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Introduction

The optimal transportation problem was firstly formulated and studied by Monge in 1781 and it has
generated in the last years an important branch of mathematics.

The problem originally studied by Gaspard Monge was the following: in R® assume that we are given
a pile of sand and a hole that we have to fill up completely with the sand. Clearly the pile and the
hole must have the same volume and different ways of moving the sand will give different costs of the
operation. Monge wanted to minimize the cost of this operation.

Nowadays the Monge transportation problem can be stated in the following general form: given
two probability measures p and v, defined on the measurable spaces X and Y, find a measurable map
T:X — Y with

Tip = v, ie. v(A)=pu(T 'A)) VA CY measurable

in such a way that 7" minimizes the transportation cost, that is

| el T@)utdn) = min [ ca,T(@)n(da),

Typu=v

where ¢ : X x Y — R* s some given cost function and the minimum is taken over all measurable map
T : X — Y such that TW = v. When the transport condition T}y = v is satisfied, we say that 7" is a
transport map, and if 7" minimizes also the cost we call it an optimal transport map.

An important part of this thesis is devoted to the study of the existence of optimal transport map.
In particular we will present some results regarding the existence of optimal transportation map in
the abstract framework of metric spaces with geodesic distance cost under very mild non-degeneracy
conditions on the first marginal measure .

During the last decades, techniques introduced for studying optimal transportation problems have
found many application to other branches of mathematics such as PDE’s or metric geometry. We will
focus on the synthetic formulation of lower bounds on Ricci curvature in terms of optimal transportation
inequality. In 2006 Sturm and independently Lott and Villani presented a concept of lower “Ricci”
curvature bound linked with a generalized upper bound on the dimension in the setting of abstract
metric measure spaces (M, d, m), the so-called curvature-dimension condition CD(K, N'). The parameter
K and N play the role of curvature and dimension bound. The definition is based on convexity properties
of the entropy as function on the Wasserstein space Pa(M, d) of probability measure on the metric space
(M, d).

It is still not known whether this notion satisfies a globalization property, i.e. assume that every point
of the space has a neighborhood satisfying CD(K, N) with the curvature bound independent on the point,
then the whole space (M, d, m) satisfies CD(K, N). In the last part of this thesis we will present a partial
globalization result for showing that if a metric measure space satisfies the local version of CD(K, N), then
it satisfies a curvature and dimension bound called measure contraction property, MCP(K, N), slightly
weaker, in our setting, of CD(K, N).

We now describe in details our results.



Introduction

The Monge minimization problem

Let (X, d) be a complete and separable metric space (Polish space) and P(X) be the set of Borel prob-
ability measures over X. Given p,v € P(X) we will study the Monge transportation problem, i.e. the
minimization of the functional

I(T) = /X i (z, T(x) ()

where T" varies over all Borel maps 7' : X — X such that Ty = v and dy, is a Borel, possibly not
finite, geodesic distance over X. We will present: existence results in the case of d; non-branching, the
application of our techniques to the Wiener space and then existence results also for the general case of
possibly branching geodesic distance cost.

We recall briefly which are the main results concerning the existence of solutions for the Monge min-
imization problem, referring to the monographies [30, [3T] for a deeper insight on optimal transportation.
In the original formulation given by Monge the problem was settled in R?, with the cost given by the
Euclidean norm and the measures pu, v were supposed to be absolutely continuous and supported on two
disjoint compact sets. The original problem remained unsolved for a long time. In 1978 Sudakov [28]
claimed to have a solution for any distance cost function induced by a norm: an essential ingredient in
the proof was that if p < £% and £%a.e. R? can be decomposed into convex sets of dimension k, then
then the conditional probabilities are absolutely continuous with respect to the H* measure of the correct
dimension. But it turns out that when d > 2, 0 < k < d—1 the property claimed by Sudakov is not true.
An example with d = 3, k = 1 can be found in [22].

The Euclidean case has been correctly solved only during the last decade. L. C. Evans and W.
Gangbo in [T9] solved the problem under the assumptions that supp[u] Nsupp[v] = 0, p, v < £4 and their
densities are Lipschitz functions with compact support. The first existence results for general absolutely
continuous measures p, v with compact support have been independently obtained by L. Caffarelli, M.
Feldman and R.J. McCann in [I3] and by N. Trudinger and X.J. Wang in [29]. Afterwards M. Feldman
and R.J. McCann [20] extended the results to manifolds with geodesic cost. The case of a general norm
as cost function on R?, including also the case with non strictly convex unitary ball, has been solved first
in the particular case of crystalline norm by L. Ambrosio, B. Kirchheim and A. Pratelli in [4], and then
in fully generality independently by L. Caravenna in [I4] and by T. Champion and L. De Pascale in [I8].

The non-branching case

We will prove that given a dj-cyclically monotone transference plan w € II(u, ), under appropriate
assumptions on the first marginal x4 and on the behavior of dy-geodesics, there exists a transport map
T : X — X (recall that transport means Ty = v) with the same transference cost of 7. Since we do not
require dy, to be Ls.c., the existence of an optimal transference plan is not guaranteed and our strategy
doesn’t rely on a possible optimality of 7. However since optimality implies dj-cyclical monotonicity,
our results include existence theorems for optimal transport maps provided the existence of an optimal
transference plan. Moreover it is worth noting that due to the lack of regularity of dy we will not use
the existence of optimal potentials (¢, ).

We present our approach. The presence of 1-dimensional sets (the geodesics) along which the cost
is linear is a strong degeneracy for transport problems. This degeneracy is equivalent to the following
problem in R: if 4 is concentrated on (—oo, 0], and v is concentrated on [0, 400), then every transference
plan is optimal for the 1-dimensional distance cost |- |. In fact, every w € II(u, v) is supported on the set
(—00,0] x [0, +00), on which |z — y| =y — « and thus

[ 1o~ vintdsdy) =~ [[antaz) + [ i),
Nevertheless, for this easy case an explicit map T : R — R can be constructed if p is without atoms (i.e.

continuous): the easiest choice is the monotone map, a minimizer of the quadratic cost | - |2.
The strategy suggested by the above simple case is the following:
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The non-branching case

1. reduce the problem to transportation problems along distinct geodesics;
2. show that the disintegration of the marginal 1 on each geodesic is continuous;
3. find a transport map on each geodesic and piece them together.

While the last point can be seen as an application of selection principles in Polish spaces, the first two
points are more subtle.

The geodesics used by a given dp-cyclically monotone transference plan 7 to transport mass can be
obtained from a set I' on which 7 is concentrated. Under the non-branching assumption, a cyclically
monotone plan 7 yields a natural partition R of a subset of the transport set 7, i.e. the set of points on
the geodesics used by 7: defining

e the set 7 made of inner points of geodesics,
e the set a Ub:= 7.\ T of initial points a and end points b,

the non-branching assumption and the cyclical monotonicity of I' imply that the geodesics used by 7 are
a partition on 7. In general in a there are points from which more than geodesic starts and in b there are
points in which more than one geodesic ends, hence being on a geodesic can’t be an equivalence relation
on the set a Ub. For example one can think to the unit circle with = §y and v = §,.

We note here that 7 gives also a direction along each component of R, as the one dimensional example
above shows.

Even if we have a natural partition R of 7 and p(aUb) = 0, the reduction to transport problems on the
equivalence classes is not straightforward: a necessary and sufficient condition is that the disintegration
of the measure p is strongly consistent, that is equivalent to the existence a p-measurable quotient map
f T — T of the equivalence relation R. Since this partition is closely related to the geodesics of dp,
the strong consistency will follow from topological properties of the d-geodesic considered as curves in
(X,d): in fact we require that they are d-continuous and locally compact

Then we can write

mi= fypu, p= /uym(dy), y(f () =1,

i.e. the conditional probabilities y, are concentrated on the counterimages f~'(y) (which are single
geodesics). We can obtain the one dimensional problems by partitioning 7 w.r.t. the partition Rx (X x X),

n= [mmtn). v= [vmis) v, = (P,

and considering the one dimensional problems along the geodesic R(y) with marginals p,, v, and cost
| - |, the length on the geodesic.

To next step is study the continuity of the conditional probabilities y,, and whether pu7.= p7 holds
true. To pursue this aim we consider a natural operation on sets: the translation along geodesics. If A
is a subset of 7, we denote by A; the set translated by ¢ in the direction determined by m. It turns out
that p(aUb) = 0 and the continuity of u, both depend on how the function ¢ — p(A;) behaves.

Theorem 0.1 (Lemma[[.30 and Proposition [L3T). If #{t > 0 : u(A:) > 0} is uncountable for all A Borel
such that p(A) > 0, then p(aUb) = 0 and the conditional probabilities p, are continuous.

This is sufficient to solve the Monge problem, i.e. to find a transport map which has the same cost as
7. A second result concerns a stronger regularity property of 1, obtained under a slightly more restrictive
assumption.

Theorem 0.2 (Theorem [[34). Assume that L' ({t > 0 : u(A;) > 0}) > 0 for all A Borel such that
1(A) > 0. Then p(aUb) =0 and p, is a.c. w.r.t. the 1-dimensional Hausdorff measure H} —induced by
dy,.
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Assuming d;, > d, the assumption of the previous theorem allows to define a current in (X, d) repre-
senting the vector field corresponding to the translation A +— Ay, and moreover to solve the equation

oU=p—v

is the sense of current in metric space.

The final result under the non-branching assumption is the stability of the regularity of the structures
introduced so far under Measured-Gromov-Hausdorff like convergence of (X, dy, dr n, 7). The conclu-
sion is that a sort of uniform integrability condition on the conditional probability w.r.t. HéLm passes to
the limit, so that one can verify by approximation if Theorem [0.2] holds.

We also present an application of this stability result in the case d = dy. Consider a reference
measure 1 € P(X) such that (X, d,n) is a non-branching metric measure space satisfying the MCP(K, N)
for K € Rand N > 1. The stability result together with MCP condition implies that Assumption 2] holds
for » w.r.t. the optimal flow induced by any d-monotone plan 7w € TI(u, ). Hence if u < 7, the existence
of a minimizer for the Monge minimization problem with marginal y and v follows.

Corollary 0.3. Let K, N be real numbers with N > 1. Let (X,d,n) be a metric measure space satisfying
MCP(K,N) and p,v € P(X) with u < n. Then the Monge minimization problem between p and v with
distance cost d admits a solution.

The results presented are contained in a joint work with Stefano Bianchini, [9].

The Wiener Space

Let (X, -]|) be an oo-dimensional separable Banach space, v € P(X) be a non degenerate Gaussian
measure over X and H(v) be the corresponding Cameron-Martin space with Hilbertian norm || - || ().
Given two probability measures pu, v € P(X), we will prove the existence of a solution for the following
Monge minimization problem

papin [ e =)l (), (0.0.1)
provided i and v are both absolutely continuous w.r.t. ~.

The Wiener space (X, || - ||,7) fits into the framework developed for the general non-branching case,
indeed: (X, ||-]|) is a separable Banach space, the Cameron-Martin norm || -[| () is lower semi-continuous
w.r.t. || -], it is geodesic and non-branching. Hence from the theory already developed we know that
we can reduce the problem to transportation problems along distinct geodesics. The main issue will be
to show that the disintegration of the marginal p on each geodesic is continuous. At that the point, as
already explained before, we will have the existence of an optimal map on each geodesic. Then, gluing
together all the one-dimensional optimal maps, we obtain a global optimal map.

Through a small modification of the evolution along the transport set introduced before, we prove a
result similar to Theorem if I' is the support of a given || - || g(4)-cyclically monotone transference
plan 7 and A C 7., we consider the set T;(I' N A x X) where T} is the map from X x X to X that
associates to a couple of points its convex combination at time ¢.

It turns out that the fact that (a) = 0 and the measures 1, are continuous depends on the behavior
of the function ¢t — y(T;(T N A x X)).

Theorem 0.4 (Proposition 214 and Proposition 2IH)). If for every A with p(A) > 0 there exists a
sequence t, \, 0 and a positive constant C' such that v(T;, (T NA x X)) > Cu(A), then p(a) =0 and the
conditional probabilities p, and vy, are continuous.

This result implies that the existence of a minimizer of the Monge problem is equivalent to the
regularity properties of t — y(T3(I'N A x X)). Hence the problem is reduced to verify that the Gaussian
measure y satisfies the assumptions of Theorem [0.4]

10



The general case

Let p = p1y and v = pyy and assume that p; and ps are bounded. Then we find suitable d-dimensional
measures g, V4, absolutely continuous w.r.t. the d-dimensional Gaussian measure 74, converging to u
and v respectively, such that (Theorem 2I8]) 74 verifies

Ya(Te(La N A x X)) > Cpa(A)

where the evolution now is induced by the transport problem between g4 and v4 (the set T’y will be the
graph of an optimal map between pg and v4) and the constant C' does not depend on the dimension.
Passing to the limit as d /" oo, we prove the same property for . Hence the existence result is proved
for measures with bounded densities. To obtain the existence result in full generality we observe that the
transport set 7, is a transport set also for transport problems between measures satisfying the uniformity
condition stated above (Proposition 2:20] and Proposition 2:21]).

The assumption that both p and v are a.c. with respect to v is fundamental. Indeed take as example
a diffuse measure p and v = J,, then the constant in the evolution estimate induced by the optimal
transference plan will depend on the dimension and passing to the limit we lose all the informations on
the evolution.

Theorem 0.5 (Theorem 2.22). Let p,v € P(X) with u,v < ~. Then there exists a solution for the
Monge minimization problem

i [ o = 7(@) | yp(da).
Moreover we can find T invertible.

The results presented on the Monge problem in Wiener space are taken from [16].

The general case

We come back to the general analysis of the Monge minimization problem removing the non-branching
assumption. To avoid mistakes, instead of dj, we will denote the possibly branching and not finite,
geodesic distance on X with dy. We will prove that given a dy-cyclically monotone transference plan
7w € II(u,v), under appropriate assumptions on the first marginal and on the plan 7, there exists an
admissible map 7' : X — X with the same transference cost of m. As in the non-branching case, due
to lack of regularity, our strategy doesn’t rely on a possible optimality of 7 and we don’t use optimal
potentials (¢, ).

We will present an application of our results to optimal transportation in R? around a convex smooth
obstacle (the obstacle problem).

The steps to solve the Monge problem with branching distance cost are the following:

1. reduce the problem, via Disintegration Theorem, to transportation problems in sets where, under
a regularity assumption on the first marginal and on 7, we know how to produce an optimal map;

2. show that the disintegration of the first marginal u on each of this sets verifies this regularity
assumption;

3. find a transport map on each of these sets and piece them together.

In the easier case of dy non-branching, given a dy-cyclically monotone transference plan it is always
possible to reduce the problem on single geodesics. The reduced problem becomes essentially one dimen-
sional and there the precise regularity assumption is that the first marginal has no atoms (is continuous).
Now this reduction can’t be done anymore and there is not another reference set where the existence of
Monge minimizer is known.

The reduction set will be a concatenation of more geodesics and to produce an optimal map we will
need a regularity assumption also on the shape of this set.

As in the non-branching case, starting from from a dpy-cyclical monotone set I" on which 7 is concen-
trated one can construct the set of transport rays R, the transport set 7¢, i.e. the set of geodesics used
by 7, and from them construct

11
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e the set 7 made of inner points of geodesics,
e the set aUb:= 7.\ 7 of initial points a and end points b.

Since branching of geodesics is admitted, R is not a partition on 7. To obtain an equivalence relation we
have to consider the set H of chain of transport rays: it is the set of couples (x,y) such that we can go
from z to y with a finite number of transport rays such that their common points are not final or initial
points. Hence H will provide the partition of the transport set 7 and each equivalence class, H(y) for y
in the quotient space, will be a reduction set.

As already explained, to perform a real reduction to transport problems on the equivalence classes
we also need the disintegration of p w.r.t. the partition H to be strongly consistent. This is equivalent
to the fact that there exists a y-measurable quotient map f: 7 — 7 of the equivalence relation induced
by the partition.

Since this partition is closely related to the geodesics of dy, the strong consistency will follow from a
topological property of the geodesic as set in (X, d) and from a metric property of dy as a function:

(1.a) each chain of transport rays H(y) restricted to a dy closed ball is d-closed;
(1.b) dn(x,-) restricted to H(x) is bounded on d-bounded sets.

Observe that these conditions on H and dy are the direct generalization of the ones on geodesics con-
sidered in the non-branching case (continuity and local compactness) and they depend on the particular
choice of the transference plan. This assumptions permit to disintegrate p restricted to 7. Hence one
can write

MLT:/:“ym(dy)a me= fau, py(F7(y) =1,

i.e. the conditional probabilities y,, are concentrated on the counterimages f~*(y) (which is an equivalence
class). The reduced problems are obtained by disintegrating 7 w.r.t. the partition H x (X x X),

WLTxTZ/Wym(dy)a V:/Vym(dy) vy = (Po)ymy,

and considering the problems on the sets H(y) with marginals u,, v, and cost dy.

To next step is study the continuity of the conditional probabilities y, and whether p7.= pu7 holds
true. To pursue this aim we consider a natural operation on sets: the translation along geodesics. If A
is a subset of 7, we denote by A; the set translated by ¢ in the direction determined by 7. A rigorous
definition of the translation of sets along geodesic will be given during the chapter. It turns out that
p#(aUb) = 0 and the continuity of y, both depend again on how the function ¢ — p(A;) behaves. Indeed
assuming that:

(2) for all A Borel there exists a sequence {t,} C R and C' > 0 such that u(A4;,) > Cu(A) as t,, — 0,
we have the following.

Theorem 0.6 (Proposition BI6 and Proposition BI7). If Assumption [(2) holds, then p(a Ub) =0 and
the conditional probabilities 1, are continuous.

At this level of generality we don’t know how to obtain a dy-monotone admissible map for the
restricted problem even if the marginals p, satisfy some regularity assumptions. Therefore we need to
assume that H(y) has a particular structure:

(3) for m-a.e. y, the chain of transport rays H(y) is contained, up to set of yu,-measure zero, in an
uncountable “increasing” family of measurable sets.

A rigorous formulation of Assumption and of “increasing” will be given later on. If H(y) satisfies
Assumption then we can perform a disintegration of p, with respect to the partition induced by the
uncountable “increasing” family of sets. Then if the quotient measure and the marginal measures of j,
are continuous, we prove the existence of an optimal map between p, and v,,.

12



Globalization theorems for curved metric measure spaces

Theorem 0.7 (PropositionB.I9and TheoremBI8). Let w € II(u, v) be a dy-monotone plan concentrated
on a set I'. Assume that Assumptions holds and that the quotient measure and the
marginal measures of fu, are continuous for m-a.e. y. Then there exists an admissible map with the same
transference cost of .

It follows immediately that if we also assume that 7 is optimal in the hypothesis of Theorem [IL7] then
the Monge minimization problem admits a solution.

Before presenting an application of Theorem [0l we prefer to do a brief summary of the theoretical
results obtained on this general case. Let m € II(u,v) be a dy-cyclically monotone transference plan
concentrated on a set I'. We consider the corresponding family of chain of transport rays and, if assump-
tions and are satisfied, we can perform, neglecting the set of initial points, a disintegration
of pu,v and 7 with respect to the partition induced by the chain of transport rays. Then if assumption
is satisfied it follows that the set of initial points is p-negligible and the conditional probabilities fi,
are continuous. Since the geometry of H(y) can be wild, we need another assumption to build a dy-
monotone transference map between p,, and v,. If H(y) satisfies assumption we can perform another
disintegration and, under additional regularity of the conditional probabilities of p, and of the quotient
measure of p,, we prove the existence of a dy-monotone transference map between p, and v,,. Applying
the same reasoning for m-a.e. y we prove the existence of a transport map T between p and v that has
the same transference cost of the given dy-cyclically monotone plan 7.

