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Chapter 1
Introduction and Motivation
The processes of permeation across the cell membrane is of crucial importance in
biology. By this processes, nutrients, oxygen, and many other substances enter the
cell, and waste products are eliminated [1]. There are three common routes by which
this process takes place: active transport mediated by transporters, passive permeation through transporters and channels, and unassisted permeation [1] (fig.1.1).
In the active transport process, the permeating molecule crosses the membrane
by exploiting the so-called transporter proteins, large molecules that bind a specific
solute and undergo a series of conformational changes [2]. This route of transport
normally involves consumption of energy and can take place in the opposite direction
of the electrochemical gradient [2].
In the passive permeation process, the molecules cross the membrane through
transporters and channels, aqueous pores that extend across the lipid bilayer [3].
When these pores open, they allow specific solutes (usually inorganic ions of appropriate size and charge) to pass through them and thereby cross the membrane
[1]. Normally transport through channels takes place in the direction of the electrochemical gradient. It occurs at a much faster rate than transport mediated by
transporter proteins[4].
Finally, in the unassisted permeation process, molecules cross the membrane
directly[5]. The permeation involves first partitioning on one side of the membrane,
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Figure 1.1: Different routes of transport across cell membranes: unassisted permeation,
passive permeation through channels or transporters and active transport. Figure taken
from [1]

then crossing the lipid bilayer, and finally partitioning out on the other side of
the membrane [6]. This process takes place by pure thermal activation, with no
consumption of energy, and always leads to transport in the direction of the electrochemical gradient [3]. Biological membranes are efficaciously separate the inner part
of the cell from the environment. As a consequence, unassisted permeation of most
of the solutes is normally orders of magnitude slower than active or passive transport, when solute-specific transporter or channel proteins are available. However,
on a sufficiently long time scale, solutes present at a high concentration outside a
cell might eventually enter the cytoplasm in this manner.
Unassisted permeation is the most common and important permeation mechanism by which drugs enter the cell [7],[6]. As a result, most drugs enter the cell in
a time scale of at least milliseconds [8]. In drug discovery, understanding and controlling permeation through the cell membrane is almost as important as improving
the affinity towards the target [9]. Drugs that are not able to cross the cellular
membrane, are to be discarded prior to their synthesis in the laboratory[7], and well
before any biological activity test. The speed at which a solute (or a drug) crosses

5

the membrane is estimated by the permeability coefficient (P ), defined as
P =

J
∆C

(1.1)

in which J and ∆C are the flux through the membrane and the concentration difference across it, respectively. In the next chapter we will describe the most important
experimental techniques for measuring P . We will also describe knowledge-based
approaches such as quantitative-structure-activity relationships (QSAR) aimed at
estimating P from extended database analysis. However, neither experiments nor
knowledge-based approaches can shed light on the atomistic details of the permeation mechanism. Understanding these details can eventually lead to rational ideas
aimed at improving the value of P .
Atomistic simulations, performed with force fields describing accurately the membrane, the solute and the water solution surrounding the membrane1 may reveal the
details of the unassisted permeation process and understanding the key factors that
determine its speed[14].
However, simulating unassisted permeation processes is technically highly challenging, as this process takes place on the time scale that is not normally accessible to
brute-force atomistic simulations. In fact, unassisted permeation involves the crossing of at least one free energy barrier, significantly larger than kB T . It may involve
rearrangements and the loss of hydration shells. The most widely used approach
for computing P involves describing the permeation process with only one reaction
coordinate, the z-component of the position vector connecting the center of mass of
the membrane to the center of mass of the permeating molecule (Z hereafter)[15].
Then, one computes the free energy as a function of this coordinate, and a diffusion
coefficient describing the motion along it. This approach, described in details in
section 2.2, has been successfully used to compute the permeability coefficient of
1

Only very recently, the force fields for simulating phospholipids, have become reliable [10].

Specifically, commonly used force fields for lipid bilayer simulations, include GROMOS and
CHARMM, for lipids [11], [12]. Recently, Generalized AMBER Force Field (GAFF) also extended
its parameters to include lipid parameters [13].
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several solutes, also of pharmacological relevance[16],[17],[18]. However, in many
cases a single reaction coordinate might not be sufficient to describe the complex
molecular processes leading to the partitioning of the molecule from aqueous solution and to its translocation through the membrane. For example, if the permeating
molecule has a hydrophilic group, its coordinating water molecules have to be substituted by the aliphatic groups of the lipid tails. This process can in principle take
place also at fixed Z and can correspond to the rate limiting step of the permeation
process. Other examples of reaction coordinate that can be critically coupled to Z
are the torsional dihedrals of the permeating molecule. Pharmacologically relevant
molecules often exist in several conformers, and their most stable conformations in
water solution can be different from the ones taken during permeation. In other
words, the value of Z is not necessarily the correct reaction coordinate of the permeation process and more reaction coordinates have to be taken into account to
describe the permeation appropriately.
In this thesis, we propose an approach other than those used previously, which
allows computing P taking explicitly into account a large number of important slow
reaction coordinates associated with the permeation process. We use bias-exchange
metadynamics (BE-META)[19], an enhanced sampling technique, to obtain an estimate of the multidimensional free energy surface as a function of several putative
reaction coordinates. We then compute the position dependent diffusion matrix,
using the procedure in ref [20] and described in section 3.9. Finally, we perform a
kinetic Monte Carlo (KMC) simulation on a multidimensional model defined by the
free energy and the diffusion matrix. KMC produces a realistic trajectory of the
process on arbitrarily time scales and permeation is observed “in real time” allowing
an unbiased analysis of the molecular rearrangements on its basis. With these calculations it is possible to compute the mean value of the permeation times (MPT).
The value of the permeability coefficient is then directly computed from the MPT
by a novel approach introduced by us [21].
Our approach makes a further step towards an accurate description of the permeation process. It allows constructing from atomistic simulations a model of per7

meation, by taking into account simultaneously several important reaction coordinates. This allows deriving a more accurate picture of the permeation process and
constructing a detailed molecular model of the transition state, making a rational
control of permeation properties conceivable.
The rest of this thesis is organized as follows: Chapter 2, provides an introduction
to the experimental and computational techniques that are used to estimate P .
Chapter 3, presents the theoretical background of the present work. Chapter 4, is
dedicated to the presentation of our approach for estimating P and of a benchmark
of the approach we performed on ethanol. Chapter 5, presents the application of
this approach to two anti-HIV drugs. Finally, Chapter 6, discusses our results and
draw some general conclusions.
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Chapter 2
Experimental and Theoretical
Approaches to Estimate the
Permeability Coefficient
In this chapter, we review some of the most important experimental and theoretical
approaches aimed at estimating the permeability coefficient.

2.1

The permeability coefficient from the partition
coefficient: Overton’s law

Around a century ago, Overton, based on his observations, proposed that there
exists a correlation between the membrane permeability coefficient of a solute and
its oil/water partition coefficient[22]. The proportional law, illustrated in figure
2.1, derives from this empirical observation and offered for many decades the most
reliable manner of estimating P . The estimate was simply performed by measuring
the partition coefficient, K, and then evaluating P assuming its linear dependence
on K, with a coefficient derived from other observations.

9

Figure 2.1: Overton stated the presence of a correlation between the observed permeability
coefficients and the oil/water partition coefficients of solutes.

2.1.1

Measuring the partition coefficient: N-octanol-water
system

According to Overton’s law, the permeability coefficient, P is linearly correlated
with the value of the partition coefficient K. We here describe an experimental
technique for measuring K. The partition coefficient is defined as the ratio of the
equilibrium concentrations of the solute in two immiscible solvents. Usually, one of
the solvents is water and the other one is hydrophobic e.g. octanol:
K=

[solute]octanol
[solute]water

(2.1)

The logarithm of partition coefficient is a measure of lipophilicity of the solute. If
more than one molecular species are present, the resulting average partition coefficient is called apparent partition coefficient or distribution coefficient (Kav ). It can
be written as
Kav =

n
X

αi · Ki

(2.2)

i=1

where Ki is the partition coefficient of each species and αi is the molar fraction of
the corresponding species.
The classical way of measuring K is the shake-flast method in which a mixture of
n-octanol-water solution with solute is shaken followed by analyzing the equilibrium
concentrations of the solute in both phases. Usually ultraviolet-visible spectroscopy
is used to measure the solute concentration. A key assumption in this technique
10

Figure 2.2: The assumed directions for the solute rates and concentration values used in
the derivation of inhomogeneous solubility-diffusion model

is that the absorbance of a solution is proportional to the concentration of the
absorbing species.

2.2

Microscopic basis of Overton’s law

Diamond et. al in 1974 [23] and Marrink et al. in 1994 [24], showed that Overton’s
law can be derived by considering the flux through the membrane modelled as an
inhomogeneous system, in the framework of the so-called inhomogeneous solubilitydiffusion model. In this section we review this derivation.
Assume a membrane is placed between z = 0 and z = z0 and surrounded by
aqueous solution.
Suppose the permeation of solutes through membrane is described by
J(z) = −D(z)c(z)

d(G(z)/RT )
dc(z)
− D(z)
dz
dz

(2.3)

where J(z) is the flux through the membrane, c(z) and D(z) are the position dependent concentration and diffusion coefficient, respectively. G(z) is the free energy, R
is gas constant and T is the temperature. Defining the local partition coefficient as
K(z) = exp(−G(z)/RT )

(2.4)
11

one can rewrite equation 2.3 in terms of K(z) as
−J(z)
d(c(z)/K(z))
=
K(z)D(z)
dz

(2.5)

In steady state, J is independent of z and equation 2.5 can be integrated between
z = 0 and z = z0 , that gives
−J =
where a =

R z=z0
z=0

c(z0 )
c(0)
−
aK(z0 ) aK(0)

(2.6)

dz
.
K(z)D(z)

One can also consider the process in which a solute is solvated in water and
makes a transition to an adsorbed state at the membrane interface. The process
is assumed to happen with rates ki0 and ki00 for membrane interfaces at z = 0 and
z = z0 , respectively (see figure 2.2). Also, the reverse process happens with rates k00
and k000 for membrane interfaces at z = 0 and z = z0 , respectively. Therfore, J can
also be written as [23]
− J = ki00 c00 − k000 c(z0 ) = k00 c(0) − ki0 c0

(2.7)

where c0 and c00 are solute concentrations in the aqueous solution at z = 0 and z = z0 ,
respectively, while c(0) and c(z0 ) are the solute concentrations in the membrane
immediately close to the z = 0 and z = z0 interfaces, respectively. Therefore, by
using this equation and equation 2.6 one can write the flux as
J = (c0 − c00 )/(a + 1/ki0 + 1/ki00 )

(2.8)

Since permeability coefficient is defined as
P =

c0

J
− c00

(2.9)

Using the derived flux one can write the inverse of permeability coefficient as
Z z=z0
dz
0
1/P = 1/ki +
+ 1/ki00
(2.10)
K(z)D(z)
z=0
Let us considet three limiting cases of equation 2.10. First, if the interfacial rate
constants ki0 and ki00 are high and if K(z), D(z) or both are low, then the diffusional
12

term,

R z=z0
z=0

dz
K(z)D(z)

becomes rate-limiting and the inverse of permeability coefficient

is given by
Z

z=z0

1/P =
z=0

dz
K(z)D(z)

(2.11)

which is the permeability coefficient as described by the inhomogeneous solubilitydiffusion model. Second, if the membrane is homogeneous (K(z) and D(z) are constants) and symmetrical (ki00 = ki0 = ki ) but the interfacial terms are not negligible,
equation 2.10 becomes
1/P = 2/ki + z0 /KD

(2.12)

Third, if the membrane is homogeneous and the interfacial terms are negligible
equation 2.10 reduces to
1/P = z0 /KD

(2.13)

which is called the homogeneous solubility-diffusion model [25].

2.2.1

Homogenous solubility-diffusion model

In this model, originally introduced in ref. [25], membrane is modelled as a homogenous slab of liquid alkane with well-defined boundaries, surrounded by aqueous
environment. A molecule is assumed to cross the membrane by three steps: first it
partitions to the membrane, second it diffuses through the membrane and at last,
the molecule partitions out of the membrane to the aqueous phase. The permeability coefficient can be computed by equation 2.13. This model, is consistent with
Overton’s law and is considered as its derivation.

