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Introduction
In computational chemistry, and in particular in the context of molecular
dynamics simulations, several events are “rare” if compared to the time step
necessary to accurately simulate them. In fact, the typical timestep is of
the order of femtoseconds while relevant processes can take, for instance,
milliseconds to happen. Such a separation of time scales is related to the
existence of free-energy barriers which partition the system into metastable
basins. A dynamical trajectory may spend a very long time in one basin
before finding its way to another. Several complex process can be considered
“rare events” in molecular dynamics simulations: chemical reactions in solution, conformational changes of proteins or the interaction of enzymes with
their substrates are the most well known examples. Therefore, their study is
important not only from the theoretical and academic point of view but also
for potential practical applications.
Beside the aforementioned major issue of the extremely different time
scales involved in the same process, a further complication is posed by the
fact that processes of practical interest usually involve hundreds or thousands
of degrees of freedom. This makes the study of rare events a formidable challenge both on the theoretical and the computational point of view. A common approach to simplify the problem consists in performing a dimensional
reduction looking only at one or a few important quantities which, in some
sense, summarize the behavior of the system. These quantities are commonly
called collective variables. A collective variable is a function of the degrees of
freedom of the system which usually conveys some physical and/or geometrical meaning. The potential energy of the configuration, the gyration radius
of the molecule under investigation or the root mean square deviation from
5
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a given configuration are common simple examples of collective variables.
Ideally, what one would like to find performing such a dimensional reduction
is what is called a reaction coordinate. By definition, a reaction coordinate
is a single scalar function able to track accurately the progress of a reaction.
Good reaction coordinates are extremely hard to find and, in practice, what
one tries to do is to find a few collective variables, capable together to grasp
and describe the transition mechanism and distinguish between the different
metastable states. Then, one looks only at the time evolution of these variables with the aim of calculating their probability distribution. To do this
efficiently one can use any of the available enhanced sampling techniques that
have been developed [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15] which
allows to boost the sampling in configuration space along collective variables
allowing still to recover a posteriori the correct canonical distribution.
If the dimensional reduction is performed correctly and the chosen collective variables are appropriate the problem can be solved efficiently also
for complex systems with many degrees of freedom like proteins in solution.
Unfortunately, finding one or a few collective variables able to grasp the
transition mechanism without having already an a priori knowledge of the
transition itself is extremely difficult and one usually ends up with crude
approximations leading easily to an underestimation of the free energy barrier, and hence to an overestimation of the rate. Even more importantly,
choosing the wrong collective variable leads to an incomplete understanding of the transition process. For this reason, in recent years techniques for
sampling reactive trajectories and characterizing the transition mechanism
without assuming any knowledge about it and without performing any dimensional reduction have started to be developed [16, 17]. These techniques
have the obvious advantage of being enhanced sampling techniques which
focus only on reactive trajectories and, hence, on the transition mechanism.
These approaches are not biased nor conditioned by any candidate reaction
coordinate providing, on the contrary, an appropriate benchmark for an a
posteriori test of such candidates.
One of the first techniques of these kind, and for sure one of the most
successful, is Transition Path Sampling [16, 18, 19]. Transition Path Sam-
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pling is a technique which allows to sample only true dynamical reactive
trajectories connecting the initial and the final state without wasting simulation time inside the stable minima as would happen in a usual molecular
dynamics simulation. At the basis of Transition Path Sampling is the idea
that the calculation of transition probabilities, and hence of rate constants,
which are their derivatives, can be reduced to the calculation of free-energy
differences in path space. In fact, it is possible, and even natural, assigning
to each trajectory its proper statistical weight, generally termed action. This
allows to treat the ensemble of reactive trajectories as a usual statistical ensemble. The statistical weight characterizing this ensemble depends on an
extremely large number of degrees of freedom, i.e. the number of particles
of the system times the number of dimensions times the number of frame of
the simulated discretized trajectories. Hence, the conditional probability of
being in the final state at a certain time t, given the system was in the initial
one at time 0, can be cast in the form of a ratio between partition functions of
ensembles of trajectories. Hence, it can be calculated as the exponential of a
free-energy difference in path space [16]. According to this analogy, in Transition Path Sampling this free-energy difference is evaluated with standard
umbrella sampling and trajectories are sampled exploring path space with a
Monte Carlo procedure. However, as is easy to imagine, this calculation is
very tough from the computational point of view and many efforts have have
been devoted trying to simplify the computation.
Transition Interface Sampling [20], and similarly in spirit Forward Flux
Sampling [21], is an improved path sampling technique which tries to simplify
the aforementioned free-energy calculation. To achieve this goal the phase
space is partitioned introducing consecutive non intersecting hypersurfaces,
the first and the latter of these enclosing respectively the initial and the
final state. Moreover, the computation is divided into two stages. First, the
effective flux exiting through an hypersurface sufficiently close to the first one
is evaluated. This first calculation can be performed directly with a molecular
dynamics simulation. The second stage consists in an iterative path sampling
procedure to evaluate the conditional probability that trajectories starting
in the initial state and which have reached the i-th hypersurface, without
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returning to the same state, will reach also the (i + 1)-th. Doing this for all
the hypersurfaces one can finally obtain the desired rate by an equation which
takes into account the combined conditional probabilities. However, even if
Transition Interface Sampling efficiency represents a major improvement if
compared to that of the original formulation of Transition Path Sampling,
the free-energy calculation efficiency in path space is still determined by the
choice of the hypersurfaces. This makes complex the application of such a
technique for systems with many degrees of freedom.
Methods like Transition Path Sampling and Transition Interface Sampling allows to sample true dynamical reactive trajectories without any a
priori knowledge of the reaction mechanism nor using any reaction coordinate. Nevertheless, finding a good reaction coordinate or, alternatively,
properly characterizing the transition state is still important. In fact, having one or few collective variables able to grasp and describe the transition
mechanism is conceptually relevant as it gives a way to track the progress
of a reaction and allows to extract information from a huge and generally
noisy phase space reducing it to a more manageable low dimensional (ideally
mono-dimensional) space. Moreover, characterizing properly the transition
state is an extremely important task due to the fact that the transition state
is the bottleneck of the transition, i.e. where one likely needs to act if he
has the purpose of blocking, or conversely enhancing, the reaction. Given
a set of reactive trajectories sampled with Transition Path Sampling or any
equivalent technique, it is not a priori clear how to extract this kind of information from such a collection. To address this issue, Peters and Trout have
developed a particular path sampling technique, named Aimless Shooting
[17], which allows not only to sample reactive trajectories, but provides also
a sequence of points in configurations space which are located in proximity
of the transition state. Their sampling scheme is based on a stochastic procedure which keeps configurations from which trial trajectories are departed
in proximity of the transition state. Furthermore, they developed a Bayesian
maximum likelihood scheme which, using the set of points collected with the
path sampling, allows to find and to refine in a systematic manner, the best
reaction coordinate from a set of proposed collective variables.
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Motivated by the importance of the topic and by the widespread interest
and possible practical application of any advance in the state of the art of this
kind of techniques, we present here some contribution that we have recently
made following lines of thought similar to the works we just mentioned.
In particular, we will present a novel approach tackling the problem of the
calculation of transition probabilities for rare events [22]. Differently from the
techniques we mentioned, we will take as reference ensemble to perform the
free-energy calculation, an ensemble of transition paths for which we change
the dynamical rule of time evolution. In fact, we will introduce an auxiliary
process where a suitably defined reaction variable is dynamically decoupled
from all the others, whose dynamics is left unchanged. For this system the
transition rates coincide with those of a unidimensional process whose only
coordinate is the reaction variable. The free-energy difference between the
auxiliary and the physical transition path ensembles can finally be evaluated
using standard techniques. The efficiency of our method is deemed to be
optimal because the physical and auxiliary dynamics differ by one degree
of freedom only at any system size and all the trajectories involved in the
free energy calculation are reactive, namely, they join the reactant and the
product wells. These feature makes feasible the application of the method
also to processes taking place in the condensed phase.
We will also introduce an algorithm to characterize the transition state
of a reaction. We designed an iterative procedure to move a hyperplane in
configuration space in such a way that it settles on the transition state or,
more precisely, tangent to the isocommittor [23] hypersurface. Our method
is based on determining the local direction of the “reaction flow” using the
information statistically conveyed by multiple short dynamical trajectories in
such a way that the noise coming from spurious degrees of freedom, like those
of the solvent, is automatically averaged out. Placing a plane tangent to the
isocommittor hypersurface allows also to find the direction, in configuration
space, orthogonal to it. This direction can be extremely helpful to identify
a good reaction coordinate as any of such must accurately follow and track
this direction. In particular, we will show that our method allows to identify
in an extremely efficient manner the degrees of freedom which are relevant
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for the transition.
The rest of the thesis is organized as follows. In the first chapter we will
briefly review some important notions and some well known methodologies
for the study of rare events and, in particular, for computing rate constants
and characterizing the transition state. In the second chapter, we will present
our approach for the calculation of transition rates based on the rigorous
dynamical decoupling of a reaction variable. Then, in the third chapter, we
will introduce our algorithm for the characterization of the transition state
trough the evolution of an hyperplane in configuration space. Finally, we will
conclude with some final remarks.

Chapter 1
State of the Art Computational
Techniques for an Unprejudiced
Characterization of Rare
Events
In this chapter we will briefly review some basic concepts about rare events as
well as some popular techniques for their simulation, introduced by various
authors in the past years, which we consider particularly relevant for the
subsequent discussion we are going to address.
We will first introduce the concept of transition rate for a rare event using
a simple and intuitive macroscopical approach. Then we will illustrate one of
the most popular approaches to connect rates with the microscopical dynamics of a system, namely Transition State Theory [29], stressing in particular
the kind of technical issues that beset the application of this technique. We
will then discuss the concept of committor probability and its relations with
the characterization of the transition state.
Afterwards, we will present some important methods to simulate rare
events and to characterize transition mechanisms which do not assume any
a priori knowledge of the transition itself. The exposition will be presented
from our personal perspective with the aim of highlighting the inspiration
11
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we get from those and the open problems we will try to face in the following
chapters. In particular we are going to discuss Transition Path Sampling [16]
and the concept of statistical mechanics of trajectories which lies at its basis
and the path sampling issue related to this. We will also discuss as well a
successful improvement of this technique, Transition Interface Sampling [20].
Finally, we will present the Aimless Shooting Algorithm [17], a particular
path sampling technique which has been designed to provide also an ensemble
of configurations located in the proximity of the transition state which can
subsequently be used to find the best reaction coordinate among a set of
candidate collective variables using a Bayesian approach.

1.1

Rate Constants

Consider a system of coordinates X ∈ Ω. The system evolves according to a
R
dynamics allowing an equilibrium distribution P (X) where Ω dXP (X) = 1.
Qualitatively, the system will display metastability if there exist a set of
disconnected regions Ai for which the probability of finding the system in
one of them is almost one
XZ
dXP (X) ≈ 1
i

Ai

and if the regions Ai are well separated by regions in which the probability
is low. In these conditions transitions between the regions Ai are rare.
If, for simplicity, we limit ourselves to a case in which the metastable
regions are only two, namely A and B, and let the system evolve we will find
that it spends almost all the time either in A or in B hopping rarely from one
region to the other and spending a negligible amount of time in the region in
between. Hence, a transition rate is well defined and the population of the
two regions satisfies a macroscopic equation of the form:
dpA
= −kA→B pA + kB→A pB
dt
dpB
= kA→B pA − kB→A pB
dt

(1.1)

1.1 Rate Constants

13

where kA→B and kB→A are, respectively, the forward and backward transition
rate from A to B.

Eq. (1.1) can be solved easily and, if we use pA (0) = 1 and pB (0) = 0 as
initial conditions, we have

kA→B
e−(kA→B +kB→A )t − 1
kA→B + kB→A
pB (t) = 1 − pA (t)
pA (t) = 1 +

(1.2)

hence, the equilibrium solution is
kB→A
kA→B + kB→A
kA→B
=
.
kA→B + kB→A

pequilibrium
=
A
pequilibrium
B

Eq. (1.2) shows that the probability relaxes exponentially to its equilibrium,
with a time constant of (kA→B + kB→A ) which can be identified with the
relaxation time to equilibrium of the system. We also notice that for time
t  1/ (kA→B + kB→A ) we have pB (t) ∼ kA→B t. It is this relation which
ultimately allows us to properly talk about a transition rate. In fact, a
common way to look at the concept of rate constants is to interpret the
conditional probability for the system of being in state B at time t given
it was in A at time 0 as the time correlation function of the characteristic
functions, χA and χB , of the two states:
P (B, t|A, 0) ≡

hχA (0) χB (t)i
.
hχA (0)i

(1.3)

If the two states are well defined and if the transition process between them
is a rare event, which means that the system spends almost all the time either in A or in B (hence χA + χB ≈ 1) and the typical time which intercurs
between two consecutive transition events is much longer than the molecular relaxation time τmol , the quantity in (1.3) typically displays a linear
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dependence on time for a wide range of time values [16],
hχA (0) χB (t)i
∝ t,
hχA (0)i

τmol < t  1/ (kA→B + kB→A ) .

