. We look for this maximum numerically by looking at the behavior of the
gradient eld "Ry,Ry* that we plot using blue arrows. We indeed nd a local maximum that we
mark with a yellow star. We checked numerically that at the position of the yellow star where the
gradient eld vanishes the conditions on the second derivatives that de ne a maximum are veri ed.
We note that at the position of the peak of the overdensity eld the gradient eld “Ry,Ry+ does not
vanish but we nd that its magnitude is of order O"1e (in units of 1) as we argued in eq. (C.0.32).
Furthermore, we checked that the local maximum lies closer to the peak of © 2R~ , for increasing
higher values of the latter.

This numerical result corroborates the validity of the analytical argument in eq. (C. 0.32), and we
conclude, therefore, that eq. (C.0.22) is the right distribution to consider: we count the peaks of by
looking at the maxima of R with large curvature.

Next, we ask if there exists some relation between the curvature of a local maximum of R and the
value of R at the maximum.We can use the probability density distribution ~npmax"R,s* de ned in
eg. (C0.22) to generate numerically, in position space, a sample of maxima by extracting randomly
the value of R and curvature 2s  © 2R. We can then use eq. b.2.5) to extract from the distribution
of s the distribution of the overdensity eld (of course, with R instead of h since we are considering
here the gaussian case). The outcome of this exercise is shown in ¢g.10, g. 11 and g. 12 (see
captions for details).

Let us consider the case in which we take v 0.1. We remind that this choice corresponds to a
very narrow power spectrum. We have 0.98. As noticed before, in this case we expect a strong
correlation between R and s. This means that regions with large R~ ¢ are likely to be also regions
with large 2s~ , (and, consequently, regions where the overdensity eld peaks). This is evident in
g. 10, g. 11and g. 12 (left panel). In particular, in g. 11 we see that maxima with large values of
R (left panel) maps precisely regions where the overdensity eld peaks (right panel). As stated
before, this is a consequence of the fact thatR and s (hence ) are highly correlated. Furthermore,
in the left panel of g. 12 the symmetry of the randomly generated points under the exchange
R~ o9 2s~ , isevident.

It is instructive to consider what happens if we take a different value of v. Consider, for instance,
the case withv 0.7. We have 0.37, and R and s are now much less correlated compared to the
case withv  0.1. This is shown in the right panel of g. 12 (see caption for details). Forv 0.7, spiky
maxima (that is maxima with large curvature) are seldom characterized also by a large value of R.
This means that if we aim at deriving a generic formula for the number density of spiky maxima
we can not restrict eq. (C.0.21) to special values of R.

Let us summarize our ndings so far. We have that the number density of local maxima of R with
large curvature gives the number density of regions where the overdensity eld peaks. Physically,
we are only interested in local maxima with large curvature irrespectively on their value of R. Since
there is no special relation—for generic values of v (hence )—between s and R, eq. (C0.21) must
be integrated over the entire range of variability of R.
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Figure 10: Numerical simulation of maxima d® in two spatial dimensions. At each poif,ye in space (discretized
instepsx 10and y  10), we extract randomly from the density distributionnax"R,s* (de ned in
eq. (C0.22)) the value oR ands © 2R~2. The former are shown in the left panel. We remark that, by
construction, all point generated by meansngfax"R,s* are maxima oR. As far as the values &f are
concerned, we plot on the right panel the corresponding values 6f8~9+" 1~aH+?s. We use the power
spectrum in eq. (©.24), and we sev 0.1, ky 15 10 Mpc ! andAg 25 10 3. Furthermore,
we take ki~aH+?  0.36 as suggested by numerical simulations (see appendix B)ofHor illustrative
purposes, we set the threshold 0.675(which is signi cantly smaller compared to the value expected from
numerical simulation of gravitational collapse into black holes that is 1.19, see appendix F af]f we use
a smaller value of; otherwise events over the threshold would be too rare to be simulated in our simpli ed
numerical analysis). Points in the simulation withA . are marked with a black dot.

If we consider the case in which sy, does not depend on R, we can integrate eq. (C0.21) analyti-

cally. We nd the number density
(0]

]/2_ —
_ Smi 25 . 1 6Sni
Nmax'Smin® S OdRS  dShma R,s* —2— ™ exp E sﬁ;'”‘ S _Erfe@E omin
a Smin 2 2 2 2 2 6 2

(C.0.33
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o
We can de ne the dimensionful quantity R; d 1~ 2, where d is the number of spatial dimen-

sions. From eq. (C0.25) we nd

(C.0.34)
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