2.3

The permeability coefficient from concentation
relaxation

In this section we describe another manner of measuring P which is not related to
any specific assumption on the properties of the membrane. Consider a membrane
separating two aqueous compartments. The side of the membrane, which contains
13

initially solute molecules, is called the donor compartment and the other side, which
initially does not contain any solute molecule, is called receiver compartment. If one
measures the change of the concentration of the solute molecules during time in any
of these compartments, one can compute P by using equations that are derived in
the following.
Ignoring membrane retention Let us assume that at time t = 0 a concentration
CD (0) is prepared in the donor compartment and the permeating solute molecules
do not localize in the membrane to any considerable extend. At any time t, the flux
through the membrane is:
J(t) = P (CD (t) − CR (t))

(2.14)

and
VD dCD (t)
·
(2.15)
A
dt
where P is permeability coefficient, CR (t) and CD (t) are solute concentrations in reJ(t) = −

ceiver and donor compartments, respectively, A is the surface area of the membrane
and VD is the volume of donor compartment. Substituting J(t) from equation 2.14
in equation 2.15 one obtains
dCD (t)
A
= −( )P (CD (t) − CR (t))
dt
VD

(2.16)

To write this differential equation in terms of just one variable, CD (t), we write the
mass balance equation. At time t = 0 all the solute is in the donor compartment
which amounts to CD (0)VD . At time t, the solute distributes between the two
compartments:
CD (0)VD = CD (t)VD + CR (t)VR

(2.17)

therefore, equation 2.16 can be written as
AP (VR + VD )
AP
dCD (t)
=−
CD (t) +
CD (0)
dt
VD VR
VR
DD (0)VR VD
CD (t) =
[
+ exp(−αt)]
VR + VD VR
where α =

AP (VD +VR )
.
VD VR

(2.18)
(2.19)

One can estimate the value of P by fitting the experimental

data to equation 2.19. (see section 2.3.1.)
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Considering membrane retention In the case that membrane retention needs
to be considered, the mass balance in equation 2.17 should be modified by a term
taking into account the molecules that are adsorbed in the membrane. At every
time t one can write
CD (0)VD = CR (t)VR + CD (t)VD + CM (t)VM

(2.20)

where CM (t) is the solute concentration that is retained in the membrane at time
t and VM is the membrane volume. We define a retention factor R, as the mole
fraction of solute that resides in the membrane:
R=1−

mD (t)
mR (t)
−
mD (0) mD (0)

(2.21)

At equilibrium, we can write R as
Req = 1 −

CD (eq) VR CR (eq)
−
·
CD (0)
VD CD (0)

(2.22)

where CD (eq) and CR (eq) are solute concentrations in donor and receiver compartments, respectively. Assuming that the solute retention in the membrane equilibrates in a time scale of tlag , much shorter than the membrane permeation time, the
mass balance, equation 2.20 for t > tlag can be written as
CD (t)VD + CR (t)VR = CD (0)VD (1 − Req )

(2.23)

substituting CR (t) from equation 2.23 in equation 2.16, yields
dCD (t)
AP (VR + VD )
AP
=−
CD (t) +
(1 − Req )CD (0)
dt
VD VR
VR

(2.24)

whose solution is
CD (t) = CD (0)[1 −
where α =

AP (VD +VR )
.
VD VR

VD
VD
(1 − R)] exp(−αt) +
(1 − R)CD (0)
VD + VR
VD + VR

(2.25)

Once again the permeability coefficient can be determined

by fitting the experimental data to this curve.
Two experimental methods that use the concentration relaxation to estimate P
are permeation assays and liposomal systems. These are described in the following.
15

Figure 2.3: A caco-2 monolayer and PAMPA permeation assays

2.3.1

Permeation assays

Caco-2 cell assays
Caco-2 cells are heterogeneous human colon epithelial cancer cells whose functional
properties are similar to those of human intestinal epithelial cells. Caco-2 cell model
expresses many important intestinal transporters such as dipeptide carriers and Pglycoproteins. Therefore, it can be used to study both the passive and active drug
transport mechanisms [4]. Caco-2 cell assays are made by growing a monolayer of
cells on a filter which separates two compartments [26, 27] as depicted in figure 2.3.
The permeability of a drug is determined by adding it to the donor compartment,
monitoring in time the concentration of the drug in the receiver compartment and
fitting its behavior by equation 2.19.
The usage of this assay in pharmaceutical industry as a high throughput tool is
limited by the long membrane growth cycle and high implementation cost.
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Figure 2.4: Closed sphere of phospholipids called liposome forms spontaneously in aqueous
environment.

Parallel artificial membrane permeability assay (PAMPA)
PAMPA, first introduced by Kansy et al. [28] offers a potentially high throughput
approach to measure passive permeation. A PAMPA sandwich consists of two plates.
One plate contains a porous filter disk at the bottom of each well. The other one
is a reservoir plate that is precisely modelled to fit under the filter plate so that
contact between the two occurs at the filter. The filter is coated with a solution
of lipid material in inert organic solvent to mimik a membrane. The wells of one
plate are then filled with a solution contains drug (donor compartment) and the
other with a buffer solution (receiver compartment). The plates are then stacked to
create the sandwich and are incubated (figure 2.3). The drug concentrations in the
donor and receiver wells are then monitored in time and the permeability coefficient
is calculated, using equation 2.25.

2.3.2

Liposomal systems

Liposomes are closed spheres of phospholipids that form spontaneously in aqueous
environment as sketched in figure 2.4.
One of the techniques that exploits the liposomal systems to estimate the partition as well as the permeability coefficients is the micropipette aspiration [29],
[30],[31]. A key assumption in this technique is that the more solute molecules
get adsorbed within the bilayer the larger the area of the liposome becomes. A
17

Figure 2.5: An aspirated liposome: the length of the liposome inside the micropipette is
monitored during the experiment.

solute-free liposome is placed in a constant flow of solute and the area expansion
of the liposome is monitored. Afterwards the adsorbed solute surface density and
the solute concentration inside the liposome is determined in order to reproduce the
experimental area expansion data. Permeability coefficient is estimated from the
slope of the plot of the change of concentration of solute inside the liposome versus
time.

2.4

The permeability coefficient from quantitative
structure-activity relationships

The development of reliable computational approaches to predict biological permeation is of great importance as those methods can save time and resources spent on
experiments by studying the drug candidates prior to their synthesis[7]. Quantitative structure-activity relationships (QSARs) is among the most important in silico
approaches thar provides predictions of the values of permeability coefficients.
QSARs are mathematical models approximating the relationships between chemical properties and biological activities of compounds. The presence of such relationships was proposed by Crum-Brown and Fraser in 1868 [32] and can be introduced
in a general formulation as
Φ = f (S)

(2.26)
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Figure 2.6: The QSAR basic assumtion

where Φ is the biological activity, S is the quantitative descriptor of the structure,
and function f determines their relationship (this idea is also depicted in figure 2.6).
The objectives of QSAR models are, predicting the biological activity of untested
compounds and producing ideas about which chemical properties of compounds are
likely determinants for their biological activities.
QSAR modelling procedure as shown in the flowchart of figure 2.7 starts by
carefully curating chemical structures and, if possible, associated biological activities
to prepare the dataset for modelling. The data that is used in QSARs requires
considering two important points: first, since all the QSAR models lie on the basic
assumption about the relationship between the chemical property and biological
activity, the set of data used to construct the model should be rich enough to allow
testing this assumption. Second, the biological data should be reliable, meaning
that the data should be ideally measured by a single protocol and even in the same
laboratory. There is no doubt about the fact that higher quality biological data will
have lower experimental error associated with them and would allow constructing
more reliable models [33].
To develop a QSAR model, a fraction of compounds (typically, 10-20 %) is
selected randomly as an external evaluation set. The remaining subset of compunds
is then divided into multiple training and test sets that are used for QSAR model
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Figure 2.7: QSAR model development

development and validation, respectively. Chemical descriptors that are usually
used to construct the model, should have fundamental physicochemical factors that
in some way relate to biological activity under study. Examples of such chemical
descriptors are, hydrophobicity, steric and electronic properties, molecular weight
and etc.
In QSAR models which are built for permeation of drugs, one is usually interested
in predicting the PAMPA or Caco-2 cell monolayers permeability coefficients. Some
examples of descriptors at the basis of successful QSAR models are, lipophilicity
[34], partial charge distributions and hydrogen bonding ability of the drugs [35],
lipophilicity in combination with hydrogen accepting ability and hydrogen bonding
ability [36] [37].
QSAR models could be established by exploiting several methods, ranging from
regression analysis to more complex techniques such as neural networks. Here, we
review multiple linear regression (MLR). Given the choice of the chemical descriptors
(predictor variables), which are normally called X, MLR assumes X to be mathe-
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maticaly independent namely, the rank of X is the number of X-variables. MLR is
used to fit the regression model in equation 2.27, which correlates a response variable, y, as a linear combination of the X variables with coefficients b. The deviations
between the data (y) and the model (Xb) are called residuals, and are denoted by e
y = Xb + e

(2.27)

For many response variables, regression can form one model for each of the M yvariables, that is, M separate models. Constructed models are finally tested by
using the external evaluation data set. If external validation demonstrates a significant predictive power, models could be employed for virtual screening of available
chemical databases.
QSAR models have been used extensively, to predict the Caco-2 or PAMPA
permeability coefficients of drugs [38], [39]. However, the accuracy of QSAR models
is limited by the size and the quality of the data set as well as by the absence of the
external data set for guaranteeing the predictive power of the models [40],[41].

2.5

The permeability coefficient from atomistic simulations

In order to obtain insights on the permeation process of a molecule through a lipid
membrane, one can also use atomistic simulations. P can be computed from such
simulations by using equation 2.11. The integration is performed over all the membrane from the aqueous phase on one side to the aqueous phase on the other side.
The key elements in determining the value of P in equation 2.4, are the free energy
G(z) and diffusion equation D(z).
G(z) can be estimated by several different techniques such as umbrella sampling and metadynamics [42],[43]. D(z), is usually determined by the so-called
z-constraint method [24]. In this approach, the center of mass of the permeating
molecule is constrained in different positions along the z direction and the constraining force, f c (z, t), is determined. The local time-dependent friction coefficient of the
21

diffusing molecule, ξ(t) is estimated as
ξ(t) =

h∆f c (z, t) · ∆f c (z, 0)i
RT

(2.28)

where R is the gas constant, T is the temperature, ∆f c (z, t) is the fluctuations
of the instantaneous force from its average ∆f c (z, t) = f c (z, t) − hf c (z)it and
h∆f c (z, t) · ∆f c (z, 0)i is the autocorrelation function of these fluctuations. The local
static friction coefficient, ξ¯ is related to 2.28 by
Z ∞
Z ∞
h∆f c (z, t) · ∆f c (z, 0)i
¯
dt.
ξ=
ξ(t)dt =
RT
0
0

(2.29)

Assuming that during the decay time of the ξ(t) the molecules remain in a region of
constant free energy, ξ¯ is related to the local diffusion coefficient, D(z), via Einstein’s
relation:
RT
(RT )2
D(z) = ¯ = R ∞
.
c (z, t) · ∆f c (z, 0)i dt
h∆f
ξ
0

(2.30)

This technique, is used extensively for computing P for different systems. As an example, we mention the study of small solutes permeation such as water, oxygen and
ammonia by Marrink and Berendsen [18], ethane, acetamic acid, benzene, methanol
and similar molecules in the work of Bemporad and Essex [17]. The technique also
more recently applied to the study of bigger size solutes i.e. fullerene [44].
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Chapter 3
Methods
3.1

Molecular dynamics

To study the events occuring in an interesting biological system in the relevant time
scale, we use a technique called Molecular Dynamics (MD) that allows following the
time evolution of a molecular system under investigation in atomistic details. In
this section we describe this method.
MD is a technique for computing the equilibrium and transport properties of a
many body system [45]. Assuming that the Born-Oppenheimer approximation holds
and the nuclei can be treated as classical particles, the dynamics of the system can
be described by the Newton’s second law. Therefore, if one knows the initial positions (by experiments or by computer modeling) and provides a velocity distribution
consistent with the temperature of the system, one can obtain the time evolution of
the system. Average values of several properties can be evaluated from the resulting MD trajectory according to the ergodic hypothesis [45]. In the followings, we
review the form of the potential energy function used and some details of the MD
algorithm.
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3.1.1

Force field

The potential energy function that is used in MD is called force field. It consists
of additive parameterized two-body terms that has been obtained by fitting experimental or high level quantum chemical data into simple functional forms. Equation
3.1 includes terms corresponding to bond distances Ebonds , bond angles Eangles , bond
dihedral Edihedrals , van der Waals EvdW and electrostatic Eelec interactions,

EF F = Ebonds + Eangles + Edihedrals + EvdW + Eelec
X 1
kr (r − req )2
EF F =
2
bonds
X 1
+
kθ (θ − θeq )2
2
angles
X 1
Vn (1 + cos(nϕ − γ))
+
2
dihedrals
+

N
X
Aij

r12
i≤j ij

−

(3.1)

Bij
6
rij

N
X
q i qj
+
4π0 rij
i≤j

where bond stretching and angle bending are represented as harmonic energy terms
where req and θeq referring to equilibrium bond lengths and angles, kr and kθ are the
force constants. The equilibrium values of the bond and angle parameters are usually
derived from structural databases, while the force constants are derived from infrared
spectroscopy [46]. In the third term, Vn is the torsional barrier of a given torsional
angle with phase γ. Dihedral parameters are calibrated on small model compounds,
comparing the energies with those obtained by quantum chemical calculations [46].
Improper dihedral angles are added to take into account quantum effects that are
not present in EF F , as, for example to preserve planarity in aromatic rings.
The last two terms refer to non-bonded ineractions which are van der Waals and
electrostatic interactions. The first term is described by a Lennard-Jones potential,
containing an attractive and a repulsive term, and the second term is evaluated by
24

assuming a Coulomb potential with partial atomic charges. Usually in AMBER
force field [47], partial charges are estimated as the restrained electrostatic potential
(RESP [48]) charges. In this approach, charges are assigned to atom centered points
so as to fit the electrostatic potential derived from quantum mechanical calculations
for a set of small representative molecules. EvdW and Eelec are calculated in principle over all pairs of atoms in the system, and as such they are by far the most
expensive part of MD calculations. In practical applications, however, the number
of interactions is limited by a predefined cutoff distance (dcutof f ), i.e. the interaction
is calculated only between atoms separated by a distance not larger than the cutoff
distance. Applying a suitable cutoff for vdW energy only introduces a tiny error,
while the same cutoff causes much larger errors in the Coulombic interaction. Hence
these interactions cannot be truncated, instead they should be treated as discussed
in section 3.1.4.