(1.4)

For this reason the transition probability per unit time is a well defined constant quantity and the transition rate can be evaluated as the time derivative
of the correlation function (1.3) [16],
kA→B =

1.1.1

d hχA (0) χB (t)i
.
dt
hχA (0)i

(1.5)

Microscopic Definition: Transition State Theory

An interesting question is how to link Eq. (1.1), which is related to the macroscopic evolution of the system, to its microscopic properties. More precisely,
we want to estimate kA→B and kB→A appearing in Eq. (1.1) from, for instance, its potential V (x) or a long trajectory x (t) generated by molecular
dynamics. Transition State Theory [24, 25, 26, 27, 28, 29] tries to address
this issue. Its basic idea comes from the fact that the rate constant kA→B
can be estimated as the ratio between the flux ΦA→B between A and B and
the equilibrium probability pequilibrium
to observe the system in A. In fact, in
A
the rate model 1.1 we have

ΦA→B

probability per unit time
= to observe a transition
between A and B

=

kA→B kB→A
= kA→B pequilibrium
.
A
kA→B + kB→A

Thus kA→B = ΦA→B /pequilibrium
.
A
can be expressed as ensemble averages over the
Both ΦA→B and pequilibrium
A
probability P (x, v) to observe the system in (x, v), where x are the positions
and v represents the velocities. The equilibrium population to observe the
system in A is given by
pequilibrium
A

Z
=

Z
dx

dvP (x, v) χA (x)

1.1 Rate Constants
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where χA (x) is the characteristic function of the region A. In Transition
State Theory the flux between A and B is approximated by the flux through
the boundary of A (we will comment later on the validity of this assumption):
ΦA→B ∼ Φ∂A

1
=
2

Z

Z
dσ (x)

dvP (x, v) kn (x) · vk

∂A

∇s(x)
is a unit vector orthogonal to ∂A in x. If we assume
where n (x) = k∇s(x)k
∇s(x)
that ∂A is parametrized by an equation s (x) = sA we have n (x) = k∇s(x)k
R
R
and ∂A dσ (x) = dxδ (sA − s (x)) k∇s (x)k . Thus,

Φ∂A

1
=
2

Z

Z
dxδ (sA − s (x)) k∇s (x)k

dvP (x, v) kn (x) · vk

and putting all together, we have
T ST
kA→B
=

Φ∂A
pequilibrium
A

R
=

dx

m

R

dvP (x, v) δ (sA − s (x)) k∇s (x) · vk
R
R
.
2 dx dvP (x, v) χA (x)
2

We now take P (x, v) ∝ e−β ( 2 kvk +V (x)) (to simplify the notation we have
assumed that the system is made of identical particles of mass m). This
gives
R
r
dσ (x) exp (−βV (x))
4
T ST
R ∂A
kA→B
=
.
(1.6)
πmβ dx exp (−βV (x)) χA (x)

The rate constant evaluated by equation (1.6) is well-defined only if the
regions A and B are properly chosen. In fact, while the integral at the
denominator is well behaved and largely insensitive to the exact definition
of A, the surface integral in the numerator depends strongly on the specific
choice of ∂A. Indeed, a trajectory that has just crossed the boundary of A
might have a chance to recross it back right away, giving no contribution to
the true (macroscopic) flux between A and B. In other words,
ΦA→B ≤ Φ∂A .

16
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kA→B
ΦA→B .
=
=κ
T ST
Φ∂A
kA→B

is by construction smaller than one and is called transmission coefficient of
∂A.

1.1.2

Bennett-Chandler Procedure for Computing the
Transmission Coefficient κ

In order to define more rigorously the rate constant between two regions it
is necessary to assume that these are “well-separated” by a buffer region
in which the equilibrium probability to observe the system is almost zero.
In order to estimate the rate, we need to count the reactive trajectories,
namely the trajectory actually leading from A to B, and not the flux across
a surface in between them. Let’s consider in detail the case of Hamiltonian
dynamics, in which the evolution of the system depends only on the initial
conditions (x, v) . We choose a dividing surface Σ belonging to the buffer
region between A and B. For all (x, v) with x ∈ Σ, we can evolve the system
backward and forward in time until it reaches A or B. For this trajectory, we
compute the number of times NΣ (x, v) it crosses Σ. If NΣ (x, v) is even, the
trajectory connects A with A or B with B. Thus, it gives no contribution
to the macroscopic flux between A and B. If instead NΣ (x, v) is odd, the
trajectory connects A with B, and gives a contribution to the flux. We also
notice that looping over all the possible (x, v) , we will find this trajectory
NΣ (x, v) times. Thus, in order to quantify the macroscopic flux, we introduce
a function


NΣ (x,v)
1 − (−1)
gΣ (x, v) =
2NΣ (x, v)
For non reactive (x, v) this function is zero. For reactive trajectory it is
equal to 1/NΣ (x, v) . The flux between A and B can be written as an explicit

1.2 The Committor
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average of this function.
flux between A and B
equilibrium population of A
R
R
dσ
(x)
dvP (x, v) gΣ (x, v) kn (x) · vk
R
R
=
= Σ
dx dvP (x, v) χA (x)
R
R
(x) dvP (x, v) gΣ (x, v) kn (x) · vk
T ST Σ dσ
R
R
= kA→B
=
dσ
(x)
dvP
(x,
v)
kn
(x)
·
vk
Σ

kA→B =

T ST
= kA→B
hgΣ (x, v)iΣ
T ST
where kA→B
is the Transition State Theory rate constant associated with
Σ . This manner of computing kA→B was introduced by Bennett [28] and
Chandler[29], but the derivation presented here is taken from [30]. Its advantage is that the result is insensitive on the choice of Σ. Its practical
T ST
implementation requires first choosing a reasonable Σ and computing kA→B
using Eq. 1.6. Afterwards, the transmission coefficient κ = hgΣ (x, v)iΣ is
estimated running several short trajectories. The initial points of these trajectories are located on the surface Σ and are distributed according to P (x, v) .
Then, one evolves (x, v) backward and forward in time until the trajectory
reaches A or B, computes gΣ (x, v) on this trajectory and evaluates the average hgΣ (x, v)i.

The problem of this procedure is that if Σ is not properly chosen, κ can
be very small and the true value of kA→B can be obtained only computing
accurately this very small number. This, in practical applications, can be
extremely computationally heavy. Moreover, if the dynamics is intrinsically
diffusive, whatever Σ is chosen the trajectories will cross it several times. In
these cases, NΣ can be intrinsically large, and computing gΣ is difficult even
if the best possible dividing surface is chosen.

1.2

The Committor

Considering the intrinsic difficulty of finding good reaction coordinates, i.e.
good dividing surfaces for a Transition State Theory calculation, it is extremely important to set up a clear framework, practical but also conceptual,
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to asses the accuracy of such potential candidates. With respect to this, extremely useful concept is that of committor probability and of isocommittor
surface [23, 31].
Let us consider once again the case of a system with two metastable
states A and B. For a given point x in configuration space, the committor
probability to state B, CB (x), is the probability that a trajectory starting
from x will reach state B before A. Obviously, a symmetric definition holds
for the committor probability, CA (x), to state A. Clearly, if we cross the
phase space, moving from A to B, CB will grow from 0 to 1.
Intuitively, the committor is an ideal reaction coordinate as the direction parallel to its gradient accurately tracks the progress of the reaction:
isosurfaces of the committor are, by their very definition, hypersurfaces in
configuration space whose points have the same probability of reaching B
before A. Moreover, the transition state can be identified with the hypersurface characterized by a committor probability of 1/2. Anyhow, even if
we suppose that we know such a function, interpreting the foliation of phase
space induced by it in terms of simple physically or geometrically meaningful
collective variable would be a difficult task. In any case, hypersurfaces of
a good reaction coordinate must closely approximate committor hypersurfaces. Moreover, given a candidate reaction coordinate q(x), and being q ∗
the value of the reaction coordinate corresponding to the top of the free energy barrier between the two states, the hypersurface in configuration space
corresponding to q ∗ must closely approximate the hypersurface of committor
probability 1/2. This condition can be checked generating a set of points
canonically distributed on the hypersurface corresponding to q ∗ , using for
instance umbrella sampling, and evaluating the committor distribution for
this set of points. If q(x) is a good reaction coordinate, the distribution will
appear narrowly peaked around 1/2. On the contrary, an almost flat distribution or one peaked either around 0 or 1 would be the signature of a bad
coordinate. Fig. 1.1 shows some examples of this kind. When the candidate
reaction coordinate is good, as is the case in Fig. 1.1-A, the committor distribution for the hypersurface characterized by a value of q = q ∗ , corresponding
to the top of the barrier of the free-energy profile along q, is peaked around
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Figure 1.1: Three different prototypical examples of free-energy landscape in
two collective variable q and q 0 . For any of these, is reported on the left the
free-energy profile along q 0 , for q = q ∗ , and the committor distribution for
q = q ∗ . (A): The reaction is correctly described by q alone and the committor
distribution for the hypersurface q = q∗ is sharply peaked around 1/2. (B):
q is no longer a good reaction coordinate and q 0 plays a significant role in the
description of the reaction mechanism, the committor distribution displays
a typical double peak in 0 and 1. (C): Similar to (B) but with a totally flat
committor distribution. Picture taken and modified from [32].
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the value 1/2. When q is not a good reaction coordinate additional collective
variables are necessary to grasp the transition mechanism. Fig. 1.1-B and
C show some possible pathologies of the committor distribution which are
typical signatures of such a situation.

1.3

Transition Path Sampling

As we already mentioned, one major issue which beset the power and efficiency of Transition State Theory lies in the fact that defining a good dividing
surface, which is actually equivalent to find a good reaction coordinate, is
extremely tough for all but the simplest systems. Indeed, an appropriate
definition requires some knowledge of the transition mechanism itself to be
effective. Hence, developing methods for studying transition processes and
computing rates without relying on any a priori knowledge of the transition process is an extremely active research field. Transition Path Sampling
[16, 18, 19] is one of the methods developed for this scope. It allows to sample quite efficiently true dynamical reactive trajectories of the system and
it uses the statistical properties of this ensemble of trajectories, named the
transition path ensemble, to compute the rates.

1.3.1

Assigning a Statistical Weight to a Trajectory:
the Example of the Onsager-Machlup Action

Transition Path Sampling builds upon the consideration that every trajectory X(·) of the system can be associated with its appropriate statistical
weight1 S[X(·)], generally termed as the action of the trajectory. Assigning
an appropriate statistical weight to trajectories allows to sample the transition path ensemble using all the techniques already developed to sample the
canonical ensemble in physics and, in particular, in polymer physics. It is
in fact natural to treat the action, S[X(·)], as an effective energy and use
1
Actually, the correct statistical weight of a trajectory is e−S[X(·)] . For the sake of
simplicity of the exposition, here and in the following we will make an abuse of language
terming sometimes the action as “statistical weight” being justified by the fact that it is
univocally related to this last.
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it to derive effective forces to perform an actual dynamics, which can be for
instance molecular dynamics or Langevin dynamics, of the trajectory itself.
Let us consider a discretized representation of a trajectory of length t,
X(·) = {xτi ; τ = 0 · · · n, n × dt = t; i = 1, · · · m} ,
where m is the number of degrees of freedom of the system and n is the
number of discretized frames. The statistical weight of a trajectory is given
by the consecutive product of the conditioned probabilities to go from one
frame to the next
n−1
Y
−S[X(·)]
p(xτ → xτ +1 ).
(1.7)
e
=
τ =0

We now specialize, for simplicity and later convenience (see Chapter 2), to a
unidimensional system whose dynamics is ruled by an overdamped Langevin
dynamics. The equations of motion for x, which is in this case only a position
coordinate, are
√
dx = dtf (x) + 2DdW,
where dW is a Wiener process [33], namely a stochastic process with zero
mean, hdW i = 0, and of covariance hdW 2 i = dt, D is a diffusion coefficient
d
V (x),
related to the friction γ through the relation γ −1 = βD, f = −γ −1 dx
and V (x) the potential energy function. This equation of motion determines
the transition probability p(xτ → xτ +1 ) entering equation 1.7. Rewriting it,
we have
 √
xτ +1 − xτ − dtf (xτ ) / 2D = dW,
where the only stochastic term is on the right-hand side and, given its known
Gaussian distribution [33], we finally get
p(xτ → xτ +1 ) ∝ e−(x
hence
S[X(·)] =

n−1
X
τ =0

τ +1 −xτ −dtf (xτ ))2 /(4Ddt)

,

(xτ +1 − xτ − dtf (xτ ))2 / (4Ddt) .
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This expression is the discrete version of the so-called Onsager-Machlup action [34].

1.3.2

Sampling the Transition Path Ensemble

The analogy with polymer physics can be exploited in order to sample the
transition path ensemble with Monte Carlo algorithms. Moves can be generated as one would do with polymers subject to geometrical constraints, as
the “head” and the “tail” of the trajectory must lay in the initial and final
state respectively, or one can take advantage of the natural dynamics of the
system and use it to generate new reactive trajectories. An example of this
last approach is what is called a shooting move. Typically, a shooting move
consists in taking, with some criteria, a frame from a reactive trajectory and
slightly perturb its coordinates and/or momenta. Then, from this perturbed
frame one propagates a new trajectory. The new trajectory is finally accepted
taking into account its statistical weight and the probability of generating it
from the previous one as in any usual Monte Carlo procedure.
Every sampling algorithm, whatever rule to generate a new element (a
trajectory in our case) is chosen, must clearly be designed to sample the distribution of the ensemble under investigation. In a Monte Carlo scheme, which
is a stochastic sampling technique, this is achieved designing and properly
evaluating the probability of making a move in the sampled space. Consistently with the notation used in the previous section, we denote with
X(·) = {xτi ; τ = 0 · · · n, n × dt = t; i = 1, · · · m}
the current reactive trajectory, with X 0 ∈ A and X n ∈ B (see Fig. 1.2), and
Y (·) = {yiτ ; τ = 0 · · · n, n × dt = t; i = 1, · · · m}
the proposed new one. Let us define the probability p(X(·) → Y (·)) of
making a move from trajectory X(·) to trajectory Y (·). The simplest way to
ensure the appropriate sampling of the desired ensemble is to enforce detailed
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balance [32, 35] on the moves, i.e. designing p(X(·) → Y (·)) such that


ρeq X 0 e−S[X(·)] p(X(·) → Y (·)) = ρeq Y 0 e−S[Y (·)] p(Y (·) → X(·))

(1.8)

where ρeq (X 0 ) e−S[X(·)] is the statistical weight of X(·) in the path ensemble considering also the Boltzmann weight for the starting configuration,
X 0 ≡ {x0i ; i = 1, · · · m}. The probability of making a move is made of two
components
p(X(·) → Y (·)) = pgen (X(·) → Y (·))pacc (X(·) → Y (·))
which are, respectively, the probability of generating or proposing the move
and the probability of accepting it. Eq. (1.8) can be easily satisfied applying
Metropolis rule for the acceptance probability
pacc (X(·) → Y (·)) =

min 1,

ρeq (Y 0 )e−S[Y (·)] pgen (Y (·)→X(·))χA (Y 0 )χB (Y n )
ρeq (X 0 )e−S[X(·)] pgen (X(·)→Y (·))