We now pass to an application of Theorem [l Consider a hyper-surface M C R that is the boundary
of a convex and compact set C. Let X be the closure, in the euclidean topology, of R? \ C' and take as
cost function dp;: the minimum of the euclidean length among all Lipschitz curves in X. Hence C will
play the role of a convex smooth obstacle. We will study the Monge minimization problem in X with dj,
as transport cost and we will prove that if u is absolutely continuous w.r.t. £¢, the Monge minimization
problem admits a solution.

It is worth noting that the hypothesis of Theorem [I.7] namely Assumptions are
all about the behavior of a given dy-cyclically monotone transference plan. For the obstacle problem
we will prove that any dy;-cyclically monotone transference plan satisfies this hypothesis. Therefore this
concrete example provide also a confirmation of the validity of the proposed strategy and, in particular,
of the non artificiality of the proposed assumptions.

The results of this section are taken from [I5].

A partial globalization result for curved metric measure spaces

Analysis on singular spaces is one big challenge in mathematics. An important class of singular spaces
is the class of metric measure spaces with generalized lower bounds on the Ricci curvature formulated in
terms of optimal transportation. The condition of lower bounds on Ricci curvature for singular spaces
and the corresponding class of spaces have been introduced by Sturm in [26] 27] and independently by
Lott and Villani in [23].

This condition called curvature-dimension condition CD(K, N) depends on two parameters K and N,
playing the role of a curvature and dimension bound, respectively. We recall two important properties of
the condition CD(K, N):

e the curvature-dimension condition is stable under convergence of metric measure spaces with respect
to the L2-transportation distance D introduced in [26];

e a complete Riemannian manifold satisfies CD(K, N) if and only if its Ricci curvature is bounded
from below by K and its dimension from above by N.

Moreover a broad variety of geometric and functional analytic properties can be deduced from the

curvature-dimension condition CD(K, N): Brunn-Mikowski inequality, Bishop-Gromov volume compari-
son theorem, Bonnet-Myers theorem, the doubling property and local Poincaré inequalities on balls. All

13
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this listed results are quantitative results (volume of intermediate points, volume growth, upper bound
on the diameter and so on) depending on K, N.

There is a weak variant of CD(K, N), the measure-contraction property MCP(K, N), introduced in
[24] and [27]. In the setting of non-branching metric measure spaces it is proven that condition CD(K, N)
implies MCP(K, N). Roughly spoken, CD(K, N) is a condition on the optimal transport between any pair
of absolutely continuous probability measure on M, whereas MCP(K, N) is a condition on the optimal
transport between Dirac masses and the uniform distribution m on M. Nevertheless a great part of the
geometric and functional analytic properties verified by spaces satisfying the condition CD(K, N) are also
verified by spaces satisfying the MCP(K, N):

e generalized Bishop-Gromov volume growth inequality;
e doubling property;

e a bound on the Hausdorff dimension;

e generalized Bonnet-Myers theorem,

and many other. Again this results are in a quantitative form depending on K, N. For a complete list of
analytic consequences of the measure contraction property see [27].

Among the relevant questions on CD(K, N) that are still open, we are interested in studying the
following one: can we say that a metric measure space (M, d, m) satisfies CD(K, N) provided CD(K, N)
holds true locally on a family of sets M; covering M?

In other words it is still not known whether CD(K, N) verifies the globalization property (or the local-
to-global property).

A partial answer to this problem is contained in the work by Bacher and Sturm [7]: they proved that
if a metric measure space (M, d, m) verifies the local curvature-dimension condition CD;oc(K, N) then it
verifies the global reduced curvature-dimension condition CD* (K, N). The latter is strictly weaker than
CD(K, N) and a converse implication can be obtained only changing the value of the lower bound on the
curvature: condition CD*(K, N) implies CD(K*, N) where K* = K(N — 1)/N. Therefore CD*(K, N)
gives worse geometric and analytic information than CD(K, N).

Our contribution towards a complete answer to the previous question is the following: we prove that
if (M,d,m) is a non-branching metric measure space that verifies CDjoc(K, N) then (M,d, m) verifies
MCP(K, N).

Hence our result implies that from the local condition CDj,.(K, N) one can obtain all the global
geometric and functional analytic consequences implied by MCP (K, N) and therefore the geometric and
functional analytic consequences are obtained in the sharp quantitative version.

We now present our approach to the problem.

As already pointed out, the curvature-dimension condition CD(K, N) prescribes how the volume of a
given set is affected by curvature when it is moved via optimal transportation. Condition CD(K, N)
impose that the distortion is ruled by the coefficient TI(E)N(H) depending on the curvature K, on the
dimension N, on the time of the evolution ¢ and on the péint 0.

The main feature of the coefficient TI(;)N(Q) is that it is obtained mixing two different information on
how the volume should evolve: an (N — 17)—dimensiona1 distortion depending on the curvature K by and
a one dimensional evolution that doesn’t feel the curvature. To be more precise

TI(;,)N(H) = tl/NU%?N 1

ORE

where O’%?N_l (g)(N-D/N

contains the information on the (N — 1)-dimensional volume distortion and the
evolution in the remaining direction is ruled just by ¢t'/N. This is a clear similarity with the Riemannian
case.

Our aim is, starting from CD;,.(K, N), to isolate a local (N — 1)-dimensional condition ruled by

the coefficient a%?N_l(H) and then, using the easier structure of U%?N_l(H), obtain a global (N — 1)-

dimensional condition with coefficient J%) ~_1(0). At that point, using Hélder inequality and the fact that

14



Globalization theorems for curved metric measure spaces

the missing direction is not affected by curvature, it is not difficult to pass from the (N — 1)-dimensional
version to the full-dimensional version with coefficient T;;)N ().

However to detect a local (N — 1)-dimensional condition it is necessary to decompose the whole
evolution into a family of (N — 1)-dimensional evolutions. Considering the optimal transport between a
Dirac mass in xg and the uniform distribution m, the family of spheres around xy immediately provides
the correct (N —1)-dimensional evolutions. This motivates why we obtain MCP (K, N) and not CD(K, N).

We state the main result of this part of the thesis.

Theorem 0.8 (Theorem ET0). Let (M,d,m) be a non-branching metric measure space. Assume that
(M,d, m) satisfies CDjoe(K,N). Then (M,d, m) satisfies MCP(K, N).

We tried to make notation as much unified as possible. Nevertheless, the main specific notations will
be introduced chapter by chapter.
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Chapter 1

The Monge problem for
non-branching geodesic distance cost

This chapter concerns the Monge transportation problem in geodesic spaces, i.e. metric spaces with a
geodesic structure. Given two Borel probability measure u, v € P(X), where (X, d) is a Polish space, we
study the minimization of the functional

I(T) = / iz, T(2) u(dy)

where 7" varies over all Borel maps T": X — X such that Ty = v and dy, is a Borel distance that makes
(X,dr) a non branching geodesic space.

Chapter [[ is organized as follows.

In Section [[LT] we define the geodesic structure (X, d,dr) which is studied in this chapter. Section
shows how using only the dr-cyclical monotonicity of a set I' we can obtain a partial order relation
G C X x X as follows (Lemma [[.T0land Proposition[[L.T4)): Gy iff there exists (w, z) € T" and a geodesic
v :[0,1] — X, with 4(0) = w, (1) = 2, such that x, y belongs to v and v~ *(z) <~y *(y). This set G is
analytic, and allows to define

e the transport ray set R ([L2.4),
e the transport sets 7., 7 (with and without and points) (CZ3),
e the set of initial points a and final points b (LZS]).

Moreover we show that Rz« 7 is an equivalence relation (Proposition [[LT4]), we can assume that the set
of final points b can be taken p-negligible (Lemma[lT8]), and in two final remarks we study what happens
in the case more regularity on the cost dy, is assumed, Remark and Remark

Notice that in the case d = dj, the existence of a Lipschitz potential ¢, one can take

I'=G= {(w,y) L) — oly) = d(w,y)}-

Thus the main result of this section is that these sets can be defined even if the potential does not exist.
Section [[3l proves that the continuity and local compactness of geodesics imply that the disintegration

induced by R on 7 is strongly consistent (Proposition [[24]): as Example [l shows, the strong consistency

of the disintegration is a non trivial property of the metric spaces we are considering.

Using this fact, we can define an order preserving map g which maps our transport problem into a

transport problem on S x R, where S is a cross section of R (Proposition [[26). Finally we show that

This chapter is based on the joint work with Stefano Bianchini [9].
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The Monge problem for non-branching distance cost

under this assumption there exists a transference plan with the same cost of m which leaves the common
mass p A v at the same place (note that in general this operation lowers the transference cost).

In Section [L4] we prove Theorem and Theorem We first introduce the operation A — Ay,
the translation along geodesics (LZA1]), and show that ¢ — u(A;) is a Souslin function if A is analytic

(Lemma [T29)).

Next we show that under the assumption
wA) >0 = #{t>0:pu(A) >0} >N

the set of initial points a is p-negligible (Lemma[[30) and the conditional probabilities p,, are continuous.
Finally, we show that under the stronger assumption

w(A) >0 = w(Ag)dt > 0, (1.0.1)
R+

the conditional probabilities u, are a.c. w.r.t. H}IL (Theorem [[334)). A final result shows that actually
Condition (O] yields that ¢ — p(A:) has more regularity than just integrability (Proposition [35]) it
is in fact continuous

After the above results, the solution of the Monge problem is routine, and it is done in Theorem [[.37]
of Section

Under Condition [[LO.1l and d < dj,, in Section we give a dynamic interpretation to the transport
along geodesics. In Definition we define the current ¢ in (X, d), which represents the flow induced
by the transference plan 7. Not much can be said of this flow, unless some regularity assumptions are
considered. These assumptions are the natural extensions of properties of transportation problems in
finite dimensional spaces.
If there exists a background measure 1 whose disintegration along geodesics satisfies

n= /qu}iLm(dy), qy € BV, /Tot.Var.(qy)m(dy) < 400,

then ¢ is a normal current, i.e. its boundary is a bounded measure on X (Lemma [[40).

We can also consider the problem U = p — v in the sense of currents: Proposition [[L42] gives a solution,
and in the case g,(t) > 0 for HéL—a.e. t we can write represent U = pg, i.e. the flow ¢ multiplied by a
scalar density p (Corollary [[44]).

In Section [l we address the stability of the assumptions under Measure-Gromov-Hausdorff-like
convergence of structures (X,, dy, dr n, 7). Under a uniform integrability condition of i, ,, w.r.t. HcllL B
and a uniform bound on the 7, transportation cost (Assumption Ml of Section [[L7.2), we show that the
marginal ; can be represented as the image of a measure rm ® £! by a Borel function h : 7 x R — 7,
with 7 € L1(m ® £') (Proposition [L57). The key feature of h is that ¢ — h(y,t) is a geodesic of T for
m-a.e. y € T.

Thus while h(0,7) is not a cross section for R (in that case we would have finished the proof), in
Proposition [[L47 we show which conditions on & imply that p can be disintegrated with a.c. conditional
probabilities, and we verify that this is our case in Theorem

In two remarks we suggest how to pass also uniform estimates on the disintegration on (X, dy,dr ) to
the transference problem in (X, d,dr) (Remark and Remark [[L59).

In Section we consider an application of the results obtained in the previous sections. We assume
d = dy, and the existence of background probability measure 7 such that (X, d,n) satisfies MCP(K, N)
(Definition [[L60). In this framework we prove that for any d-cyclically monotone transference plan m, n
admits a disintegration along the geodesics used by 7 with marginal probabilities absolutely continuous
w.r.t. H! (Theorem [[G4). This implies directly (Corollary [L65) that if 1 < 7 the Monge minimization
problem with marginals ¢ and v admits a solution. The final result of the section (Lemma [[6G]) shows
that we can solve the dynamical problem OU = pu — v with U = pg, and if the support of p and v are
disjoint U is a normal current.

The last section contains two important examples. In Example [[] we show that if the geodesics are
not locally compact, then in general the disintegration along transport rays is not strongly supported. In
Example Bl we show that under our assumptions the c-monotonicity is not sufficient for optimality.
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1.1 Metric setting

In this section we recall some general facts about geodesic spaces and we refer to [12].

Definition 1.1. A length structure on a topological space X is a class A of admissible paths, which is a
subset of all continuous paths in X, together with a map L : A — [0, +00]: the map L is called length of
path. The class A satisfies the following assumptions:

closure under restrictions if v : [a,b] — X is admissible and a < ¢ < d < b, then L[ g is also
admissible.

closure under concatenations of paths if v : [a,b] — X is such that its restrictions 1,72 to [a, (]
and [c, b] are both admissible, then so is 7.

closure under admissible reparametrizations for an admissible path v : [a,b] — X and a for ¢ :
[e,d] — [a,b], ¢ € B, with B class of admissible homeomorphisms that includes the linear one, the
composition y(¢(t)) is also admissible.

The map L satisfies the following properties:
additivity L(yi(e)) = L(V(a,e]) + L(YLje,p)) for any c € [a, b].
continuity L(yL[,,) is a continuous function of ¢.
invariance The length is invariant under admissible reparametrizations.

topology Length structure agrees with the topology of X in the following sense: for a neighborhood U,
of a point x € X, the length of paths connecting x with points of the complement of U, is separated
from zero:

inf {L(7) : y(a) = z,7(b) € X \ U, } > 0.

Given a length structure, we can define a distance
dr(z,y) = inf {L(V) i fab] = X,y € A,v(a) = 2,7(b) = y}

that makes (X, dr) a metric space (allowing dy, to be +00). The metric dy, is called intrinsic.
It follows from Proposition 2.5.9 of [I2] that every admissible curve of finite length admits a constant
speed parametrization, i.e. 7 defined on [0, 1] and L(vy.[t,t']) = v(t' —¢), with v velocity.

Definition 1.2. A length structure is said to be complete if for every two points z,y there exists an
admissible path joining them whose length L(7y) is equal to dr(x,y).

In other words, a length structure is complete if there exists a shortest path between two points.

Intrinsic metrics associated with complete length structure are said to be strictly intrinsic. The metric
space (X, dy,) with dy, strictly intrinsic is called a geodesic space. A curve whose length equals the distance
between its end points is called geodesic.

Definition 1.3. Let (X,d) be a metric space. The distance dy, is said to be strictly convex if, for all
r >0, dp(x,y) = r/2 implies that

{z:do(z,z) =ryn{z:dily, 2) = r/2}
is a singleton.

The definition can be restated in geodesics spaces as: geodesics cannot bifurcate in the interior, i.e. the
geodesic space (X,dy) is not branching. An equivalent requirement is that if 41 # 42 and 1 (0) = 72(0),
v1(1) = v2(1), then 1((0,1)) N42((0,1)) = O and such geodesics do not admit a geodesic extension i.e.
they are not a part of a longer geodesic.

From now on we assume the following:
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1. (X, d) Polish space;
2. dp : X x X — [0, +00] Borel distance;

(X,dr) is a non-branching geodesic space;

-

geodesics are continuous w.r.t. d;
5. geodesics are locally compact in (X, d): if v is a geodesic for (X,dr), then for each z € v there
exists r such that y~1(B,.(x)) is compact in R.

Since we have two metric structures on X, we denote the quantities relating to d;, with the subscript
L: for example

By(z) ={y:d(z,y) <r}, Brr(z)={y:di(z,y) <r}.
In particular we will use the notation

Dr(x) = {y: dr(z,y) < +oo},

(K, dp) for the compact sets of (X,d) with the Hausdorff distance dy and (Kr,dn 1) for the compact
sets of (X, dy) with the Hausdorff distance dg,,. We recall that (K, dg) is Polish.
We write

V) = {7 € Lipy, ([0,1; X) : 4(0) = z,7(1) =y, L(y) = d (=, y)}. (1.1.1)

With a slight abuse of notation, we will write

V(z,y) = U 7((()’ 1))7 Va,y] = U 7([07 1]) (112)

RAR(ERY Y€V y]
We will also use the following definition.

Definition 1.4. We say that A C X is geodesically convez if for all x,y € A the minimizing geodesic
Ve, Detween z and y is contained in A:

{4(0,1):9(0) = 2,9(1) =y, L(3) = dlw,y) .y € A} € A
Lemma 1.5. If A is analytic in (X, d), then {x : dr (A, x) < €} is analytic for all € > 0.

Proof. Observe that
{z:di(Az) <e} =P (X x AN{(z,y): dr(z,y) < e}),

so that the conclusion follows from the invariance of the class X1 w.r.t. projections. O
In particular, A", the closure of A w.r.t. dr, is analytic if A is analytic.

Remark 1.6. During the chapter, whenever more regularity is required, we will assume also the following
hypothesis:

(27) dr : X x X — [0,400] Ls.c. distance,

(4)) di(z,y) = d(z,y),

(5") Uzek, yekaVz,y) is d-compact if Ky, Ko are d-compact, drLk, x i, uniformly bounded.
A simple computation shows that dr,(x,y) > d(z,y) implies the following

1. dp-compact sets are d-compact;
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2. d-Lipschitz functions are dp-Lipschitz with the same constant.

An application of Theorem [5.5] in the setting of Remark [[L6 gives a Borel function which selects a
single geodesic v € y,,, for any couple (z,y).

Lemma 1.7. Assume that dy, is l.s.c.. Then there exists a Borel function T : X x X — Lip,([0, 1], X)

such that up to reparametrization Y(,y) € Viz,y]-

Proof. Let
F: X x X — Lip,([0,1], X)
(x,y) = ’Y[z,y]

with Lip,4([0,1], X') endowed with the uniform topology and 7, , defined in (LT.TI).
The result follows by Theorem [B.5] observing that graph(F) is the set

{(Jj,y,’y) € X x X x Lip,([0,1], X), L(~) = dL(:c,y)}.

which is Borel by the l.s.c. of the map v — L(7y), and this is implied by the ls.c. of dj,. O

1.2 Optimal transportation in geodesic spaces

Let pu, v € P(X) and consider the transportation problem with cost ¢(z,y) = dr(z,y), and let = € TI(p, v)
be a dy-cyclically monotone transference plan with finite cost. By inner regularity, we can assume that
the optimal transference plan is concentrated on a o-compact dy-cyclically monotone set I' C {d(x,y) <
+oo}. By Lusin Theorem, we can require also that dpLr is o-continuous:

I'=u,I'y, '), CI'ygq compact, drLp, continuous. (1.2.1)

In this section, using only the dj-cyclical monotonicity of I', we obtain a partial order relation G C
X x X. The set G is analytic, and allows to define the transport ray set R, the transport sets 7., 7, and
the set of initial points a and final points b. Moreover we show that RL7«7 is an equivalence relation
and that we can assume the set of final points b to be p-negligible.

Consider the set

I’ .= {(Jc,y):HIED\IO,(wi,zi)EI‘fori:O,...,I, 21 =y
I
Wr4+1 = Wy = T, ZdL(U}i+17Zi) - dL(wZ-,zz-) == 0} (122)

i=0

In other words, we concatenate points (z, z), (w,y) € T" if they are initial and final point of a cycle with
total cost 0.

Lemma 1.8. The following holds:
1. T clVc{dy(z,y) < +00};
2. if T is analytic, so is I';
3. if T is dp-cyclically monotone, so is I".

Proof. For the first point, set I = 0 and (wp 0, 2n,0) = (z,y) for the first inclusion. If dp(z,y) = +oo,
then (z,y) ¢ T and all finite set of points in I' are bounded.
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For the second point, observe that

"= |J Pu(Ar)

IeNg
I 7 7
= U P12< rn { H(wzvzz) : ZdL(wiJrlazi) —dr(wi, 2z;) = 0,wr 41 = wo})-
IeN, =0 i1 i=0

For each I € Ny, since dy, is Borel, it follows that

I I
{ H(wl,zl) : ZdL(wi-i-l;Zi) — dL(wi,zi) = 0,’LU]+1 = ’wo}

i=1 =0

is Borel in HLO(X x X), so that for I' analytic each set A, ; is analytic. Hence Py2(Ay) is analytic, and
since the class 31 is closed under countable unions and intersections it follows that I" is analytic.