3.1.2

Equations of motion

MD is performed by the numerical integration of Newton’s second law of motion.
The integration time step is set to ∆t which is usually specified at the beginning of
a MD simulation and left unchanged. The integration of the equation of motion for
ith atom with mass mi , position r~i at the time t is performed by the Verlet algorithm
[45]:

r~i (t + ∆t) = 2~
ri (t) − r~i (t − ∆t) +

f~i (t) 2
∆t
mi

(3.2)

The lack of the explicit velocities in the Verlet algorithm is remedied by the leap-frog
algorithm [49] shown in equation(3.3):

∆t
∆t
f~i (t)
) = v~i (t −
)+
∆t
2
2
mi
∆t
r~i (t + ∆t) = r~i (t) + v~i (t +
)∆t
2

v~i (t +

(3.3)
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Integration error In both of the above forms, the deviation from the exact solution is proportional to ∆t4 for positions and ∆t2 for velocities. To assess which is
the optimal value for ∆t in a specific application one has to note that, if time step
is too short, the phase space is not sampled efficiently and if it is too long, because
of the large integration errors, simulation may become unstable. These instabilities
are caused by the motion of atoms that are extrapolated into regions where the
potential energy is prohibitively high (e.g. overlapping atoms). Thus one normally
chooses ∆t one order of magnitude less than the time scale of the fastest motion in
the molecular system, the bond stretching vibrations. In particular the vibrations
involving hydrogen atoms, have the highest frequency. However, these motions are
of little interest in most cases, constraining these bond lengths allows to increase ∆t
with small effects on the accuracy of the simulation. Using such constraints, a time
step between 1 and 2 fs could be used. [50]

3.1.3

Periodic boundary conditions

MD simulations are usually performed under periodic boundary conditions, to minimize boundary effects and to mimic the presence of the bulk. In this approach, the
system containing N atoms is replicated in all directions to yield an infinite periodic
lattice of identical cells. When a particle moves in the central cell, its periodic image
in every other cell moves accordingly. As one molecule leaves the central cell, its
image enters from the opposite side without any kind of interactions with the cell
boundary. The most common unit cell shape, which was also used in this study, is
the orthorhombic box, described by three vectors ~ux , ~uy and ~uz which are mutually
orthogonal.
Non-bonded interactions PBCs are taken into account only when calculating
non-bonded interactions between atoms belonging to different molecules. If vdW
interactions are truncated above a certain cutoff distance, each of the interactions
is calculated between atom i and the nearest periodic image of atom j. A natural
consequence of this treatment is that the periodicity of the system in each direction
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must be higher than twice the cutoff distance, in order to avoid additional errors
arising from double counting of interactions between atoms separated by ∼ 1/2 the
unit cell length.
Electrostatic interactions are instead long ranged, and as such they are calculated
between all the atoms of the system and all their periodic images: as a consequence,
the total electrostatic energy is composed by an infinite number of terms as:

E

Coul

=

0 X
N
X
~
n

qi qj
|~
r − r~j + U~n |
i,j=1 i

(3.4)

where ~n = (nx , ny , nz ) and U~n = nx u~x +ny u~y +nz u~z and the prime on the summation
indicates that we omit ~n = 0 for i = j.

3.1.4

Long range interactions

The electrostatic part in the force field can be evaluated by the Ewald summation
and the particle mesh Ewald. We here review these techniques.
The Ewald summation In the Ewald summation method [51], which is the
most widely used technique, calculation of the total electrostatic energy as shown
in equation(3.4), is performed by splitting the sum to a short range term and a long
range term in which the remaining interactions are calculated by Fourier transform.
For every point charge qi at the position r~i , a gaussian charge distribution of the
same magnitude and negative sign is added:

x) = −qi (πα)3/2 exp(−α|~r − r~i 2 |)
ρG
i (~

(3.5)

where α is an arbitrary parameter.In order to recover the original charge of the
system another Gaussian charge with magnitude of qi is also added. The total
charge distribution is rewritten as:
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X

ρ(~r) =

qi δ(~r − r~i )

i

X

=

(qi δ(~r − r~i ) − ρG
r)) +
i (~

i

X

ρG
r)
i (~

(3.6)

i

so that the first sum will only give rise to a short ranged potential that can be
calculated in the direct space and is well approximated by truncation (as for vdW
term), while the second is conveniently calculated in the reciprocal space. As a
result the E Coul can be written as

E Coul =
dir =
self =

1
(dir − self + rec )
4π0
√
N
1 X qi qj erf c( αrij )
2

rij

i6=j

X

r

i

(3.7)

α 2
q
π i
N

rec =

1 X X qi qj
exp[i~k.(~
ri − r~j )]exp(−k 2 π 2 /α)
2
2
V
k
i,j=1
~k6=0

where rij = |~
ri − r~j |.
Particle Mesh Ewald In the Ewald summation the computational effort in calculating rec is of the order of N 2 , where N is the number of particles. If α is adjusted
to optimize the computational cost, an order of N 3/2 can be achieved [52]. Although
conventional Ewald summation is widely used for simulation of small periodic systems, the computational cost becomes prohibitive for large (N > 104 ) macromolecular simulations. There are alternative techniques for improving the evaluation of
long range electrostatic forces, such as Particle Mesh Ewald (PME)[53].
In this method, the reciprocal space sum in equation 3.8 is approximated by
a multidimensional piecewise interpolation approach inspired by the particle mesh
approach of Hockney and Eastwood [54]. The charges in the system are interpolated
on a grid to arrive at a discritized Poisson equation. The approximate reciprocal
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energy and forces are expressed as convolutions and can thus be evaluated quickly
using fast Fourier transforms (FFTs). The computational effort of the resulting
algorithm is of the order NlnN.

3.1.5

MD in various statistical ensembles

MD simulation performed using equation 3.2 samples the microcanonical ensemble
in which the volume V , the number of particles N and total energy E are constant.
It is useful to define schemes for the evolution of the system under conditions of
constant volume and temperature (N V T ), or constant pressure and temperature
(N P T ), corresponding to typical real-life situations. The two main strategies that
have been developed to devise MD schemes for these ensembles are based on the extended Lagrangian formalism, the Nose-Hoover thermostat and Parrinello-Rahman
barostat.
Nose-Hoover Thermostat This thermostat was originally introduced by Nose
[55] and subsequently developed by Hoover [56]. The idea is to consider the heat
bath as a part of the system by adding an additional variable s associated with
a mass parameter, Q. The magnitude of Q determines the coupling between the
heat bath and the real system, influencing temperature fluctuations. The artificial
variable s plays the role of a time scaling parameter. The Hamiltonian for the
extended system of the N particles plus the additional coordinate s is
HN ose =

X
i

p2i
p2s
+
U
(r
)
+
N
k
T
ln
s
+
i
df
B
2mi s2
2Q

(3.8)

where Ndf is the number of degrees of freedom. From this hamiltonian one can
derive the equations of motion as follows
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∂HN ose
pi
=
∂pi
m i s2
∂HN ose
= Fi (r)
ṗi = −
∂ri
ps
∂HN ose
=
ṡ =
∂ps
Q
!
X p2
∂HN ose
i
p˙s = −
=
− Ndf kB T /s
∂s
m
is
i
ṙi =

(3.9)

Making the following change of variables
r0 = r

(3.10)

p0 = p/s

(3.11)

s0 = s

(3.12)

t0 = t/s

(3.13)

The equations of motion can be written as
dri0
dt0
dp0i
dt0
1 ds0
s dt0
d(s0 p0s /Q)
dt0

dri
p0
= i
dt
mi
dpi /s
= s
= Fi (r) − (s0 p0s /Q)p0i
dt
= s

(3.14)

= s0 p0s /Q
=

X p0 2
i

i

mi

!
− Ndf kB T

/Q

By introducing the thermodynamic friction coefficient as ξ =

s0 p0s
Q

the last equation

in 3.14, becomes
ξ˙ =

X p0 2
i

i

mi

!
− Ndf kB T

/Q =

T (t) − T0
Q

(3.15)

which shows that the time derivative of this coefficient is calculated from the difference between the instantanous temperature T (t) and the reference temperature T0 ,
and Q determines the strength of the coupling to the heat bath.
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Parrinello-Rahman barostat Parrinello-Rahman approach is similar to the NoseHoover temperature coupling, and it samples the true NPT ensemble [57]. In this
barostat, the box vectors represented by the matrix H obey the equation of motion
d2 H
dH −1
) (P − Pref )
= V W −1 (
2
dt
dt

(3.16)

in which W −1 is a matrix that determines the strength of the coupling, the matrices
P and Pref are the current and reference pressures, respectively. The equations of
motion for the particles are also changed, just as for the Nose-Hoover thermostat:
dri
d2 ri
Fi
−M
=
2
dt
mi
dt


d
dH dH −1
M = H −1
)
H
(
dt
dt
dt

(3.17)

and
(W −1 )ij =

4π 2 βij
3τp2 L

(3.18)

where the time constant of coupling, τp , represents the period of the oscillations
between current and reference pressure, while β is the approximate isothermal compressibility.

3.2

Simulation of Lipid Membranes

Simulations of membranes are usually performed on lipid bilayers.

The build-

ing blocks of this bilayer are lipid molecules (figure 3.1). Lipid molecules differ in the type of hydrophilic head groups and in the different number of carbon
atoms in their aliphatic chains (figure 3.1). The most abundant phospholipids in
animals and plants are phosphatidylcholine (PC) bilayers which are mostly used
in simulations. In particular, frequently simulated PCs are 1,2-dihexadecanoylsn-glycero-3-phosphocholine (DPPC) and 1-Palmitoyl-2-oleoyl-phosphatidylcholine
(POPC) which have none and one carbon double bond (unsaturated bond) on their
aliphatic chains, respectively. The chemical structures of these lipid molecules are
shown in figure 3.2.
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Figure 3.1: (A) A lipid molecule and its different chemical compositions. B) A Lipid bilayer
which is composed of lipid molecules.

Figure 3.2: Chemical structures of POPC (above) and DPPC (below) lipid molecules.
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Several force fields have been optimized to best reproduce the experimentally
determined lipid bilayer properties. The popular force fields are all-atom presented
CHARMM [12], [58] and united atom GROMOS [11]. Recently, the Generalized
AMBER Force Field (GAFF) is also extended its parameters to include lipid parameters [13] and this force field has been used in this thesis.

3.3

Rare events

Permeation processes of molecules through lipid membranes, occur in a time scale
ranging from milliseconds to seconds. Studying such long processes with classical
molecular dynamics, would be practically impossible, as rare transitions between different states of the system would be observed during the simulation. In the following
we describe methods to study rare events using enhanced sampling techniques.
Consider a system of particles with coordinates x, in region Ω, evolving under
the influence of a potential V (x) and is coupled to a heat bath of temperature T . At
equilibrium, the system explore its accessible phase space with a state probability
distribution given by the Boltzman equation:
1
exp(−βV (x))
(3.19)
Z
R
where β is the inverse of temperature and Z = Ω exp(−βV (x)) dx is the partition
P (x) =

function of the system. To describe interesting processes in biological systems in
simple terms, one considers a reduced probability distributions as a function of a
few reaction coordinates. Namely, instead of monitoring the full trajectory x(t) of
the system, a reduced trajectory s(t) = S(x(t)) is analyzed. For an infinitely long
trajectory the probability distribution P (s) is given by the histogram of s, as:
Z
1 t
P (s) = lim
δ(s − s(t))
(3.20)
t→∞ t 0
while in real applications P (s) is estimated as:
n

1 X
P (s) ∼
χs (s(t))
n∆s t=1

(3.21)
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where χs (x) = 1 if x ∈ [s, s + ∆s] and zero otherwise. If the system is ergodic and
the dynamics allows an equilibrium distribution at an inverse temperature β, the
knowledge of P (s) allows to define the free energy of the system in terms of s as:
1
F (s) = − log(P (s))
β

(3.22)

Qualitatively, a system will display metastability if the probability P (s) is large in
a set of disconnected regions separated by regions in which the probability is low. A
system is to be considered metastable if F (s) has a characteristic shape with wells
and barriers and if it presents more than one minimum in its free energy profile. A
metastable system resides for the large majority of time in disconnected regions of
the space and it takes a long time to go from one minimum to the other.

3.4

Methods for computing free energy

The free energy as a function of a relevant variable provides a very important insight
on the equilibrium and metastability properties of a system. For instance, the
minima in a free energy surface correspond approximately to the metastable sets
of a system: the system spends by definition a lot of time in the minima and only
rarely it visits the barrier regions in between and has to perform a transition.
The free energy profiles can be used to estimate the transition time between
two metastable states. For example, transition state theory states that the average
transition time from a state A to a state B is proportional to the difference of the
free energy of state A and the barrier between the two states. In the following we
review some of the most popular methods to calculate the free energy profiles.
Umbrella sampling is a commonly used method in which the normal dynamics
of the system is biased by a suitably chosen bias potential V B (s(x)) which depends
on x only via s. The biased probability distribution is
P B (s) =

Z
exp(−β(V B (s) + F (s)))
ZB

(3.23)

where Z B is the canonical partition function for the potential V (x) + V B (s(x)). So,
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measuring a probability distribution in the presence of a bias V B (s(x)) provides a
measure for the unbiased probability distribution and unbiased free energy. It has
been shown that the optimal efficiency is obtained when V B (s(x)) = −F (s), but
in real cases F (s) is not known and therefore the main issue remains about how to
construct a suitable bias potential without a detailed knowledge of the system [59].
A possible solution to this issue is the so-called weighted histogram analysis
method (WHAM), in which several histograms that are constructed with different
umbrellas V Bi (s(x)), are combined in order to reconstruct a single estimate of F (s)
[60]. A typical bias potential would be of the form V Bi (s) = 21 k(s − si )2 , where si
is the value of the reaction coordinate at the point of interest. The major problem
of this method is that the number of biasing potentials, that one has to use, scales
exponentially with the dimensionality, so the computational cost becomes expensive
for d > 2.
The mentioned methods study the system properties in equilibrium but other
algorithms have been developed to exploit non equilibrium dynamics in order to
compute equilibrium observables. One of these methods uses the so-called Jarzynski’s equality [61]

hexp(−βW )i = exp(−β∆F )

(3.24)

where, W is the work performed on the system. This equation provides an explicit
expression for the free energy of the system in terms of the average of exponential
work. The major difficulty of this method is that hexp(−βW )i is dominated by rare
trajectories for which work is small and thus exp(−βW ) is large. This, hinders the
accuracy of the estimation of the free energy [62].
In the next paragraph we describe a powerful method called metadynamics, that
biases the system with a history-dependent potential and that can provide a full
description of the system’s free energy [43].
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3.5

Metadynamics

Metadynamics is a technique that allows accelerating rare events by making the
system to escape from free energy minima and sampling the free energy landscape
faster [43]. In this method, an dditional history-dependent term is added to the
system’s potential. The additional term, biases the dynamics of the system along a
specific set of reaction coordinates. As in the case of umbrella sampling, the reaction coordinates, usually named collective variables (CVs) within the metadynamics
framework, provide a coarse grained description of the system and are important in
accounting for slow events that are relevant in the description of the process of interest. These CVs, s(x) (for simplicity a one-dimensional dependency is assumed) are
explicit functions of the Cartesian coordinates. More specifically, the metadynamics
potential is a sum of Gaussians deposi which are put at specific time intervals τG
and have the following form:
X

VG (S(x), t) = w

t0 =τ

G ,2τG

(S(x) − s(t0 ))2
exp −
2δs2
,...