, (1.9)

where χA and χB are the characteristic function of initial and final state evaluated only on the newly proposed trajectory, as the previous one is already
a member of the Transition Path Ensemble.
Obviously, the probability pgen (X(·) → Y (·)) of generating a trial move
depends on the particular way chosen for producing a new trajectory from
the previous one. For a shooting move [32], one usually select at random a
frame X τ from the old trajectory and, after eventually modifying it to a new
one Y τ , two new branches of trajectory are dynamically propagated from it,
one forward and the other backward in time. In this way, the probability of
generating the new trajectory from the old one is
τ

τ

pgen (X(·) → Y (·)) = pgen (X → Y )

n−1
Y
j=τ

j

p(X → X

j+1

)

τ
Y

pb (X j → X j−1 ),

j=1

(1.10)
and pb (X j → X j−1 ) is the probability for the evolution of the system backward in time and pgen (X τ → Y τ ) is the probability of obtaining the frame
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Figure 1.2: Schematic illustration of a shooting move. First a frame, X τ , of
the current trajectory is taken and eventually modified to a new one, Y τ , with
some criteria. Then, the new proposed trajectory is build up propagating
forward and backward in time the system. Picture taken and modified from
[32].
Y τ from selection and modification of X τ . Hence, the second argument of
the min function in the acceptance probability (1.9) becomes


 τ
ρeq (Y 0 ) pgen (Y τ → X τ ) Y p(Y j → Y j+1 )pb (X j+1 → X j )
,
ρeq (X 0 ) pgen (X τ → Y τ ) j=1 pb (Y j+1 → Y j )p(X j → X j+1 )

since the product of forward transition probabilities from τ to n in (1.10)
simplifies with the statistical weight of the trajectory. If the dynamics of the
system preserve the equilibrium distribution, for instance if it obeys detailed
balance, the backward propagation probability can be related to the forward
one (see for instance [33]) through microscopic reversibility,
0

ρeq (X)
p(X → X)
=
.
0
b
p (X → X )
ρeq (X 0 )
Hence, the final expression for the acceptance probability becomes


ρeq (Y τ ) pgen (Y τ → X τ )χA (Y 0 ) χB (Y n )
pacc (X(·) → Y (·)) = min 1,
.
ρeq (X τ ) pgen (X τ → Y τ )
(1.11)
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Eq. (1.11) clearly shows the most important practical advantage of shooting moves with respect to other possible Monte Carlo moves in path space.
The fact that a new trajectory is produced via direct dynamical propagation
of the system implies that generation probability and statistical weight of the
trajectory cancel out so that, to evaluate the final acceptance probability, one
simply needs to evaluate “single frame” quantities and not any cumbersome
trajectory related quantity.

1.3.3

Free-energy Differences in Path Space

Assigning to every trajectory, X(·), its proper statistical weight, S[X(·)],
allows to look at the transition probability from a different perspective. In
fact, it becomes natural to write the probability for the system of being in
state B at time t given it was in state A at time 0 as an integral over all the
possible paths connecting state A to state B in such a time

χA (X (0))e−βV (X(0)) e−S[X(·)] χB (X (t))D[X(·)]
P (B, t|A, 0) =
ZA
R
−βV (X(0)) −S[X(·)]
χA (X (0))e
e
χB (X (t))D[X(·)]
R
=
,
−βV
(X(0))
−S[X(·)]
χA (X (0))e
e
D[X(·)]
R

(1.12)

where χA and χB are the usual characteristic functions of the two states and,
in the second line, we expressed the partition function, ZA , of the initial
state as an integral over all possible path starting in state A at time zero
and ending anywhere at time t. If the two metastable states are well defined,
i.e. as we have seen in section 1.1 if the transitions between them are rare,
after a short molecular relaxation time P (B, t|A, 0) grows linearly with t (for
t < (kA→B + kB→A )−1 ) and its derivative coincides with the transition rate,
kA→B .
Inspection of Eq. (1.12) easily reveals that it can actually be interpreted
as a ratio of partition functions of trajectories ensembles. In fact, if we define
ZAB as the partition function of the ensemble of trajectories starting in A at
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time 0 and ending in B at time t, we have

χA (X (0))e−βV (X(0)) e−S[X(·)] χB (X (t))D[X(·)]
ZAB
R
=
.
−βV
(X(0))
−S[X(·)]
ZA
χA (X (0))e
e
D[X(·)]
(1.13)
The analogy with usual statistical thermodynamics can be push even further
and, being a ratio of partition functions, P (B, t|A, 0) can be viewed as the
exponential of a free-energy difference, but in path space, and, in particular,
it can be identified with the reversible work needed to shrink the space of
the endpoints of trajectories of length t starting in A from the overall configuration space to state B. Hence to compute P (B, t|A, 0), in principle, one
is allowed to use the common methodologies available to perform free-energy
calculations. Nevertheless, the evaluation of the ratio in (1.13) is computationally tough. In fact, the issue of free-energy calculations is a subject of research per se and it is already hard to deal with usual free-energy differences
in configuration space while Eq. (1.13) represents a free-energy difference
in path space. Moreover, to compute the rates one needs the derivative of
P (B, t|A, 0) with respect to time hence multiple free-energy difference calculations for different values of t are needed. In the original formulation of
Transition Path Sampling [16], the evaluation of the free-energy difference for
every t was performed dividing the configuration space in different windows
Bi , one of these coinciding with state B, evaluating (1.13) restricted to every single window with umbrella sampling and, finally obtaining the desired
quantity by matching the histograms of adjacent windows.
R

P (B, t|A, 0) =

1.3.4

Transition Interface Sampling

The goal of all successive improvements of Transition Path Sampling like,
among the most successful, Transition Interface Sampling [20, 36, 37] and
Forward Flux Sampling [21, 38, 39], has been to simplify the free-energy
difference calculation in (1.13) changing somehow the reference, i.e. the
denominator, or the way the calculation is performed.
In particular, Transition Interface Sampling, and similarly Forward Flux
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Sampling, tries to simplify the free-energy calculation rephrasing it introducing a collective variable (an order parameter in the original nomenclature)
able to distinguish between initial and final state, but not necessarily a good
reaction coordinate. Let us call q this function. The idea of Transition Interface Sampling is to introduce a series of non intersecting hypersurfaces
in phase space, the interfaces, defined by the values of q0 , q1 , . . . , qn of q on
them, where q0 corresponds with the boundary of the initial state A and
qn defines the boundary of state B. Transition Interface Sampling starting
point is the relationship between the flux and the transition rate between the
two state, that we already discussed at the beginning of section 1.1.1:
kA→B = ΦA→B /pequilibrium
= Φq0 →qn /pequilibrium
,
A
A
where the last term is a simple rewriting of the second coherently with the
hypersurfaces partition just introduced. As it is, this expression is of difficult
practical use because of the difficulty of calculating the net flux exiting from
q0 and entering qn . However, this flux can be rewritten as the flux between
q0 and a surface q1 , much closer to it, times the product of all the conditional
probabilities of reaching the successive hypersurface before getting back to
q0 given that the system has reached the previous one and knowing that it
comes from state A:
kA→B = Φq0 →q1 /pequilibrium
A

n−1
Y

pA (qi → qi+1 ),

(1.14)

i=1

where the subscript A for the transition probabilities in the product indicates
that the probability of transition is relative to trajectories starting from A.
This last equation is the reference equation for Transition Interface Sampling.
The first term on the right-hand side can now be evaluated much more easily
with a brute force simulation provided that the interface q1 is sufficiently close
to q0 . The product of consecutive transition probabilities is then evaluated
with an iterative path sampling procedure.
The probability pA (q1 → q2 ) is the ratio of the number of paths that reach
interface 2 to the total number of sampled paths. Subsequently, one generates
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an ensemble of paths starting in A and crossing interface 2, from which the
next term pA (q2 → q3 ) can be obtained, and so on until one reaches interface
n and thus state B. Each step consists of a sampling of paths starting in
A and crossing interface i = 1, . . . , n − 1. Obviously, the final rate constant
kA→B is independent of the choice of the interfaces as long as the first and last
one are able to define well the stable states A and B respectively. Differently
from Transition Path Sampling, the length of the sampled trajectories is not
a priori fixed since, when generating such trajectories, the integration of the
equations of motion is stopped only when one of the two interfaces of the
corresponding ensemble is reached.
Looking at the iterative product of transition probabilities between subsequent interfaces in (1.14), it is interesting to note that the free-energy difference in path space we are calculating can be interpreted as the reversible
work needed to stir the end point of trajectories from one surface to the other
and subsequently guide them towards the final state B.
It is also important to mention that an accurate choice of the actual number and position of the interfaces leads to a notable increase in the efficiency
of the calculation with respect to standard Transition Path Sampling. However, the procedure still remains computationally expensive for all but the
simplest systems. In fact, the two ensembles, ZA and ZAB , are extremely different. Even if ZAB is included within ZA , trajectories which are statistically
relevant for the latter are far from being those of the first. Replacing ZA with
ZAq1 , as is essentially done in Transition Interface Sampling, does not change
the situation that much, and the gain in efficiency mostly comes from the
use of the interfaces. Moreover, the method is very sensible to the choiche
of the interfaces. In fact, even if the computed rate is independent on the
choice of the collective variable used to define the interfaces, isosurfaces of a
very bad reaction coordinate partition phase space in a very crude manner
and this makes the sampling of reactive trajectories hard if not impossible,
thus importantly affecting the efficiency and applicability of the method.
In Chapter 2 we will introduce a novel approach to simplify the calculation. Differently, with respect to the so far mentioned approaches we will
take as reference an ensemble which is already a transition path ensemble,
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Z̄AB , of trajectories connecting state A and B, whilst ZA is not an ensemble
of this kind. The difference between ZAB and the new reference, Z̄AB , lies
in the dynamics ruling the time evolution of the system. In fact, Z̄AB is
the transition path ensemble relative to a modified dynamics which satisfies
two conditions. The first is that in the modified dynamics it is easy to compute transition probabilities. The second is that the modified dynamics is
extremely similar to the original one (see Section 2.1 for details). We will
show that the we can rigorously design the dynamics relative to Z̄AB in such
a way that it will differ from the one of ZAB for a single degree of freedom
only. Hence, the similarity between ZAB and Z̄AB is maximal, speeding up
the free-energy difference calculation.

1.4

Aimless Shooting and the Characterization of the Transition State

As we have already discussed in the previous sections, Transition Path Sampling allows to sample true dynamical reactive trajectories. However, grasping clues on the reaction mechanism from the result of such a sampling is
neither obvious nor immediate. Furthermore, even if the sampling technique
is explicitly designed to avoid the use of reaction coordinates, getting a good
reaction coordinate able to correctly define the transition state and track
efficaciously the progress of the reaction is still something practically and
conceptually important. Peters and Trout [17] developed a particular kind
of shooting algorithm, called Aimless Shooting, which is designed in such a
way that shooting points are concentrated mainly in the proximity of the
transition state (more precisely, in the proximity of the isocommittor hypersurface defined in section 1.2). They also designed a Bayesian likelihood
scheme to find and systematically improve reaction coordinates using the
results of the aimless shooting sampling.
We will now briefly outline the Aimless Shooting algorithm. Let us con-
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sider, as usual, a given a reactive trajectory
X(·) = {xτi ; τ = 0 · · · n, n × dt = t; i = 1, · · · m}
composed of n + 1 frames and fixed lag τ smaller than n (τ is an integer and
a typical value would be of the order of a tenth of n or less). For the sake
of clarity and to simplify the notation, in this section we will shift the time
origin for the trajectory, with respect to the convention used in the previous
sections and in the following chapters, so that the first frame of the trajectory
is X −n/2 , the last X n/2 and X 0 the one in the middle. A new trial trajectory
0
is obtained in the following way. The new shooting point, Y τ , is taken at
random choosing between X −τ , X 0 and X τ , and τ 0 is also taken at random to
be equal to 0, ±τ independently from which frame has been selected. Then,
new momenta are drawn from the Boltzmann distribution and two branches
0
of trajectory are departed from Y τ , one of length n/2 − τ 0 and another, with
reversed momenta, of length τ 0 + n/2 checking if they finally reach the initial
and the final state respectively.
Due to the fact that the momenta are freshly drawn from the Boltzmann distribution and that the configuration of the chosen frame are left
unchanged, the expression for the acceptance probability (1.11) simplifies
further and reduces to

pacc (X(·) → Y (·)) = χA Y 0 χB (Y n ) .
0

0

In fact, by construction pgen (X ∗ → Y τ ) = pgen (Y τ → X ∗ ) (where the ∗
stays for either 0 or ±τ ), hence, to accept the new proposed trajectory it
is enough to check whether it connects initial and final states. Since the
momenta are freshly drawn at every shot, and not simply slightly perturbed
from the previous ones, every single shot is an independent measure of the
probability that a trajectory passing through the chosen configuration is a
member of the transition path ensemble, i.e. it is a trajectory connecting
the two metastable basins. Furthermore, the mechanism of sliding introduced
by the lag τ introduces a stochastic restoring force which keeps the shooting
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Figure 1.3: Only points with a high probability of generating a transition
trajectory, P (T P |X) in the picture, are likely to be successful shooting points
and are located in the proximity of the top of the free-energy barrier between
the two stable states. Picture taken and modified from [17].
point in proximity of the transition state (see Fig. 1.3). As a consequence,
every shot provides statistical information about the probability that the
configuration from which it was departed belongs to the transition state or
not. Hence, it is possible to collect all the shooting point together with the
information if they led to produce a transition trajectory or not. This set of
point can be subsequently processed within a maximum likelihood framework
to find, starting from a set of known collective variables, the best possible
reaction coordinate with a systematic procedure (see [17] for details).
In Chapter 3 we will present an algorithm that is able to place a hyperplane tangently to the isocommittor hypersurface in configuration space
and hence, allows to characterize the transition process. It is based on the
consideration that multiple short trajectories statistically convey information
about the local direction of the reaction flow. This information can be used
to climb the flow backward and find the isocommittor hypersurface. Our
method is suitable for application to reactions in solution since, tuning appropriately the length of the short trajectories, the noise coming from the
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solvent is automatically averaged out . In particular, we will show that our
method is cheap from the computational point of view and allows to find,
in a simple and straightforward manner, the degrees of freedom which are
relevant for the transition providing a way to easily identify good reaction
coordinates.