For the third point, observe that for all (z;,y;) € IV, j = 0,...,J, there are (wj;,z;,) € T, i =
0,...,1;, such that

I—1 I
dL(:L'j, yj) + Z dL(wj7i+1, Zj,z') — ZdL(wj,ia Zj,i) = 0.
1=0 1=0

Hence we can write for x11 = 2o, wj 1,41 = Wjt1,0, Wit1,0 = Wo,0

J J 1
D i@, yy) —do(eg,yy) = Y du(wiir, 25) — dio(wyi, 250) > 0,
=0 =0 i=0
using the dy-cyclical monotonicity of I'. O

Definition 1.9 (Transport rays). Define the set of oriented transport rays
G = {('Tay) : H(wa Z) € F/a dL(’LU, :E) + dL('Tay) + dL(y7 Z) = dL(wa Z)} (123)

For x € X, the outgoing transport rays from x is the set G(x) and the incoming transport rays in x
is the set G~!(z). Define the set of transport rays as the set

R:=GUG™ (1.2.4)
Lemma 1.10. The following holds:
1. G is dp-cyclically monotone;
2. TV CGc{dy(x,y) < +o0};
3. the sets G, R:= GUG™! are analytic.

Proof. The second point follows by the definition: if (z,y) € TV, just take (w,z) = (x,y) in the r.h.s. of

@C2.3).

The third point is consequence of the fact that
G = P34((F’ x X x X) N {(w,z,:c,y) cdp(w,x) +dp(x,y) +di(y, z) = dL(w,z)}),
and the result follows from the properties of analytic sets.
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The first point follows from the following observation: if (x;,%;) € Vjw,,=,], then from triangle inequality

dr(wiv1,ys) — do(xi, yi) + do(wi,yio1) > do(wigr, 2i) — do(zi,yi) — do(ws, y6) +dr (s, yi-1)
= dp(®it1,2i) — dp(@i, z) + (@, yi- 1)
> dp(wis1,2) — dp(x, zi) + dp(wi, yi—1) — dr(w;, x;)
=dp(®iy1,2) — dp(wi, z) + dp(wi, yi—1)

Repeating the above inequality finitely many times one obtain
Y di(@ivn,yi) = dowiyi) = Y dr(wisn, zi) — di(wi, ) > 0.
i i

Hence the set G is dp-cyclically monotone. O
Definition 1.11. Define the transport sets
T:=P (graph(G_l) \ {z =y}) N Pi(graph(G) \ {z = y}), (1.2.5a)
T.:= P (graph(Gil) \{z = y}) UpP (graph(G) \{z = y}) (1.2.5b)

From the definition of G it is fairly easy to prove that 7, 7. are analytic sets. The subscript e refers
to the endpoints of the geodesics: clearly we have

7. = Pi(R\ {z =y}). (1.2.6)
The following lemma shows that we have only to study the Monge problem in 7.
Lemma 1.12. [t holds m(7, x T, U{x =y}) =1.

Proof. If x € P(I'\ {z = y}), then z € G~ !(y) \ {y} for some y € X. Similarly, y € P»(T \ {z = y})
implies that y € G(z) \ {z} for some z € X. Hence '\ 7, x 7. C {z = y}.

As a consequence, (7)) = v(7.) and any maps T such that for voy, = Ty 7, can be extended to a
map 1" such that v = Tyu with the same cost by setting

T'(z) = {f(“@) i Z ? (1.2.7)

We now use the non branching assumption.

Lemma 1.13. Ifx € T, then R(x) is a single geodesic.

Proof. Since x € T, there exists (w,z), (z,2) € G\ {& = y}: from the d-cyclical monotonicity and
triangular inequality, it follows that

dr(w, z) = dp(w,z) + dg(z, 2),
so that (w,z) € G and = € 7(y, ). Hence from the non branching assumption the set
U Vz,y] U U Vz,x]
yeG(x) ze€G~1(z)
is a single geodesic. O

Proposition 1.14. The set RNT x T is an equivalence relation on T. The set G is a partial order
relation on 7.

Proof. Using the definition of R, one has in 7:
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1. € T implies that
Jy € G(z) \{z =y},
so that from the definition of G it follows (z,z) € G;

2. if y € R(x), 2,y € T, then from Lemma [[LT3 there exists (w, z) € G such that 2,y € 7(,,.). Hence
z € R(y);

3. ify € R(z), z € R(y), =,y,z € T, then from Lemma [[T3 it follows again there exists (w,z) € G
such that z,y, 2 € y(y,). Hence z € R(x).

The second part follows similarly:

1. x € 7. implies that
Az, y) € (G\{z=y}) U (G \{z =y}),

so that in both cases (z,x) € G;

2. as in Lemma [[I3] (z,v), (y,2) € G \ {x = y} implies by d-cyclical monotonicity that (z,z) € G.

|
Remark 1.15. Note that G U {z = y} is a partial order relation on X.
Definition 1.16. Define the multivalued endpoint graphs by:
a:={(r,y) € GG (y) \ {y} = 0}, (1.2.8a)
bi={(z,y) € G: Gy) \ {y} = 0}. (1.2.8b)

We call Py(a) the set of initial points and P (b) the set of final points.
Even if a, b are not in the analytic class, still they belong to the o-algebra A.
Proposition 1.17. The following holds:

1. the sets
a,bC X x X, a(A),b(A) C X,

belong to the A-class if A analytic;
anbNT. x X =0;

a(z), b(z) are singleton or empty when x € T;
o(T) = a(T.), b(T) = b(T);
T.=TUa(T)UBT), TN (a(T)Ub(T))=0.
Proof. Define

AT

C:= {(m,y,z)eTe><Te><Te:yeG(:c),zeG(y)}:(GxX)ﬂ(XxG)ﬂTexTexTe,
that is clearly analytic. Then
b={(2.y) € Gy € G(2),Gly) \ {y} =0} = G\ PLa(C\ X x {y = 2}),

b(A) = {y Ly € G(a),Gly) \ {y} =0,z € A} —P(GNAxX)\ P(C\ X x {y=2}).
A similar computation holds for a:

a=G '\ Py(C\{z=9} xX), a(d)=P(GNX xA)\P(C\{z=y}xX)
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T/ r b
°
v
°
a
m
a . T - b
........ ................................................................................................
m v

Figure 1.1: Construction of the sets ', I”, G, G~!, a, b in a 1-dimensional example with dj, = | - |.
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Hence a,b € A(X x X), a(A),b(A) € A(X), being the intersection of an analytic set with a coanalytic
one.

If x € 7, then from Lemma [[LT3 it follows that a(z), b(x) are empty or singletons and a(z) # b(x).
If x € 7.\ 7, then it follows that the geodesic v, .], (w, 2) € G, to which x belongs cannot be prolonged
in at least one direction: hence = € a(x) U b(z).

The other point follows easily. O

We finally show that we can assume that the y-measure of final points and the v-measure of the initial
points are 0.

Lemma 1.18. The sets GNU(T) x X, GNX x a(T) is a subset of the graph of the identity map.

Proof. From the definition of b one has that
zeb(T) — G)\{z} =0,
A similar computation holds for a. O

Hence we conclude that
7(B(T) x X) = (G Nb(T) x X) = 7({z = y}),
and following (LZ1) we can assume that
u(b(T)) = v(a(T)) = 0.

Remark 1.19. In the case considered in Remark [[.6] it is possible to obtain more regularity for the sets
introduced so far. Recall that we are now assuming

(2°) dr : X x X — [0,400] Ls.c. distance,
(4) di(x,y) > d(z,y),
(57) UzeKy,ye Ky Vz,y] 18 d-compact if Ky, Ko are d-compact, dpLk, x kx, uniformly bounded.

The set I is o-compact: in fact, if one restrict to each T, given by (LZT]), then the set of cycles of
order [ is compact, and thus

F’/nj = {(z,y):3]6{0,...,]},(wi,zi)efn fori=0,....1, z1 =y

I
Wr4+1 = Wy = T, ZdL(wi+1,Zi) — dL(’LUi,Zi) = 0}
i=0
is compact. Finally I' = U, /I, .
Moreover, drp  is continuous. If (Zn,Yn) — (2,y), then from the l.s.c. and

I I

E dr,(Wnit1, Zni) = E Ar,(Wn iy Zni)y  Wni+1 = Wn0 = Tny Zn,0 = Yn,
i=0 i—0

it follows also that each dr,(wp,it+1, 2n,;) is continuous.
Similarly the sets G, R, a, b are o-compact: assumption (5’) and the above computation in fact shows
that

Gn = {(z,y) :(w, 2) € F;lﬁl,dL(w,:c) +dp(x,y) +di(y, 2z) = dL(w,z)}

is compact. For a, b, one uses the fact that projection of o-compact sets is o-compact.
So if we are in the case of Remark [[6 I', IV, G, G~ !, a and b are o-compact sets.
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Remark 1.20. Many simplifications occur in the case the disintegration w.r.t. the partition {Dy,(x)}.ex
is strongly consistent. Recall that D (z) = {y: dr(2,y) < +o0}. Let

1 1 1
= / Tom(da), p= / tam(da), v = / Vom(da)
0 0 0
be strongly consistent disintegrations such that

ta(Dr(za)) = va(Dr(za)) =1, 7o € I(pa, Va).

We have used the fact that the partition {Dr(z) x Dr(x)}zex has the crosswise structure, and then we
can apply the results of [§].

1) Optimality of .. Since m is dp-cyclically monotone, also the 7, are dy-cyclically monotone: precisely
they are concentrated on the sets

I'no=1InN DL(:Ca) X DL(:L'Q>,

if T is dp-cyclically monotone and 7(T") = 1.
Using the fact that (Dr(za),dr) is a metric space, then we can construct a potential ¢(z, z,) using
the formula

I

¢z, 2q) = inf { > di(@isr,yi) — do(@i,vi), (20, 4i) € Doy 111 = 2, (0,50) = (T, Cﬂa)}-
i=0

and since this is bounded on (Dy (z4),dr), we see that 7, and hence 7 are optimal.

2. Potential for 7. Extend o(z,1,) to X by setting o(z,74) = +00 if 2 & Dp(20). If {(Za) Ta)}tac0,1]
is a Borel section, then the function

o(r) = inf{i(z, 0)}

is easily seen to be analytic. This function is clearly a potential for . In particular, it follows again from
[8] that 7 is optimal if it is dy-cyclically monotone.

3. Transport set. We can then define the set of oriented transport rays as the set

G = {(w,y) EX XX :p(x)—ply) = dL(w,y)}-

In general, this sets is larger than the one of Definition

1.3 Partition of the transport set 7

In this section we use the continuity and local compactness of geodesics to show that the disintegration
induced by R on 7 is strongly consistent. Using this fact, we can define an order preserving map g which
maps our transport problem into a transport problem on & x R, where S is a cross section of R.

Let {x;}:en be a dense sequence in (X, d).

Lemma 1.21. The sets

Wijk = {l‘ S T M Bg—j (-Tz) . L(G(x)), L(Gil(m)) Z 227}6, L(R(ac) n 32171‘ (-Tz)) S 27k}
form a countable covering of T of class A.
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Proof. We first prove the measurability. We consider separately the conditions defining Wjjy.
Point 1. The set -
Aij =7nN Bg—j (ZCZ)

is clearly analytic.
Point 2. The set

Byi={zeT:L(Gx) >2*"* =P, (G N{d(z,y) > 22‘k})
is again analytic, being the projection of an analytic set. Similarly, the set
Cr={r e T: LG (1) > 2} = P (G {du(a,y) > 22+

is again analytic.
Point 3. The set

Djj, == {2 € T : L(R(z) N By-i(x;)) < 27%}
—T\ P (Rm {(2,y) : d(wi,y) < 279} 0 {dp(z,y) > 2—k}))

is in the A-class, being the difference of two analytic sets.
We finally can write

Wik = Aij N By, N Cy, N Dy,

and the fact that A is a o-algebra proves that W, € A.
To show that it is a covering, notice that for all € 7 it holds

min { L(G(x)), LG~ (x))} > 227F

for some k € N. B
From the local compactness of geodesics, Condition Bl of page M9 it follows that if v~*(B,(x)) is

compact, then the continuity of v implies that v~ Y(B,(x)) is also compact for all 7/ < 7, and diam 4, (yN
B,/(z)) — 0 and " — 0. In particular there exists j € N such that

L(R(z) N Byi_3(x)) <27k,

with & the one chosen above. ) - -
Finally, one choose x; such that d(z,x;) < 27177, so that x € By_j(2;) C Byi—;j(x) and thus

L(R(z) N By—j(x7)) < 27"

Lemma 1.22. There exist p-negligible sets Nyj C Wik such that the family of sets
Tiji = R (Wi \ Nijk)
is a countable covering of T \ Ui Niji into saturated analytic sets.

Proof. First of all, since Wj;i, € A, then there exists y-negligible set N;ji, C Wi such that Wi \ Nyji €
B(X). Hence {Wijr \ Nijk}ijken is a countable covering of 7 \ U;;xNi k. It follows immediately that
{Tijk }i5,ken satisties the lemma. O

Remark 1.23. Observe that By-;(z;) N R(x) is compact for all # € Tyj;: in fact, during the proof of
Lemma [[2T] we have already shown that v~ (By-;(;)) is compact.
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From any analytic countable covering, we can find a countable partition into A-class saturated sets
by defining

Zme = Tipyjmk \ U Gt Tt Ko 9 Zp,e 1= 7;\ U Zme (1.3.1)

meN

where
N > m = (im, s km) € N3

is a bijective map. Intersecting the above sets with 7', we obtain the countable partition of 7 in A-sets

Zm i =ZnNT, meN. (1.3.2)

Now we use this partition to prove the strong consistency of the disintegration.
On Z,,, m > 0, we define the closed values map

Zm 3w F(x) = R(x) N By (x;,,) € K(Ba—im (5,,)), (1.3.3)
where K(By— i (2;,,)) is the space of compact subsets of By, (75, ).
Proposition 1.24. There exists a p-measurable cross section f: T — T for the equivalence relation R.

Proof. First we show that F' is A-measurable: for 6 > 0,

F7Y(Bs(y)) = {& € Zu : R(z) N Bs(y) 0 By-im (21,) # 0}

0
= 2,1 PL(RN (X % By(y) N By (11,) ).

Being the intersection of two A-class sets, F~1(Bs(y)) is in A.

By Corollary [5.7] there exists a A-class section fy, : Z,, — By—im (5, ). The proposition follows by
setting fLz, = fm on U, Z,, and defining it arbitrarily on 7 \ U,,, Z,,,: the latter being negligible, f is
p-measurable. (|

Up to a p-negligible saturated set 7, we can assume it to have o-compact range: just let S C f(7)
be a o-compact set where fjuL 7 is concentrated, and set

Ts =R YSNT, Tny:=T\Ts, u(Tn)=0. (1.3.4)
Having the p7-measurable cross-section
§:=f(T) = SU f(In) = (Borel) U (f(u-negligible)),
we can define the parametrization of 7 and 7. by geodesics.
Definition 1.25 (Ray map). Define the ray map g by the formula
g:={(.t.2) 1y € 5.t € [0,+00),x € Gly) N{du(w,y) = 1}
U{w.t,2) iy € St € (—00,0),0 € G (y) N {diz.y) = ~t}}
= gJr Jg .
Proposition 1.26. The following holds.
1. The restriction gN S x R x X is analytic.
2. The set g is the graph of a map with range 7.

3.t g(y,t) is a dy, 1-Lipschitz G-order preserving for y € T .
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g

/\

Wijk

Figure 1.2: The ray map g.

4. (t,y) — g(y,t) is bijective on T, and its inverse is

T = g_l(x) = (f(y)a iCZL(‘T’JP(Q)))

where f is the quotient map of Proposition and the positive/negative sign depends on x €
G(f(y)/x € G (f(y))

Proof. For the first point just observe that
g ={wta)iyesteR v e Gy n{dulay) =1}
=S xR x Xn{(y,t,z): (y,z) € Gy N {(y,t,x) : dr(z,y) =t} € %1.
Similarly
g~ ={t2):ye S teR e G )N {dula,y) = —t}} € L.

Since S C 7 and R(y) is a subset of a single geodesic for y € S C 7, g is the graph of a map. Note
that for any = € 7, there exists z € 7 such that 2 € R(z): hence x € R(f(z)), and therefore the range
of the map is the whole 7.

The third point is a direct consequence of the definition.The fourth point follows by substitution. [

We finally prove the following property of dr-cyclically monotone transference plans.

Proposition 1.27. For any © dr-monotone there exists a dp-cyclically monotone transference plan
with the same cost of ™ such that it coincides with the identity on pu A v.

We will use the disintegration technique exploited also in the next section. We observe that another
proof can be the direct composition of the transference plan with itself, using the fact that the mass
moves along geodesics and the disintegration makes the problem one dimensional.

Proof. We have already shown that we can take

p(Pa(b)) = v(P(a)) = 0,

so that p A v is concentrated on 7g.
Step 1. On 7 we can use the Disintegration Theorem to write

uw:meM% m= fyluer), py € P(R(y) N T). (1.3.5)
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In fact, the existence of a Borel section is equivalent to the strong consistency of the disintegration. Since
{R(y) x X}ye7 is also a partition on 7 x X, we can similarly write

TLTxX= /Sﬂym(dy), my(R(y) x R(y)) = 1.
We write moreover
= (P)imrx), 7= [ vmidy) = [ (Pojgmymias). (136)

Clearly the rest of the mass starts from a(7), so we have just to show how to rearrange the transference
plan in 7 in order to obtain u L v. Using g, we can reduce the problem to a transport problem on S x R

with cost
t=t] y=y
c((y, 1), (v, 1)) =
ooy = T2y
By standard regularity argument, we can assume that S > y — m, € P(R(y) x R(y)) is o-continuous, i.e.
its graph is o-compact.

Step 2. Using the fact that (u,v) — p A v is Borel w.r.t. the weak topology []], we can assume that
S >y — py Ay € P(R(y)) is o-continuous, so that also the map

Sy (y — py ANy, vy — iy Avy) € P(R(y)) X P(R(y))

is o-continuous.
Step 3. Since in each R(y) the problem is one dimensional, one can take the unique transference plan

Ty € H(uy — [y N Uy, Uy —,uy/\uy)

/d[jNTy :/dmry.

Step 4. If we define the left-continuous distribution functions

concentrated on a monotone set: clearly

H(y,s) = (,uy = phy A Vy)(—oo, s), F(yt):= (Vy = Py A l/y)(—oo,t),
and
G(y,s,t) == ﬁy((—oo,s) X (—oo,t)),

then the measure 7, is uniquely determined by G(y, s,t) = min{H (y, s), F'(y,t)}.

The o-continuity of y — (uy — fty A vy, vy — fty A vy) yields that H, F are again o-l.s.c., so that G is
Borel, and finally y + 7, is o-continuous up to a fju-negligible set.

Step 5. Define

7ty =7y + (1,05 (py A vy) € Mgy, vy).

The above steps show that 7 is m-measurable, and thus we can define the measure

= WL(q;\T)xX-F/ﬁym(dy)-
It is routine to check that 7 has the required properties. [l
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1.4 Regularity of the disintegration

This section is divided in two parts.

In the first one we consider the translation of Borel sets by the optimal geodesic flow, we introduce a
first regularity assumption (Assumption[I) on the measure p and we show that an immediate consequence
is that the set of initial points is negligible. A second consequence is that the disintegration of p w.r.t.
R has continuous conditional probabilities.

In the second part we consider a stronger regularity assumption (Assumption ) which gives that the
conditional probabilities are absolutely continuous with respect to H' along geodesics.

1.4.1 Evolution of Borel sets
Let A C 7. be an analytic set and define for ¢t € R the t-evolution A; of A by

A= 997 (4) + (0.1). (14.0)
Lemma 1.28. The set Ay N g(S x R) is analytic, and Ay is p-measurable for t > 0.

Proof. Divide A into two parts:
As:=ANg(SxR) and Ay:= A\ Ag.