!
(3.25)

where s(t) = S(x(t)) is the value of the CV at time t, w is Gaussians height and δs
is the width of Gaussian which could be decided for every CV.
Metadynamics works under the idea that the summation of Gaussians provides
an estimate of the underlying free energy, namely:
lim

t→∞

X

VG (s, t) ∼ −F (s)

(3.26)

t

This is shown with an example in Figure 3.3, where a sum of around 320 Gaussians
is sufficient to approximately reproduces the shape of the free energy profile of that
system.
Equation 3.26 also states that free energy which is an equilibrium quantity can
be estimated from a non-equilibrium dynamics, in fact, the underlying potential is
changed every time a new Gaussian is added.
In order to better understand the implication of equation 3.26, one can map
the history-dependent potential into a Markovin process in the original collective
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Figure 3.3: A sample free energy profile. After deposition of around 320 Gaussians the
summation of the history-dependent potential resembles the underlying free energy

variable plus an auxiliary field which keeps track of the visited configurations. Let
us assume that the CVs dynamics is governed by an overdamped Langevin dynamics
in a region Ω with reflecting boundary conditions:
√
1 dF (s)
ds(t) = − D
dt + 2DdW (t)
T
ds

(3.27)

where dW (t) is a Wiener process and D is the diffusion coefficient. Defining the
auxiliary field as:
Z
φ(s, t) =

t

δ(s − s(t0 )) dt0 ,

(3.28)

0

equation 3.27 can be written as:

dφ = δ(s − s(t))dt
 

Z
1
d
0
0
0
ds(t) = − D
F (s) + ds φ(s , t)g(s , s(t))
dt
T
ds
p
+
(2D)dW (t),

(3.29)

(3.30)

These equations are Markovian, namely the state of the system at time t + dt,
(s(t + dt), φ(t + dt)) just depends on the state of the system at time t, (s(t), φ(t)).
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This property allows one to analyze in a rigorous manner the behaviour of equation 3.30. In order to study the average properties of an ensemble on independent
metadynamics calculations one needs to obtain a probabilistic equation. To this
end, when the stochastic evolution is Markovian, one can write a Fokker-Planck
equation. Let us denoting by P (s, [φ], t), the probability of observing the system at
time t with CV value s and field realization φ(s, t). P (s, [φ], t) is a function of s and
a functional of φ(s). It satisfies the Fokker-Planck equation. In fact from equation
3.30 one can write:

Z
∂P (s, [φ], t)
∂P (s, [φ], t)
∂ 2 g(s, s0 )
=−
+ DP (s, [φ], t) ds0
φ(s0 )+
∂t
∂φ(s)
∂s2
Z
∂g(s, s0 )
∂ 2 P (s, [φ], t)
∂P (s, [φ], t)
ds0
φ(s0 ) + D
(3.31)
+D
∂s
∂s
∂s2
The limiting distribution of P (s, [φ], t) which satisfies

∂ P̃
∂t

= 0 is assumed to be

independent of s [63]. From equation 3.31 one gets:


P̃ ([φ]) ∝ exp

D
2T

Z


∂ 2 g(s, s0 )
dsds (φ(s ) − φ0 (s ))
(φ(s) − φ0 (s))
∂s2
0

0

0

(3.32)

where C is a normalization factor and φ0 (s0 ) is defined such that its convolution with
the kernel g(s, s0 ) is equal to the to the opposite of the free energy of the system
F (s):
Z

ds0 g(s, s0 )φ0 (s0 ) + F (s) = 0

(3.33)

Using the fact that the history-dependent potential at time t is related to the field
φ(s0 , t) by the following equation:
Z
VG (s, t) =

ds0 φ(s0 , t)g(s, s0 )

(3.34)

the average value of VG (s, t) over several independent metadynamics realizations
gives:
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Z

ds0 g(s, s0 ) hφ(s0 )iM
Z
Z
0
0
=
ds g(s, s ) dφP̃ [φ]φ
Z
=
ds0 g(s, s0 )φ0 (s0 ) = −F (s)

hVG (s)iM =

(3.35)
(3.36)
(3.37)

where h.iM indicates the average over several metadynamics run.

3.5.1

Collective variables

In methods that provide the free energy as a function of a set of reaction coordinates such as metadynamics, the choice of this set influences the reliability of the
approach. Collective variables (CVs) should be chosen such that 1) they allow distinguishing between the initial and final states, 2) they describe the relevant rare
events. Additionally, we should select a limited number of CVs to prevent excessive
computational time when constructing the free energy landscape. By having some
knowledge of the nature of the event of interest, one is normally able to choose the
CVs. Some of the frequently used collective variables are the following:
Geometry-related variables
Distances, angles and dihedrals that are formed by atoms or groups of atoms are
within this group of CVs. They could be used in several cases including the study
of chemical reactions, ligand-protein binding, permeation of ions/molecules through
membrane pores and so on.
Coordination number
This variable is defined as

S=

XX

C(rij )

(3.38)

i∈G1 j∈G2

where ri,j =| ri − rj | and the sums of i,j run over all the pairs of atoms within the
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two groups, and C(r) is defined as:
1−
C(r) =
1−

 n
r
r0

(3.39)

 m
r
r0

where r0 , n and m are parameters that control the form of the switching function.
This CV is usually used to count the number of hydrogen bonds and hydrophobic
contacts in biological systems.

3.6

Bias exchange metadynamics

Although metadynamics is a powerful technique for studying rare events its efficiency
decreases exponentially with the dimensionality, namely the number of CVs that
required to be explored. In the description of complicated biological processes one
needs often to consider several CVs. Moreover, if one does not bias all the slow
degrees of freedom nedeed to describe the process, the resulting free energy profile
will be largely inaccurate and hysteresis in the calculated profile will show up. This
behaviour is depicted in figures 3.4 and 3.5. In figure 3.4, a two dimensional potential
well is biased just along ”x”. There are very few transitions between the lower and
upper minima. Therefore, the profiles do not grow smoothly and the simulation does
not converge. Instead biasing the system along both ”x” and ”y” directions, by two
metadynamics runs on two replicas and a time to time exchange move between the
two, greatly improves the sampling and reduces the hysteresis in the profiles as
illustrated in figure 3.5.
The above mentioned example was obtained by employing the so-called biasexchange metadynamics (BE-META hereafter), which is a combination of metadynamics [43] and replica exchange [64]. To describe the method, suppose there are
NR replicas which bias all the collective variables sα (x) where α = 1, 2, ..., NR necessary to describe the system with a history-dependent potential along each replica
denoted by VGα (x, t) = VG (sα (x), t) and all the replicas at the same temperature
T . At specific time intervals, two replicas a and b are chosen at random and an
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Figure 3.4: A) An intrisically two dimensional free energy surface, the depth of the free
energy corresponds to the darker colors. B) Free energy profiles resulting from a one
dimensional metadynamics along x: hysteresis are present in the profiles.

Figure 3.5: The free energy profiles of the system shown in fig. 3.4 when the two collective
variables (x,y) are biased with BE-meta
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exchange move consisting of swapping the coordinates xa and xb is attempted. The
move is accepted with a probability:


Pab = min 1, exp β VGa (xa , t) + VGb (xb , t) − VGa (xb , t) − VGb (xa , t)

(3.40)

If the move is accepted the CVs of replica a from sa (xa ) performs a jump to sa (xb )
and replica b from sb (xb ) to sb (xa ). The exchange moves increase the efficiency of
the exploration by introducing a jump process on top of the ordinary metadynamics
sampling.These jumps enhance the diffusivity of each replica in the CV space. The
results of a BE-META simulation are several low-dimensional projections of the free
energy surface along each CV. To construct a higher-dimensional free energy surface
a weighted histogram analysis method is used (see section 3.7).
If after a certain time tF the BE-META simulation has explored all the possible
CV space, an estimate of the free energy is obtained from the average of VGi (s, t)
after tF :

Z ttot
1
V (s) =
VGi (s, t) dt
(3.41)
ttot − tF tF
where ttot is the total simulation time. When the BE-META simulation is converged,
i

namely, the averages of the history-dependent potentials at different times grow
evenly, VGi (s, t) just fluctuates around V i (s). These fluctuations are small if the
deposition rate of the Gaussians is not excessive. In order to keep the error induced
by these fluctuations under control, one usually splits the time integral of equation
3.41 into two parts, one from tF to (tF + ttot )/2 and the other from (tF + ttot )/2 to
ttot . Only if the two average potentials calculated over the two time intervals are
within a few kB T , then the configurations collected after tF and kept for further
analysis.

3.7

Multidimensional free energy from bias exchange
metadynamics

In this section we review a method which allows constructing a higher-dimensional
free energy surface. The idea is to exploit the low-dimensional free energies ob42

tained from BE-META simulation to estimate by a weighted histogram procedure
the free energy of a finite number of microstates that are representative of all the
configurations explored by the system. These microstates are obtained by partitioning the configurations explored by all the replicas in hypercubes in CV space.
The microstates should satisfy the following properties: 1) they should cover all the
configuration space explored in BE-meta, including the barrier regions, 2) the size
of the microstates must not be too large and 3) the population of each microstate
should be significant enough to provide a reliable estimate of the free energy.
The unbiased probability of observing microstate α, estimated on walker i using
the standard umbrella sampling procedure is:


X
1 i i
i
i
pα =
exp
(V (sk ) − f )
T
i

(3.42)

k∈Ωα

where f i is a parameter that fixes the normalization and Ωiα is the set of frames of
walker i that are assigned to microstate α. These probabilities are used to construct
the best possible estimate of the probability of observing microstate α, pα , called
combined probability. The combined probability is written as a linear combination
of the piα -s, namely,
pα = C

X

παi piα

(3.43)

i

παi

have to be determined and C is a normalization constant. The
P
weights are subject to the constraint i παi = 1 and are obtained by minimizing the

where the weights

estimated error on pα :
σ 2 (pα ) = C 2

X

(παi )2 σ 2 (piα )

(3.44)

i

where, σ
σ

2

(piα )

2

(piα )

=g

is

X
k∈Ωiα


exp


 
 



2
1
1
i
i
i i
i
i
i
i
∼
V (sk ) − f
= gpα exp
Vα −f
Vα −f
= gpα exp
T
T
T
(3.45)

where g is a constant that takes into account the correlation time and
!
P
2 i i
i
k∈Ωiα exp( T V (sk )
V α = T log P
1 i i ) .
k∈Ωiα exp( T V (sk )

(3.46)
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Thus, the weights can be written as:


i
exp T1 (f i − V α )


παi = P
j
1
j
j exp T (f − V α )
so the free energy can be written as:
X
Fα = −T log pα = −T log
παi piα = −T log P
i

where,

niα

=

P

k∈Ωiα

exp



1
(V i (sik )
T

−V



i
α)

(3.47)

P i
n
 i α

1
j −Vj)
exp
(f
α
j
T

(3.48)

. The f i constants are obtained by itera-

tion from:
P k
n
1 i
1 X
1 i
1 X
1 i
 k α

exp(− f ) = P i
exp(− V α )pα = C P i
exp(− V α ) P
1
T
T
T
j −Vj)
α nα α
α nα α
exp
(f
α
j
T
(3.49)
The free energy estimated by equation 3.48 is subject to an error of:
σ 2 (Fα ) = T 2

gT 2
σ(pα )
P
=
i
p2α
i nα

(3.50)

which is consistent with what is found in the normal weighted histogram analysis
method [60].

3.8

Kinetic model construction

The knowledge of the free energy can be exploited to determine the kinetics of the
system. For example, exploiting the transition state theory, the barrier height can
be used to estimate the transition rate between two states [65]. Another way to
extract the kinetic information is to assume that the dynamics of the system along
the CVs can be approximated by a diffusion process such as:
ṡ(t) = −D(s) · ∇F (s) + N (t)

(3.51)

where, D(s) is the position dependent diffusion matrix, F (s) is the free energy and
N (t) is a process which obeys the following relationships:
hN (t)i = 0

(3.52)

hN (t) · N (t0 )i = 2Dδ(t − t0 ).

(3.53)
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The corresponding Fokker-Planck equation is:
∂ρ(s, t)
= −∇ · D · (ρ∇F + ∇ρ)
∂t

(3.54)

where ρ(s, t) is the probability density.
To construct a bin based model, it is useful to discretize equation 3.54 in the
space of CV and write it as a master equation
∂pα X
=
kβα pβ − kαβ pα
∂t
β

(3.55)

where pα,β is the probability of observing the system in microstates α and β. If the
microstates form a regular grid, the transition rates can be written as [66]


β
◦
kαβ = kαβ exp − (Fβ − Fα )
2

(3.56)

◦
where, kαβ
is the rate associated with simple diffusion on a flat surface. Since
◦
◦
. In one dimension, the microstates
= kβα
the detailed balance holds then; kαβ
◦
=
are labeled by a single integer i, so k(i)(i±1)

D
ds2

and zero otherwise, where D is

the average diffusion matrix for the transition between the mentioned bins. In d
dimensions the microstates are labeled by d integers (i1 , i2 , ..., id ). If D is diagonal,
the one dimensional expression for the rates can be generalized straightforwardly.
But if D is non-diagonal the only rates different from zero are those in which one
or more of the components of (i1 , i2 , ..., id ) vary by one:
Dkk X Djk
k(..,ik ,...)(...,ik±1 ,...) = 2 −
|
|
dsk
dsk dsj
j6=k

(3.57)




Djk
k(..,ik ,...,ij ,...)(...,ik±1 ,...,ij±1 ,...) = max
,0 .
(3.58)
dsk dsj
Therefore, one needs to estimate the diffusion matrix to obtain the transition rates.