Chapter 2
Absolute Transition
Probabilities for Rare Events
from Dynamical Decoupling of
Reaction Variables
The calculation of rate constants for events that are rare on the molecular
time scale, and more generally of transition probabilities for complex stochastic processes, has been an issue of paramount interest in the natural sciences
ever since Kramers’ work appeared in 1940 [28, 29, 40]. The main difficulty
here stems from the fact that the relevant information, while determined by
the details of the microscopic dynamics, can only be extracted from the statistical properties of trajectories in the (extremely) long-time limit. As we
have already seen in section 1.3, a particularly promising approach is Transition Path Sampling [16] in which, building on the Markovian character of
many relevant processes, the transition probabilities are expressed as path
integrals of the exponential of a suitably defined functional S[X(·)], called
action, over the set of reactive trajectories, X(·) (the transition-path ensemble) connecting microscopic configurations representative of the reactant and
product macroscopic states, A and B, of the reaction of interest (see section
33
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1.3.3):
P (B, t|A, 0) = ZA−1 ×
Z
χA (X (0))e−βV (X(0)) e−S[X(·)] χB (X (t))D[X(·)],

(2.1)

where χA/B (X) is a characteristic function that is equal to one if X ∈ A/B
R
and zero otherwise and ZA = χA (X)e−βV (X) dX . In section 1.3.1 we
have seen the explicit expression of this functional for a system undergoing overdamped Langevin evolution, the Onsager-Machlup action [34]. The
path integral in Eq. (2.1) has the form of the exponential of the freeenergy of a generalized system whose configurations are reactive trajectories
[16, 19, 31]. Free-energies are notoriously difficult to evaluate numerically.
In practice, the transition probability is first calculated for an auxiliary system, where this can be easily done. The ratio of the transition probabilities in the auxiliary and physical systems is then expressed as the exponential of the free-energy difference between the two transition path ensembles:
P (B, t|A) /P̄ (B, t|A) = e−(F −F̄ ) (see section 1.3.3). Such a difference can be
evaluated via thermodynamic integration [35], or any equivalent technique.
The freedom in the choice of the auxiliary system is pretty wide, the major differences between the various methods lying mainly in this choice. The
auxiliary system can, for instance, differ from the physical one for a somehow
different definition of initial and/or final states [16, 20, 21], like in Transition
Interface Sampling, or for the values of some physical parameters, such as
temperature or pressure [41, 42]. Some of these methods are affected by the
usual difficulties that beset the numerical estimate of free-energies: if the
auxiliary and physical systems differ too much, the reversible transformation
of one system into the other may require too slow a process to be efficiently
simulated. This may become a major problem as the system size grows large,
because the difference between the auxiliary and the real systems usually increases with the number of degrees of freedom.
In this chapter we will show that this issue can be also addressed in an
alternative manner. In particular, we define an auxiliary system that differs
from the physical one not by any physical property, nor by the definition
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of the reactant/product states, but by the dynamical process ruling its time
evolution. The latter is designed so as to coincide with that of the physical
process for all coordinates but one, which is a suitably defined reaction variable whose main property is the ability to discriminate reactant and product
states. Furthermore, the evolution of this reaction variable in the auxiliary
process is dynamically decoupled from all the other degrees of freedom. In
this way the reaction rate of the auxiliary system can be easily determined,
as it coincides with that of a unidimensional system whose only coordinate
is the reaction variable. The efficiency of the free-energy difference evaluation should remain insensitive on system size, as the auxiliary and physical
systems differ only along one degree of freedom at any size. As we will see,
the choice of the reaction variable is to a large extent arbitrary, as long as it
serves to discriminate reactant and product states: a reaction variable that
hardly resembles the committor (see section 1.2), which is considered to be
the ideal reaction coordinate [23, 31], may be just as good.

2.1

Rigorous Decoupling of a Reaction Variable

In the following we specialize the derivation to the case where the microscopic
dynamics of the system is described by an overdamped Langevin process:
√
dxi = dtfi (X) +

2DdWi ,

(2.2)

where dWi is a multivariate Wiener process of covariance hdWi dWj i = dtδij ,
D is a diffusion coefficient related to the friction γ through the relation
γ −1 = βD, fi = −γ −1 ∂i V (X), and V (X) a potential function. For this
system, we define a reaction variable, S (X) , which we assume to take different values for the reactants (state A) and products (state B). In order
to compute the conditional probability P (B, t|A) that the system undergoes
a transition from A to B in a time t, we introduce an auxiliary stochastic
process in configuration space that is as similar as possible to the original dy-
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namics (2.2), but such that the reaction variable is decoupled from the other
variables, namely its dynamics is described by a one-dimensional process,
for which transition rates can be easily calculated. We assume the auxiliary
process to have the form:
dxi = dtf¯i (X) + 2D̄

1/2
ij

(X) dWj ,

(2.3)

where summation over repeated indices is implied throughout, the Itō convention for stochastic differential equations is assumed [43], and f¯i (X) and
D̄ij (X) are a vector and a matrix field respectively. The latter are determined by the conditions:

1. Dynamical decoupling. The motion perpendicular to the hypersurface
in configuration space determined by the equation S(X) = s is decoupled from the dynamics on the surface. For this to be the case, it is
sufficient that the first and second moments of the variation of S in the
stochastic process (2.3) only depend on the value s of S, and not on
the specific point on the hypersurface:
hdSiX = ϕ (S (X)) dt,

(2.4)

dS 2

(2.5)

X

= 2∆(S(X))dt,

where ϕ(s) and ∆(s) are as of yet unspecified functions of the reaction
variable. Using Itō calculus, these conditions imply:
f¯i (X)∂i S(X) + D̄ij (X)∂ij2 S(X) = ϕ(S(X)),

(2.6)

D̄ij (X)∂i S(X)∂j S(X) = ∆(S(X)).

(2.7)

2. Minimal variance. The dynamical properties of the two processes,
Eqs. (2.3) and (2.2), are as close as possible. This is enforced by
2
P
requiring that the two residua, R1 =
D̄
−
Dδ
and R2 =
ij
ij
ij
2
P ¯
are as small as possible.
i fi (X) − fi (X)

2.1 Rigorous Decoupling of a Reaction Variable

37

These conditions can be satisfied by first minimizing R1 under the constraint
(2.7), then R2 under the constraints (2.6). This gives:
k

D̄ij (X) = DPij (X) + D̃(X)Pij⊥ (X),
k
f¯i (X) = Pij (X)fj (X) + ni (X)f ⊥ (X),

(2.8)
(2.9)

where ni (X) = ∂i S(X)/ k ∂S(X) k is the versor normal to the S(X) = s hyk
persurface at point X, Pij⊥ (X) is the projector along the n direction, Pij (X) =


2
S(X) / k ∂S(X) k is
δij − Pij⊥ (X), and f ⊥ (X) = ϕ(S(X)) − D̄kl (X)∂kl
the effective force acting perpendicularly to the iso-S hypersurface. Finally,
D̃(X) = ∆(S(X))/ k ∂S(X) k2 . It can be easily checked that the transition
probabilities for any displacement dX orthogonal to ∂S are identical for the
two processes, (2.2) and (2.3): thus, the two processes differ only by one
degree of freedom, namely the reaction variable. Due to the conditions (2.6)(2.7), in the stochastic process (2.3) the evolution of the reaction variable
is dynamically decoupled from that on the hypersurface S (X) = s and is
p
ruled by the stochastic differential equation: ds = ϕ (s) dt + 2∆(s)dW .
Thanks to this property, the probability P̄ (B, t|A) to observe a transition
between A and B in a time t for the auxiliary process (2.3) can be easily
computed, either by direct simulation or by solving numerically the corresponding Fokker-Planck equation.

The free-energy difference between the physical and auxiliary transition
path ensembles, F −F̄, can be calculated by introducing a family of stochastic
processes, labeled by a real number 0 ≤ λ ≤ 1, which interpolate between
the auxiliary and the physical ones, Eqs. (2.2) and (2.3):
dxi = dtfiλ (X) + 2Dλ

1/2
ij

(X) dWj ,

(2.10)

where
fiλ (X) = (1 − λ) f¯i (X) + λfi (X) ,
λ
Dij
= (1 − λ) D̄ij (X) + λDδij .

(2.11)
(2.12)

38

Absolute Transition Probabilities for Rare Events from Dynamical
Decoupling of Reaction Variables

The corresponding transition path ensemble has probability density
P λ [X(·)] = ZA−1 e−βV (X(0)) χA (X (0))
λ

e−Seff [X(·)] χB (X (t)), (2.13)
where the statistical weight of the initial configuration is the canonical distribution of the physical system, e−βV (X(0)) , for every λ. Differently from the
notation used in section 1.3.1, to keep the exposition as simple and compact
as possible we have included the contribution coming from the canonical
weight of the initial configuration and from the characteristic functions of
initial and final state into the probability density of the trajectories. Using
relation (2.13) the free-energy difference reads [35]:
Z
F − F̄ =
0

1
λ
−∂λ Seff
[X(·)]

λ

dλ,

(2.14)

where hiλ indicates an equilibrium average in the space of reactive trajectories, performed with respect to the probability density (2.13). Such a
transition path ensemble can be generated either by Transition Path Sampling [19] or by a stochastic process in path space that directly samples this
distribution.
λ
It is crucial to note that Seff
[X(·)] in Eq. (2.13) is an effective action incorporating the effect of the position-dependent diffusion matrix, Eq. (2.12), on
the measure of the integral in Eq. (2.1). In fact, when the diffusion coefficient
depends on the position, the measure D[X(·)] of the integral in Eq. (2.1)
in general depends on the trajectory X(·). Upon discretization of time, a
trajectory is represented by X(·) = {xτi ; τ = 0 · · · n, n × dt = t; i = 1, · · · m},
where m and n are, respectively, the number of degrees of freedom of the
system and the number of time steps of the trajectory.

The probability density for the (discretized) trajectory X(·) constrained
on the initial configuration X 0 = {x0i ; i = 1, · · · m} is simply the generalization to many degrees of freedom of the expression seen in section 1.3.1

2.1 Rigorous Decoupling of a Reaction Variable

n−1
Y
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n
h

−1
io
1
exp − 4dt
xτi +1 − xτi − dtfiλ (X τ ) Dλ ij (X τ ) xτj +1 − xτj − dtfjλ (X τ )
(4πdt)m/2 |Dλ (X τ )|1/2

τ =0

,

(2.15)
where X
= 1, · · · m} is the configuration of the system at time
τ , while |D (X )| is the absolute value of the determinant of the matrix
Dλ (X τ ). The denominators in Eq. (2.15) are usually considered to be part
of the integration measure. As these terms depend on λ, they have to be
explicitly accounted for in the thermodynamic integration. For this reason
we find more convenient to write the transition path ensemble probability
density in Eq. (2.13) in terms of an effective action defined as:
τ

λ
Seff
[X(·)]

= {xτi ; i
λ
τ

n−1
X

−1
i
1 X h τ +1
xi − xτi − dtfiλ (X τ ) Dλ ij (X τ ) xτj +1 − xτj − dtfjλ (X τ )
=
4dt ij
τ =0

+

n−1
X
1
τ =0

2.1.1

2



log (4πdt)m |Dλ (X τ )| .

(2.16)

Description of the Monte Carlo Path Sampling
Procedure

Estimating the free-energy difference in Eq. (2.14) requires performing an
integral in a (m × n + 1)-dimensional space, where n × m is the total number of degrees of freedom associated with the reactive trajectory, and the
remaining variable corresponds to the parameter λ which varies from 0 to 1,
thus smoothly interpolating between the auxiliary and the physical dynamics. The probability of observing a configuration in this space is proportional
to the exponential of the λ-dependent action, Eq. (2.16).
In order to sample this (n×m+1)-dimensional space, trial moves are proposed by letting the trajectory evolve with an overdamped Langevin equation
λ
in which the action Seff
[X(·)] plays the role of the energy. Moves are then
accepted or rejected enforcing detailed balance. In practice, a trial trajectory
Y (·) = {yiτ ; τ = 0 · · · n, n × dt = t; i = 1, · · · m} is obtained from the previous
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one X(·) = {xτi ; τ = 0 · · · n, n × dt = t; i = 1, · · · m} in this way:
yiτ = xτi − dtS

λ
[X(·)]
∂Seff
∂V (X 0 )
δτ,0 +
0
∂xi
∂xτi

!
+

√

2dWiτ ,

(2.17)

where the parameter dtS is the time step for the evolution of the trajectory
0
and dWiτ is a multivariate Wiener process characterized by hdWiτ dWjτ i =
dtS δij δτ τ 0 . The move is accepted with probability
(
min 1,

0
λ
Π [Y (·) → X(·)] e−βV (Y ) e−Seff [Y (·)] χA (Y 0 )χB (Y n )
λ

Π [X(·) → Y (·)] e−βV (X 0 ) e−Seff [X(·)] χA (X 0 )χB (X n )

)
,

(2.18)

where



P

∂V (X 0 )

τ
τ

δτ,0 +

τ,i yi − xi + dtS
∂x0i
Π [X(·) → Y (·)] ∝ exp −

4dtS




λ [X(·)]
∂Seff
∂xτi

2 









(2.19)
χA/B is the characteristic function of initial/final state and the parameter dtS
should be chosen in such a way that the acceptance probability is on average
equal to 0.5.

Every 10 MC moves of the trajectory a new trial λ0 is proposed from the
previous λ with this scheme
λ0 = λ +

√

2dW,

(2.20)

hdW 2 i = dtλ , and the move is accepted according to
(
min 1,

λ0

e−Seff [X(·)]
λ

e−Seff [X(·)]

)
.

(2.21)

Again, dtλ should be fixed in such a way that the acceptance probability is
on average equal to 0.5.