From Point (1) of Proposition it follows that Ag is analytic. We consider the evolution of the two
sets separately.

Again by Point (1) of Proposition [[.20] the set (Ag); is analytic, hence universally measurable for all
teR.

Since 7y is p-negligible (see (L3), it follows that (Ax): is p-negligible for all ¢ > 0, and by the
assumptions it is clearly measurable for ¢ = 0. |

We can show that ¢ — u(A;) is measurable.

Lemma 1.29. Let A be analytic. The function t — u(A;) is Souslin for t > 0. If A C g(S x R), then
t — u(A¢) is Souslin fort € R.

Proof. As before, we split the A into the sets
As:=ANg(SxR) and Ayn:=A\ Ag.

The function
n(Ay) t=0

tH“(AN’t):{o £>0

is clearly Borel. Observe that since 7y C 7 and the p-measure of final points is 0, the value of p(An )
is known only for ¢ > 0.
Since Ag is analytic, then g71(Ag) is analytic, and the set

AS = {(vavt) : (yaT - t) € g_l(AS)}
is easily seen to be again analytic. Define the analytic set As C X xR by
AS = (ga I])(AS)

Clearly (Ag): = Ag(t). We now show in two steps that the function ¢ — pu((Ag)) is analytic.
Step 1. Define the closed set in P(X x [0,1])

I(u) = {m € P(X x [0,1]) : (P1)g(m) = p}
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and let B C X x R x [0,1] a Borel set such that Pjo(B) = Ag.
Consider the function
R xII(p) > (¢, 7) — w(B(t)).

A slight modification of Lemma 4.12 in [§] shows that this function is Borel.
Step 2. Since supremum of Borel function are Souslin, pag. 134 of [25], the proof is concluded once
we show that

1((As)e) = p(As(t) = erlll? )W(B(ﬂ)-

From the Disintegration Theorem, for all = € TI(u) we have
w(BO) = [ BOW) < [ () = p(As(o)
Pi(B(t))

On the other hand from Theorem [5.5] there exists an A-measurable section u : Ag(t) — B(t). Clearly
for m, = (I, w)3 () it holds m,(B(t)) = n(As(t)). O

The next assumption is the first fundamental assumption of the chapter.

Assumption 1 (Non-degeneracy assumption). For all Borel sets A such that pu(A) > 0 the set {t € RT :
1(A¢) > 0} has cardinality > Ny.

By inner regularity, it is clearly enough to verifies Assumption [l only for compact sets. Note that
since for analytic set Cantor Hypothesis holds true, Theorem 4.3.5, pag. 142 of [25] , Assumption [
implies that the cardinality of {t € R* : u(4;) > 0} is c.

An immediate consequence of the Assumption [Ilis that the measure p is concentrated on 7.

Lemma 1.30. If u satisfies Assumption [ then
(7 \T) = 0.
Proof. If A C a(X), then A; N As =0 for 0 < s < t. Hence
#{t € R : u(Ay) >0} <R,
because of the boundedness of p. This contradicts the assumptions. O

Once we know that (7)) = 1, we can use the Disintegration Theorem B3] to write

p= [ i) m= g, < PRG)) (1.4.2)
S

The disintegration is strongly consistent since the quotient map f : 7 — 7 is p-measurable and (7, 5(7))
is countably generated.
The second consequence of Assumption [lis that u, is continuous, i.e. pu,({z}) =0 for all z € X.

Proposition 1.31. The conditional probabilities p,, are continuous for m-a.e. y € S.

Proof. From the regularity of the disintegration and the fact that m(S) = 1, we can assume that the
map y — i, is weakly continuous on a compact set K C S of comeasure < € such that L(R(y)) > € for
all y € K. It is enough to prove the proposition on K.

Step 1. From the continuity of K 3 y +— p, € P(X) w.r.t. the weak topology, it follows that the map

y— A(y) == {z € R(y) : py({z}) > 0} = Up{z € R(y) : py({z}) > 27"}

is o-closed: in fact, if (ym, zm) — (y,2) and gy, ({2m}) > 277, then p,({z}) > 27" by w.s.c. on compact
sets.
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Figure 1.3: The evolution of a set B through the optimal flow.

Hence it is Borel, and by Lusin Theorem (Theorem 5.8.11 of [25]) it is the countable union of Borel
graphs: setting in case ¢;(y) = 0, we can consider them as Borel functions on S and order them w.r.t. G,

Hy,atomic = ch(y)ézl(y)a sz‘+1(y) € G(sz(y)), 1€ Z.
i€z

Step 2. Define the sets
Sij(t) = {y €K :ai(y) =99 (x5(y) +t)} nT.

Since K C S, to define S;; we are using the graph ¢ NS x R x 7, which is analytic: hence S;; € 1.
For A; :={z;(y),y € K} and t € R* we have that

u((Ay)) = /K 1y ((A;)eymidy) = /K iy asomic (A7)0 )m(dy)
= [ )i (ot~ @) + O)mlan) = 3 | | Ewm@),

i€Z i€z

We have used the fact that A; N R(y) is a singleton.
Step 3. For fixed 4, j € N, again from the fact that A; N R(y) is a singleton

Sii(t) t=t
Sii(t) NS () =
ORENG {@ v
so that
ﬁ{t : m(S”(t)) > 0} < Np.
Finally
p((A)) >0 = telJ{t:m(S;() >0},
whose cardinality is < Ry, contradicting Assumption [l O
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1.4.2 Absolute continuity

We next assume a stronger regularity assumption.

Assumption 2 (Absolute continuity assumption). For every Borel set A C 7,

—+oo
w(Ad) >0 = / w(Ag)dt > 0.
0

Again by inner regularity, Assumption[2lcan be verified only for compact sets. Note that the condition
is meaningful by Lemma[[L29 Observe moreover that Assumption Plimplies Assumption[] so that in the
following we will restrict the map g to the set g~1(7), where it is analytic. Moreover, we can consider
shift ¢ — A; for t € R, because of Lemma [I.29

Remark 1.32. An equivalent form of the Assumption [2lis the following:

pA) >0 = w(Ay N Ag)dtds > 0.
t,s>0

In fact, due to u(X) =1, in the set I, := {t : u(A¢) > 27"} the set {s € I,, : u(As N A;) =0,t € I,} has
cardinality at most 27". Hence, since for some n £!(I,,) > 0 by Assumption ] it follows that

L2(I, x I,) = (LX) > 0.
The opposite implication is a consequence of Fubini theorem.

The next results show regularity of the Radon-Nikodym derivative of p, w.r.t. (H})c F-1(y)> Where Hi
is the 1-dimensional Hausdorff measure w.r.t. the dy-distance. Note that along dy 1-Lipschitz geodesics,
H} is equivalence to g(y,-);L': in the following we will use both notations.

Lemma 1.33. Let i be a Radon measure and
ty =1y, )9y, ')ﬁ‘cl +wy, wyLg(y, ')ﬁ£1
be the Radon-Nikodym decomposition of p, w.r.t. g(y, ~)ﬁ£1. Then there exists a Borel set C C X such
that
LY (g7 (C)Nn({y} xR)) =0
and wy = pyLc for m-a.e. y € [0, 1].

Proof. Consider the measure

A=g(me L),
and compute the Radon-Nikodym decomposition
Dp
=—A .
w DX +w

Then there exists a Borel set C' such that w = pLec and A(C) = 0. The set C proves the Lemma.
Indeed C' = Uye(o,1]Cy where Cy = C' N f~1(y) is such that p,c,= wy and g(y,-)sL(Cy) = 0 for m-a.e.
y € [0,1]. O

Theorem 1.34. If u satisfies Assumption[3, then for m-a.e. y € [0,1] the conditional probabilities p,
are absolutely continuous w.r.t. g(y, )L

The proof is based on the following simple observation.

Let 1 be a Radon measure on R. Suppose that for all A C R Borel with n(A) > 0 it holds
/ A+ t)dt = n® £ ({(z1) £ > 0,0 — 1 € A}) > 0.
R+
Then n < L1,
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Proof. The proof will use Lemma [[L.33t take C' the set constructed in Lemma [[.33 and suppose by
contradiction that

w(C)>0 and m® LY (g™ HC)) =0.

In particular, for all t € R it follows that
m® LY (g7 (Cr)) =m e LY (g7H(C) +(0,t) = 0.

By Fubini-Tonelli Theorem

o< [ weoa= [ ( / m)(g—l)nu(dydr))dt

= (g L) ({@r0: 1) g™ (D). r -1 eg7H(CO)})

/5 L= ) 6 uldyir)

IN

= /SX[R LYg™HC N W) (g™ Hsuldydr)
- /sﬁl (g7 (C N w))m(dy) =0.
That gives a contradiction. ]

Now we will study the regularity of the map ¢ — p(A;) under Assumption2l We will use the following

notation:
w)= [amia = [[([ oy )m) = giom o 27,

Proposition 1.35. u satisfies Assumption [2 if and only if for all A Borel t — p(Ay) is continuous.
Moreover if A is geodesically convex then u(A;) is absolutely continuous.

Proof. Tt is enough to prove the continuity for ¢t = 0. Since

o= [[( [ )i,

its continuity is a direct consequence of Lebesgue dominated convergence theorem applied to the function:

Ers py(Ar) = / r(y, 7)dr.
g(y,) "1(Ay)

Suppose now A geodesically convex. Each g(y,-)~!(A) is an interval (a(y),w(y)), so that the map

t— r(y, 7)dr
g(y, )~ H(Ay)

is absolutely continuous with derivative

h(y,t) =r(y,w(y) +1t) —r(y,a(y) +1).

Since h(y,t) € L'(m ® L) the result follows by a standard computation. |
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1.5 Solution to the Monge problem

In this section we show that Theorem [[L34] allows to construct an optimal map 7. We recall the one
dimensional result for the Monge problem [31].

Theorem 1.36. Let i, v be probability measures on R, u continuous, and let
H(s) := p((=00,5)), F(t) :=v((—o0,1)),
be the left-continuous distribution functions of p and v respectively. Then the following holds.
1. The non decreasing function T : R — R U [—o0, +00) defined by
T(s):=sup{t € R: F(t) < H(s)}

maps ji to v. Moreover any other non decreasing map T’ such that Tﬁ’u = v coincides with T on
the support of p up to a countable set.

2. If ¢ : [0,+00] — R is non decreasing and convex, then T is an optimal transport relative to the cost
c(s,t) = ¢(|s — t|). Moreover T is the unique optimal transference map if ¢ is strictly convex.

Assume that p satisfies Assumption[Il Then we can disintegrate p and 7 respect to the ray equivalence
relation R and R x X as in (LZ42),

H= /uym(dy), = /Wym(dy), fy continuous, (Pyp)smy = fiy. (1.5.1)

We write moreover

y:/yym(dy):/(PQ)mm(dy). (1.5.2)

Note that 7, € II(u,, v) is dr-cyclically monotone (and hence optimal, because R(y) is one dimensional)
for m-a.e. y. If v(7) = 1, then (LE2) is the disintegration of v w.r.t. R.

Theorem 1.37. Let m € I(u,v) be a dp-cyclically monotone transference plan, and assume that As-
sumption [l holds. Then there exists a Borel map T : X — X with the same transport cost as .

L we reduce to a transport problem on S x R, with cost

(. ), (1)) = {'t‘ o v=y

+oo Yy #y

Proof. By means of the map ¢~

It is enough to prove the theorem in this setting under the following assumptions: S compact and
S 3y — (uy,vy) weakly continuous. We consider here the probabilities p,, v, on R.
Step 1. From the weak continuity of the map y — (1, v,), it follows that the maps

(ya t) = H(ya t) = :U’y((_oo’t))a (y’t) = F(y; t) = Vy((—OO, t))

are easily seen to be l.s.c.. Both are clearly increasing in t. Note also that H is continuous in t.
Step 2. The map T defined as Theorem [[.36] by

T(y,s):= (y,sup {t: F(y,t) < H(y,S)})
is Borel. In fact, for A Borel,
T (A x [t,+00)) = {(y,8) 1y € A, H(y,s) > F(y,t)} € B(S x R).

Step 3. Note that 7, and T'(y, -) are both optimal for the transport problem between p, and v, with
cost dr, restricted to R(y). Indeed dy, restricted to R(y) x R(y) is finite. Therefore 7, and T'(y,-) have
the same cost. (|
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Remark 1.38. By the definition of the set G, it follows that along each geodesic

Hy(9(y, (—00,1))) = vy(g(y, (—00,1))),

because in the opposite case G is not d-cyclically monotone.
Therefore T'(s) > s, and ¢((y, s), T(y,s)) = Po(T(y,s)) — s. Hence

/dLﬂ' Z/dL(x,T(x)),u(dx)
B [sm (o, )y "y = ) (dsymidy) = /PQ(g_l(x))(V — p)(dz). (1.5.3)

1.6 Dynamic interpretation

In this section we show how the regularity of the disintegration yields a correct definition of the current
g representing the flow along the geodesics of an optimal transference plan. This allows to solve the PDE

oU =u—v

in the sense of currents in metric spaces. In particular, under additional regularity assumptions, one can
prove that the boundary 0¢ is well defined and satisfies an ODE along geodesics. This gives a dynamic
interpretation to the transport problem.

The setting here is slightly different from the previous sections:

1. d(z,y) < dp(z,y);

2. there exists a probability measure 7, such that it (or more precisely nir. ) satisfies Assumption
along the transport rays of the transportation problem with marginals pu, v;

3. ;< m, so that also p satisfies Assumption 2

In particular, Lip(X') C Lip,, (X).
The main reference for this chapter is [3].

1.6.1 Definition of ¢

For any Lipschitz function w : X — R we can define the derivative d;w along the geodesic g(t,y) for a.e.
t eR,

Ow(g(y,t)) = %W(Q(t,y))-

Using the disintegration formula
ner= [ (9 slaly VL m(dy) = giam = )
for some q € L'(m ® L) (Theorem [[34]), we can define the measure d;wn as
[ o @non ) = /5 | #latu 000100 )a(y. e (a).

where ¢ € C,(X,R).
Definition 1.39. We define the flow ¢ as the current

(o)) = [ hlatn)Drs(oto. 0)aly it (ay)
xR
where h, w are Lipschitz functions of (X, d) with kA bounded.
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It is fairly easy to see that ¢ is a current: in fact,

1. ¢ has finite mass, namely
(9. ()] < Lipte) [ 1
2. ¢ is linear in h, w;

3. if w, — w pointwise in X with uniformly bounded Lipschitz constant, then by Lebesgue Dominated
Convergence Theorem if follows that

lim (g, (hn,wn)) = (g, (h,w));

n—-+4oo
4. (g, (h,w)) =0 if w is constant in {h # 0}.
In general, ¢ is only a current, with boundary 0g defined by the duality formula
(0g,w) = (g, (1, w)). (1.6.1)

Under additional assumptions, the current ¢ is a normal current, i.e. d¢g is also a scalar current, in
particular it is a bounded measure on (X, d).

Lemma 1.40. Assume that q(y,-) : R — R belongs to BV(R) for m-a.e. y and

oy = / loy (R)|m(dy) = /STot.Var.(q(y, Nm(dy) < +o0.

Then ¢ is a normal current and its boundary is given by

(04,0 / / ))a (dt)m(dy).

Note that in the above formula we cannot restrict oy, to g~ (7): in fact, in general

/S (6(, )50u)(To\ TYm(dy) > 0.

Proof. First of all, by using the formula ¢(y,t) = o, ((t, +00)), it follows that o, is m-measurable, i.e. for
all ¢ € Cy(X, R) the integral

/(/¢(g(y,t))ay(dt)>m(dy)

is meaningful and then

/ (g(y, sy) m(dy)

is a finite measure on (X, d).

A direct computation yields

(09, ) = (3, / | ottt ))a (t+o0)dem(ay) = / [ latt)e, @m(d).
O

Remark 1.41. In many cases the measure [(g(y,)s0,).7m(dy) is absolutely continuous w.r.t. 7, i.e.
for m-a.e. y

oyer=h(g(t,y))a(y, t)C".

for some h € L'(n). In that case we obtain that

(0g,w) = / wb()oy (Pa({g™ (b)) m(dy)
- / w(a))oy (Po(lg™ (ay))}) mldy) + / w(@)h(x)n(d).
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1.6.2 Transport equation

We now consider the problem OU = u — v in the sense of currents:

(U, (Lw) = (- vow) = / (@) (1 — v)(da).

Using the disintegration formula and (C5T]), (E52) we can write

U, (1,w)) = /S { / (g 1) (g™ (s Jepy) (dt) — / w(g(y,t»(g-l(y,->uuy><dt>}m<dy>.

By integrating by parts we obtain

/w(g(y7t))(g‘1(y,-)uuy)(dt) = —/uy(g(y, (—00,1)))Ow(g(y, t))dt
R R
= —/[RH(y,t)atw(g(y,t))dt,

/ (g D)9 (9, Yo () = / vy 9y, (=00, £))) 0 (g(y, 1))t
R R
- / F(y, t)0u(g(y, £))dt

Observe that the map
SxR>(y,t)— F(y,t) — H(y,t) €R

is in L'(m @ L£') if the transport cost Z(m) is finite: in fact, using the fact that F(y,t) < H(y,t) and
integrating by parts,

[ 0= Pt = [ 670, =07 ) (-t = [ -9, s, (162
R R?
where 7, is the monotone rearrangement.
We deduce the following proposition.
Proposition 1.42. Under Assumption[d, a solution to OU = i — v is given by the current U defined as

w. e = [ ( [ - H(y,t))h(g(y,t>>atw<g<y,t>>dt)m<dy>.

In general, the solution is not unique: just add a boundary free current to our solution.
Some further assumptions allow to represent our solution U as the product of a scalar p with the
current g.

Proposition 1.43. Assume that q(y,t) > 0 whenever H(y,t) — F(y,t) > 0. Then R = pg, where
Fly.t) - H(y,t)

9, 1)) =
plg(y,1)) o)
Proof. Tt is enough to observe that
F(y t
/ F(y.t) — H(y, t)dtm(dy) = / F@.D) = B 40, p)atmay)
SxR SxR )
= [ slotwOpatvtittmidn) = [ playntao)
S><[R X
and from ([6.2) we conclude that p € L(n). O

Corollary 1.44. If q(y,t) # 0 form® L -a.e. (y,t) € g~Y(T), then there exists a scalar function p such
that O(pg) = p — v.
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1.7 Stability of the non degeneracy condition

In this section we prove a general approximation theorem, which will be then applied to the Measure-
Gromov-Hausdorff (MGH) convergence: if a uniform estimate holds for the disintegration in the approx-
imating spaces, we deduce the regularity of the disintegration also in the limit.
1.7.1 A general stability result
We consider the following setting:

1. w, is a sequence of measure converging to u weakly;

2. there exists functions g, : S, x R — X, S,, C X Borel, and measures r,m, ® £ € P(S,, x R) such
that

pin = (gn)s (rnmn © L1). (1.7.1)
The following is the basic tool for our stability result.

Proposition 1.45. Let Y be a Polish space, {&,}nen C P(Y) such that &, — £. Consider {r,}nen,
rn >0, such that v, € L*(&,), rn&n — ¢ and the following equintegrability condition holds:

Vs>035>0<VA€B,§n(A)<5 — /rn§n<€).
A

Then there exists r € L*(§) such that ( = r€.

Proof. We will show that ((B) = 0 for all B such that £(B) = 0. Clearly by inner and outer regularity,
it is enough to prove the following statement:

V5>036>0<¢€Cb(Y),¢20, /¢§<6 :>/¢§<5).

Fix € > 0 and take the corresponding § given by the equintegrability condition on r,. Clearly w.l.o.g.
0 < e. Consider ¢ € Cy(Y) positive such that

/qﬁg < 6%)/2.