3.9

Estimating the diffusion matrix by maximum
likelihood

The diffusion matrices are determined by using the maximum likelihood technique
[20],[66]. In this approach, one maximizes the likelihood that a given MD trajectory
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is reproduced by a trajectory generated based on the rate model in equation 3.56. To
compute D, one generates a MD trajectory (or a set of trajectories) in the relevant
region and maps it for a given time lag ∆t, on the microstates. Starting by an
initial guess of D several trajectories of the rate model are harvested starting from
the microstates already visited by MD and conditional probabilities for transitions
among all the pairs of microstates are calculated. These probabilities are used to
calculate a likelihood which is defined as,
L(D) = log

Y

PD (α(t + ∆t)|α(t))

(3.59)

t

that is then optimized as a function of D. One can practically performs an iterative
line minimization as a function of each matrix element. In this procedure, starting
from an initial value, L(D) is computed along a given direction for a number of e.g.
20 values of each element is computed and the matrix element value corresponding
to the minimum of L is determined. Next, the procedure is repeated for other
matrix elements and iterated until convergence. Since the calculated diffusion matrix
depends on the time lag, if the rate model is well defined, by increasing ∆t the matrix
converges to a well defined value. This is an indication that on a time scale larger
than ∆t the dynamics between microstates is approximately Markovian and the
model in 3.56 faithfully describes the real dynamics of the system.
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Chapter 4
Permeability coefficient of ethanol
through a lipid bilayer
In this chapter, we propose an approach for computing the permeability coefficient
taking explicitly into account a large number of important slow reaction coordinates associated with the permeation process. We use bias-exchange metadynamics
(BE-META)[19], the enhanced sampling technique described in section 3.6, and
we obtain an estimate of the multidimensional free energy surface as a function of
several putative reaction coordinates. We then compute the position dependent diffusion matrix, using the procedure in ref [20] and described in section 3.9. Finally,
we perform a kinetic Monte Carlo (KMC) simulation on the multidimensional model
defined by the free energy and the diffusion matrix. In this manner it is possible
to compute the mean value of the permeation times (MPT). The value of the permeability coefficient is then directly computed from the MPT by a novel procedure
introduced by us [21] and described in this chapter. We also present a benchmark
of this approach by studying the permeation of ethanol through a lipid membrane.
The rest of the chapter is organized as follows: we first focus on our specific
system by providing details of the computational setup as well as the choice of the
collective variables used in this study. Then, we describe the molecular mechanism of
permeation of ethanol through membrane by providing the free energy of the process
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and estimating the mean permeation time (MPT). We then show that the MPT
predicted by our approach reproduces the MPT observed in a very long unbiased
molecular dynamics trajectory of the same system. Afterwards, we demonstrate
that P can be directly estimated from the MPT and, we derive the value of the
permeability coefficient following this procedure. Finally, we compare the theoretical
value of P with the experimental value.

4.1

Computational setup

We performed simulations on two systems with different sizes: a relatively larger system (LS) with 2×64 POPC molecules and a smaller system (SS) with 2×16 POPC
molecules. For both systems we used GAFF parameters for POPC lipids [13], parameters from ref. [67] for ethanol, and the TIP3P water model [68]. An equilibrated
POPC lipid bilayer was kindly provided by T. A. Martinek with an area per lipid of
0.72 nm2 . The bilayer was placed in the x-y plane of the simulation box. In both systems, ethanol molecules were randomly added to the simulation box and the rest of
the box was filled with water molecules. In the case of the LS the initial ethanol concentration in water is 1 mol%. Thus, LS (SS) contained 5953 (1628) water molecules
and 60 (5) ethanol molecules in a volume of 6.15(3.66)×7.56(3.14)×7.59(7.96) nm3 .
The lipid, water and alcohol molecules were coupled to a heat bath at temperature
323 K much above the POPC phase transition temperature [69], using a Nose-Hoover
thermostat [55, 56] with a coupling constant of 1 ps. Pressure was controlled in the
direction normal to the bilayer surface by a Parrinello-Rahman barostat [57] with
a time constant of coupling of 1 ps. All the bonds were constrained to their equilibrium values by LINCS algorithm [70]. Lennard-Jones interactions were cut off at
a distance of 0.9 nm and time step was set to 2 fs. Long-range electrostatics were
computed by particle-mesh Ewald algorithm [53]. All simulations were performed
by using the GROMACS 4.0 package [71].
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4.1.1

Choice of collective variables

In describing the permeation process we are interested in monitoring the position of
ethanol in the membrane as well as in discriminating contacts of ethanol with water
molecules (W) and with groups of phospholipid molecules having different chemical
nature, namely, the phosphate atoms of the head groups (P) and the aliphatic
carbons of the tails of POPC molecules (T). The contacts between two groups of
atoms are described by coordination number variable which is defined as:
S=

XX

C(rij )

(4.1)

i∈G1 j∈G2

where ri,j =| ri − rj | and the sums of i,j run on all the pairs of atoms within the
two groups, and C(r) is defined as:
1−
C(r) =
1−

 n
r
r0

(4.2)

 m
r
r0

where n = 2, m = 4 and r0 = 0.25 nm. For each ethanol molecule we consider
two centers denoted by O and C for oxydril and hydrophobic groups, respectively.
Different groups are shown in figure 4.1. Thus, the mechanism of permeation of
ethanol molecules through the POPC membrane is modelled by the following seven
collective variables:
CV1) the z component of the position vector connecting the center of mass of
POPC molecules to the center of mass of an ethanol molecule (Z hereafter);
and the coordination number of
CV2) O with P;
CV3) O with T;
CV4) O with W;
CV5) C with P;
CV6) C with T;
CV7) C with W.
The BE-META simulation was performed for a total time of 980 ns on 7 walkers,
biasing the described collective variables. The parameters for this simulation are:
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Figure 4.1: Different groups of atoms that are considered in the definition of CVs are
highlighted on the chemical structures of an ethanol and a POPC molecules. Alphabetic
letters referes to: P and T, Phosphate and carbon atoms of the aliphatic chains of POPC
molecule, O and C, hydrophilic and hydrophobic centeres of ethanol molecule.

Gaussian height is 0.072 kcal/mol, Gaussian widths 0.2 nm for CV1, 0.03 for CV2,
1.3 for CV3 and CV4, 0.07 for CV5, 1.7 for CV6 and 2.0 for CV7 with a Gaussian
deposition of every 5 ps and exchange attempts of every 20 ps. These values are
chosen according to the criterion in ref [72]. In figure 4.2 the evolution of the biasing
potentials for all collective variables is shown. Remarkably, the history-dependent
potentials of metadynamics are very similar at different times, indicating that the
choice of the collective variables is appropriate, and the system is capable of reaching
convergence [73, 74].

4.2
4.2.1

Results
Molecular mechanism of permeation

We performed a BE-META simulation [19] on SS with 5 ethanol molecules with
a POPC membrane solvated by TIP3P water molecules. The simulation was performed for a total time of 980 ns on 7 walkers, biasing variables that take into
account the position of ethanol within the membrane and the type and number of
contacts of ethanol with the water molecules and with the groups of POPC molecules
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Figure 4.2: Evolution of the biasing potentials during simulation time. Each profile is a
time average of the biasing potential: green profiles between 30 and 60 ns, red between 60
and 90 ns and blue between 90 and 120 ns

having different chemical nature (see section4.1.1 for more details).
In the rest of this section, first of all we provide a description of the obtained free
energy surface and we describe three important states for the interaction of ethanol
with lipid bilayer. Then, we present the calculated diffusion matrices in these states
and finally we estimate MPT and compare its value with MPT estimated from an
unbiased MD on LS.
i. Microstate determination and free energy surface construction
The analysis of the BE-META trajectories showed that an accurate description of
thermodynamics of the system could be obtained by considering four CVs:
1) the position of ethanol in the direction normal to the membrane (Z); and the
coordination number of
51

2) the oxydril group of ethanol (O) with aliphatic carbons of the tails of POPC
(T);
3) hydrophobic group of ethanol (C) with T;
4) C with water molecules (W). These collective variables were defined in detail
in section 3.5.1. BE-META trajectories were analyzed by subdividing the CV space
of these four variables in hypercubic boxes (microstates) with a size of d1 = 0.42
nm, d2 = 10, d3 = 19.5 and d4 = 8. The free energy of each microstate in this CV
space was determined applying the WHAM method [60].
In figure 4.3 the free energy as an average of history dependent potentials of
BE-META along Z is depicted. The minimum of the free energy along this CV
corresponds to ethanol in a state, hereafter denoted by HB state, where ethanol
makes hydrogen bonds either with carbonyl or phosphate groups of POPC molecules.
This state was also identified in ref. [75]. Two representative configurations of HB
state are shown in panels A and B of figure 4.4, respectively.

Figure 4.3: One dimensional free energy as a function of z, the position of ethanol in the
direction normal to the membrane. The free energy is obtained by averaging the history
dependent potential of BE-META, also depicted in figure 4.2

The microstate corresponding to the transition state in the four dimensional
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Figure 4.4: Representative configurations of ethanol in HB state. (A) ethanol forms hydrogen bonds with carbonyl groups of the acyl chains. (B) ethanol forms hydrogen bonds
with the phosphate groups. In both panels POPC molecules coordinating ethanol are represented in licorice, ethanol in CPK, acyl chains of other POPC molecules in gray lines
and the rest of the POPC molecules in blue lines. A close-up view of the complexes is also
shown.

free energy landscape is characterized by a Z value of ethanol within membrane
equals to 0, the coordination number of the oxydril group of ethanol (O) with the
aliphatic carbons of the tails of POPC (T) and of hydrophobic group of ethanol (C)
with T have their maximum possible values and the coordination number of C with
water molecules has its minimum possible value with respect to other states. This
is consistent with the loss of hydrogen bonds to water molecules approaching this
state as suggested by structural insights obtained by our analysis. This state will be
denoted as TS in the following. In the majority of the populated structures of TS,
ethanol is in the middle of the membrane and has lost its hydrogen bond formed
previously in HB state. Instead, in few structures (0.3%) ethanol remains hydrogen
bonded to a water molecule and drags it to the middle of the membrane as depicted
in figure 4.5. The free energy difference between the solvated state of ethanol and
TS is 3.5 ± 0.2 kcal/mol.
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Figure 4.5: Ethanol in TS state: (A) permeating without any water molecule and (B)
dragging a water molecule to the middle of membrane. In both panels, the POPC molecules
that are coordinating the ethanol are represented in licorice in gray, ethanol and water
molecules in CPK, acyl chains of other POPC molecules in gray lines and the rest of the
POPC molecules in blue lines.
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ii. Position dependent diffusion matrices
To estimate the position dependent diffusion matrices we used the maximum likelihood approach introduced in refs [66, 20] and described in section 3.9. We generated
three different sets of MD trajectories in the relevant regions. A 40 ns trajectory for
ethanol in water, a 50 ns trajectory in HB state and a 22 ns trajectory in the tail
region. The trajectory in this region consisted of several short trajectories starting
form the TS that were stopped as soon as ethanol exited from the region −1 ≤ Z ≤ 1
nm. Assuming the matrices are diagonal and a time lag of 70 ps the matrices shown
in table 4.1 were obtained.
D11 (cm2 s−1 )

D22

D33

D44

water 7.5 × 10−5

2.2

8.5

2.6

HB

2.5 × 10−5

1.5

220

1.2

tail

9.5 × 10−6

0.28 1.25

1.2

Table 4.1: Position dependent diffusion matrices of ethanol in different regions of the
membrane.

To demonstrate the reliability of this calculation, in figure 4.6 we report the
values of D11 as a function of time lag for the three regions. The values reach a
plateau for time lags equal or greater than 70 ps which shows that the rate model
consistently reproduces the unbiased kinetics [20].
iii. Mean permeation time estimation
In order to compute the mean permeation time (MPT) of ethanol through the
membrane we generated a 5 ms KMC trajectory. To monitor permeations through
the membrane we assigned a direction to every ethanol leaving the solvated state on
one side. We count a transition when the ethanol reaches the solvated state on the
other side. No transition is counted if ethanol bounces back to the side it has started
from. The MPT is computed as the mean value of the time between two successive
permeations. In figure 4.7 we show the dependence of MPT on the number of grid
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Figure 4.6: D11 in different regions estimated by maximum likelihood[20] from unbiased
molecular dynamics trajectories as a function of the time lag.

points that were used for constructing the kinetic model, and for two different time
lags.
In order to verify if the MPT computed by the rate model is correct, we performed a 300 ns of unbiased MD on the LS which contains 60 ethanol molecules
on 128 POPC molecules. On this trajectory, positions of ethanol molecules in the
simulation box versus time were monitored and successful permeations were counted
with the same procedure applied for the rate model. In the simulation time, we observed 8 successful permeations which by taking into account the number of ethanol
molecules (60) gives the value of MPT as 2.3±1.1 µs. This value is depicted in
figure 4.7 together with MPTs obtained by our model. figure 4.7 shows that the
MPT predicted by our model falls within the error of the MPT calculated from MD.
This demonstrates that our approach allows estimating the MPT correctly.
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Figure 4.7: Dependence of MPT to the number of grid points used in the construction of
the kinetic model, and on the time lag used for computing the diffusion matrix (see 4.6).
The gray region shows the MPT obtained by MD simulation.