,
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A Test Case

In order to demonstrate our approach, we calculate the transition probability between two stable configurations of a system of 5 Lennard-Jones (LJ)
particles. The typical configuration of the system is a double tetrahedron
with three particles forming the common base, and the remaining two symmetrically placed above and under it (see Fig. 2.1). This system is so simple
that, at an appropriate temperature, it is possible to compute transition
probabilities directly and thus benchmark our method. However, we will
show that our approach allows one to compute the transition probability in
conditions where direct simulation would be hopeless. The configurations of
the system are identified in the present case by the Cartesian coordinates of
the 5 atoms: X = {ri,α ; i = 1, · · · 5; α = 1, 2, 3}. The stochastic process (2.2)
√
P
reads: dri,α = −dtβ∂i,α V (X)+ 2dWi,α , where V (X) = 21 i6=j vLJ (|ri −rj |)
is a sum of pair-wise Lennard-Jones potentials, vLJ (r) (σLJ = 2.82, LJ = 1)
and D = 1.

Figure 2.1: reactant (A) and product (B) states of our system. The reaction
variable is the distance between the two blue particles.
We consider the transition from a state where two particles lie in the
base of the two tetrahedra to one where they are placed at the two opposite
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vertices (see Fig. 2.1). The distance between these two particles can therefore
be conveniently taken as the reaction variable: S (X) = |r2 − r1 |. In order
to highlight our central idea, while keeping the presentation as simple as
possible, we constrain the first particle to stay at the origin (r1 = 0) and
the second to move along the x-axis only (r2,2 = r2,3 = 0). Hence, we
simply have S (X) = r2,1 . Explicit expression of f¯ and D̄ for the general
unconstrained case are reported in Appendix A for completeness. r2,1 is a
really poor reaction coordinate (see the commitor distribution in Fig. 2.2).
The motion of the reaction variable in the auxiliary dynamics is chosen to

Figure 2.2: Committor distribution for trajectories departing from the top
of the barrier of the free energy profile (shown in the inset) of the chosen
reaction variable, S(X) = r2,1 . A number of 104 different initial configuration
have been sampled. From each of these, 102 trajectories have been run until
they committed either to the product or the reactant basin. The x-axis
reports the fraction of trajectories committed to the product basin, while
the y-axis reports the number of initial configurations with a certain degree
of commitment [23].

be free Brownian, ϕ (s) = 0, and we take ∆(s) = 1. With these choices, Eq.
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(2.10) becomes:
√
2dWi,α , for i > 2
√
= −dtβλ∂2,1 V (X) + 2dW2,1 .

dri,α = −dtβ∂i,α V (X) +
dr2,1

(2.22)

As anticipated, the auxiliary process coincides with the original one for all
the degrees of freedom, but the reaction variable, r2,1 . In fact, for λ = 0
the dynamics along r2,1 is a one-dimensional Brownian motion, uncorrelated
with the other degrees of freedom. It should also be noted that for λ 6= 1
the canonical distribution e−βV (X) is not a stationary distribution for the
process (2.22), as the uncorrelated motion of the system along r2,1 prevents
its equilibration, nor does the auxiliary dynamics satisfy detailed balance.

For the system in Figure 2.1 we aim at estimating the transition probability from state A to state B in 103 time steps (dt = 0.00096 in units where the
position of the LJ minimum is σLJ = 2.82) at a temperature kB T1 = LJ /10,
kB being the Boltzmann constant and LJ the depth of the LJ well. Direct inspection of the dynamics of the system shows that a typical transition
takes place in no more than a couple of hundred time steps so that sampling
trajectories of 103 time steps is enough to capture the transition mechanism.
The transition rate can then be obtained from the slope of the transition
probability as a function of time [16]. The transition probability, P , is first
evaluated directly, by letting the system evolve by Eq. (2.2) for 8 × 108
steps. This gives P = 2.66 × 10−5 . We then apply the algorithm described in
this work. The transition probability P̄ of the auxiliary process is estimated
by drawing a canonical ensemble of configurations belonging to the reactant
state, A. Each of these configurations is then let to evolve for 103 time steps
by the auxiliary dynamics. P̄ is estimated as the fraction of these trajectories
whose end point belongs to the product state, B. This gives P̄ = 3.98 × 10−3 .

The effective action corresponding to the process in Eq. 2.22, for a dis τ
cretized trajectory X(·) = ri,α
; τ = 0 · · · n, n × dt = t; i = 1, · · · 5; α = 1, 2, 3 ,
under the assumption that particle 1 is held fixed at the origin and particle
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two is allowed to move only in the x direction, takes the explicit form
λ
Seff
[X(·)] =

2
1 X τ +1
τ
r2,1 − r2,1
+ dtβ [λ∂2,1 V (X τ )]
4dt τ
2
1 X
τ +1
τ
+
ri,α
− ri,α
+ dtβ∂i,α V (X τ ) ,
4dt τ,i>2,α

(2.23)

where τ , in the summation, ranges from 0 to n − 1 and
V (X τ ) =

1X
vLJ (|rτi − rτj |)
2 i6=j

is the potential energy of the configuration of the system at time τ . The last
term in Eq. (2.16) can be neglected since, in this specific case, the diffusion
λ
matrix is independent from the position and the effective action Seff
[X(·)]
coincides with the Onsager-Machlup one.
n
0
> rB
< rA , r2,1
The A and B regions are defined by the conditions r2,1
with rA = 3.28 and rB = 4.85. In order to properly define initial and final
states we require, in addition, that the energy of the initial and final configuration, respectively V (X 0 ) and V (X n ), does not exceed a certain threshold,
Vth = −8.58. These constraints do not affect the form of the auxiliary process, that remains dynamically decoupled in the reaction variable, r2,1 .

The n×m+1-dimensional space for this system (with n×m+1 = 11 in this
case) is sampled by the MC procedure described above. This approach is not
based on any particular property of the dynamics (e.g. detailed balance, like
in Ref. [17]), but the evaluation of the first derivatives of the action requires
the second derivatives of the potential, V (X). The free-energy difference
between the two ”macrostates” characterized by a value of λ = 1 and λ = 0
is estimated following the Monte Carlo metadynamics scheme of reference
[44]. This requires modifying the acceptance probability of the λ moves, Eq.
(2.21), as follows:
(
)
λ0
0
e−VG (λ ,t) e−Seff [X(·)]
min 1,
(2.24)
λ
e−VG (λ,t) e−Seff [X(·)]
where VG (λ, t) is a metadynamics history-dependent potential. VG is stored
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on a grid of spacing dλ = 0.05 and splines of height 0.3 are added every
102 MC moves of λ. To avoid the onset of boundary effect the historydepent potential is assumed to be constant for λ < −0.1 and λ > 1.1.
Furthermore, λ is kept in the region of interest by two parabolic potential
walls, applied in λ = −0.1 and λ = 1.1, respectively. This procedure gives
F − F̄ = −5.04 ± 0.27, and P = 2.58 (±0.70) × 10−5 , consistently with the
direct evaluation (see Fig. 2.3).

2.2.1

Many Degrees of Freedom

Clearly, the same approach can be applied also in those cases where the
reaction barrier is so high as to hinder any transition in any reasonable
time. This would be the case, for instance, by lowering the temperature
to T2 = T1 /2, thus making a direct estimate of the transition probability
impossible. Nevertheless, we can easily estimate the rate for the auxiliary
process and evaluate the ratio in the prescribed manner, obtaining a value
of 1.01 (±0.30) × 10−7 for the transition probability.
Another major advantage of our approach is the insensitivity of its efficiency on system size: whether applied to an isolated molecule or to an extended system, the dynamical decoupling only affects one degree of freedom,
the reaction variable. Thus, the similarity between the two transition path
ensembles is significant even in the condensed phase, making the free-energy
difference calculation affordable also in this case. In order to demonstrate
this point, we have considered a system where the five particles are surrounded by 95 other particles interacting with each other and with the five
original ones via a LJ potential rescaled by a proper factor, in such a way
that the 95 “solvent” particles are approximately at the triple point, thus
displaying a slow relaxation dynamics and further challenging the efficiency
of our method. Fig. 2.3-B shows that the number of MC steps necessary to
estimate the rate does not depend sensitively on the presence of the solvent.
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Figure 2.3: (A): Convergence of the free-energy difference evaluated for the
5-particle system at high (T1 , red) and low (T2 , blue) temperature (see text).
For T = T1 the value corresponding to the transition probability obtained
from direct simulation is also shown as a thin line. (B): Same as (A) for the
100-particle system. The estimated transition probabilities for T1 and T2 are
2.28 (±1.43) × 10−5 and 6.29 (±3.65) × 10−7 respectively.
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A Link with Fluctuation Relations?

It is interesting to note the form that the ratio between the transition probability for the true and the auxiliary dynamics, hence the ratio between the
partition functions of the transition path ensemble, takes for the numerical
example considered. In fact, in such a simple case where the reaction variable
is linear, we have
−S[X(·)]

R



X(0) χB X(t) e−βV


X(0) χB X(t) e−βV



X(0)

D[X(·)]e
χA
P (B|A, t)

= R
X(0)
Pe (B|A, t)
−
S̃[X(·)]
D[X(·)]e
χA
*
!+



β X τ +1
τ
τ
=
exp −
r2,1 − r2,1
∂2,1 V (rτ ) − ϕ r2,1
2 τ
aux



β
(2.25)
=
exp + [W (X(·)) − Waux (X(·))]
2
aux
where we neglected terms of order dt and W (X(·)) is the work performed
by the “external force” ∂2,1 V (r) in a trajectory X(·) of the auxiliary process while Waux (X(·)) is the work performed by the auxiliary force itself.
The expression is further simplified if we consider that the effective force,
ϕ (r2,1 ) = 0, acting on the reaction variable in the auxiliary dynamics and
hence Waux (X(·)) are vanishing,
!+

β X τ +1
τ
τ
exp −
r2,1 − r2,1 ∂2,1 V (r )
2 τ
aux



β
=
exp + W [X(·)]
.
(2.26)
2
aux

P (B, t|A)
=
Pe (B, t|A)

*

In such a simple case, where the reaction variable is linear and no terms
due to curvature arise, just by looking at Eq. (2.25) and (2.26) a striking
analogy with fluctuation relations like Jarzynski identity [45] and Crooks
equality [46] emerges. It would probably be interesting to investigate whether
this analogy is simply formal or it hides something deep behind. This last
will not be surprising since, as we have seen, any transition path ensemble is
a well defined thermodynamic ensemble and it might exhibit interesting non
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trivial features.

2.4

Perspectives

We have introduced a dynamical decoupling scheme that allows one to evaluate absolute transition rates for processes that are (extremely) slow on the
molecular time scale, while maintaining the full accuracy of an atomistic
description of the process. The scheme does not assume the existence of a
dominant transition pathway and its efficiency is deemed to be roughly independent of the system size. This opens the way to the simulation of complex
processes in condensed phase, where entropic effects may play a dominant
role. The presentation is specialized to processes ruled by the overdamped
Langevin dynamics, but our approach appears naturally applicable to any
Markov processes characterized by a regular propagator, such as Langevin
dynamics with inertia, while extension to processes with a singular propagator, such as Newtonian dynamics, appears to be less straightforward. The
freedom in the choice of the reaction variable being decoupled and of its dynamics leaves ample space for optimizing the efficiency of the method, while
the formal analogies existing between the overdamped Langevin dynamics
and Euclidean quantum mechanics make us believe that a similar approach
can be used to evaluate tunneling splitting in quantum systems.
An interesting further development would be to try to rephrase the decoupling procedure so as to ensure that also the auxiliary dynamics satisfy detailed balance. This would allow to improve the path sampling using efficient
λ
shooting moves without explicitly calculating the effective action Seff
[X(·)]
on one side and shortening the correlation time of the sampling on the other.
A possible way to do this would be to reformulate the variational procedure
of section 2.1 in order to limit the minimization procedure to fields of force
coming from a primitive potential function. However, this might cause, as
a drawback, an increasing in difference between the auxiliary and the true
dynamics, i.e. they will differ for more than one degree of freedom. A possible alternative approach would be to perform the decoupling adding to the
dynamics a degree of freedom coupled to the system trough the reaction vari-
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able and varying some of its physical quantity, for instance the mass, in order
to obtain the desired decoupling.
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Chapter 3
Cheap Determination of
Reaction Mechanism from
Quasi-Local Dynamical
Information on Phase Space
Characterizing the transition processes between metastable states in complex systems is a topic of widespread interest in pure and applied sciences
and is extremely challenging from the computational point of view. As is well
known, the difficulty stems from the fact that typical transitions take place
on a time scale which can be several order of magnitude larger than the time
step used for simulating the system. As we have seen in section 1.2, a transition process can be characterized by finding its isocommittor surface [23],
namely the region of configuration space dividing initial and final states and
composed by configurations for which a trajectory departing from there with
Boltzmann distributed momenta has the same probability of reaching first
the initial or the final state. This region defines the dynamical bottleneck
for the transition and its accurate determination allows computing efficiently
the transition rates. For reactions in vacuum the problem of finding the
isocommittor can be successfully faced within the framework of Transition
State Theory [29] (section 1.1.1). In fact, when the transition process is
51
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characterized by a single saddle point on the potential energy surface the
isocommittor surface is well approximated by the Transition State Theory
dividing surface [24, 25, 26, 27, 28, 29]. However, for reactions in solutions
entropic effects play a major role. Hence, the presence of a plethora of additional minor saddle points due to solvent rearrangement and characterized
by a small height of the barrier makes Transition State Theory application
unpractical.
As we mentioned in the introduction, a common approach when studying
complex processes taking place in a solvent consists in trying to perform a
dimensional reduction of the problem exploiting one or more collective variables. However, this kind of approach is based on some kind of a priori
knowledge of the transition mechanism to be effective. In recent years, a
great effort has been directed towards the characterization of the transition
mechanism without any a priori assumption on the reaction coordinate. With
respect to this, Transition Path Sampling, described in detail in Section 1.3,
provides a powerful way to sample directly the ensemble of transition paths
but still requires to simulate full transition trajectories and postprocessing
of the results to identify the transition state as no direct clue about it can
be inferred by just sampling a reactive trajectory. The Nudged Elastic Band
method [47, 48, 49], assuming knowledge of initial and final states only, has
proven to be a pretty successful tool for finding minimum energy pathways
and hence the saddle point and the direction of most negative curvature, an
approximation of the isocommittor in cases where Transition State Theory
can be applied. The Finite Temperature String method [50] has generalized
similar ideas to find minimum free-energy pathways in the space of collective
variables. In this approach the surface of highest free-energy is, by construction, tangent to the isocommittor hypersurface if the variables used to
parametrize the string correctly grasp the reaction mechanism. This latter
approach, although extremely powerful, is computationally expensive as one
must evolve in parallel many replicas of the system distributed along a path
connecting initial and final states. To avoid this complication, a possibility is to characterize not the full transition path but the transition state
only, which is the most elusive to sample and gives deep insight into the
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transition mechanism and whose knowledge helps to obtain meaningful reaction coordinates [51]. Trout et al. [17] developed an algorithm, that we
briefly presented in Section 1.4, based on Transition Path Sampling, which
automatically samples points approximately belonging to the isocommittor
hypersurface. This sample of points is then used to improve or construct
reaction coordinates through a Bayesian procedure. A similar result can be
achieved by Coarse Molecular Dynamics developed by Hummer, Kevrekidis
and coworkers [52, 53, 54], a method for enhancing exploration of configuration space and finding saddles in a coarse space, i.e. in the space of collective
variables.