From the weak convergence for n great enough

[ ot <

/qﬁrnfng/ nén + 0 <e+9.
¢>6
Hence [ ¢¢ < 2e. O

so that we can estimate

Theorem 1.46. Assume that the family of functions {r,} C L*(m, ® L) given by (1) is such that

(ﬂ, |], gn)ﬁ (Tnmn & El) - (ﬂ, [|, g)ﬁc
with ¢ € P(S x R) and g being the ray map (Definition [L23). Assume moreover

VI'>0Ve>030>0 (AEB(SX[—T,T]),mn®£1(A)<6 = /rnmn®£1<5).
A

Then ¢ = rm ® LY for some function r € L*(m @ L), measure m € P(S) and the disintegration of i is
a.c. w.r.t. H' on each geodesic.
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Proof. Define for k € N

1 [t <k,

or € Ce(R), ¢ >0, ¢i(t) := {0 1> k41,

Let &, 1 = mn®£1L[,k,Lk+1] and consider the functions 7,  := 7, (y, t) ¢ (t). Since m,, = (P1)s(rpm, ®
L) and hence m,, — m = (Py);(, then

bne = m® LN g1 pp1)

and the hypothesis of Proposition [[Z5] are verified up to rescaling. So ¢ = rm ® L!.
The fact that g;¢ is a disintegration is a consequence of the a.c. of ¢ along each geodesic: in this case
the initial points have (-measure 0 and therefore g is invertible on a set of full u-measure. |

In general the convergence of the graph of g, is too strong: the next result considers a more general
case.

Proposition 1.47. Assume that 5 € H(rm @ LY, p) is concentrated on the graph of a Borel function
h:7T xR — 7T, such that

1. (y,t) — e(y) :== f(h(y,t)) € S is constant w.r.t. t,

2. it holds
h(y, )i (r(y, ) L) < H'Cy(eqy).R)-

Then the disintegration w.r.t. g has absolutely continuous conditional probability.

Proof. We can disintegrate the measure m as follows:

m= / m(eym)(dz),
s
and by the second assumption

h(y, )s(r(y, )LY) = g(e(y), )s(F(y, ) L"),

for m-a.e. y € 7. Hence by explicit computation,

pe= /S Wy, s (r(y, ) £ )m(dy) = / g(e(w), )s(F(y, ) LY ymi(dy)

S

_ /S(/el(z)g(z,-)n(F(y,-)ﬁl)mz(dy))eﬁm(dz).

To conclude the proof observe that

/ o P I ) = o) (/ L IEhm(y))

= ot [ )
O

Remark 1.48. Observe that some properties of r,, are preserved passing to the limit r. In relation with
the previous section, we consider the following cases: for A C X x R open
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1. for some € > 0
((Tn — E)mn X El)I_AZ 0;

2. there exists L > 0 such that
Tn (Y, +) € Lipg(Ay);

3. there exists M > 0 such that
TV (ra(y,-)ea) < M.

The first condition yields that the assumptions of Corollary [[L44] holds in A. The second and third
conditions imply that we are under the conditions for Remark [L41] in A.

1.7.2 Approximations by metric spaces

In this section we explain a procedure to verify if the transport problem under consideration satisfies
Assumption 2l The basic references for this sections are [23] and [26] 27].
We consider the following setting:

1. (X,d,dr), (Xn,dn,drn), n € N, are metric structures satisfying the assumptions of page [[9 and
Remark [[L6 more precisely, dr,dr , 1.s.c., di, > d,dr , > d,, and

U Vw,y)

@€K1 ,yeKs
is d,,(d)-compact if K1, Ky are d,,(d)-compact, dr, ,(dr )Lk, x k, uniformly bounded.
2. pn,vn € P(Xn), n L vp;
3. my € I(pp, vy) is a dg, ,-cyclically monotone transference plan with finite cost.
For p,v € P(X) let m € TI(, v) be a generic transference plan.

Definition 1.49. We say that the structures (X, dy, dr n, ™) converge to (X,d,dr, ) if the following
holds: there exists C' > 0 such that for all n € N

[dram <c

and there exist Borel sets A,, C X,, and Borel maps /¢, : A, — X such that

(Zn b2y En)ﬁﬂnLAnxAné T, (172)
’dL(fn(x),fn(y)) - dL,n(xa y)‘ <27, (1-7-3)

and if (0, (zy), ln(yn)) — (x,y), then
dr(z,y) =limdr ,(Tn, Yn). (1.7.4)

As a first result, we show that also 7 is dp-cyclically monotone with finite cost.

Proposition 1.50. If (X,,,dy,dL n, ™) converges to (X,d,dr,m) and the plans m, have uniformly
bounded cost then also w has finite cost and is d,-cyclically monotone.
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Proof. Since dy, is l.s.c.

n—-+o0o n—-+o0o

/dmr < 1iminf/dL(€n®€n)ﬁﬂ'n :Hminf/dL(En(x),En(y))ﬂn(dxdy)

@) B
< 1iminf{/dLyn(z,y)ﬁn(dzdy) +2 "} <C,

n—-+o0o

for some C' < +o0.
Now let I';, be a d ,-cyclically monotone set with m,(I',) = 1: by standard regularity of Borel
function and by Prokhorov Theorem we can assume that

1. Iy, is o-compact, I';, = UpmenI'n,m with Ty, 5y C Ty g1
2. (0, @ L,)(Th,m) is compact and (¢, @ £,)(Ty, ) — I'y, in the Hausdorff distance dp;
3. M (Cpm) =127,
It follows that: 7(T';,) > 1 —27™ hence
7r< U Fm> =1.
menN

Since each Ty, is the limit in Hausdorff distance of (¢, @ £,)(I'y, ), (LZ4) implies that 'y, (and thus
U I'm, because Ty, C Tyyppq) is dp-cyclically monotone. O

Note that since 7 is dr-cyclically monotone, we can define the sets I', T", G, G, R, a, b of Section [[2
as well as the quotient map f and the ray map g constructed in Section The same sets and maps
can be given for the structures (X,,,d,, dr »): we will denote them with the subscript n.

For the transport problems in (X, d,) with measures i, v, we assume the following,.

Assumption 3 (Non degeneracy). The dy, ,-cyclically monotone plan , satisfies Assumption [ for all
n € N.

This allows to write the disintegration of u, w.r.t. the ray equivalence relation R,,:

tin = (gn)t(rnmn ® L1) = / 9 (9, )2 (rn () LYy (dy),

with fy, 4p4n = my, and 7, € L' (m, @ L£1).

Lemma 1.51. If (X,,dy,dp n, ) converges to (X, d,dr,n) then the structures (S, X [R,Jn,chyn,frn),
where

- _ - - t—t'l y=y9
dyp =dy o (gn ® Gn)y Tn = (gnl ®9n1)ﬁ(7rn)a dL,n((yvt)a (y/,t/)) = | | /
too Yy #Y,

converges to (X,d,dy,, ).

Proof. Tt is enough to observe that m,(G,) = 1, CZL,n =drn o (gn ® gn) on G, and to replace the map
¢, with the map ¢, o g,,. O

By Lemma [[5]] in the following we assume that the ray map g, is the identity map.
The next assumption is the fundamental one.

Assumption 4 (Equintegrability). The L!-functions r, are equintegrable w.r.t. the measure m,, ® £!:

V€>035>0((mn®£1)(A)<5 = /rnmn®£1<€).
A
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From now on we will assume that (X, d,,dr n, ™) — (X,d,dr,7) in the sense of Definition [[L49]
(Xn,dn,dr n, ™) verifies Assumption [l and Assumption [ and f dpnmn, < C.

Our aim is to prove that the structure (X, d, dy,, 7) satisfies Assumption 2l which is equivalent to the
fact that the marginal probabilities of the disintegration of ;1 w.r.t the ray equivalence relation R are a.c.
w.r.t. HL.

The next lemma shows that in order to obtain our purpose we can perform some reductions without
losing generality. We will write pux ' p for pr < pr41 and p = supy, pg.

Lemma 1.52. Let {ug}tren C M(X), ur > 0, be such that u, /" p and assume that
e = gs(remy @ LY), e >0,

where g is the ray map on T. Then there exist m € P(X), r € L'(m ® L), r > 0 such that the same
formula holds for y:

p=gy(rm @ LY).

Proof. Since [ ri(y,t)dt =1 it follows that Py (rpms @ £') = my, and therefore my, / m with m = fyu
(recall that f is a section for the ray equivalence relation R). The convergence uy " p yields

(rkdm’“>m®£1 Y
dm

where p = g;¢. We conclude ¢ = rm ® £ with r := supy, d;;". (|

A first reduction is given by the following lemma.

Lemma 1.53. To prove that there exist m € P(X), r € L*(m @ L), r > 0 such that
p=gy(rm L),

we can assume w.l.o.g. that there exist x,y € X and q > 0 such that

r({@.y): d@.9) > 8q.d(@,2).d(y.5) < ¢} ) = 1.

Moreover the dy,-cyclically monotone set I' and the set of oriented transport rays G can be assumed to be
compact subsets of X x X.

Proof. Step 1. Since m({x = y}) = 0 we can assume that I' N {z = y} = . Take two dense sequences
{zi}iew C X, {gi}ien C RT and consider the family of closed sets

Fijk = {(xvy) : d(zivxj) > 8qkad($7$i)ad(yazj) < Qk}'

Then T';j is a countable covering of X x X \ {z = y}.

Suppose now to have proven that for all . = Pry(mir,,,) the disintegration formula holds with
H'-a.c. marginal probabilities, then the same H'-a.c. property is true if we replace I';;; with the finite
union of sets I'yj/3.

Define

Ly = U Lo
nm
where
N 3 m = (i, Jm, km ) € N3

is a bijective map, and consider pm, = Pry(mip ), then {fim }men verifies the hypothesis of Lemma [[L52
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Step 2. Tt remains to show how to construct the approximating structure 7, € P(X,) converging in
the sense of Definition [L49 to 7Ly, ;,. Since I';j; is closed, there exists a sequence ¢; € C.(X x X, [0, 1])
such that ¢; \, xr,;,- Now ¢y7 \, 7Lr,,, as | — +oo and

¢l (En & En)ﬁﬂ-n — ¢l77-

Hence there exists a subsequence {¢y, (€n, @ £y, )y7n, }ien satisfying (LZ2) with weak limit 7o, ;, . If one
defines

ﬁ-i - (Qﬁll o Eni)ﬂ.’n“

then it is straightforward to show that (Xj,d;,dr ;) converges to (X,d,dr,mr,,,) in the sense of
Definition

Step 3. Since Remark yields that ', G are o-compact, let I' = Uy, G = Up Gy, with Ty, G
compact and consider 7Lr,. The same reasoning done in Step 1 and Step 2. yields that it is enough to
prove the a.c. of disintegration for m.r, . O

Therefore from now on we will assume that 7 is concentrated on the set
{(2,9): d(@,5) > 8,d(x, ), d(y, 7) < g}
Using the same reasoning of Lemma [L.53] one can also prove the following.

Lemma 1.54. We can assume w.l.o.g. that the sets A, C X, are compact and the maps £, : A, — X
are continuous. Moreover £,(A,,) converges in Hausdorff distance to a compact set K on which p and v
are concentrated.

Proof. By Lusin Theorem and inner regularity of measures it follows that there exist B,, C A,, such that
e A, \ B, is compact;
® jin(Bn) < 1/n;
e the map ¢, : A, \ B, — X is continuous.

To prove the first part of the claim just observe that (£, ® £,)sTnLa,\B, x A,\B, — T-
The second part of the statement can be proven following the line of the second part of the proof of
the Proposition [L.50) O

By Lemma [[54]it is straightforward that for all n great enough we have
(gnﬁ,un)(BQq(i')) = (gn]iyn)(BQq(g)) =1
Lemma 1.55. We can assume that the measure m,, is concentrated on a compact subset of
{y € Sn : Hta 5>0: (ya _S)a (ya O)a (ya t) € P12(gra'ph(£n))}
for some fized 6 > 0 and
tn (Sn X (—00,0]) =1,  vy(Sy % (4¢, +0)) = 1. (1.7.5)

Proof. Step 1. Defining
As = {(y,t) €S, xR:|aly) —t] < 5},

by Fubini Theorem
my, X L! (Ag) < 5,

hence by Assumption [ for any € > 0 we can choose § > 0 such that r,m, @ L1(As) < ¢ for al n € N.
Therefore we can assume that r,m, ® L is concentrated on a compact subset B, of £,,1(B(z, 3q))\ As.
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Step 2. Define the u.s.c. selection of B, t,, : S;, — R in the following way:
Y to(y) :==max {t €R, (y,t) € B, }.

By removing a set of arbitrarily small measure we can assume that for all y € Py (graph(¢,,)) there exists

t > 4q such that
1 =(_3
(y:tn(y) +1) € €n1<B<y, 5(1))-

Step 3. The Borel transformation

Bn 3 (y,t) = (y,t — tu(y))

maps m, ® L into itself and in the new coordinates the section S, satisfies the first part of the claim.
By the definition of G,, and u, L v, it follows that p, and v, satisty (LZH), see Remark [[L38 O

Define the map
hyp : Sy xR— X xR
(y,1) = (ln(y,0),1).

and the measure h, 4 (r,m, ® L') = Fm, @ L1, with mmy, = £,(-,0)ym,.

Lemma 1.56. The family of measures {Fpm, @ L'}en C P(Ln(Sn x {0}) X R) is tight and 7y, is
equintegrable w.r.t. M, @ L.

Proof. Performing the same calculation of (R3]

CZ/dL,nﬂ'n :/Sl/n_/SannQ@‘cl'

From (LZ.3), Lemma [L55, it follows that s < 0, 7,1, ® L'-a.e.. Hence 7, @ LY € P(£,(S, x {0}) x
(—00,0])) and

ogf/sfnmn@),clgc,

therefore 7,7, ® L' is tight. Recall in fact that {Sn}nen is a precompact sequence w.r.t. the Hausdorff
distance by Lemma [[.54]
The equintegrability is straightforward:

/ Pty @ L1 = / Tty @ L1
A (hn)~1(A)

and mn ® L1((hn) " (A)) = 11, ® L1(A). O

Consider the following measure
G = (s L)y (rmn @ £1) € TPt @ L1, (€)5(11n) ) € PX % R x X).

Proposition 1.57. Up to subsequences, (, — ¢, where ¢ € Il(rm ® L, u) is supported on a Borel graph
h:T xR — T, such that t — h(y,t) is the di, 1-Lipschitz curve R(y) for m-a.e. y € X.

Proof. Step 1. The convergence to the correct marginals is a consequence of ([L7.2))
(PQ)ﬂC" =(lno gn)ﬂ(rnmn ® El) = (En)tiﬂn — M,

and by Lemma [[.50]
(P1)3Cn = Fning, @ L1 = rm @ L1
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Step 2. Since up to subsequence (,, — (, using the same technique of Lemma [[L50] we can assume
that K, := (hn,?n)(Sn X R) is compact and dg(K,,graph(h)) — 0 where graph(h) is a compact set
supporting ¢ and h is the associated multivalued function.

Step 3. Let (y,t, ) € graph(h), then by the definition of convergence in the Hausdorff metric, there
exists a sequence (€, (Yn,0),tn, n(Yn,tn)) — (y,t,z). Hence from

dL,n((ynatn)v (yn,O)) = |tn| - |t|a

we deduce by (LZA4) that dr(x,y) = |t|. In particular this implies that if ¢ = 0 then z = y.
Step 4. Let (y,t,x), (y,t',2') € graph(h) with t < 0 and ¢’ > 0. Again by the Hausdorff convergence
there exist two sequences satisfying

(gn(ynao)atnagn(yn;tn)) - (yﬂf,iﬁ), (fn(yiwo),t;},fn(y%,t;)) - (y,tlawl)-

Since dr(y,y) = 0, from (74) we deduce

dL,n((yn, 0), (Y- 0)) -0

hence by the definition of df, ,,, for n great enough y,, = y,,. Therefore
di(w,2') = Wm din((yntn); (W 1) = [t + ¢,

and by Step 3 we conclude that d(z,2') = dr(x,y) + d(y, 2').
Step 5. Let (y,t,x) € graph(h): we now show that

t>0 = (y,2)€G, —t>0 = (y,z)c G L

We will prove only the first implication for ¢ > 0. Since following Lemma [[L.54] we can take G, compact
such that

1. (6, ®£,)(G,) — G in the Hausdorff metric;
2. GCQG,

it is enough to show that there exists a sequence (€,,(yn,0), tn, £(Yn,tn)) — (y,t,x) so that (yn,z,) € Gy
for all n, but this last implication is straightforward.

Step 6. We next show that for any y € P;(graph(h)) there exist t_,t; > ¢ and z_, 2, such that
(y,—t_,z_),(y,t4,z4+) € graph(h). In fact we recall that for all y,, € S, there exist t_ ,, ¢+, > 0, for
some strictly positive constant ¢, such that

((y”’ 7t*7n>a (yn, 0))7 ((yn, 0)7 (ynv tJr,n)) € Gn

Hence chose y,, € S,, such that £, (y,) — y and pass to converging subsequences to obtain the claim.
Step 7. Since for y € Pj(graph(h)) there exist x, 2’ such that (x,y), (y,2’) € G\ {x = y}, then
(x,2') € G,y € T and h is single valued. The same computation of Point 5 yields that

{(,n(t,y)),t > 0} U{(h(t,y),y),t <0} C G,

and from this it follows that h(y,R) C R(y).
Again from Point 5 one obtains that dr,(y, h(t,y)) = |[t| and therefore t — g~ (h(y,t)) = g ' (y)+t. O

Theorem 1.58. Let (X, dp,dr n, ™) — (X, d,dp,7) and (X, dp,dL n, ™), n € N, verifies Assumption
and Assumption[f} Then the marginal measure = Py y(m) satisfies Assumption[d

Proof. The measure  constructed in the Proposition [[57 satisfies the hypothesis of Proposition [L47]
Therefore the marginal probabilities of the disintegration of u are absolutely continuous with respect to
H! and therefore u verifies Assumption O
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Remark 1.59. Asin Remark[[4g] if we know more regularity of the disintegrations for the approximating
problems, we can pass them to the limit. Here the key observation is that geodesics converge to geodesics,
so uniform continuous functions on them converge pointwise to continuous functions.

A special case is when d;, = d: a natural approximation is by transport plans where v is atomic,
with a finite number of atoms. This case can be studied with more standard techniques, we refer to the
analysis contained in [10].

1.8 Monge problem for curved metric measure space

In this section we recall the definition of Measure Contraction Property (M CP) and then we prove that
for a metric measure space (X,d,n) satisfying MCP, the Monge minimization problem with marginal
measures p and v with 4 < n and cost d admits a solution. We show moreover that the hypotheses of
Corollary [[L44] hold, and if suppyu and suppr are at positive distance then the assumptions of Lemma
are satisfied, i.e. the current ¢ is normal.

The main reference for this section is [24].

From now on d = dy, and n € M*(X) is a locally finite measure on X. Since d;, = d there exists a
Lipschitz function ¢ potential for the transport problem: hence in the following we will set

I=T"=G= {(w,y) €X x X :p(z)—p(y) =d(w,y)},

where ¢ is a potential for the transport problem.
Let H be the set of all geodesics: we regard H as a subset of Lip, ([0, 1], X) with the uniform topology.

Define the evaluation map e;(y) by
e:[0,1]xH —- X

er) () (18.1)

It is immediate to see that e;(v) is continuous.

A dynamical transference plan = is a Borel probability measure on H, and the path {&; }¢cjo,1) C P2(X)
given by & = (e)4= is called displacement interpolation associated to Z. We recall that P?(X) is the set
of Borel probability measures ¢ satisfying [ d*(z,y)¢(dy) < oo for some (and hence all) = € X.

Define for K € R the function sk : [0, 400) — R (on [0,7/VK) if K > 0)

(1/VK)sin(vVKt) if K >0,
si(t) =<t if K=0, (1.8.2)
(1/v/—K)sinh(yv—Kt) if K <0,

and let N € N.