4.2.2

Permeability Coefficient

In this section, first we present our approach for computing the permeability coefficient and we estimate P for the permeation of ethanol through POPC lipid bilayer.
Then we compare the obtained value of P with the estimation of P from unbiased
MD simulation and experimental data.
i. Relationship between P and MPT
We derive an equation that allows one to compute the permeability coefficient directly from a MD or a KMC simulation of the model equation 3.56. Consider a
container separated from outside by a membrane. In stationary conditions, the permeability coefficient is defined as the ratio between the flux J and the concentration
difference ∆C across the membrane:
P =

J
∆C

(4.3)
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This equation cannot be used in a simulation setup like the one used in this work
where, due to the periodic boundary conditions, the concentration difference across
the membrane is by construction zero, and the flux through the membrane is also
zero. In order to estimate P , we use instead the MD (or KMC) trajectory to estimate
the total reactive flux through the membrane, without considering the direction of
the molecules. Denoting by JL→R (resp. JR→L ) the flux from left to right (resp,
from right to left, we estimate P as
P =

JL→R + JR→L
C

(4.4)

where C is the ethanol concentration in water in stationary conditions. This equation
is simply equation 4.3 written for a box of water enclosed on the right and on the
left side by a membrane. Two surfaces S1 and S2 act as (virtual) sinks and sources
of molecules as depicted in figure 4.8. In particular, S1 , located corresponding to
lipid head groups on the left, acts as a sink for ethanol molecules coming from the
right side of the membrane. S2 , located corresponding to head groups on the right,
acts as a sink for ethanol molecules coming from the left. A molecule is classified as
“coming from the right” and contributes to JR→L if it reaches S1 coming from the
right side of the membrane, and not by looking at its velocity when it crosses the
surface. With this choice, the currents in equation 4.4 are reactive currents, and
not microscopic currents. When an ethanol molecule crosses S1 (and contributes to
JR→L ) it is virtually removed from the system. In order to keep the concentration
“inside” the container constant, one virtually adds a “new” ethanol molecule at the
image of S1 (resp S2 ) for each molecule adsorbed by S1 (resp S2 ).
Denoting the volume of the simulation box occupied by water by Vw and the
number of solvated ethanol molecules by Nw , C in equation 4.4 is estimated as
C = Nw /Vw . The flux is instead estimated from the average time between two
successive permeations τ̄ , and from the total area of the membrane A:
JL→R + JR→L =

11
τ̄ A

Thus:
P =

Vw 1 1
1 Lw
=
Nw τ̄ A
τ̄ 2Nw

(4.5)
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Figure 4.8: The box of water enclosed on both sides by a membrane. The adsorbing
surfaces (S1 and S2 ) used in the derivation of equation 4.4 and their images are depicted.
The red (resp blue) curved arrow represents a trajectory of a molecule contributing to the
reactive flux JR→L (resp JL→R ).

where Lw is the length of the simulation box in the Z direction (normal to the
membrane) that is occupied by water. The factor 2 in equation 4.5 arises from the
fact that the efficacious area of the membrane is twice the area of the simulation box
in the direction normal to Z.Notice that the product between τ̄ and Nw appearing
in equation 4.5 is estimated by the mean time between two successive permeations
of a single molecule, denoted by MPT in the previous sections. Recapping, the
permeability coefficient can be estimated in a MD run performed in a system with
periodic boundary conditions, or in a rate model constructed as described in this
work, as:
P =

Lw
2M P T

(4.6)

where MPT is the mean time between two successive permeations of a single molecule.
ii. Comparison with unbiased MD simulation and experiment
P estimated from unbiased MD Using our approach, we can estimate the value
of permeability coefficient based on the resulted MPT calculated from the unbiased
MD trajectory that we described in previous section. The obtained values of P are
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8.5 ± 4.1 × 10−2 cm s−1 based on unbiased MD and 6 × 10−2 cm s−1 based on the
rate model (for a time lag of 70 ps and number of grid points along Z of 19).
P estimated from experiment We now compare our estimate with the permeability coefficient obtained by micropipette aspiration data [31], explained in section
2.3.2. Permeability coefficient is estimated as the slope of the plot of the change of
concentration of ethanol inside the liposome versus time as 3.8 ± 3.0 × 10−5 cms−1 .
This value is three orders of magnitude smaller than what we found. The MPT
reported in literature for ethanol-POPC or similar membranes systems are between
130 to 170 ns [76, 77] which shows an even faster permeation through the membrane
than ours.
In order to investigate the origin of this discrepancy, we first attempted to describe the permeation process by a homogeneous solubility diffusion model [25]. As
mentioned in section 2.2.1, P is estimated in this approach as P =

K·D
h

where K

is oil/water partition coefficient, D is diffusion coefficient and h is the membrane
thickness. The partition coefficient of ethanol estimated on the free energy surface
obtained by our calculation is equal to 6.5 × 10−3 which is consistent with the experimental value [78]. By setting the experimental values of P , K and of the membrane
thickness in the above equation, the diffusion coefficient turns out to be of the order
of 10−8 cm2 s−1 . However, the diffusion coefficient of ethanol in water is of the order
of 10−5 cm2 s−1 . Thus, according to this estimate ethanol should diffuse in lipid tails
approximately 1000 times slower than in water. This large difference seems rather
unlikely, as for most of the solutes with roughly the same size of ethanol computational estimate of the diffusion coefficients show at most a difference of one order
of magnitude [18, 17], although such calculations could be affected by systematic
errors such as inaccuracy of force field.
Another possible reason for the observed discrepancy might be the specific approach used in the experiment, in which P is estimated from the area expansion of a
liposome as a function of time. Clearly, the volume of the liposome becomes stable
when the concentration inside and outside are equal, and the change in volume is
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related to the permeability of the membrane. However, in order to reach stationary
conditions, ethanol molecules must not only cross the membrane, but also diffuse
inside the liposome. In order to quantify this effect we computed the relaxation time
of ethanol concentration at the center of a liposome. Consider a liposome modeled as
a spherical container of radius R, and assume the concentration inside the container
is zero at t = 0. The container is immersed in a bath at constant concentration, c.
The Fokker-Planck equation for the change of concentration inside the liposome has
the form of equation 4.7
∂C
1
= D∇2 C.
∂t
2

(4.7)

We solve this equation considering the following boundary conditions:

C (r > R, t) = c

(4.8)

C(r < R, t = 0) = 0

(4.9)

the solution of this equation is:


C (r, t) = c

1
2πDt

 32 Z∞



1
0 2
(~r − ~r )
d ~r exp −
2Dt
3 0

(4.10)

|~
r0 |>R

at the center of the liposome, r = 0, this gives:



 


R
1
R
R2
1 − erf √
+√
exp −
C (r = 0, t) = 2c
2
2Dt
2Dt
2πDt

(4.11)

from which we compute the time scale of the concentration relaxation for a diffusive
behavior of ethanol in water. We considered the experimental condition for target
ethanol concentration, c = 1.7 M and a liposome radius ranging from R=10 to 20
µm. This relaxation time is the time scale of the diffusion of ethanol molecules in
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Figure 4.9: The experimental graph from which value of P is deduced [31].

water until concentration reaches equilibrium. Considering the range of the radius
of the liposome, the relaxation time ranges between 0.78 to 3.13 s. From the experimental graphs (Figure 4.9 taken from ref [31]) it is deduced that liposome size
gets equilibrated in a time scale of seconds which is consistent with our derived time
scale for ethanol diffusion in the liposome. Of course, these data do not exclude a
permeation time through the membrane to be of the order of fraction of seconds,
as implied by the experimental value of P . However, our calculations indicate that
in order to find out if this is the case one should repeat the experiment with much
smaller liposomes.
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Chapter 5
Permeability coefficients of
pharmacologically relevant molecules
through lipid bilayer
In this chapter we apply the approach we described in chapter 4 for the determination of the permeability coefficient by atomistic simulations on two pharmacologically important molecules, etravirin and efavirenz, used in the treatment of human
immunodeficiency virus. Our approach [21] allowed us to present a preliminary estimate of the permeability coefficients of the two drugs, as well as shedding light on
the details of the mechanism of permeation.
The organization of this chapter is as follows: we first give an introduction on the
biochemistry of the two selected drugs. Then, we describe the collective variables
chosen to study the permeation processes and the simulation setup. In the results
section, we describe the permeation mechanisms of the two drugs and we present
the structural aspects of this process. Finally, we estimate the mean permeation
time and permeability coefficient for both drugs, and we compare these values with
experiments.
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5.1

Choice of the drugs

We have chosen to apply our approach to the calculation of the permeability coefficient of etravirine, and efavirenz, two drugs used for the treatment of HIV. We here
give a quick introduction of their biological mode of action and of their chemical
structure and properties.
The common steps during the life cycle of most viruses are the followings: 1)
attachment to a host cell, 2) release of viral genes and possibly enzymes into the
host cell, 3) replication of viral components using host-cell machinery, 4) assembly of viral components into complete viral particles, 5) release of viral particles to
infect new host cells. Anti-viral drugs can be designed to attack any step of this
cycle. Drugs for HIV treatment can target the reverse transcription process which
is a part of the 3rd step of the life cycle. During this process, the enzyme (reverse
transcriptase (RT)) transcribes the viral single-stranded RNA into double-stranded
DNA. Reverse-transcriptase inhibitors (RTI) are the designed drug to affect this
process by blocking reverse transcriptase’s enzymatic function and prevent completion of synthesis of the double-stranded viral DNA. RTIs have three forms: nucleoside analog reverse-transcriptase inhibitors (NARTIs or NRTIs), nucleotide analog
reverse-transcriptase inhibitors (NtARTIs or NtRTIs) and non-nucleoside reversetranscriptase inhibitors (NNRTIs). The mode of actions of NRTIs and NtRTIs are
essentially the same: they are analogues of the naturally occurring deoxynucleotides
needed to synthesize the viral DNA and they compete with the natural deoxynucleotides for incorporation into the growing viral DNA chain. However, since NRTIs
and NtRTIs are chemically modified, viral DNA synthesis is halted as soon as they
get incorporated. Instead, NNRTIs are not incorporated into the viral DNA but
inhibit the movement of protein domains of reverse transcriptase that are needed
to carry out the process of DNA synthesis. The two drugs we have chosen for this
study, etravirine and efavirenz, are both NNRTIs.
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Figure 5.1: Chemical structures of A) etravirine and B) efavirenz.

5.1.1

Etravirine

Etravirine is an anti-HIV drug with activity against both wild-type and mutated
(NNRTI-resistant) form of this virus.

Because of its conformational flexibility,

etravirine is enable to bind to HIV RT with different orientations and positions.
In this way, it can cope with the mutations in the binding pocket [79]. Therefore, it
is suitable to be prescribed for treatment-experienced patients who developed resistance to NNRTIs [80]. The chemical structure of etravirine is shown in figure 5.1-A
and it is known as a lipophilic compound with low permeability [81]. In vitro studies
with Caco-2 cell assays showed that the drug predominantly crosses the membrane
via unassisted permeation. Instead, these studies have not demonstrated permeation
through the transporters expressed in Caco-2 cells [79].

5.1.2

Efavirenz

Efavirenz is another drug of the family of NNRTIs. Its chemical structure is shown
in figure 5.1-B. This compound is also lipophilic and is classified as a molecule with
high permeability [82]. It is an important drug offering an affordable treatment in
developing countries, since it has a relatively low cost and well-documented efficiency
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and safety [83]. In vitro studies with Caco-2 cell assays demonstrated that the drug
crosses the membrane not only by unassisted permeation, but also by exploiting
membrane transporters [84].

5.2

Computational Setup

We performed BE-META simulations on two systems, including a drug molecule
(efavirenz or etravirine) and a 2×16 POPC membrane solvated in TIP3P water
molecules [68]. POPC lipids were parametrized as in ref. [13], and we directly
parametrized the two drugs.

The drugs charges were computed by the RESP

method [48], fitted the electrostatic potential calculated with Density Functional
Theory (DFT) method, using a hybrid exchange-correlation functional (B3LYP).
The geometry-related parameters were adapted by GAFF parameters.
The bilayer was placed in the x-y plane of the simulation box. The simulation
boxes of efavirenz (etravirine) contained 1448 (1441) water molecules in a volume of
3.4×3.051×7.875 nm3 . The lipid, water and drug molecules were coupled to a heat
bath at temperature 323 K, well above the POPC phase transition temperature
[69], using a Nose-Hoover thermostat [55, 56] with a coupling constant of 1 ps.
All the bonds were constrained to their equilibrium values by LINCS algorithm [70].
Lennard-Jones interactions were cut off at a distance of 1.4 nm and time step was set
to 2 f s. Long-range electrostatics were computed by particle-mesh Ewald algorithm
[53]. All simulations were performed using the GROMACS 4.0 package [71].

5.3

Choice of collective variables

Similar to our study on ethanol-POPC membrane system, we choose collective variables (CVs) aimed at describing the position of the drugs and their contacts with
water molecules and different chemical groups of the lipid molecules, namely phosphate atoms of the headgroups (P), the aliphatic chains of lipid molecules (T) and
water molecules (W). In the case of etravirine some variables were also added to
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take into account different conformations it may take during permeation.

5.3.1

Etravirine

Etravirine consists of three rings that are connected by four non-rigid dihedrals as
shown in figure 5.2. Two of the rings, namely ring1 and ring3 have a similar structure
apart from the presence of two methyl groups in ring3. One of the CVs quantifies the
contacts of these three rings with the mentioned groups of lipid molecules and water
molecules. The contacts between two groups of atoms are described by coordination
number, defined as:
S=

XX

C(rij )

(5.1)

i∈G1 j∈G2

where ri,j =| ri − rj | and the sums of i and j respectively run on atoms belonging
to G1 and G2 . C(r) is defined as:
1−
C(r) =
1−

 n
r
r0

(5.2)

 m
r
r0

where n=2, m=4 and r0 =0.25 nm. The mechanism of permeation of etravirine
through POPC lipids is modeled by the following 14 CVs:
CV1) the z component of the position vector connecting the center of mass of
POPC molecules to the center of mass of etravirine (Z hereafter);
and the coordination number of
CV2) ring1 with P;
CV3) ring1 with T;
CV4) ring1 with W;
CV5) ring2 with P;
CV6) ring2 with T;
CV7) ring2 with W;
CV8) ring3 with P;
CV9) ring3 with T;
CV10) ring3 with W
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Figure 5.2: Choice of the CVs of etravirine: groups of atoms considered to describe the
molecule are highlighted in different colors. The four relevant torsional angles are also
marked.