In this Chapter we propose a method for characterizing efficiently the
transition mechanism of reactions taking place in presence of a solvent which
exploits the information coming from short trajectories to move iteratively
a hyperplane towards the isocommittor surface. The general idea on which
the method is based relies on the concept that a short dynamical trajectory
departing from a point in configuration space which does not belong to any
metastable states conveys, statistically, information about the local “reaction
flow”. Only if an hyperplane is approximately tangent to the isocommittor
surface short trajectories shot from it will not have a preferential direction.
This simple observation can be exploited to construct an algorithm in which
the hyperplane is able to “climb” the transition flux. The method does
not assume any a priori knowledge of the transition mechanism nor of the
metastable states, is computationally cheap being based on the simulation of
short trajectories, and automatically takes entropic effects into account if one
chooses appropriately the length of the trajectories. It is similar in spirit to
the method of Jonsson and coworkers [55, 56] who proposed to approximate
locally the transition state with a hyperplane and pushing and rotating it
against, respectively, the force and torque acting on it they make it climb
the barrier between metastable states converging to the saddle point. Our
method shares also some conceptual similarities with Clementi, Maggioni
and collaborators work on locally scaled diffusion map [57, 58].
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3.1

Description of the Method

Let us consider, for simplicity, a configuration space with only two metastable
basins. We define a plane P in this space by a point, of coordinates xP and
named pivotal point in the following, and a unit vector n̂:
P = {x|(x − xP ) · n̂ = 0} .
The plane splits the configuration space into two regions. Consider then
another point belonging to the plane, of coordinates xS and called shooting
point. Starting from the shooting point, we run a short dynamical trajectory
of fixed time length, i.e. made by a fixed number of time steps. If the number
of time steps is small the displacement ∆S of the end point of the trajectory
with respect to the shooting point probes the local shape of the interaction
potential ruling the dynamics. On the contrary, if the number of time steps
is sufficiently long, i.e. comparable to the typical time needed to perform
a transition, the displacement gives insight on the underlying evolution of
the key degrees of freedom ruling the transition, and in particular on the
commitment of the shooting point to one or the other of the two metastable
basins. More specifically, if the shooting point has committor value Cs > 1/2
the displacement will on average point towards a region of configuration space
with a value of the committor C 0 larger than Cs . The opposite will happen if
Cs < 1/2 . The idea at the basis of the algorithm presented in this Chapter is
that, in order to move towards the isocommittor hypersurface, one should just
move the plane in a manner taking into account the displacement observed in
these trajectories. In particular, we will show that the hyperplane iteratively
converges to the isocommittor surface if one performs at each step a small
rotation of the plane around the pivotal point in such a way that the shooting
point is moved in the direction opposite to the displacement. After this, one
should also slightly move the pivotal point on the plane towards the rotated
shooting point. In this manner also the committor of the pivotal point will
likely increase as the shooting point will iteratively become closer and closer.
The elementary step of the algorithm can be written as follows:

3.1 Description of the Method
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Figure 3.1: The picture shows the procedure in a simple 2D case. After the
shot (A), the plane is rotated in a way that the shooting point xs is driven
towards the saddle (B). Subsequently, the pivotal point xP is slid towards
xS (C). After this, the shooting point is changed via a few steps of dynamics
constrained on the plane (D) and the whole procedure is repeated from the
beginning.
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1. Shooting. In each iteration we shoot N short trajectories, all departing from xS , and all of time duration t. We denote these trajectories
{XSi (·) , i = 1, . . . , N } while {xiS (t) , i = 1, . . . , N } is the set of their
endpoints. From these points we compute the average displacement:
∆S =


1 X i
xS (t) − xS
N i

(3.1)

This vector is used to define the direction of the rotation of the plane.

2. Rotation of the plane:
dθS
n̂ ←- Rn̂,(x
n̂
S −xP )

(3.2)

where Rvα1 ,v2 is a rotation1 of an angle α in the plane defined by the
two vectors v1 and v2 . By convention, if α is positive Rvα1 ,v2 rotates v1
towards v2 and conversely if α is negative. In the algorithm we take
dθS = sgn(∆S · n̂)dθ

(3.3)

where dθ is a small angle. This rotation leaves the pivotal point unchanged, while transform the shooting point as follows:
dθS
xS ←- xP + Rn̂,(x
(xS − xP ) .
S −xP )

(3.4)

3. Shift of the pivotal point:
xP ←- xP + εP (xS − xP )

(3.5)

where εP is a small displacement.

1
In three dimension one could define the rotation using its axis which would be univocally determined by the external product of v1 and v2 . In N dimension we identify the
rotation specifying, with an order, the vectors defining the plane in which the rotation
takes place.
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4. Generation of a new shooting point:
xS ←- x∗S (τ )

(3.6)

where by x∗S (τ ) we denote the time evolution of xS for a time τ by a
constrained dynamics on the plane, such that (x∗S (τ ) − xP ) · n̂ = 0.
Intuitively, the extensive repetition of this protocol, with an appropriate
choice of the four free parameters t, τ , dθS and εP , defines a stochastic
process which tends to align the orthogonal vector to the local direction of
the reaction flow so that, at the pivotal point, the plane becomes locally
tangent to the committor isosurface and the pivotal point drifts towards
regions of configuration space which are isocommitted. The procedure in a
simple two dimensional example is illustrated in Fig. 3.1. Fig. 3.2 shows
the result of the application of the method to such a case. The algorithm
tunes the pivotal point around the saddle point of the potential (the green
points are the configuration visited by the pivotal point). Furthermore, the
probability distribution of the pivotal point (black dots) is narrowly peaked
on the saddle point.
Before discussing the application of the method to a concrete case, some
issues are worth to be considered. Intuitively, the procedure detailed above
defines a stochastic process for which the hyperplane is (meta)stable only if it
is locally tangent to the isocommittor hypersurface. Moreover, applying the
procedure one implicitly assumes that the distance between the pivotal point
and the shooting point should not be too big. In fact, it is necessary that
the committor and the average displacement for a set of short trajectories for
the shooting point and for the pivotal point do not differ too much in order
for the overall procedure to be meaningful. Attention must also be paid to
the way rotations are performed. In fact, a rotation of a small but finite
angle (see Eq. 3.4) brings the shooting point in a configuration that is the
object of a geometrical transformation, and not of thermodynamic sampling.
This can introduce artifacts, since the shooting point after the rotation is
not anymore a meaningful representative of the transition state ensemble in
the thermodynamic sense. The dynamical relaxation of the shooting point
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Figure 3.2: Results of the application of the procedure in a simple 2D case.
The green point are the configurations visited by the pivotal point during
the sampling. The black dots corresponds to the area where the probability
density function of the pivotal point has a value higher then one half of
its maximum. This last shows how the points are centered in proximity of
the saddle point and distributed approximately orthogonal to the minimum
energy pathway.
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on the plane after the rotation (step 4 of the procedure) limits this problem
but it is not easy to determine the number of time steps appropriate for a
proper relaxation and, especially in the case of many degrees of freedom like
for reactions in solution, this might become a major issue. To circumvent
this problem, in the practical implementation of the algorithm, we choose the
rotation angle dθS in Eq. 3.2 and 3.4 in such a way that the new shooting
point is not generated by the geometrical transformation of Eq. 3.4, but is
produced by the normal dynamics. In practice, during step 1 of the procedure
we save all the trajectories and not only their final frame. Then, we look
within these trajectories and, for every frame x0S (t0 ), we evaluate the rotation
dθ
angle dθ such that performing a rotation Rn̂,(x
of the orthogonal vector
S −xP )
n̂ towards xS , as prescribed in step 2 of the procedure, will make x0S (t0 )
belong to the rotated plane. Consider the vector pointing from the pivotal
point towards the current shooting point
ρ P S = xS − xP ,
and the vector ρP S 0 pointing from xP towards the projection of x0S (t0 ) in the
plane defined by ρP S itself and by the orthogonal vector n̂:

ρP S 0 =

(x0S


ρP S
ρP S
(t ) − xP ) ·
+ [(x0S (t0 ) − xP ) · n̂] n̂.
|ρP S | |ρP S |
0

The, angle between these two vectors is

dθ = arccos

ρP S 0
ρP S
·
|ρP S | |ρP S 0 |


.

As rotation angle, we finally select that of the frame x0S (t0 ) for which the
difference |dθ − dθS | is minimal. Consistently, as new shooting point for the
next iteration of the procedure we take the corresponding frame, hence step
2 is replaced by
dθ
n̂ ←- Rn̂,(x
n̂
S −xP )

(3.7)
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and the shooting point is simply substituted by the selected frame
xS ←- x0S (t0 ) .

(3.8)

In this way, the new shooting point is always the result of a detailed balance
preserving procedure and is never driven out of equilibrium and the relaxation
stage (step 4) is no more necessary.

3.2

A Familiar Test-Case

We applied the methodology to the same simple system used as benchmark
in the previous chapter: 5 particles, interacting through a Lennard-Jones
potential, whose dynamical evolution is governed by an overdamped Langevin
equation. The so far familiar equilibrium configuration for the system is that
of a double tetrahedron with 3 particles forming the common base and the
remaining two placed at the vertices respectively above and under it. The
transition which the system undergoes is such that the particles placed at
the vertices go to the base and, viceversa, two out of the three which lay
on the basis go to the vertices. As we will see, the corresponding transition
state is a pyramid with a squared base made by the 4 particles which change
position and the remaining one placed at the vertex (Fig. 3.7).

3.2.1

Results

The algorithm has been initialized using as pivotal point a configuration
taken from a reactive trajectory, selecting the point of highest energy. The
vector n̂ was simply chosen on the direction of the configuration immediately
following the pivotal point. To obtain the first shooting point few steps of
dynamics on the plane starting from the configuration used as pivotal point
are performed, then the procedure is iterated as detailed above.
In the simulations, the depth, LJ , of the Lennard-Jones potential has
been set to one, while σLJ = 2.82. The temperature of the system was fixed
such that KT = 0.025 and the diffusion coefficient has been set to one. In
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Figure 3.3: The figure illustrates the detailed balance preserving rotation
0
adopted. The target point xS is chosen, among the set of frame belonging to
the short trajectories departed from xS , so that the angle of rotation dθ is the
closest to the target angle dθS . The orthogonal vector n̂ is rotated in such a
0
way that after the rotation xS will belong to the hyperplane orthogonal to n̂
and hence can be used as new shooting point.
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these conditions, the typical potential energy of the system in one of his
metastable states is around −9, while the energy of a configuration near the
isocommittor hypersurface is higher. Hence, looking at the potential energy
of shooting and pivotal points is a simple way to monitor the system. Fig.
3.4 shows the potential energy of the pivotal and the shooting point for two
different choices of the algorithm’s parameters. The series in Fig. 3.4-A is
obtained with P = 0.04 and dθ = 0.02 , while for Fig. 3.4-B dθ = 0.04 and
P was equally set to 0.04. In the two cases no relaxation steps of dynamics
on the hyperplane where performed after the rotation and 30 short shooting
trajectories with a length of 25 steps where used to calculate ∆S at every
iteration.
As shown in Fig. 3.4-A,B the energy of the shooting and pivotal points
remains well above −9, the energy of the minimum. Simple visual inspection
reveals that in the great majority of the cases the configuration of the shooting point corresponds to a pyramid with a squared base made by 4 particles
and the remaining one placed at the vertex (see Fig. 3.7). A more detailed
analysis shows that the plane of equation (xS − xP ) · n̂ = 0 generated in this
manner is actually tangent to the isocommittor hypersurface. This can be
demonstrated performing a committor analysis. Fig. 3.6 shows the results
of such analysis for the first two trials of Fig. 3.4. All the distributions are
significantly peaked on 0.5 as should be the case and we can furthermore
notice that the results coming from the second trial are clearly better, i.e.
both the distribution of the committor probability for the shooting and the
pivotal point are more narrowly peaked around 0.5 than the correspondent
one for the first trial. The autocorrelation time of the shooting point for trial
2 is roughly twice than in trial 1. However, they are both remarkably small
compared to the length of the sampling, respectively around 10 iteration for
trial 1 and around 20 for trial 2 (see Fig. 3.5).
Fig. 3.5 and 3.6 demonstrate that the algorithm is able to stabilize the
hyperplane tangently to the transition state for a time several order of magnitude larger than the correlation time of the sampled configurations. Fig.
3.7 illustrates the aforementioned pyramidal structure of the transition state.
The white lines are obtained superimposing many, i.e. one every one thou-
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Figure 3.4: (A - B): Potential energy of pivotal and shooting point for two
different parameters setup. The energy of the pivotal point is concentrated
narrowly around −8.42, while the energy of the shooting point is more dispersed and on average higher as the configuration visited by the former are
the result of a geometrical averaging procedure over the latter. (C): The
same quantities, for a setup of parameters which eventually led the system
to fall into a minimum, are shown for comparison.
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Figure 3.5: Autocorrelation function of the potential energy of the pivotal
point for trial 1 and 2 in Fig. 3.4. The autocorrelation time for both the
simulations is far more smaller than the total length of the simulation.

sand, configurations of the orthogonal vector, after alignment of all the sampled configurations of the particles to eliminate spurious rototranslation. The
direction pointed by them is well defined and it determines the orientation
of the reaction flow across the transition state. The knowledge of this latter
is of fundamental importance for finding accurate reaction coordinates as
an optimal reaction coordinate should cross orthogonally the isocommittor
hypersurface [51].
It is worth to note that the algorithm actually performs an extensive sampling of the configuration space. In fact, if we look at the root mean square
deviation (RMSD) of the pivotal point from its starting configuration we see
that it diffuses properly in configuration space (see Fig. 3.8-A). Nevertheless,
the location of the transition state is very neat and precise as one can see
looking at the same RMSD plot evaluated after aligning all the configurations
visited by the pivotal point to a reference one so as to eliminate all spurious
rototranslation, Fig. 3.8-B.
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Figure 3.6: Committor distribution for pivotal and shooting points from
the two simulations of Fig. 3.4. From every series of data the first 103
configurations have been discarded. From the remaining ones, a configuration
every 102 has been drawn. For each of these configurations the committor
probability has been evaluated running 2 · 104 trajectories until they reach
either one or the other metastable states. The initial state is defined by
the requirement that the distance between the first two particles is smaller
than 3.45 and the potential energy is smaller than −8.65. The final state
is defined by the same condition on the potential energy but requiring the
distance between the first two particles being bigger than 5.
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Figure 3.7: A typical configuration generated in the trial 2 of Fig. 3.4. Particle 1 and 2 are depicted in blue. The white lines are obtained superimposing
many configurations of the orthogonal vector, after alignment of all the sampled configurations of the particles to eliminate spurious rototranslation.