Definition 1.60. A metric measure space (X,d,n) is said to satisfies the (K, N)-measure contraction
property (MCP(K,N)) if for every point € X and n-measurable set A C X with n(A) > 0 there exists
a displacement interpolation {{;}c[0,1) associated to a dynamical transference plan Z = =, 4 satisfying
the following;:

1. We have & = 6, and & = n(A)"1n_a;

2. for t € 0,1]

n > (er): (t{ % }N_ln(A)E) :

where we set 0/0 = 1.

49



The Monge problem for non-branching distance cost

From now on we will assume the metric measure space (X,d,n) to satisfies MCP(K, N) for some
K € Rand N € N. Recall that MCP(K, N) implies that (X, d) is locally compact, Lemma 2.4 of [24].

The strategy to prove Assumption 2l for any d-cyclically monotone plan is the following: first we prove
that for any 7 € II(u, d,) d-monotone with z arbitrary, the marginal probabilities of 7 obtained by the
disintegration induced by the ray map g are absolutely continuous w.r.t. ! and their densities satisfy
some uniform estimates. Then we observe that these estimates hold true also for any 7 € TI(x, >, - ¢i0x,)
d-monotone. Finally we show that the same estimates hold for general transference plans and therefore
we deduce that the densities of the marginals obtained by disintegrating n w.r.t. any d-monotone plan 7
are absolutely continuous w.r.t. H?!.

By Lemma[[52] it is enough to assume that there exists K7, Ko C X compact set, such that u(K;) =
v(K2) =1 and dy (K, K2) < +00. Hence we can assume that diam (X) < +oo and n(X) = 1.

Lemma 1.61. Consider T € X and let m € II(p,dz) be the unique d-cyclically monotone transference
plan. Then n and the optimal flow induced by m verify Assumption[2: more precisely, n = g4(gm @ L)
and the density q satisfies the estimate

Wy N-1
gy, t) > {%} oy, s) (1.8.3)
for m-a.e. y € S, for any s <t such that d(g(y,t),z) > 0.

We recall that S is a section for the ray equivalence relation. Since p < 7, (L83) implies that
= gg(rm @ L') with r < q.

Proof. First observe that the potential for the transport problem is

p(x) = o(T) + d(z, T),

so that the geodesics used by 7 are exactly Hz := H N eal(i), in the sense that

G = {(7(175),7(1—15)),5§t,’y€Hj}.

Step 1. We first prove that the set of initial points A = a(X) has n-measure zero. Suppose by
contradiction that 7(A) > 0 and let =z 4 be the dynamical transference plan associated: we can assume
that Z; 4 is supported on the set Hz 4 := Hyz Nep'(A). Then the evolution of A by the geodesics of
Hjz 4 can be defined as

A® i=e1_s(Hz,A).

By Condition [ of Definition and the fact that e; ', (A%) = Hz A

N—1
n(A%) > n(4) / } =0 a(dy) > 0, (1.8.4)

p k@)

(- ol o)
x,A
for all s € [0,1). Since all A® are disjoint being the space non branching, it follows that n(A) = 0.

Step 2. For A with n(A) > 0 let Zz 4 be the dynamical transference plan concentrated on a set
Hy 4 := Hz Nep'(A). Denote as before A® := ey (Hgz 4).

Observe that since the set initial point has n-measure zero, we can disintegrate n w.r.t. the ray
equivalence relation: using the disintegration formula n = [1n,m(dy) the same estimate as in (L84)
yields

[ = [rma( [ oo =R L @),
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By evaluating the above formula on sets of the form A = g(S X [t1, t2]), where g is the ray map such that
9(y,0) = z for all y, gives

Lé%<a%m¢ﬂu—$»mww

/Sny(g(y, [t1,t2]))m(dy)(/HM(1 —S){SK(SF;&;;%(’J(;)))}N_lEz,A(dv))

—s)|c N-1
> /Sny(g(y,[tl,tz]))m(dy) min]{(ls)M} _

Y

cE[t1,ta

and therefore for m-a.e. y and every ty, to

w00 .20 = 5) 2 (gl ,t2D) i {1 O

Step 3. For t1 < 0 consider the family of disjoint open sets
k k+1
tl(l——,l—i), k={0,1,...,n—1}.
n

The above estimate and the fact that 7, is probability yield

mdg(v(11- 2V ) Vel o fosmld) o
v A ™ T nceltiti/2 | sk (2le]) '

Hence n, = qH'Ly(y ) and ¢ satisfies (LE3). O

Lemma 1.62. Let 7 € II(p, Zig[ ¢i0z,) d-cyclically monotone. Then the conditional probabilities of the

disintegration of n w.r.t. the ray equivalence relation induced by 7 are absolutely continuous w.r.t. H*
and the density q(y,-) satisfies

sk (d(g(y, 1), b)) "
q@J>Z{3KQKMQJ%b@»)} 10 9)

Proof. Let ¢ be a potential for the transport problem with marginal p and v. Define

B {5 e T (o) - olo) = d(esz) .

Now each F; is sent by the optimal geodesic flow to x;, so we can perform exactly the same calculations
done in Lemma [[L6I] Indeed E; N E; C a(X) which has n-measure zero, n,_g, verifies ([2)) of Definition
.60 along the geodesic flow connecting F; to z;. O

Given H C Lip, ([0, 1], X) a set of geodesics and A C X, define

ASH =) (e7'(A) N H). (1.8.6)
Lemma 1.63. Assume that there exists two compact sets Ky, Ko C X such that
1. p(Kq) =v(Ks) =1;
2. there exist 0 < a < b < 400 such that

a= min d(xy,x9) < max d(xy1,x2);
z1€K1,72€K>2 1€K1,72€K2
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3. Ka is a section of R.
Then if
H(G) = {7 € H:3y € K> (4(1(0) = p(1(1) = d(1(0), /(1)) A 2(0) =y) },  (18.7)
where @ is the potential for the transport problem with marginal p and v, then
) 2 () win, {1~ )%}N )

Proof. Step 1. It follows directly from Lemma [[G2 that the statement holds for v =", ¢;d,.
We thus consider the sequence of approximating problem constructed as follows: let {y;};en be a
dense sequence in Ko and for I € N define

pr(e) = min {(y) +d@.y).y € {1, 1} |,

Buri={z € X oi(e) — orly) = dla.y).i < T},

vy = ZCi,Iéy“ where ¢ 1= ,u(Ei,I \ UEI)

i<I j#i

Clearly ¢y is a potential for the transport problem with marginal ; and v; and let

H(Gr) = {1 € B ¢10(0)) = 91(+(1) = d(3(0), 7(1)) A 7(0) € {y,-++ 1} }.

Step 2. Observe that Kf’H(G) is compact. In fact, since K; and K» are compact, H(G) Ne; ' (K;) is

. . . s, H(G
compact and since ej_, is continuous K7 @)

Kva(GI)

= e1_s(H(Q)) is compact. For the same reasons the sets

are compact.

Step 3. Kf’H(GI) is contained in a compact set and ¢; — ¢ as I — 400, so that up to subsequences
K; H(GD) converges in Hausdorff distance to a compact subset of K} H(G) By the upper semicontinuity

of Borel bounded measures with respect to Hausdorff convergence for compact sets the claim follows. [

Theorem 1.64. If w € II(p,v) d-monotone then nir.= gy(gm @ L), where T, is the transport set with
end points (L2ZEH), and for m-a.e. y and s < t it holds

swe(d(g(y, ). b\ _ aly.t) _ f seldlgly.t),a@)) "
{SK(d(g(y,S),b(w))} = 4s) = {sK(d(g(y,s),a(y)))} (1.8.8)

Proof. Step 1. We first show that the set of initial points has 7-measure zero. In fact suppose by
contradiction that n(a(S)) > 0, where S is a section for the ray equivalence relation of 7. Hence we can
assume that S and a(S) are compact and at strictly positive distance.

Applying Lemma[LG3to the transport problem with marginals 7,5y and fyn, where f is the quotient
map, it follows that n(a(S)) = 0.

Step 2. Since the initial points have n-measure zero, we can disintegrate nLz, w.r.t. the ray equivalence
relation obtaining n.7.= [ n,m(dy). By a standard covering argument, it is enough to prove the statement
on the set

D, :={z:d(z,b(z)) >¢}.

For any 0 < § < ¢ we can take the section S compact such that d(f(x),b(x)) = 4, in particular we have

9(y,0) = b(y).
For 8" C S and t; < tp consider nLg-1(5/x ¢, t,])- Applying Lemma [L.63] with

Teg=1(S" x[t1,t2])
P y Ij P
W= e (S % [, 02]) Jun
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a(y.1)

N-1
sk (d(y.b(y))—t
aly.t) (s;{(z[(y.b(y))*[)

N-1
(- (v.a(s))
aly.?) (::‘(t+:i(;~2(:/i)>

/\

—d(y, a(y)) ¢ d(y,b(y))

Figure 1.4: The region where ¢(y,t) takes values.

where f is the quotient map for the ray equivalence relation R, it holds
sic((1=8)leh "
[t ta](1 — dy) > mi 1— [t dy).
/Sl ny (9(y, [t t2)(1 = s)))m(dy) ce[tiﬁz]{( s) sl } /S 1y (9(y, [t1, t2]))m(dy)

As in Step 2 of the proof of Lemma [[LGI] the estimate (L&E) holds for m-a.e. y and every t; < t2 and

we deduce
{ sk (d(g(y,1),b(y)) — 0) }N_l < 4.t)
sk (d(g(y, s),b(y)) — 0) ~aly.s)
Letting 6 — 0, we obtain the left hand side of (L&.F]).
Step 3. The right hand side of of (LX) is obtained by the same procedure taking

F.:={z:d(d,a(z)) > 6}
and the section S such that d(y,a(y)) =0 for all y € S. O

Since pu < n, it follows that also the densities of the conditional probabilities of u are absolutely
continuous w.r.t. H', and therefore we have the following corollary.

Corollary 1.65. Let (X,d,n) satisfies MCP(K,N), let pu,v € P(X) with p < 1, then there exists a
p-measurable map T : X — X such that Ty = v and

/d(z,T(x))u(dm) = min /d(x,y)ﬂ(dzdy).

e(j1,v)

We can obtain additional regularity of the conditional probabilities 1, under M CP (K, N): in partic-
ular we deduce that the conclusion of Corollary [[L44] holds and if the support of u and v are compact
sets with empty intersection the statements of Lemma [[L40] and Remark [[L41] are true.

Lemma 1.66. The marginal densities

(—d(a(y),y),d(y,b(y)) >t — qy,t) € RT
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are strictly positive Lipschitz continuous for m-a.e. y € S, and for some constant C > 0
- C
~ d(a(y),b(y))’

Proof. From (L&) it follows immediately that the function ¢(y,¢) > 0 and Lipschitz continuous for
t e (—d(y,a(y)),d(y,b(y))) and m-a.e. y. By differentiating it follows that

sk (dg(y, 1), b(y)))
sk (d(g(y,1),b(y)))
In particular ¢(y, -) is Lipschitz.

For notational convenience let us assume that d(a(y),y) = d(y,b(y)) = I. From (L&) one can prove
that

Tot.Var.(q(y, ))

q (y,t) - N_l)s}((d(g(y,t),a(y))) (1.8.9)

- (N-1) at) sk (d(g(y, ), a(y)))’

<

M t>0
q(y.t) = q(y,0) - s;fi(% )
T E

Since [ q(y,t)dt =1 it follows that

q(y,0) < ek (d(a(y),b(y))),

where Sk(t/Q)N_l t/2 -1~
ck(t) = f(/ SK(T)N_ldT) < 7
0
being C' a constant depending only on K.
To show that .
[ 100 <+,
-1
it is enough to prove
0
| vl <+,
-l
From (89 it follows
she(l—1t
S t) = 0+ (V=)0 20
so that

Tot.Var. (w(y, ")) < (1 + (N —-1) (S;;((Qll)) — 1))q(y, 0).

Hence
Tot.Var.(q(y, ), (—¢,0]) < Tot.Var.(w(y, ), (—¢,0]) + Tot.Var. ((N - 1)i, (—¢, 0])q(0,y)

SK
s (20)

< Tot.Var.(w(y, ), (=£,0]) + (N — 1) sk (1)

< (1 + 2(882((2;)) - 1) a(y,0).

Collecting all the estimates, we get

Tot. Var. (q(y, -)) < 2(1 + 2(‘3;;((21? - 1)cK(2l).

q(0,y)

In general, the current ¢ is not normal, as one can easily verify in T? with the standard distance.
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1.9 Examples

We end this chapter with some examples which shows how the different hypotheses of Section [l enter
into the analysis. In the following we denote the standard Euclidean scalar product in R? as - and the
standard distance in T¢ by | - |. We will also denote points by p = (z,v,2,...) € R% and a a fixed
constant in [0, 1]\ Q.

Example 1 (Non strongly consistent disintegration along rays). Consider the metric space
(X7 d) = (-[I—2a | : |)

and the Ls.c. distance in the local chart X = {(z,y) : 0 < z,y < 1}

dr(p1,p2) : {|$1z2+z| Y1 — Yo = a(r1 —x2) +ia+n

+00 otherwise

for i,n € Z. The sets Dy, are given by
Dr(p) = {(w,y) cy=y14+alz—=z +i) modl,ie N},

so that it is easy to see that the partition {Dr,(p)}pex does not yield a strongly consistent disintegration.
Since t — (¢t mod 1,at mod 1) is a continuous not locally compact geodesic, Condition () is not verified
in this system.

Consider the measures p = £2 7 and the map T : (z,9) — (2,9 +«a mod 1): being p invariant w.r.t.
translations, one has Tyt = 1, and moreover

/dL(x,T(x))u(dx) .y

If we consider points (p;, (z;,y; +« mod 1)),4=1,...,I, then the only case for which dr,(p;+1,pi) <
+o00 is when p;41 = (z; +¢t mod 1,y; + at mod 1) for some ¢t € R, i.e. they belong to the geodesic

Rot— (x;+t mod 1l,y;+at mod 1) € X.

Hence, to prove dp-cyclical monotonicity, it is sufficient to consider path which belongs to a single
geodesic, where dy, reduces to the the one dimensional length:

dp((z,y),(x+t mod 1,y+at mod 1)) = [t

Since translations in R are cyclically monotone w.r.t. the absolute value, we conclude that T' is dj-
cyclically monotone.

The fact that the optimal rays coincide with the sets Dy, yields that the disintegration is not strongly
consistent, in particular there is not a Borel section up to a saturated negligible set. Note that every
transference plan which leaves the common mass in the same place has cost 0, so that this example shows
the necessity of Condition (&) for Proposition 27

Example 2 (Non optimality of transport map). Consider the space R? with the distance

M(z,y) = [méy) ﬂ .

The basic assumption is that

1. m is a symmetric bell shaped function such that ym/’(y) > 0 for all y # 0,
2. m(0) =1, m(y) = (L +y*)~" for [y| <1
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1]'2

Figure 1.5: The metric space of Example[I]

3.m>(1+%%)"!and
lim  m(y) = -
wimtoo T4

The only non zero Christoffel symbols of the Levi-Civita connection are
! /

m
r2 =——
11 27

m
2m’

and the equation for geodesics can be computed explicitly to be

1 _ 1l
F12_F21_

Lo m(y) . Lom(Y) o
T+ zy =0, — —(x)* =0.
miy) 2
The first can be integrated into
im(y) = C,
and substituting into the second we obtain
C?m/(y) 2, C°
S PW _o, pPy——=D
2m?(y) m(y)

In the case m(y) = (1 +y?)~! we obtain the explicit solution

i+ C* =0, y=asin(Ct)+ bsin(Ct).

2 b2 2 _ b2 b
T =x0+ C’(l +2 ;_ )t +2 1 sin(2Ct) — % cos(2Ct).
In particular, if the initial point is (0,0) an g =1, o = p
2 2
x = (1+%>t—%sint, y = psint. (1.9.1)
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Note that this curve hits the line y = 0 in the point z = 7(1 + p*/2).
We can compute the length of a geodesic by

L(v) := /OtdeZ/ot/\/%-f—D—%QdT

— /D = ty/mlyo)@0)? + ()"

We are thus ready to prove the first property of our space.
Lemma 1.67. The mintmal geodesics are not horizontal.

Proof. From

it follows that if y = 0 then m(y) = C?/D. Computing in those points

Py gi _m'  m/ (9)?
de?2  (£)2  (£)3 2 2

+E($-—):?7é0a y #0.

In ths other case y = 0, and thus the curve is x = t, y = 0. Computing the lenght of this curve starting
from zp = 0 we obtain L = x, while if |z| > 7 we can arrive from one of the curves (L9 obtaining

2
Lp)=7mv/1+p2< 7T(1 + %) = |x|.
Hence also {y = 0} is a geodesic only for a lenght 2. O
We can characterize more precisely the distance
d((z,y), (@',y")) == inf {L(7),7(0) = (z,9),7(1) = («/,)}
on the line {y = 0} as follows.

Lemma 1.68. The distance function restricted on y = 0 is a concave function with the following prop-
erties:

1. it is translation invariant,

2. d(0,z) > |x|/4,

3. d(0,z) = |z| for |z| < =;

4. d(0,z) = 2mx — 72 for || € (m,37/2).

Proof. The first two points are trivial since M > 1/4. For the second, observe that we can lower the
distance by taking m = (1 + y?)~!, for which we can explicitly compute the distance as

z,0) =
V2rx — 72 x| > 7.

Since for p < 1 the solutions remains in the strip {|y| < 1}, which corresponds to the solution (9.1
with p = 1, also the third point follows. (I

We now restrict the analysis to y = 0, with the distance dy with the above properties. Consider the
function ¢,, a < 1, defined up to a constant by

o1z elzz4adl,
¢(x){—1 r€(z+az+1).
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Lemma 1.69. For a < 5/9 the function ¢ is a potential, i.e.

|p(z") — o(x)| < d((x,0), (2',0)).

Proof. By translation and symmetry, the only case to study is z = 0, 2’ > 0. For a < 5/9 we have that
at the maximum points

B +a) = 6(0) = n(2a— 1) +o= 7+

and thus
n+a n < 2,

o(n+a) - ¢(0) < {(n+a)/4 n > 3.

This concludes the proof. O

The key point of the above lemma is that in the geodesic space (R2, J) if u, v are two probability
measures such that
1([n,n+5/18]) = v([n +5/18,n + 5/18]),

then the usual monotone transport is d-monotone.

1.9.1 The space (X,d,dr)

Consider the space
(Xad) = (-I]—2X|Ra|'|)a ’LU:(.’L',y,Z),

and for a € [0,1] \ Q define
J((O,z), (t,2')) o/ —z=t modl, 2’ —z=at mod 1,

+00 otherwise.

dr((z,y,2), (z',y',2")) := {

Clearly the set {w’ : dp(w,w') < 400} is the image of (R?,d) by the map

z r+t; modl
[R2 = (tl, tg) — y/ = Y + at1 mod 1
2! z 4+t

Since no geodesics are horizontal by Lemma [[L67] it follows that the local compactness condition is
satisfied.
Consider now the (not renormalized) measures

1="H?Uo,1/18)x[0,1]x {0} K = M L[1/2,5/9)%[0,1]x {0}

and the transport maps

Ty (x,y,2) = (w—i— l,y-l— g,Z), (x,y,2) €0,1/18] x [0,1] x {0},

2 2
NGRS N ) (z,y,2) € [1/36,1/18] x [0,1] x {0},
2 (x =4I mod1l,y— 12 mod1l,z2) (x,9,2)€[0,1/36) x[0,1] x {0}.

Clearly the conditions on the absolute continuity of the disintegration is satisfied, and the transport costs

can be computed to be
1 17
[asteTi@natn) = 5. [ due Ta(@)ntan) = 57

Nevertheless Ty is d, monotone, because of Lemma [LE9] and the disintegration along the transport set
is clearly a.c. w.r.t. H.
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L t2 (®2.d)
(X,d,dy) /

(z,y)

Figure 1.6: The metric space of Example.