CV11-14) torsional angles to account for the conformational flexibility of the
molecule that are shown in figure 5.2.
The BE-META simulation was performed for a total time of 2.5 µs on 14 walkers,
biasing the described CVs. The metadynamics parameters are: Gaussian height
is 0.024 kcal/mol, Gaussian widths 0.1 nm for CV1, 0.2 for CV2, 6.0 for CV3,
4.0 for CV4, 0.04 for CV5, 4.0 for CV6, 2.5 for CV7, 0.2 for CV8, 1.5 for CV9,
2.5 for CV10, 0.12 for CV11 and CV12, 0.15 for CV13 and 0.1 for CV14 with a
Gaussian deposition every 5 ps and exchange attempts every 20 ps. In figure 5.3
the evolution of the biasing potentials for some of collective variables is shown.
The even growth of the history-dependent potentials of metadynamics at different
times is an indication of the appropriate choice of CVs and shows that the system is
capable of reaching convergence [73, 74]. However, the profiles along Z shows poorer
convergence, with fluctuations of the time-averaged history-dependent potential of
the order of 2 kcal/mol. Before submitting a publication on these topics, we plan
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Figure 5.3: The evolution of the history-dependent potentials during the simulation time.
Each profile is a time average of the biasing potential: black profiles between 35 and 70 ns,
red between 70 and 105 ns and green between 105 and 140 ns. Along Z: brown between
110 and 125 ns, orange between 125 and 140 ns, cyan between 140 and 155 ns, purple
between 155 and 170 ns and blue between 170 and 185 ns.

to further extend the simulation, until the estimated error becomes smaller than at
least 1 kcal/mol. In this thesis, we will perform the analysis taking into account the
relatively large estimated errors.

5.3.2

Efavirenz

The groups of atoms that we considered for the description of the contacts of
efavirenz with lipid molecules are shown in figure 5.4. At variance with etravirine,
efavirenz is a rigid molecule, therefore no torsional angle was considerend. Thus,
the following 13 CVs are considered:
CV1) the z component of the position vector connecting the center of mass of
POPC molecules to the center of mass of efavirenz (Z hereafter)
and the coordination number of
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Figure 5.4: Different groups of atoms considered to account for the details of the contact
of efavirenz with lipid membrane during permeation process.

CV2) ring1 with P;
CV3) ring1 with T;
CV4) ring1 with W;
CV5) ring2 with P;
CV6) ring2 with T ;
CV7) ring2 with W;
CV8) fluorine with P;
CV9) fluorine with T;
CV10) fluorine with W;
CV11) C-tails with P;
CV12) C-tails with T;
CV13) C-tails with W.
On this system we performed BE-META simulation for a total time of 2.6 µs,
biasing the described 13 collective variables. The parameters for this simulation
are: Gaussian height is 0.048 kcal/mol, Gaussian widths 0.1 nm for CV1, 0.2 for
CV2, 3.5 for CV3, 3.0 for CV4, 0.2 for CV5, 4.0 for CV6, 3.0 for CV7, 0.1 for
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Figure 5.5: The history-dependent potentials evolution during the simulation time. Each
profile is a time average of the biasing potential: black profiles between 35 and 70 ns,
red between 70 and 105 ns and green between 105 and 140 ns. Along Z: brown between
137.5 and 150 ns, orange between 150 and 162.5 ns, cyen between 162.5 and 175 ns, purple
between 175 and 187.5 ns and blue between 187.5 and 200 ns.

CV8, 1.5 for CV9 and CV10, 0.1 for CV11, 2.0 for CV12 and 1.5 for CV13 with a
Gaussian deposition of every 5 ps and exchange attempts of every 20 ps. In figure
5.5 the evolution of the biasing potentials for some of collective variables is shown.
The even growth of the history-dependent potentials at different times indicates the
appropriate choice of CVs. For this case, the history-dependent potentials starts
growing evenly along Z after 150 ns. Also in this case, the estimated error on the
free energy as a function of Z is of the order of 2 kcal/mol.
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5.4
5.4.1

Results
Molecular mechanism of permeation

We performed two BE-META simulations [19] on two systems, one with an etravirine
molecule, and the other one with an efavirenz molecule, both with a POPC membrane and solvated by TIP3P water molecules. These simulations were performed
for a total time of 2.52 and 2.6 µs on 14 and 13 walkers for etravirine and efavirenz,
respectively. In both systems, we biased variables taking into account the position
of the molecule within the membrane and the number of its contacts with the water
molecules and with the groups of POPC molecules having different chemical nature.
To study etravirine, we also considered variables that take into account the change
of conformation of etravirine (see sections 5.3.1 and 5.3.2 for more details).
In the rest of this section, we provide a description of the obtained free energy
surface and we describe the important states and interactions of the two drugs with
the lipid bilayer.
i. Microstate determination and free energy surface reconstruction
Etravirine
The free energy is determined by the analyzing the frames of BE-META trajectories, assigning them to microstates defined by hypercubic boxes in the CV space.
To perform this analysis we choose a subset of the CVs, selected in order to provide
a correct molecular description of the permeation process. For etravirine, to accurately describe the thermodynamics of the system, we considered the following five
CVs:
1) the position of etravirine in the direction normal to the membrane (Z),
2) the coordination number of ring3 with phosphate atoms of POPC (P),
3) ring3 with water molecules (W),
4) dihedral angle 2,
5) dihedral angle 3.
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These collective variables were defined in detail in section 5.3.1. The analysis of
BE-META trajectories was carried out by subdividing the CV space of these selected
variables in hypercubic boxes with a size of d1 = 0.25 nm, d2 = 2.24, d3 = 20.01,
d4 and d5 = 1.05 R. A microstate is defined as the set of structures with CV
values belonging to a hypercube. The free energy of each microstate was determined
applying the WHAM method [60]. The blue profile in figure 5.6, shows the free
energy as an average of history dependent potentials of BE-META along Z. From
which different structural states are deduced: the minimum of the free energy along
this CV corresponds to etravirine in a state called HBET R state, where etravirine
makes hydrogen bonds (HB) and electrostatic contacts with lipid molecules. The
state corresponding to etravirine in the membrane middle called M IDET R and finally
the solvated state, in which etravirine is in water.
Efavirenz
The analysis of the BE-META trajectories of efavirenz showed that thermodynamics of the system can be accurately described by considering the following four
CVs:
1) the position of efavirenz in the direction normal to the membrane (Z),
2) the coordination number of ring2 with phosphate atoms of POPC (P),
3) the coordination number of ring2 with water molecules (W),
4) the coordination number of fluorine atoms with P.
These collective variables were defined in detail in section 5.3.2. BE-META
trajectories were analyzed by subdividing the CV space of these selected variables
in hypercubic boxes (microstates) with a size of d1 = 0.25 nm, d2 = 1.24, d3 = 25 and
d4 = 0.59. Similar to the analysis on etravirine, the free energy of each microstate
was determined applying the WHAM method [60]. Here, we find three states based
on the free energy pattern along Z depicted in red profile of figure 5.6. The minimum
of the free energy corresponds to efavirenz in a state called HBEF A . The state
corresponding to efavirenz in the membrane middle is called M IDEF A and solvated
state.
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Figure 5.6: One dimensional free energy profiles of efavirenz (EFA) and etravirine (ETR)
as a function of Z, the position of the molecules in the direction normal to the membrane.
The profiles were obtained by averaging the history dependent potential of BE-META.

ii. Structural aspects of different states
Etravirine
Etravirin in HBET R state In this state, nitrogen atoms of etravirine make hydrogen bonds and electrostatic contacts with carbonyl atoms of POPC molecules.
The representative structure of this state is shown in figure 5.7.
Etravirin in M IDET R state This state corresponds to etravirine in the middle
of the membrane, where its contacts formed in HBET R state are lost. Because of the
presence of aliphatic chains of POPC molecules and steric hindrances in this state,
we performed an analysis aimed at determining different conformations of etravirine.
For this analysis, we focused on dihedrals 2 and 3 of etravirine (see figure 5.2). These
dihedrals crucially determine the extension of the molecule within the membrane and
therefore the volume it occupies.
Analysis of the population of the structures in the middle of the membrane shows
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Figure 5.7: HBET R state: nitrogen atoms of etravirine make hydrogen bonds to carbonyl
atoms of POPC molecules.

that at the membrane center (0-0.123 nm), the probability of etravirine to be found
in an extended conformation is 66% versus 34% for a compact structure. In extended
conformation, dihedral 2 is in cis and dihedral 3 is in trans form, while in compact
conformation, both dihedrals are in the form of trans.
However, going further towards the HBET R state, as the density of the POPC
membrane increases and because of the presence of the elongated aliphatic chains,
it becomes more probable to find etravirine in a compact conformation, where both
dihedrals 2 and 3 take the trans form (with a probability of 70%). Etravirine in
both extended and compact conformations in the membrane is shown in figure 5.9.
Efavirenz
Efavirenz in HBEF A state In this state efavirenz partitions under the surface
of the leaflets and makes hydrogen bonds either with carbonyl or phosphate atoms
of POPC molecules. Two structures representing these interactions are depicted in
figure 5.10.
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Figure 5.8: Mass density of the POPC membrane as a finction of the position normal to
the membrane (Z).

Figure 5.9: A) Etravirine in a compact and B) extended conformations in the middle of
POPC membrane. The POPC molecules are represented in gray lines and etravirine in
CPK.
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Figure 5.10: Representive structures of efavirenz in HB state: A) forming hydrogen bonds
with phosphate groups and B) forming hydrogen bonds with carbonyl groups of the acyl
chains. In both panels, POPC molecules coordinating efavirenz are represented in licorice,
efavirenz in CPK, acyl chains of other POPC molecules in gray lines. A close-up view of
the complexes is also shown.
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Figure 5.11: Efavirenz in M IDEF A state while dragging a water molecule to the membrane
interior. The POPC molecules coordinating efavirenz are represented in licorice, efavirenz
in CPK, acyl chains of other POPC molecules in gray lines.

Efavirenz in M IDEF A state Structural analysis shows that approaching in this
state efavirenz loses most of the hydrogen bonds it makes with POPC and water
molecules in HBEF A state. However efavirenz can also drag water molecules to the
middle of the membrane. An example is depicted in figure 5.11.
iii. Position dependent diffusion matrices
For both systems to estimate the position dependent diffusion matrices we followed
the same procedure used in the study of ethanol. In particular, we computed D by
the maximum likelihood approach [66, 20] described in section 3.9.
Etravirine
We generated three different sets of MD trajectories in the relevant regions. A
50 ns in water, a 50 ns in the HB state and a 40 ns in the M ID region. The
trajectory in the water region consisted of several short trajectories starting form
different microstates in solvated state and stopped as soon as etravirine exited from
that state and adsorbed in HB state. The matrices obtained in this manner with a
time lag of 500 ps, are presented in table 5.1.
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D11 (cm2 s−1 )

D22

D33

D44 (R)

water 8.4 × 10−6

2.5 × 10−2

3.75

5.5 × 10−5

1.4 × 10−3

8.5 × 10−7

2.4 × 10−3

5.5 × 10−5

0.73

1.4 × 10−3

MID 3.2 × 10−8

2.5 × 10−2

0.09

5.7 × 10−4

8.4 × 10−4

ETR

HB

D55 (R)

Table 5.1: Position dependent diffusion matrices of etravirine in different regions of membrane.

EFA

D11 (cm2 s−1 )

water 1.4 × 10−5
HB

5 × 10−7

MID 6.5 × 10−8

D22

D33

D44

5 × 10−4

4.6

1.1 × 10−4

5 × 10−4

0.38 1.1 × 10−4

8.3 × 10−4

0.26 1.8 × 10−4

Table 5.2: Position dependent diffusion matrices of efavirenz in different regions of membrane.

Efavirenz
For efavirenz the lengths of MD trajectories in the relevant regions were: 50 ns
in water, 50 ns in the HB state and a 40 ns in the M ID region. Also in this case, the
trajectory in the water region consisted of several short trajectories starting form
different microstates in solvated state and stopped as soon as the molecule exited
from the region and got adsorbed at the membrane interface. The matrices obtained
in this manner with a time lag of 500 ps, are presented in table 5.2.
To demonstrate the reliability of the calculations of both molecules, in figure 5.12
the values of D11 as a function of the time lag for the three regions are reported.
The values reach a plateau for time lags equal or greater than 500 ps which ensures
that the rate model consistently reproduces the unbiased kinetics [20].

5.4.2

Mean permeation time estimation (MPT)

As shown in section 4.2.2, the permeability coefficient can be estimated by equation 4.6. This requires estimating the MPT of both molecules through the lipid
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Figure 5.12: D11 as a function of time lag for efavirenz (EFA) and etravirine (ETR) in
water, HB and MID regions.

membrane by kinetic Monte Carlo (KMC).
MPT of etravirine was estimated by generating a 1 × 102 s KMC trajectory.
Following the same procedure described in section 4.2.1 we monitor the permeations through the membrane by assigning a direction to every etravirine leaving
the solvated state on one side of the membrane and counting a transition when the
etravirine reaches the solvated state on the other side. No transition is counted
if etravirine bounces back to the side it has started from. The MPT is computed
as the mean value of the time between two successive permeations. By using this
procedure, the MPT for etravirine is estimated as 2.7 s.
Estimation of the MPT of efavirenz was carried out by generating a KMC trajectory of 1 × 102 s and monitoring the permeations as described in the case of
etravirine. The MPT for efavirenz through membrane is 5.0 s.
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5.4.3

Estimations of P and comparison with experiment

Using the MPT values derived in previous section, we estimated the permeability
coefficients from equation 4.6 for both molecules. The results are reported in Table
5.3:
Our approach (10−5 cm/s) experiment (10−5 cm/s)
PEF A

4

8.9 ± 6.8 [85]

PET R

0.007

0.4 ± 0.06 [86]

Table 5.3: Permeability coefficients values for efavirenz (PEF A ) and etravirine (PET R )
together with the experimental values.