Figure 3.8: (A): RMSD of the pivotal point from its starting configuration
for the results obtained from trial 2 shown in Fig.3.4. (B): The same quantity
evaluated after aligning the sampled configurations to a reference one, which
in this case is the configuration sampled at the iteration 1000. The RMSD
evaluated after alignment for the results coming from trial 3 is also reported
for comparison. Note that the scale on the y-axis on the right is two orders
of magnitude smaller than that on the left.
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Robustness

In order to assess the robustness of this approach we proceed as follows.
We initialize the algorithm with a perturbed starting configuration and see
whether it manages or not to tune correctly onto the transition state. To produce perturbed configurations we use an unconstrained trajectory departing
from the last configuration of the pivotal point sampled in trial 2. We then
initialize our algorithm using this configurations as starting point. Figure 3.9
shows one of these configurations. Already from visual inspection it is clear
that it is structurally very different from the typical configurations belonging
to the transition state and that it can be actually considered belonging to a
minimum since its potential energy is abundantly below the threshold fixed
for the definition of the metastable states (see Fig. 3.9-B). Nevertheless the
algorithm manages to climb backward the barrier and stabilize itself properly
on the isocommittor hypersurface in roughly 200 iterations. We repeated 10
times the procedure with the same initial conditions, changing only the seed
for the random number generator. The analysis of these runs reveals that
the number of iterations necessary to climb back the reaction flow typically
lies in the range between 200 and 1000 iterations with an average of about
600.

3.2.3

The Length of a Shot

An important issue, influencing both the efficiency of the algorithm and the
quality of the results is the length of the shot trajectories. This must be
adequate to capture the information about the transition of interest, i.e. it
should be adequate to detect variation of the value of the exact reaction coordinate, which is not known. If the length of the trajectories is too short we
will gain information about the local roughness of the potential energy landscape, while trajectories which are too long might loose information about
the local curvature of the exact reaction coordinate. Moreover, for reactions
in solution an appropriate length of the trajectory becomes fundamental to
dump and average out the noise coming from the solvent. In this respect,
our approach shares some conceptual similarities with Clementi, Maggioni
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Figure 3.9: (A): An example of perturbed starting configuration obtained
departing a trajectory from the last configuration of the pivotal point sampled
in trial 2 above. The snapshot shown is the 400th frame of that trajectory.
(B): Potential energy of the first 5 ∗ 103 iteration of the algorithm initialized
with such a configuration. (C): RMSD after alignment to configuration of
iteration 2000 taken as reference is also shown.
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and collaborators work on locally scaled diffusion map [57, 58].

To highlight the point we carried on a simple analysis on the 5 particles
system. We took a configuration representative of the transition state and we
performed its committor analysis saving all the departed trajectories dividing
them into two groups, one made by the trajectories committed to the initial
state A and the other with those committed to the final state, B. For each
of these two groups, we evaluated the average displacement from the initial
configuration after some steps (Fig. 3.10). The first panel of Fig. 3.10
shows the average displacement after 3 steps for every degree of freedom.
We see that the displacement is similar for trajectories committed to A and
to B. Hence, it is clear that, at this stage, the average displacement is
not a good indicator of the final commitment of the nascent trajectory. If
we increase the number of time steps the sign of the average displacement
becomes opposite in the two groups. The second and third panel of Fig. 3.10
show the same quantity of the first panel but evaluated after 20 and 75 steps
respectively. After 75 steps the displacement becomes pretty symmetrical.
However, shots of 75 time steps will reduce the efficiency of the method to
less than one third compared to shots of length 20. Moreover, even if the
plot shows maximal symmetry, it is not granted that 75 steps would be the
appropriate length of a shot as it might be too big and hence such shots may
loose information about the local curvature of the true reaction coordinate.
Finding the appropriate length for the shots is an issue which depend much
on the system of interest and must be considered with care. However, for
every system there should exist a substantially wide range of possible lengths
which works fine. Fig. 3.11 shows three trial runs differing for the length of
the shooting trajectories. The results of all these runs are worse than those
presented in Fig. 3.4. In fact, in all the three cases either the algorithm is
less stable and/or the distribution of potential energy of the pivotal point
is wider and, as a consequence, the pivotal point deviates more significantly
from the saddle point.
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Figure 3.10: The average displacement for trajectories departing from a configuration representative of the transition state and committing to state A
(blue) and to state B (red). On the x-axis are the degrees of freedom, numbered from 0 to 9, and on the y-axis the corresponding average displacement
is shown. The first panel reports the average displacement after 3 steps, while
the second and the third report the same quantity after 20 and 75 steps, respectively. On the x-axis only 10 degrees of freedom are reported, instead of
15. This is because the analysis shown has been carried out at a very preliminary stage of our work during which we were looking at the constrained
system used as test case in the work presented in Chapt. 2. However, this
does not affect the quality of the results and are perfectly adequate to explain
the issue treated in this section.
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Figure 3.11: Potential energy of pivotal and shooting point for trial runs with
different length of shooting trajectories. (A): A run with shooting trajectories
of 5 time steps. (B): A run with shooting trajectories of 50 time steps. (C):
A run with shooting trajectories of 75 time steps.
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3.3

Again Many Degrees of Freedom

The 5 particle example is pretty simple since the degrees of freedom are
few and all of them are relevant to the reaction. To check whether our
procedure is able to grasp the signal coming from the relevant degrees of
freedom averaging out the noise produced by the spurious ones, we embedded
our simple system in a bath of 95 other particles with a rescaled depth of the
LJ well in order to keep them fluid, so as to mimic the effect of a solvent.
In these conditions, the reaction mechanism of the “solute”, namely of the
original 5 particles, is not significantly perturbed.
This second test case poses a major challenge to the algorithm. In fact,
the 95 additional liquid particles are a considerable source of spurious noise.
However, tuning correctly the length of the shots it is possible to identify
correctly the signal coming from the transition of interest. The noise coming
from the liquid averages out for two reasons. The first is that this signal is
less coherent and hence multiple shots dump its intensity. The second is that
the typical time scale of solvent-solvent interactions is usually smaller than
that of the typical transitions involving the solute in which one is interested.
Hence, taking the appropriate length of shots allows getting rid of this source
of noise. These considerations open the way for the application of our method
to complex reactions in solution.
We will show that with the appropriate choice of parameters it is possible
to stabilize the system on the transition state for a considerable number of
iterations. Moreover, the algorithm still displays a good robustness since,
frequently, even if the system falls into one of the metastable states, after
a while it manages to climb back the reaction flow and tune again on the
transition state. This feature is highly non trivial because, when the system
falls into a minimum and the hyperplane loses completely the appropriate
orientation tangent to the local committor hypersurface, entropy plays a
major role and integrating the signal properly to climb back the reaction
flow up to the transition state becomes a complex task.
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Restraining the Distance between Shooting and
Pivotal Point

The results presented in the next sections have been obtained changing
slightly the procedure for the evolution of the shooting point with respect
to the simple 5 particles case of the previous section. Instead of sliding of
a fixed amount, εP , the pivotal point towards the shooting point, we fix a
target distance between pivotal and shooting point and we evolve the pivotal
point introducing an harmonic force between the shooting and the pivotal
point which vanishes if the distance equals the target one. This solution
improves the stability of the algorithm. This is due to the idea that there
should exist a proper distance at which the shooting point should be from
the pivotal point in order to maximize the efficiency of the procedure. In
fact, if the pivotal point and the shooting point are too far from each other
their commitor probability will differ too much leading to instability of the
algorithm. On the contrary, if they are too close the detailed balance preserving procedure to find the new shooting point explained in section 3.1 might
become unstable, generating rotations in random directions. In practice Eq.
(3.5) is replaced by
xP ←- xP − k (|xS − xP | − dT ) ,

(3.9)

were |xS − xP | is the distance between the shooting point and the pivotal
point, dT is the target distance and k is the strength of the coupling. It is
important to note that this coupling acts only on the pivotal point without
influencing the shooting point. In fact, an alternative way to implement a
similar mechanism, would be to restore the relaxation of the shooting point,
step 4 of the procedure in section 3.1, and apply such a constraint to the
dynamical evolution of the shooting point on the plane. However, with such
a procedure the thermodynamics of the shooting point would be doped by the
restraining potential affecting the quality of the results. The target distance
for the simulations of the following sections has been set to 3.5, while k = 1/2.
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Figure 3.12: Potential energy of the 5 particles surrounded by the 95 liquid
ones: shooting and pivotal point are the red and blue dots respectively. The
plots are different realization of the simulation with the same parameter setup
and the same starting configuration. The only difference is the seed used to
initialize the random number generator. The target angle for rotations in
configuration space is dϑ = 0.1 and to determine the local reaction flow
direction 80 shots of 25 time steps each where departed from the shooting
point at every iteration.

3.3.2

Results

Fig. 3.12 shows the potential energy restricted to the interactions between
the 5 particles involved in the reaction for several runs which differs only
for the seed used to initialize the random number generator. Since the 95
particles do not perturb much the transition process, the potential energy
restricted to the interaction between the 5 particles remains a good indicator
to determine whether the system is in the transition state or not.
As shown in Fig. 3.12, the algorithm is still capable of stabilizing the
hyperplane in the relevant region for a significant time. The average time
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Figure 3.13: Autocorrelation function of the 5 particle interaction energy of
the pivotal point for one of the runs reported in Fig. 3.12. The autocorrelation time is about 10 iterations which is 3 orders of magnitude smaller that
the typical time spent on the transition state by the algorithm.
spent sampling the transition state by the algorithm is of the order of some
tenth of thousands of iterations which is about 3 orders of magnitude larger
than the correlation time of the potential energy of the pivotal point (see
Fig. 3.13). Hence, the approach allows obtaining an extensive sample of
independent configurations in the proximity of the transition state. Moreover
in some cases, even if the system eventually falls into the minimum, the
algorithm manages to find the transition state again (see, for instance, run 4
and 9 in Fig. 3.12) This is not a simple recovery from a small perturbation,
as in some cases the recovered transition state does not involve the same
particles of the initial one. In fact, the particles involved in the transition
are chosen arbitrarily and, due to the symmetry of the system, the same
transition might happen involving different ones.
Fig. 3.14 shows the results of the committor analysis performed on the
results of a typical run. The configurations for the committor analysis have
been drawn randomly taking 1000 configurations evenly distributed in the
simulation interval in which visual inspection of the potential energy re-
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Figure 3.14: Committor distribution of the configuration sampled in a typical
run. For every configuration, the committor has been estimated running 103
trajectories until they reached either the initial or final state.

stricted to the 5 particles suggest that the algorithm is correctly sampling
the transition state. The quality of the sampled point is still good even
though the big number of degrees of freedom affects the stability of the sampling in the proximity of the transition state. In particular, we see that the
committor distribution of the pivotal point is quite good while the committor distribution for the shooting point is pretty flat. This is a signature that
the target angle used for the simulation is probably too big and the rotation
makes the plane jump from one side to the other of the barrier nevertheless
maintaining his center, the pivotal point, correctly on the saddle. Fig. 3.15
shows the typical configuration of the 5 particles involved in the reaction in
the pivotal point. The black lines are obtained superimposing many configurations of the orthogonal vector after alignment of the configurations of the 5
particles, some consecutive configurations of one of the solvent particles are
depicted in yellow. Remarkably, the orientation of the orthogonal vector is
well defined and pretty narrow also in this case. Moreover, we notice that the
solvent particle, not involved in the reaction, diffuses in configuration space.
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Figure 3.15: Superposition of typical configurations of the 5 particles in the
pivotal point, obtained after alignment. Particle 1 and 2 are depicted in
blue. Some consecutive configurations of a solvent particle (yellow) are also
reported to show its diffusion with respect to the 5 involved in the reaction.
In this case, for visualization purposes, a smoothing over a window of 5 consecutive configurations has been applied. The black lines superimposed to
every visualized particle are the component of the orthogonal vector relative
to that particle. Again for visualization purposes, the modulus of the components relative to the 5 particles has been multiplied by a factor 2, while
those of the solvent particle by a factor 10.
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3.3.3

Robustness

Also in the many particle case our algorithm is remarkably robust. First of
all, as we pointed out in the previous section, even if the system eventually
falls into the minimum the algorithm is able to find the way back to the
transition state and, remarkably, to find new different transition states of a
reaction which is not the one originally considered. In fact, due to the high
intrinsical symmetry of the system we are considering, the same transition
can involve different particles and in different permutation order. In our
procedure we do not provide the algorithm with any definition of the initial
and final state but, only, with a prescription to climb the local reaction flow.
This implies that the method does not use any kind of a priori information,
not even the most simple one, and hence can explore configuration space
without any bias.