Chapter 2

Optimal Transportation in Wiener
space

We recall the issue of this chapter. Let (X, || -||) be an co-dimensional separable Banach space, v € P(X)
be a non degenerate Gaussian measure over X and H(y) be the corresponding Cameron-Martin space
with Hilbertian norm | - || z7¢,y. Given two probability measures p, v € P(X), we will prove the existence
of a solution for the following Monge minimization problem

ppin [ e = T@)lncutdo) (2.0.1)
provided p and v are both absolutely continuous w.r.t. ~.

Just few words on the organization of this chapter. In Section 21l we recall the basic mathematical
results we use: projective set theory, the Disintegration Theorem in the version of []], selection principles,
some fundamental results in optimal transportation theory and the definition and some properties of the
abstract Wiener space.

In Section we show, omitting the proof, the construction done in [9] on the Monge problem in a
generalized non-branching geodesic space and we show that the Wiener space fits into the general setting.

In Section 23] we prove Theorem [I.4l In Section [Z4] we prove that the hypothesis of Theorem [0.4] can
be proved by a finite-dimensional approximation and Section proves the hypothesis of Theorem [0.4]
in the finite dimensional case. Finally in Section 2.6 we prove Theorem [2:22] and we obtain the existence
of an optimal transport map.

2.1 Preliminaries

2.1.1 Approximate differentiability of transport maps
The following results are taken from [2] where they are presented in full generality.

Definition 2.1 (Approximate limit and approximate differential). Let @ C R? be an open set and
f:Q — R™ We say that f has an approximate limit (respectively, approximate differential) at x € Q
if there exists a function g : 2 — R™ continuous (resp. differentiable) at 2 such that the set {f # g}
has Lebesgue-density 0 at 2. In this case the approximate limit (resp. approximate differential) will be
denoted by f(z) (resp. Vf(x)).

Recall that if f: Q — R™ is L% measurable, then it has approximate limit f(ac) at L%-a.e. z € Q and

f(z) = f(z) L%ae..

Consider m = d and denote with X ¢ the Borel set of points where f is approximately differentiable.

This chapter is based on the work [I6].
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Lemma 2.2 (Density of the push-forward). Let p € L'(R?) be a nonnegative function and assume that
there exists a Borel set ¥ C Xy such that fis is injective and {p > 0} \ ¥ is L%-negligible. Then
fepL < L if and only if |det Vf| > 0 for L%-a.e. on X and in this case

= —P ool 2.1.1
fa(pLY) |detVf|of Lf(D) (2.1.1)

We include a regularity result for the Monge minimization problem in RY with cost Cp (x,y) = |z—y|P,
p > 1 (Theorem 6.2.7 of [2]):
min / ep(z, T(x))u(dz). (2.1.2)
[Rd

T:Typ=v

Theorem 2.3. Assume that u € P"(R?), v € P(R?),

,u({ac S /cp(x,y)u(dy) < —l—oo}) >0 and V({y eRe: /cp(x,y),u(dx) < +oo}) > 0.

If the minimum of (AT is finite, then
i) there exists a unique solution T, for the Monge problem 2.I1.2);

ii) for p-a.e. x € RY the map T, is approximately differentiable at x and @Tp(x) is diagonalizable with
nonnegative eigenvalues.

2.1.2 The Abstract Wiener space

We briefly introduce our setting. The main reference is [I1].

Given an infinite dimensional separable Banach space X, we denote by || - || x its norm and X*
denotes the topological dual, with duality (-,-). Given the elements z7,...,z} in X*, we denote by
Hgr 2z : X — R™ the map

HCE’{ ----- Ifn(z) = (<1‘,£ET>,,<SE,SE;>)

Denoted with £(X) the o-algebra generated by X*. A set C' € £(X) is called cylindrical if
C={reX:Ily(x)e B}, BCR", {zj}i<n CX",

and we will denote the cylindrical sets with C(B) where B is the base of C.
A set E belongs to £(X) precisely when it has the form

E={re X Il(r) € B}, BCR®, {zjlienCX"
In our setting B(X) = £(X).

Lemma 2.4 (Lemma 2.1.5 of [I1]). Let p be a positive Borel measure on X. For any set A € B(X),
(the completion of B(X) w.r.t. ) and any € > 0 there exists a set E = C(B) in E(X) with B C R>®
compact in the locally convex topology of R*, such that

E C A, A\ E) <e.
A Borel measure v € P(X) is a non-degenerate centred Gaussian measure if it is not concentrated on

a proper closed subspace of X and for every z* € X* the measure xy7y is a centred Gaussian measure on
R, that is, the Fourier transform of ~ is given by

i) = [ explife 0))(dn) = exp { - 507 Qa"))
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where @ € L(X*, X) is the covariance operator. The non-degeneracy hypothesis of « is equivalent to
(x*, Qz*) > 0 for every x* # 0. The covariance operator () is symmetric, positive and uniquely determined
by the relation

(", Qa") = /X (@, ) (", 2)y(de), Veyt e X7

The fact that @ is bounded follows from the Fernique’s Theorem, see [11]. This imply that any 2* € X*
defines a function x — x*(z) that belongs to LP(X,v) for all 1 < p < co. In particular let us denote by
R§ : X* — L*(X,v) the embedding RZz*(x) := (z*,z). The space ¢ given by the closure of R*X* in
L?(X,~) is called the reproducing kernel of the Gaussian measure. The definition is motivated by the
fact that if we consider the operator R, : # — X whose adjoint is R then Q = R,R:

W B Re) = (B Ry o = [ (") ad) = (7, Qa).
b'e
It can proven that R, is injective, compact and that
R,h = / h(z)zy(dz), he A, (2.1.3)
X

where the integral is understood in the Bochner or Pettis sense.
The space H(y) = R, ¢ C X is called the Cameron-Martin space. It is a separable Hilbert space
with inner product inherited from L?(X,~) via R:

(h1,ha) pr(yy = (B o) e

for all hy,he € H with h; = vaAzi for i+ = 1,2. Moreover H is a dense subspace of X and by the
compactness of R, follows that the embedding of (H(7), || - [[z(y)) into (X, - ||) is compact. Note that
if X is infinite dimensional then v(H) = 0 and if X is finite dimensional then X = H (v).

2.1.3 Finite dimensional approximations

Using the embedding of X* in L?(X,~) we say that a family {z}} C X* is orthonormal if the correspond-
ing family {Rf;ac;*} is orthonormal in 4. In particular starting from a sequence {y;};cn whose image
under R is dense in 7#’, we can obtain an orthonormal basis RJx} of 7. Therefore also h; = R, R}z
provide an orthonormal basis in H (7).

In the following we will consider a fixed orthonormal basis {e;} of H(vy) with e; = R.¢é; for é; € RZ X™.

Proposition 2.5 (Proposition 3.8.12 of [11]). Let vy be a centred Gaussian measure on a Banach space
X and {e;} an orthonormal basis in H(~y). Define Pjx := Z';:l(éi,@ei. Then the sequence of measures
i := Payy € P(X) converges weakly to .

The measure 4 defined above is a centred non-degenerate d-dimensional Gaussian measure and, due
to the orthonormality of {e;};en, with identity covariance matrix. Note that from ZTI3)) it follows that
(éj,x) = (e, x)m for all z € H. Hence we will not specify whether the measures 74 is probability measures
on R or on P;H:

. . N 1 x? rl
Ya =147 ® - ® Eq47, e]wfmexp{ 2} .

For every d € N we can disintegrate v w.r.t. the partition induced by the saturated sets of P;:
_ 1 1 p—1 _
v= /vy,dvd(dy), Vya(Py (y) =1 foryg—ae y. (2.1.4)
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2.2 Optimal transportation in geodesic spaces

In what follows (X, d,dy,) is a generalized non-branching geodesic space in the sense of Chapter [I] and
in this Section we retrace, omitting the proof, the construction done in Chapter [ that permits to
reduce the Monge problem with non-branching geodesic distance cost dy,, to a family of one dimensional
transportation problems. Then we will observe that the triple (X, || - ||| - [|z(y)) is a generalized non-
branching geodesic space in the sense of Chapter [Tl

Let p,v € P(X) and let w € II(, ) be a dp-cyclically monotone transference plan with finite cost.
By inner regularity, we can assume that the optimal transference plan is concentrated on a o-compact
dr-cyclically monotone set I' C {dr(x,y) < +o00}. By Lusin Theorem, we can require also that dpLr is
o-continuous:

I'=u,I'y, I'y CI'y,41 compact, drLp, continuous.

Consider the set

I’ .= {(Jj,y):ﬂleh\lo,(wi,zi) elfori=0,....1, z1=y

I

Wr4+1 = Wy = T, ZdL(wi+1,Zi) - dL(’LUi,ZZ') == 0} (221)
=0

In other words, we concatenate points (z,z), (w,y) € I' if they are initial and final point of a cycle
with total cost 0. One can prove that I' C IV C {dp(x,y) < 400}, if T is analytic so is IV and if T is
d-cyclically monotone so is I".

Definition 2.6. [Transport rays] Define the set of oriented transport rays
G = {(@.y) : 3w, 2) € T du(w,x) + du(@,y) +di(y, ) = du(w,2)].

For x € X, the outgoing transport rays from x is the set G(z) and the incoming transport rays in x is
the set G=1(x). Define the set of transport rays as the set

R:=GUG™ .
It is fairly easy to prove that G is still dj-cyclically monotone, IV C G C {d.(z,y) < 400} and G
and R are analytic sets.

Definition 2.7. Define the transport sets

T := Py(graph(G~1) \ {z = y}) N Py (graph(G) \ {z = y}),
7. := Py (graph(G™1) \ {z = y}) U Pi (graph(G) \ {z = y}).

From the definition of G one can prove that 7, 7. are analytic sets. The subscript e refers to the

endpoints of the geodesics: we have
T. = PR\ {z = y}). (2.22)
It follows that we have only to study the Monge problem in Z¢: m(7, x 7. U{z = y}) = 1. As a

consequence, (1(7.) = v(7.) and any maps T such that for vz, = Tyu7, can be extended to a map T”
such that v = Typ with the same cost by setting

T'(z) = {f(x) z z ; (2.2.3)

By the non-branching assumption, if z € 7, then R(x) is a single geodesic and therefore the set
RNT x T is an equivalence relation on 7 that we will call ray equivalence relation. Notice that the set
G is a partial order relation on 7.

The next step is to study the set 7. \ 7.
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Definition 2.8. Define the multivalued endpoint graphs by:

a:={(z,y) e G : G (y) \ {y} =0},
b= {(z,y) € G:G(y) \{y} = 0}.

We call Ps(a) the set of initial points and Pa(b) the set of final points.

Even if a, b are not in the analytic class, still they belong to the o-algebra A.
Proposition 2.9. The following holds:

1. the sets
a,bC X x X, a(A),b(4) C X,

belong to the A-class if A analytic;
2.anbNT. x X =0;
3. a(x), b(x) are singleton or empty when x € T ;
4 a(T) = a(T), b(T) = H(T.);
5. T.=TUa(T)Uub(T), TN (a(T)UbT)) =0.

Finally we can assume that the p-measure of final points and the v-measure of the initial points are
0: indeed since the sets GNb(T) x X, GN X x a(T) is a subset of the graph of the identity map, it
follows that from the definition of b one has that

zeb(T) = G)\{z} =0,
A similar computation holds for a. Hence we conclude that
7(b(T) x X)=nm(GNb(T) x X)=n{{x=y}),

and following (Z2.3)) we can assume that

2.2.1 The Wiener case

For the abstract Wiener space, it is possible to obtain more regularity for the sets introduced so far. Let
d=|-| and dr, = || - || m: by the compactness of the embedding R~ of H into X it follows that

(1) dr : X x X — [0, 4+o00] Ls.c. distance;
(2) dp(x,y) > Cd(z,y) for some positive constant C;
(3) Uzek, yeksVa,y 18 d-compact if Ky, Ky are d-compact, drLk, x k, uniformly bounded.
The set IV is o-compact: in fact, if one restrict to each T',, given by (Z2I), then the set of cycles of
order [ is compact, and thus
F;j = {(:c,y) 231 €{0,..., I}, (wi,z) €T, fori=0,....1, z1 =y

I

wrpy = wo =, Y dp(wisr, z) = dp(wi, z) = 0}
=0

is compact. Finally IV = U, /I7, ;.
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Moreover, dr . is continuous. If (2, yn) — (,y), then from the Ls.c. and

I I

E dr,(Wnit1, Zni) = E Ar,(Wn iy Zni)s  Wn i+l = Wn0 = Tny Zn,0 = Yn,
i=0 i—0

it follows also that each dr,(wp, it+1, 2n,;) is continuous.
Similarly the sets G, R, a, b are o-compact: assumption (3) and the above computation in fact shows
that

G = { (@,y) : 3w, 2) € T} pydu(w,2) + dy (w,y) + du(y,2) = di(w,2)}
is compact. For a, b, one uses the fact that projection of o-compact sets is o-compact.

So we have that I', IV, G, G~', a and b are o-compact sets.

2.2.2 Strongly consistency of disintegrations

The strong consistency of the disintegration follows from the next result.

Proposition 2.10. There exists a pi-measurable cross section f: T — T for the ray equivalence relation

R.

Up to a p-negligible saturated set 7y, we can assume it to have o-compact range: just let S C f(7)
be a o-compact set where fyuL7 is concentrated, and set

Ts:=RYS)NT, Tn:=T\Ts, u(Ty)=0. (2.2.4)
Having the p7-measurable cross-section
S:=f(T)=SU f(Tn) = (Borel) U (f (u-negligible)),

we can define the parametrization of 7 and 7. by geodesics.
Using the quotient map f, we obtain a unitary speed parametrization of the transport set.

Definition 2.11 (Ray map). Define the ray map g by the formula

g:={(n.t.2) 1y € 5,1 € [0,4+00),2 € Gly) N {du(w,y) = 1}
U {(y,t,x) cy €8,t € (—00,0),x € G Hy) N {dr(z,y) = —t}}
=gtug .
Proposition 2.12. The following holds.
1. The restriction gN S X R x X is analytic.
2. The set g is the graph of a map with range 7.
3.t g(y,t) is a dy, 1-Lipschitz G-order preserving for y € T.

4. (t,y) — g(y,t) is bijective on T, and its inverse is

Z = gil(‘r) = (f(y)a idL(‘r’f(y)))

where [ is the quotient map of Proposition [Z10 and the positive/negative sign depends on x €
G(f(y)/x € G (f(y)-

Another property of dy-cyclically monotone transference plans.
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Proposition 2.13. For any m dr-monotone there exists a dp-cyclically monotone transference plan 7
with the same cost of m such that it coincides with the identity on p A v.

Coming back to the abstract Wiener space, we have that given u,v < 7 and given © € II(p,v)
|| - [|7¢y)-cyclically monotone, we have constructed the transport 7 (and 7.), an equivalence relation R
on it with geodesics as equivalence classes and the corresponding disintegration is strongly consistent:

per= [ mm(ay (2.25)

with m = fyp and py (R(y)) = 1 for m-a.e. y € 7. Using the ray map g one can assume that u, € P(R)
and

pHoT= gﬂ/suym(dy)-

2.3 Regularity of disintegration

To obtain existence of an optimal transport map it is enough to prove that:
e 4 in concentrated on 7
® i, is a continuous measure for m-a.e. y € S.

Indeed at that point, for every y € S we consider the unique monotone map 7}, such that Ty 4, = vy,
then T'(g(y,t)) := T, (g(y,t)) is an optimal transport map, see Theorem [[37 of Chapter [
Define the map X x X 5 (z,y) — Ti(z,y) == x(1 —t) + yt € X.

Assumption 5 (Non-degeneracy assumption). The measure v is said to satisfy Assumption B w.r.t. a
| - || r(y)-cyclically monotone set I' if

i) 7(I') =1 with 7 € TI(p, v) and p,v < 7;

ii) for each set A € £(X) with compact base such that p(A) > 0 there exist C' > 0 and {t,, fnen C [0, 1]
converging to 0 as n — +oo such that

(T, (TNAx X)) >Cu(A) (2.3.1)
for all n € N.
An immediate consequence of Assumption [blis that the set of final points is y-negligible.
Proposition 2.14. If v satisfies Assumption (Bl) then
p(a(7e)) = 0.

Proof. Let A = a(7.) and recall that . = p17y. Suppose by contradiction p(A4) > 0. By inner regularity
and Lemma 2] there exist a Borel set C(B) =: Ac A, with compact base B, of positive y-measure and a
strictly positive constant § € R such that py(z) > 6 for all 2 € A. Since I' C {(z,y) : lz=yllme) < +ool,
we can moreover assume that

I'NAxXC{(z,y):lx—yllue <M}

for some positive M € R.
By Assumption [{ there exist C' > 0 and {¢, }nen converging to 0 such that

YT, (TN A x X)) > Cu(A) > 6Cy(A).

67



Optimal Transportation in Wiener space

Denote with A;, =T, (I'N A x X) and define
Af = {m : ||121 — 2| m(y) < 5} =P ({(m,y) EXxA: lz =yl e < 5})

Since A € A = a(T2), Ay, N A =0 for every n € N. Moreover for ¢, < e/M it holds A > A,,. So we
have for t¢,, small enough R R R R
V(AT =2 7(A) +7(A,) = (1+ Co)v(A).

Since y(A) = lim, o v(A?), this is a contradiction. O

It follows that (7)) = 1, therefore we can use the Disintegration Theorem to write

p= / pym(dy),  m = fyu, py € P(R(y)). (2.3.2)
S

The disintegration is strongly consistent since the quotient map f : 7 — 7 is p-measurable and (7, B(7))
is countably generated.
The second consequence of Assumption [Blis that yu, is continuous, i.e. py,({z}) =0 for all z € X.

Proposition 2.15. If v satisfies Assumption [ then the conditional probabilities p, are continuous for
my-a.e. Yy € 5.

Proof. From the regularity of the disintegration and the fact that m(S) = 1, we can assume that the
map y — [ty is weakly continuous on a compact set K C S of comeasure < . It is enough to prove the
proposition on K.

Step 1. From the continuity of K 3 y +— pu, € P(X) w.r.t. the weak topology, it follows that the map

y— Ay —{xeR y): ,uy({x})>0}=Un{x€R() py({}) =27 n}

is o-closed: in fact, if (Y, xm) — (v, ) and py,, {zm}) > 277, then py,({x}) > 27" by u.s.c. on compact
sets. Hence A is Borel.

Step 2. The claim is equivalent to u(Pz(A)) = 0. Suppose by contradiction p(Py(A)) > 0. By Lusin
Theorem (Theorem 5.8.11 of [25]) A is the countable union of Borel graphs. Therefore we can take a Borel
selection of A just considering one of the Borel graphs, say A. Clearly m(Py (A)) > 0 hence by B33)

(PQ(A)) > 0. Using Lemma[Z4 we can find a Borel subset A C P»(A) still with positive p-measure such
that A = C(B) with B C R*™ compact.

By Assumption[] v(7}, (TNAx X)) > Cu(A) for some C' > 0 and t,, — 0. From Ty, (TNAx X)N(A)
(), using the same argument of Proposition 214}, the claim follows.

o

2.4 An approximation result
Let Py : X — H be the projection map of Proposition 2.5 associated to the orthonormal basis {e;};en of
H(’y) with e; = Rwéi for ¢; € R:X* and Pdﬁ’y = Yd-

Consider the following measures

Hd = Pdn,u, Vq = PdﬁV (2.4.1)
and observe that pg = p1,4va and vq = p2,qyq with
pid(z) = /pi(z)'yid(dz), 1=1,2, (2.4.2)
where ’yid is defined in (ZT4)). Recall that pg — p and vg — v as d / co.
Denote with II,(uq, v4) the set of optimal transference plans for the Monge problem between 4 and

vgq with || . HH('y)‘COSt-
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Proposition 2.16. Let my € ,(ua,va) and let m# € I(p,v) be any weak limit of {mq}taen. Then
7w € (u,v) is an optimal transport plan for (20.1)).