We now compare these results with the experimental values of P for efavirenz
and etravirine, both obtained by Caco-2 cell monolayer assays as described in section
2.3.1. A comparison of these values with the value of P estimated by our model
shows that, although for efavirenz our estimation of P is close to the experimental
value, for etravirine this is not the case.
To understand the source of this discrepancy we simulated the experimental
procedure followed in an experiment by a suitably designed KMC simulation. In a
Caco-2 experiment, starting by an initial concentration in the donor compartment
as CD (0), the concentration of the solute appearing in the receiver compartment
during the time is monitored and the slope in the early part of the appearance curve
R (t)
( dCdt
) is computed, from which, the permeability coefficient is estimated as

Pa =

dCR (t) VR
dt ACD (0)

(5.3)

where VR is the receiver compartment volume and A is the membrane area.
To mimik this experiment, we performed for each drug several independent KMC
simulations started from a uniform distribution in the “donor compartment”, defined
as the set of microstates with a Z < −2.6 nm. We then monitored the concentration
in the “receiver compartment”, defined as the set of microstates with Z > 2.6nm. In
these simulations, we did not apply periodic boundary conditions. In this manner,
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Figure 5.13: Number of particles observed in receiver compartment versus time

a molecule can perform a transition from the donor compartment to the receiver
compartment only by crossing the membrane. The concentration as a function of
time in the receiver compartment obtained in this manner is depicted in figure 5.13
for efavirenz (EFA) and etravirine (ETR).
Using equation 5.3 we obtained the values of P that are listed in table 5.4. A
comparison with experimental values, shows that equation 5.3 provides estimates of
P that are in a much better agreement with experiment than the values obtained
from the MPT (our approach). The relative magnitude of PEF A and PET R is reproduced almost exactly, while their absolute values are approximately 5 times smaller
in experiment, a discrepancy that could be due to the inaccuracy of the force field
or on the error of the free energy.
Our approach

Slope of concentration estimate

experiment

PEF A

4

46

8.9 ± 6.8 [85]

PET R

0.007

2.7

0.4 ± 0.06 [86]

Table 5.4: Permeability coefficients values for efavirenz (PEF A ) and etravirine (PET R )
estimated by our approach compared with simulating the early slope approach and the
experimental values. All P values are in the unit of 10−5 cm/s.

The question that immediately arises is what is correct “theoretical” value of the
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Figure 5.14: The permeability coefficients estimated by two manners: the ratio of the flux
and concentration, and the slope of the early part of the appearance curve.

permeability coefficient, the one obtained by mimicking a Caco-2 experiment and
monitoring the early slope of the concentration, or the one obtained by computing
the MPT and using Eq. 4.6. In order to answer this question, we also computed
the value of P for a very simple one-dimesional system, in which the donor and the
receiver are separated by a Gaussian barrier of height ∆G. The free energy profile
for this model is reported in the inset of figure 5.14. By changing the value of ∆G
form positive to negative values, we can model permeation for both hydrophilic and
lipophilic drugs. This model is so simple that it can be solved quasi-analitically,
estimating P by two manners:
• Simulating a Caco-2 experiment, in which a initial concentration is prepared
in the donor chamber (at the left of the barrier) and the concentration as a
function of time is monitored in the receiver chamber. One then monitors the
slope and estimates P by equation 5.3
• by applying the definition of P , namely estimating it from the ratio

J
,
MC

where

J is flux and M C is the change of concentration across the membrane in
stationary conditions, in which a source is placed in the donor compartment,
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keeping the concentration constant, and a sink is placed in the receiver compartment, keeping the concentration equal to zero.
The results of the two approaches are shown in figure 5.14. While for hydrophilic
molecules (positive free energy) the two estimates are comparable, for lipophilic
molecules (negative free energy) there are orders of magnitude of difference between
the two estimates. The large discrepancy is trivially due to the fact that for lipophilic
molecules the membrane does not correspond to a barrier, but to a well. This
invalidates the conditions under which equation 5.3 is derived.
In conclusion, we showed that the experimental values of ”P ” are consistent
with the values obtained simulating a Caco-2 experiment and using equation 5.3.
However, for lipophilic drugs this number does not correspond to the correct value
of the permeability coefficient estimated P , since for these drugs the early slope of
the concentration in the receiver chamber is not related to the ratio between the
current and the concentration difference in stationary conditions.
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Chapter 6
Discussions and conclusions
The permeability coefficient, P , plays a crucial role for drug discovery projects. It
quantifies the drugs’ capabilities to cross the cell membrane via unassisted permeation, the most common route into the cell fro drugs. Experimental techniques for
measuring P are expensive and time consuming. In addition they may not be able to
provide mechanistic insights. Hence, predicting the values of these coefficients is of
paramount practical importance. The state-of-the art computational approach for
computing P is the inhomogeneous solubility diffusion model [23, 24] (section 2.1) in
which the permeation is modeled by only one reaction coordinate, the position of the
permeating molecule in the direction normal to the membrane, Z [18, 16, 17]. However, in pharmacologically relevant molecules other reaction coordinates might be
essential, for example the torsional reaction coordinate of the permeating molecule,
or variables describing its solvation/desolvation. Neglecting these variables leads to
a slowly-decaying memory kernel in the dynamics of Z [87], making the numerical
estimate of the diffusion coefficient in equation 2.11 difficult.
In addition to this effect, describing permeation by a single variable may spoil
the complexity of the molecular mechanism of permeation, making a rational improvement of the permeability properties based on simulation results difficult.
In this thesis, we propose a new approach to calculate P that allows addressing
this issue. We construct a model of permeation in as many reaction coordinates as
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necessary. Using the bias-exchange metadynamics (BE-META) [19] enhanced sampling method, along with the approach of ref. [20], we construct a multidimensional
rate model taking into account several degrees of freedom, including Z, and other
putatively slow variables, for instance the ones describing desolvation of the permeating molecule. Using this model, we compute the mean permeation time through
the membrane (MPT).
This approach has been first benchmarked on a system of 5 ethanol and 32 POPC
molecules. We constructed a rate model in the space of 4 variables, the position of
ethanol in the direction normal to the membrane, the coordination number of the
oxydril group of ethanol (O) with aliphatic carbons of the tails of POPC (T), of
hydrophobic group of ethanol (C) with T and of C with water molecules (W). Using
this model, we estimated a permeability coefficient1 of 6 × 10−2 cm s−1 . In order
to benchmark our approach, we also computed P by unbiased molecular dynamics
on a system of 60 ethanol and 128 POPC molecules. We observed 8 permeations,
which led to an estimated value of P of 8.5 ± 4.1 × 10−2 cm s−1 , consistent with the
prediction of our model.
To illustrate the technical advantage deriving from modeling the dynamics on a
multidimensional free energy surface, we performed two MD simulations on a system
with 5 ethanol and 32 POPC molecules in aqueous solution. In the first simulation,
we follow the z-constraint method (equation 2.30) [15] for computing D(z). Namely,
we constrain the position of one ethanol in the middle of the membrane (at Z = 0),
and we compute the force autocorrelation function. In the second simulation we
1

The permeability coefficient is usually defined as the ratio between the flux through the mem-

brane and the concentration difference across it [23]. This definition cannot be directly implemented
in a molecular simulations where, periodic boundary conditions are used (like in our thesis). Then,
the concentration difference across the membrane is by construction zero, and the flux through the
membrane is also zero. We derived a new expression for P that takes into account the reactive
flux, namely the number of molecules per unit time that cross the membrane from left to right
or from right to left. This equation links P to a simple geometric quantity (the dimension of the
simulation box) and the mean first passage time. This can be directly computed from the MD or
the rate model.
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compute the same correlation function, but restraining also the values of the other
three collective variables used for constructing the kinetic model. In figure 6.1 we
show the force correlation functions of the two simulations. In the simulation in
which 4 collective variables are fixed the correlation function decays to zero in a few
ps. Instead, if one fixes only the value of z, important memory effects appear, with
a relaxation time of at least 30 ps.
1

force-force autocorrelation

restrained MD at the transition state (z=0 and three other variables fixed)
restrained MD at z=0
exponential fit between 1 and 40 ps

0.1

0.01

0.001

0

20

40
t [ps]

60

80

Figure 6.1: Force autocorrelation functions for an ethanol in the middle of the membrane
(z = 0). Blue line with circles: only the value of z is fixed at z = 0. Blue dashed
line: exponential fit to this autocorrelation function, between 1 and 40 ps. The estimated
relaxation time is 62.6 ps. Black line with diamonds: the value of Z is fixed at z = 0
and the values of the coordination number of the oxydril group of ethanol (O) with the
aliphatic carbons of the tails of POPC (T), of hydrophobic group of ethanol (C) with T
and of C with the water molecules is restrained to their values at TS.

Our analysis allows us to reveal the permeation mechanism of ethanol molecules
through POPC membrane. Hydrated ethanol molecules, entering the membrane,
form hydrogen bonds with acceptor groups of the POPC lipids, namely with carbonyl
and phosphate groups (see figure 6.2). Then, the ethanol molecules start loosing
water molecules during their permeation to the hydrophobic slab of the membrane.
At the transition state, only one water molecule could be bound to the ethanol
molecules.
Our calculated value of P of ethanol-POPC membrane is three orders of magni87

Figure 6.2: Representative configurations of ethanol in HB state. (A) ethanol forms hydrogen bonds with carbonyl groups of the acyl chains. (B) ethanol forms hydrogen bonds
with the phosphate groups. In both panels POPC molecules coordinating ethanol are represented in licorice, ethanol in CPK, acyl chains of other POPC molecules in gray lines
and the rest of the POPC molecules in blue lines. A close-up view of the complexes is also
shown.

tude larger than the one reported in ref. [31]. This could be due to several factors.
These include, i) systematic errors in the calculations, such as those due to imitations of the force field used. ii) Differences between the experimental setting and
the idealized model used in the calculations. iii) Difficulties in interpreting the experimental data. Indeed, in the experiment described in ref. [31], P is measured
indirectly, from the area expansion of an ethanol-free vesicle subject to a constant
flow of ethanol molecules. It is correctly assumed that the liposome area becomes
stable when ethanol molecules concentration inside and outside of membrane is in
equilibrium. However, the concentration of ethanol reaches equilibrium not only by
permeation through the membrane but also by diffusion inside the liposome. We
show that the time scale of ethanol diffusion is of the order of seconds in the experimental conditions. This is very close to the relaxation time of liposome area
measured in experiments. This makes the interpretation of experimental result difficult, as one is not sure if the rate limiting step (measured in the experiment) is
membrane permeation or the equilibration of concentration in the liposome.
88

Chapter 5 applies our approach for describing the permeation process and computing P of two pharmacologically relevant molecules, efavirenz [88] and etravirine [81].
These molecules are two anti-HIV drugs with at least on order of magnitude difference in their permeability coefficients values [85], [86]. Sine the permeation of
both drugs occur in a time scale longer than ms [85], [86], observing permeations by
unbiased simulation is not feasible. For these molecules we performed bias-exchange
metadynamics (BE-META) simulations by considering 13 and 14 reaction coordinates, respectively. We constructed the rate model by selecting a posterior 4 and
5 coordinates for efavirenz and etravirine respectively, discarding the ones that are
correlated with other variables, or not useful for defining structurally homogeneous
microstates. For etravirine, the set of variables used for the analysis included two
torsional angles. For both drugs we then generated KMC trajectories of 100 s and
from these trajectories we estimated the MPTs. Finally, we computed the permeability coefficients by the approach described above. For etravirine the value of P
obtained in this manner is orders of magnitude smaller than the one reported in
Caco-2 experiment [86].
Now, P in Caco-2 experiment, is estimated by the slope of the change of the
concentration of the permeating molecules appearing in the receiver compartment
at an early stage of the experiment. We then designed a computational procedure
aimed at reproducing the same quantity, estimating the value of P from the early
slope of the concentration in the receiver. Remarkably, our model reproduces the
experimental value of the concentration slope, but the value of P estimated from the
slope is not consistent with the value of P estimated from the current-concentration
ratio.
We then estimated P on a simple one-dimensional model, which separates the
donor and receiver compartments by a Gaussian-shape free energy. We compute P
in two manners, by taking the ratio of the flux and the concentration difference and
by the early slope approach, which mimics the experimental procedure. We observed
that, for hydrophilic molecules the values obtained in the two manners are comparable. However, for lipophilic molecules, such as efavirenz and etravirine, the two
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estimates differ significantly. This suggests that the values of P estimated by Caco-2
experiments may not be a measure of the ratio of the flux and the concentration
difference in stationary condition.
Similar to the study of ethanol-POPC membrane, we are able to uncover the
molecular mechanisms of the permeations of efavirenz and etravirine:
i) Efavirenz as a mildly lipophilic molecule, follows a mechanism rather similar
to that of ethanol (figure 6.2).
ii) Etravirine is a lipophilic molecule. It only forms weak electrostatic interactions
with the POPC lipids. It then readily enter the hydrophobic slab of the membrane,
dragging no water molecule with it.
We conclude that our calculations not only have provided the mechanism of permeation of a variety of molecules including the pharmaceutically relevant ones, but
also have lead us to uncover possible limitations of the experimental interpretations
of the key quantity P .
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