We can have an idea of the local robustness of the algorithm repeating a
test analogous to the one presented in section 3.2.1 for the 5 particles alone.
In Fig. 3.16 we report the outcome of such a test. The perturbed starting
configuration for the initialization has been obtained departing a trajectory
from the starting configuration of the simulations described in section 3.3.2.
We see that the algorithm recovers the perturbation and tunes again correctly
on the transition state. We repeated the test with 10 different seed for the
random number generator as done for the 5 particles alone. In 6 of these
simulations the algorithm manages to climb back the reaction flow up to the
transition state, while in the other 4 it gets lost. The average number of
iterations necessary to recover the transition state for the 6 successful runs
is around 200, which is smaller than the same quantity reported in section
3.2.1 for the case of the 5 particles alone. This is due to the improved
stability given by the harmonic constraint on the distance between shooting
and pivotal point explained in section 3.3.1.
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Figure 3.16: Potential energy of pivotal and shooting point for the 5 particles involved in the reaction. The starting configuration has been obtained
departing a trajectory from the initial configuration used for the simulations
of Fig. 3.12. We selected the frame number 375, whose potential energy
is pretty low. (A): A case in which the algorithm successfully recovers the
transition state. (B): Example of run in which the algorithm gets lost and
does not manage to recover quicly the transition state.
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3.4

The Route towards a Reaction Coordinate

The characterization of a transition process is complete only when one is able
to accurately track the progress of the transition in phase space from the
initial to the final state. This is achieved finding a good reaction coordinate,
i.e. a single scalar function able not only to distinguish between initial and
final states but whose equilevel hypersurfaces in phase space closely resemble
those of the committor (see section 1.2). What is particularly hard to find
are candidates which characterize properly the transition state and hence,
are accurate in proximity of the isocommittor hypersurface.
In the previous sections, we have shown that our algorithm is able to
produce an extensive sample of independent configurations centered around
the isocommittor hypersurface. However, this is just the first step to get to an
accurate reaction coordinate and generally the sampled configurations must
be postprocessed with non trivial and computationally expensive procedures.
The procedure developed by Trout et al. [17] uses the shooting point
sampled with the aimless shooting algorithm, detailed in section 1.4, to perform an a posteriori search, based on maximum likelihood, to find the best
possible reaction coordinate starting from some given candidates. They consider a set of collective variables which are supposed to have some role in the
transition. Then, they perform a Bayesian analysis over the set of shooting
points which successfully generated a reactive trajectory, and hence are likely
to belong to the transition state ensemble, and the set which did not generate a transition trajectory. In practice, they look for the combination of the
collective variables which is more likely to explain the two sets, i.e. which
is likely to classify members of the first set in the transition state excluding
those of the second.
Our procedure is designed to sample only points in proximity of the transition state hence, we do not have the second set of points. However, differently from the aimless shooting algorithm, we have a direct estimate of
the local direction of the reaction flow, given by the orthogonal vector. Fig.
3.15 shows that this information is coherent and reliable also in the case of a
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Figure 3.17: (A): Modulus of the average vector relative to each particle,
after alignment. For the analysis we took about 300 configurations of the
orthogonal vector, one every 100 iterations, from a typical run. The results
are reported in blue, while the red series shows the results of the same analysis limited to the first 10 configurations. (B): Ratio between variance and
average value of the quantity shown in panel A.

reaction in solution. The statistical information conveyed by the orthogonal
vector is fundamental to determine efficiently a reaction coordinate and allows to identify immediately the degrees of freedom involved in the reaction.
In fact, if a particle is involved in the transition, the relative component of
the orthogonal vector will not vary a lot during the sampling, provided that
one takes correctly into account the effect of spurious rototranslation. On
the contrary, the components of the orthogonal vector relative to a particle
not involved in the reaction, for instance those of the solvent, will not keep a
preferred orientation during the sampling. This considerations allows us to
find the relevant degrees of freedom in a very simple and efficient way. We
split every sampled configuration of the orthogonal vector into the triplets of
components relative to every single particle. In this way, we obtain a collection of configurations in which the position of every particle corresponds to
the 3 components of the orthogonal vector relative to it. Then, we perform a
clustering of the configurations obtained, using for instance one of the simple
tools available within most of the popular molecular dynamics packages, in
order to align them to get rid of spurious rototranslations. After this, we
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Figure 3.18: (A): Modulus of the average vector relative to each particle,
after alignment. The configurations used in this case are relative to a portion
of a simulation in which the system falls into a minimum. We can see that
in this case there is no clear signature of importance from any of the degrees
of freedom. (B): Ratio between variance and average value of the quantity
shown in panel A.

average every triplets and then calculate its modulus. This procedure allows
to find easily the degrees of freedom for which the direction of the orthogonal
vector is coherent during the sampling. The result of such analysis is shown
in Fig. 3.17-A. To perform the analysis, we considered 300 configurations
of the orthogonal vector, taking one every 100 of those sampled in iteration
3 ∗ 104 of a typical. The analysis correctly highlight the role of particles 1,
2, 4 and 5 in the reaction. Surprisingly the direction of movement (not the
position) of the third particle, the one at the vertex of the pyramid in Fig.
3.7, is not relevant for the proceeding of the reaction at the transition state.
It might be important for the final position in space of the 5 particles, but it
only determines a rototranslation which is not related to the transition mechanism. This feature was not a priori conceivable and shows the power of our
method. The fact that the direction relative to the 3rd particle is irrelevant
can be validated looking at the ratio between the variance and the modulus
of the average vectors for every particle. This quantity should be very small
for important degrees of freedom since the direction of the vector for those
should be concentrated around a well defined direction. On the contrary, for
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irrelevant degrees of freedom the orientation of the vector has a big variance
while, as we just discussed, the modulus of the average is small. Fig. 3.17-B
shows that this quantity vanishes for the relevant particles confirming our
considerations on particle 3. The series reported in red in Fig. 3.17-A,B
shows the same analysis just described, but carried on using only the first 10
configurations of the 300 used to obtain the series in blue. The important
degrees of freedom are easily located as before demonstrating that the correct
mechanism is captured even by only a few configurations generated by the
algorithm. Fig. 3.18 shows the results of statistical analysis just described to
a series of configurations sampled when the system falls into the minimum.
In this case there is no signature of importance from any of the degrees of
freedom.

3.5

Remarks and Future Perspectives

We presented a method to place a hyperplane tangently to the isocommittor
surface of a reaction. Our method does not assume any prior knowledge of the
transition of interest nor need any explicit definition for the initial and final
state. It is based on a procedure which allows climbing the reaction flow. The
algorithm allows to obtain an extensive sample of configurations belonging
to the transition state ensemble. Our method is designed to work also in the
case of reactions in solution since our procedure is conceived to dump out
the noise coming from the spurious degrees of freedom. We have shown that,
also in solution, the hyperplane remains tangent to the isocommittor surface
for a significant time. Our method allows also to identify easily the direction
of the reaction flow at the isocommittor surface, which is fundamental to find
a good reaction coordinate, and the degrees of freedom which are relevant
for the transition.
Compared with other methods, our procedure is very cheap from the
computational point of view. In particular, the determination of the degrees
of freedom involved in the reaction is simple and immediate.
The method, as has been presented here, is very preliminary and it can
be modified and refined in many ways. The information that comes from
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the estimation of the direction of the local reaction flow at the shooting
point is very rich and can be further exploited to stabilize the system in the
transition state. For instance, after the rotation, one could add a drift to the
evolution of the hyperplane rigidly translating it in the direction opposite to
that determined by the average displacement. Another additional possibility
is to rotate by a small angle the orthogonal vector around the axis connecting
the pivotal and the shooting point in such a way to recursively align it with
the average displacement. All these issues are going to be the object of future
investigations. Finally, we also plan to apply the method to a more concrete
case like the conformational change of a small peptide in solution.

Conclusions
The study of rare event in condensed matter, chemistry and biophysics is extremely popular because of its important practical potential fallout. A better
understanding of rare events is fundamental to proceed towards a more rational approach to drug design and might have as well a positive impact on
the development of new nanomaterials like new efficient catalysts relevant
for industrial applications. However, simulating a chemical reaction in solution or an enzymatic process is extremely complicated and computationally
expensive, because the system spends the great majority of the time into
metastable states jumping from one to the other on a time scale which is
far beyond the one reachable with a brute force simulation with ordinary resources. For this reason, the development of computational strategies aimed
to circumvent these difficulties is an extremely active field of research.
A particularly promising class of methodologies are designed to focus
the sampling only to the region of phase space between the metastable
states without assuming any prior knowledge about the transition mechanism. Methods of this kind try to tackle the problem from a completely unprejudiced perspective. A prominent example is Transition Path Sampling
[16], where one focuses the sampling in the transition region generating, with
a Monte Carlo procedure, dynamical reactive trajectories connecting initial
and final states, without imposing any bias on the dynamics of the system.
These kind of approaches are very promising but, for obvious reason, computationally expensive. Moreover, even tough one does not want to recur
to a candidate reaction coordinate to bias the sampling, it is important to
be able to find a posteriori a good one, in order to get a better conceptual
understanding of the process. The available unprejudiced methods usually
85
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require an extensive postprocessing of the results to extract a good reaction
coordinate.
This thesis has been devoted to the presentation of the work that we
made in the past few years trying to improve and extend state of the art
methodologies for an unprejudiced characterization of transition processes.
In particular, we have developed a dynamical decoupling scheme that
allows evaluating absolute transition probabilities in the framework of transition path sampling. Our scheme is unprejudiced in the sense that it does
not assume the existence of a dominant transition pathway nor the knowledge of any accurate reaction coordinate, but only of a differentiable function
able to distinguish between initial and final states. Our formulation is such
that the probability of generating a reactive trajectory is not influenced in
any way by the choice of the variable used to distinguish between initial and
final states as happens for other popular improvements of Transition Path
Sampling like Transition Interface Sampling [20]. Moreover, the efficiency
of our method is deemed to be roughly independent of the system size, in
principle, allowing the simulation of complex processes in condensed phase,
where entropic effects may play a dominant role.
Our approach can be directly applied to any Markov process characterized
by a regular propagator, such as Langevin dynamics with inertia. Extension
to processes with a singular propagator, such as Newtonian dynamics, appears to be less straightforward. The freedom in the choice of the reaction
variable to decouple and of its particular dynamics leaves ample space for
optimizing the efficiency of the method. Other further development are also
possible. In particular, one could try to rephrase the decoupling procedure
so as to ensure that also the auxiliary dynamics satisfy detailed balance. A
possible way to do this would be to reformulate the variational procedure in
section 2.1 in order to restrict the minimization procedure to fields of force
coming from a primitive potential function. Alternatively, one could try to
realize the decoupling adding to the dynamics a degree of freedom coupled
to the system through the reaction variable and obtain the decoupling varying some of the physical quantity associated to this new degree of freedom,
like for instance the mass, in the same spirit of adiabatic molecular dynam-
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ics [13], or similarly [59]. An auxiliary dynamics satisfying detailed balance
would make the path sampling procedure much cheaper and efficient since it
will allow to propose new trajectories using shooting moves.
Another interesting side development would be to exploit the formal
analogies existing between the overdamped Langevin dynamics and Euclidean
quantum mechanics to try to extend the approach to evaluate tunneling splitting in quantum systems.
In the second part of the thesis we introduced an algorithm to place a
hyperplane tangently to the isocommittor surface of a reaction. The approach
is similar in spirit to the String Method [50], to Clementi and collaborators
work on Locally Scaled Diffusion Map [57, 58], to Jonsson et al. work on
approximation of transition state surfaces with hyperplanes [55, 56] and to
Hummer and Kevrekidis work on Coarse Molecular Dynamics [52, 53, 54].
It allows to obtain an extensive sample of configurations belonging to the
transition state ensemble and is based on a recursive climbing of the reaction
flow. The procedure we proposed does not assume any prior knowledge of
the transition of interest and does not even require any explicit definition
of the initial and final states. Notably, our method applies also to the case
of reactions in solution because our procedure is conceived in such a way
that the noise coming from the spurious degrees of freedom is automatically
averaged out.
One important feature of our algorithm is that it allows also to identify
efficiently, with a very cheap computational cost, the degrees of freedom
which are relevant for the transition and the direction of the reaction flow at
the isocommittor surface.
The formulation of the method that we have shown here is very preliminary and hence, the algorithm can be refined in many ways. In particular,
it would be important to augment the impact on the algorithm of the information coming from the estimation of the direction of the local reaction
flow at the shooting point. For instance, after the rotation, one could add
also a drift to the evolution of the hyperplane rigidly translating it in the
direction opposite to the one determined by the average displacement. Additionally one can rotate by a small angle the orthogonal vector around the axis
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connecting the pivotal and the shooting point in order to align it with the
average displacement. Our intent for the immediate future is to investigate
all these issues and to apply the method to more concrete cases.
We hope that the general ideas developed in this work and the conceptual approach we have tried to follow might be of some help to enlarge and
complete the perspective from which the issue of simulating rare events is
usually tackled thus, helping the community to proceed further towards the
development of new methodologies for their characterization.

Appendix A
Auxiliary Dynamics for the
5-particle Example without
Constraints

We here report, for completeness, the explicit expression of the force and
covariance matrix for the auxiliary dynamics in the case of unconstrained
motion of the 5 particles. If we do not impose constraints on the motion of
the first two particles the appropriate reaction
qP variable is their distance in 33
2
dimensional space, S (X) = |r2 − r1 | =
α=1 (r1,α − r2,α ) ≡ r12 . Taking
ϕ(s) = 0 and ∆(s) = D, as we did for the constrained case, we have
f¯i,α (X) =

X
j,β


(r1,α − r2,α )(r1,β − r2,β )
δij δαβ −
(δi1 − δi2 ) (δj1 − δj2 ) fjβ
2
2r12

4(r1,α − r2,α )
√ 2
D (δi1 − δi2 ) ,
(S10)
2r12


(r1,α − r2,α )(r1,β − r2,β )
D̄i,α;j,β (X) =D δij δαβ −
(δi1 − δi2 ) (δj1 − δj2 ) .
2
4r12
(S11)
−
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where fi,α (X) = −βD∂i,α V (X). Notice that, for i ≥ 3, these equations
reduce to
f¯i,α (X) = fi,α (X),
D̄i,α;j,β (X) = Di,α;j,β = δi,j δα,β D.

(S12)
(S13)

From the expressions above the corresponding action, as well as the interpoλ
[X(·)], can be easily obtained.
lating effective action Seff
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