Proof. Let 7t € TI(u, V) be a transference plan. The following holds true

Y

[ e =tz = [ 1PuGe = )llncoytardy) = [ o=l (Pa© Po)e)dady)

Y

[ 12 = sllsymatdzdy)

Let {di}ren be a subsequence such that mq, — 7 as dy / 00. Since || - || () is Ls.c. it follows that

/Hm—yHH(,Y 7 (dady) >hm1nf/||ac—y||H T, (dzdy) > /Hx—yHH(,Y m(dxdy).

Hence the claim follows. O

Since p;q depend only on the first d-coordinates, the measures pq,74 can be considered also as

probability measure on R?. Clearly for x,y € P4(X) the norm || - |4 and [| - || () coincide. Therefore we
can study the transport problem with euclidean norm cost ||z||? := Z;l:l 3
min j[Hz‘*yWﬂddxdy) (2.4.3)
me(pa,va)

However it is worth noting that when we speak of weak convergence, the measures pg4, vy and 4 are all
thought as probability measures in X.

It is a well-known fact in optimal transportation that (Z4.3) has a minimizer of the form (Id, Tq)sta
with T u-essentially invertible and Borel. For each d we choose as optimal map 7y the one obtained gluing
the monotone rearrangements over the geodesics and we set mq := (Id, Ty)spa. Moreover I'y := graph(Ty).

The results that we are about to present are true for any weak limit 7 of the sequence {m4}qen.
Nevertheless to simplify the notation we assume that the whole sequence {mq}aen = {(Id, Ty)s1ta}aen
converges to some 7.

Theorem 2.17. Fiz t € [0,1]. Assume that there exists C > 0 such that for all d € N and A C X
compact set the following holds true

Ya(Ty(TaNAx X)) > Cua(A).
Then for all A C X ~y-measurable
Y(TH(TNAx X)) > Cu(A), (2.4.4)
where I' C X x X is any || - || () -cyclically monotone with n(I') = 1.

Proof. Tt follows from Proposition that 7 is an optimal transference plan, hence it is concentrated
on a || - || gr¢y)-cyclically monotone set I'.

Step 1. Since pig — p and vy — v, for every € > 0 there exist K . and Ky, compact sets such that
pa(Kie) > 1 —¢/3 and vg(Kae) > 1 — /3. Denote with K, := Ky X Ko .. For every d € N there
exists a compact set Fd C I'y such that 7rd(1"d) > 1—¢/3. Consider the compact se I'y . := Fd N Ke,
then m4(T'g) > 1 —¢ and I'y . converges as d /" oo in the Hausdorff topology, up to subsequences, to a
compact set I'c with 7(T'.) > 1 —e.

Step 2. Let I,y C T be a compact set such that m(I'y,) > 1 —1/n. Hence n(Te.NT,) > 1—¢—1/n.
Consider the following sets, open and closed respectively:

(T.NT,)° i={z:|TeNT, —z| <6}, cl(T-NT,)° :={x:||l.NT, —z| <d}.
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Since liminfy 74(U) > 7(U) for every open set U C X, it follows that for every § > 0 there exists ds € N
such that for all d > ds
ma(TeNTy)®) >1—2e—1/n.

The same inequality holds true for 74(cl(I'- NT,)°). Therefore
Tas (Tase Nel(T=NT,)%) > 1—3e — 1/n.

Take as 6 = 1/k for k € N and let dj, := ds, . Define the compact set Iye=Ta.N AN Fn)l/k, then
since I'y . C K¢, up to subsequences, limg oo dg (1"}376, I'.,) =0 with

FepCclenly, CT, mg (M) >1-3e—1/n, w(Tcn)>1-3c—1/n. (2.4.5)

The inclusion I'; ,, C I'e NI', can be verified observing that any limit point of sequences of I'; . must be
contained in I': N T,,.

Step 3. Consider A = C(B) € £(X) with B € R™ compact set for some fixed m € N. Since T} is
continuous and I'y . NAx X converges in Hausdorff topology to I'; , N A x X, it is fairly easy to prove that
T (I‘Z . NAx X) Kuratowski-converges to T3(I'z , N A x X). For the definition of Kuratowski-convergence
see for instance [6]. Moreover

Ty NAxX)Ceo(P(K.NAXx X)NPy(K.NAxX))

and by Proposition A.1.6 of [I1], co(Py (K. N A x X) N P(K. N A x X)) is compact. Therefore, by
Proposition 4.4.14 of [6], T;(I'; . N A x X)) converges also in the Hausdorff topology to T3(I'. , N A x X).
Step 4. It follows that

V(T (Tepn N A X X)) > limsupyg, (Tt (T . N A x X)),
k——+oo

hence, since I'y _ is a subset of the graph I'q, , it follows that

YT(Ten N A X X)) > limsup ya, (T (I . N A x X))

k—-+oo
> Climsup pq,, (P (Fﬁ,g) NA)
k—+4o00
> C'limsup pgq, (A) — C(3e — 1/n) (2.4.6)
k—+4o00

where in the last equation we have used pq(P1(I';.)) > 1 — 3¢ — 1/n that follows from ([Z41). Since
ta, = Pa, ype and A has finite dimensional base, the sequence {f4, (A)}ren is definitively constant and
therefore

YT (Ten N A X X)) > Cu(A) — C(3e — 1/n) (2.4.7)

for all A € £(X) with finite dimensional base.
Step 5. Counsider A = C(B) = {z € X : {{;(z)}ien € B} with B € R* compact set in the locally
convex topology of R and {/;};en C X*. We consider the sequence of compact sets

Ay = C(Pd(B)) = {ac e X: {El(l')}lgd S Pd(B)}

Clearly A, is closed with finite-dimensional compact base and Ag D Agy1 D A for every d € N. Then for
every d € N from ([Z47)

YT (Ten NAg x X)) > Cu(Ag) — C(Be —1/n) > Cu(A) — C(3e — 1/n).
Since the first term in the above inequality is decreasing, it follows that

thJIrl ’Y(Tt(rs,n N Ad X X)) > C,U(A) - 0(35 - 1/”)
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Now observe that from the compactness of I'. ,, N A4 X X we obtain
() T(Ten N Ag x X) = Ty(Ten N A x X).
d=1

Thus [24.7) holds true and
A0 A A x X)) > ATy (Lo N A X X)) > Cu(4) — O3 — 1/n).

Letting ¢ — 0 and n — —+00, the claim is proved for every A € £(X) with compact base. The extension
to y-measurable sets is now a straightforward application of Lemma 2.4 O

2.5 Finite dimensional estimate

The next theorem proves that the d-dimensional standard Gaussian measure 4 = Py satisfies Assump-
tion [{ for T’ = graph(7T,) = T'y.

Theorem 2.18. Assume that there exists C > 0 such that p; q(x) < C for yg-a.e. + € R and i =1,2.
Then the following estimate holds true

ya(Ti(Ta N A x X)) > éud(A), vt € [0,1], A € B(RY).

Proof. Observe that the set T;(T'q N A x X)) is parametrized by the map Ty, := (1 — t)Id + tTy.

Step 1. Consider the Monge minimization problem with cost ¢,, (2I12)), between pg and vg. It
follows from Theorem and from the boundedness of p; 4 that there exists a unique optimal map 7}, 4
approximately differentiable ji4-a.e.. We will use the following notations: p; = p;q and T, = T}, 4. By
Lemma it follows that

=]
expy —
Vo

Ty (=)} <
pa(Ty (@))] det VT, |(a H rexp{ =@ I]
j=1
Since for pg-a.e. x € R? [det VT,|(z) > 0, also pa(Tp(x)) > 0 for pg-a.e. = € RE Hence the following
makes sense p-a.e.:

Do |u§w
5/—’

d
JaclT,)(a) = |det V(o) = s exp { 3 =502 = 1,0}

Step 2. Let T,y := (1 — t)Id + tT,. From Theorem B3 det VT,(x) = [[{_, \; with A; > 0 for
i1=1,...,d. It follows that

d
Jac(Ty4)(x) = det((1 — t)Id + tVT,(x)) = [ (1 = 1)+ A\jt).
j=1
Passing to logarithms, we have by concavity
log(Jac(Ty ) (x)) > tlog(Jac(Ty)(x)) + (1 — t)log(Jac(Id)) = tlog(Jac(Ty)(z)).

Hence
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Step 3. We have the following

exp { i - %(Tp,t(x)? — CE?)}Jac(Tp +)(x)
{0 5) () o -
< p1() >t {il(T ()27 2+t27tT()2)}
-\ p2(Tp(2)) oxp =~ o \Lpt\ L) = Lj T LT p\L);
) (pf}i@c»)t“p % ~5(( =0 11,01, = (1 - 0+ 7,005) }
t d
— (s e > -3es = 1w -0}
- (2 e - e e o)

Thus
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> = u(A).

Step 4. Since (Id,Tp)ppa — (Id, T)gpa as p \, 1, see Theorem 7.1 of [0], using the techniques of the

proof of Theorem 217 one can prove that

(TN A X)) > SalA).

Remark 2.19. We summarize the results obtained so far. If py, po < C| then from (ZZ2]) it follows that
the densities of ug and vy enjoy the same property with the same constant C'. Identifying uq, vg and 4

with the corresponding measures on R?, we have from Theorem
(T Ta N A x X)) = %ud(A), VA € B(X),t € [0,1].
From Theorem 217 we have the same inequality for the co-dimensional measures:
Y(L(TNAx X)) > éu(A), VA e B(X)4,t€[0,1].
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As Proposition [214] and Proposition 215 show, this estimate implies pu(a(7)) = 0 and the continuity of
the conditional probabilities p,. Since the optimal finite dimensional map Ty is invertible, following the
argument of Theorem we can also prove

YT (TN X x A)) > éy(A), (2.5.2)

and adapting the proofs of Proposition [3.16 and Proposition 317 we can prove that v(b(7)) = 0 and the
continuity of the conditional probabilities v,. So we have

W= / wym(dy), v= / vym(dy), Ly, vy continuous for m — a.e.y € S.
s S

In the next Section we remove the hypothesis p1, po < M.

2.6 Solution

Let 7 be the weak limit of 7y = (Id, Tq)spuq and I" any || - || g()-cyclically monotone set such that 7(I') = 1.
All the definition of Section B1] are referred to this I'.

Proposition 2.20. Let pu,v € P(X) be such that u,v < ~v. Then p(a(T)) =v(b(T)) = 0.

Proof. Let = p1y and v = pyy. We only prove that p(a(7)) = 0. The other statement follows similarly.
Step 1. Assume by contradiction that p(a(7)) > 0. Let A C a(7) be such that p(A) > 0 and for
every x € A, p1(x) < M for some positive constant M. Consider yL7 and its disintegration

L= /S'yym,y(dy), v(T)=1, m,—aey€ES.
Consider the initial point map a : S — A and the measure azm,. Observe that since
VBCA:u(B)>0 = ~RB)NT)>D0,

it follows that pu4< agm.. Hence there exists Ac Aof positive aym.-measure such that the map

p d
Asz— h(z):= d(;:;f
gl

verifies h(x) < M’ for some positive constan M.
Step 2. Considering

B4 ﬁ::/A h(a(y))yym~(dy),
R(A)NS

we have the claim. Indeed both have uniformly bounded densities w.r.t. v and 7. is still a transport set
for the transport problem between p ; and 4. Indeed for S C S

pe i (UyesR(y)) = pe4(alS))
— [ hia)(am,)(do
a(S)

/Sh(a(y))mv(dy) = Y(UyesR(y)).

Hence we can project the measures, obtain the finite dimensional estimate of Theorem [2Z.I8 obtain the

infinite dimensional estimate through Theorem L17 and finally by Proposition 214l get that u(A) = 0,

that is a contradiction with p(A) > 0. In the same way, following Remark 19 we obtain that v(b(7)) =
0. O
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It follows that the disintegration formula (2:2.5]) holds true on the whole transportation set:

p=[wmian),  v= [vmay)

Proposition 2.21. For m-a.e. y € S the conditional probabilities 1, and v, have no atoms.

Proof. We only prove the claim for .

Step 1. Suppose by contradiction that there exist a measurable set S C S such that m(S’ ) > 0 and for
every y € S there exists x(y) such that u,({z(y)}) > 0. Restrict and normalize both p and v to R(S),
and denote them again with p and v.

Consider the sets K; pr := {x € X : p; < M} for i = 1,2. Note that u(Kipm) > 1 — (M) and
v(Kas5) > 1 — co(M) with ¢;(M) — 0 as M /" 4o00. Hence for M sufficiently large the conditional
probabilities of the disintegration of p_g, ,, have atoms, therefore we can assume, possibly restricting S,
that for all y € S it holds x(y) € K ur.

Step 2. Define

My, M = Pyl Ky s Vy M = VyLKy prs
and introduce the set R
D(N) := {yeg;ng}.
vy, m(R(y))

Then for sufficiently large N, m(D(N)) > 0. The map D(N) 3> y — h(y) := vy m(R(Y))/pty,m(R(y)) < N
permits to define

o= / h(y) py, prm(dy), V1= VLR(D(N))NKa.n-
D(N)

It follows that /i and # have bounded densities w.r.t. v and the set 7 := T N G(K1.5) NG (Kys) is a
transport set for the transport problem between i and .

It follows from Theorem 2T7 and Theorem that 4 := L4 verifies Assumption Bl wr.t. G'N
K1, x XN X X Ky 5. Therefore from Proposition BT follows that the conditional probabilities fi,, of
the disintegration of fi are continuous. Since fi, = c(y)u,L4 for some positive constant c(y), we have a
contradiction. O

It follows straightforwardly the existence of an optimal invertible transport map.

Theorem 2.22. Let p,v € P(X) absolute continuous w.r.t. v and assume that there exists m € I(p,v)
such that Z(r) is finite. Then there exists a solution for the Monge minimization problem

ppin [ o=@y ()

Moreover we can find T p-essentially invertible.

Proof. For m-a.ey € S p, and v, are continuous. Since R(y) is one dimensional and the ray map R > ¢ —
g(t,y) is an isometry w.r.t. || - || (), we can define the non atomic measures g(y, -)sty, 9(y, -)sy € P(R).
By the one-dimensional theory, there exists a monotone map 7j, : R — R such that

Tyu(g(y, -)uuy) = 9(y, vy

Using the inverse of the ray map, we can define 73 on R(y). Hence for m-a.e. y € S we have a || - || g(+)-
cyclically monotone map T, such that Ty 44, = v,. To conclude define 7" : 7 — 7 such that 7" = T}, on
R(y). Indeed T is p-measurable, p-essentially invertible and Ty = v. For the details, see the proof of
Theorem 6.2 of [9]. O
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Chapter 3

The Monge problem for general
geodesic distance cost

In this chapter we study the following Monge minimization problem: given two Borel probability measure
w,v € P(X), where (X, d) is a Polish space, we study the minimization of the functional

I(T) = / dn (z, T(z))p(dy)

where T varies over all Borel transport maps and dy is a Borel distance taking also the value oo that
makes (X, dy) a possibly branching geodesic space. We will apply the results to the obstacle problem:
let C C R? be a convex set with dC = M smooth, (d — 1)-dimensional compact submanifold of R%.
Let X = (RY\ C)UM, p,v € P(X) and dps(z,y) be the infimum among all the Lipschitz curves in X
connecting to x to y of the euclidean length of such curves. We will prove the existence of a solution for

min / dyi (2, T(x))p(dx),

T:Typ=v

provided pu < £4.

Chapter [3] is organized as follows.

Section [B.] shows how using only the dy-cyclical monotonicity of a set I' we can obtain a partial
order relation G C X x X as follows (Lemma and Proposition B9): 2Gy iff there exists (w,z) € T
and a geodesic v, passing trough w and z and with direction w — z, such that x, y belongs to v and
v Y(x) <47 1(y). This set G is analytic, and allows to define

e the transport rays set R (Definition [2.0]),
e the transport sets 7., 7 (with and without and points) (.1.4),
e the set of initial points a and final points b (BIT).

Even if this part of Section Bl contains the same results of the first part of Section of Chapter [l we
show their proofs again to underline what depends and what doesn’t depend on the branching property of
the space. The main difference with the non-branching case is that here R is not an equivalence relation.
Therefore the approach proposed in Chapter [[] doesn’t work anymore and indeed the only common part
with Chapter [l is the first part of Section Bl

To obtain an equivalence relation H C X x X we have to consider the set of couples (z,y) for x,y € T
such that there is a continuous path from x to y, union of a finite number of transport rays never passing
through a U b, Definition In Proposition we prove that H is an equivalence relation.

This chapter is based on the work [I5].

(0]



The Monge problem for general geodesic distance cost

Section 3.2 proves that the compatibility conditions and between dy and d imply that the
disintegration induced by H on 7 is strongly consistent (Proposition[BI4]). Using this fact we can reduce
the analysis on H(y) for y in the quotient set.

In Section 3.3 we prove Theorem [I.6]l We first introduce the operation A — Ay, the translation along
geodesics (B3]), and show that ¢ — u(A;) is a A-measurable function if A is analytic (Lemma [B15).
Next, we show that under the assumption

wA) >0 = p(A,) = Cu(A)

for an infinitesimal sequence t,, and C' > 0, the set of initial points a is p-negligible (Proposition [3.16)
and the conditional probabilities y, are continuous.

In Section B4l we prove Theorem[I.7 First in Theorem B.1§ we prove that gluing all the dy-cyclically
monotone maps defined on H(y) we obtain a measurable transference map T from p to v dy-cyclically
monotone. Then the assumption on the structure of T' is stated (Assumption []) and in Proposition
we show that on the equivalence class H(y) satisfying Assumption 8 there exists an optimal transference
map T, from p, to vy, provided the quotient measure and the marginal probabilities of j, induced by
the partition given by Assumption [§ are continuous.

Section gives an application of Theorem M is a connected smooth hyper-surface of R? that
is the boundary of a convex and compact set C. Let X = cl(R?\ C). The distance d; is the minimum
of the euclidean length among all the Lipschitz curves in X B51). Hence C' is to be intended as an
obstacle for euclidean geodesics. The geodesic space (X, dps) fits into the setting of Theorem [I7] (Lemma
and Remark 3.24]).

If 4 < £ then the p-measure of the set of initial points is zero and the marginal fty are continuous
(Lemmal[3:25]). Finally we show in PropositionB:27]and PropositionB.29 that any d;-cyclically monotone
set and p satisfy the hypothesis of Proposition .19 It follows the existence of a solution for the Monge
minimization problem.

3.1 Optimal transportation in geodesic spaces

From now on we assume the following;:

1. (X, d) Polish space;
2. dy : X x X — [0,+00] is a Borel distance;

3. (X,dn) is a geodesic space;

Since we have two metric structures on X, we denote the quantities relating to dy with the subscript
N: for example

Br(z> = {y : d(x7y> < 7’}, BT,N(:C) = {y : dN('rvy) < 7’}.

In particular we will use the notation
Dy (x) = {y : dn(z,y) < +o0},

(K, dp) for the compact sets of (X, d) with the Hausdorff distance dy and (Ky,dm,n) for the compact
sets of (X, dy) with the Hausdorfl distance dy, n. We recall that (K, dpy) is Polish.

Let p,v € P(X) and consider the transportation problem with cost c¢(z,y) = dy(x,y), and let
m € I(u,v) be a dy-cyclically monotone transference plan with finite cost. By inner regularity, we can
assume that the optimal transference plan is concentrated on a o-compact dy-cyclically monotone set
I c {dn(z,y) < 4oo}.
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The Monge problem for general geodesic distance cost

Consider the set

I’ .= {(m,y):ﬂ]e No, (wi, z;) €T for i =0,...,I, z1 =y

I

Wi41 = Wy = T, ZdN(wH—lazi) — dN(wi,zi) = 0} (3.1.1)
=0

In other words, we concatenate points (z, z), (w,y) € T if they are initial and final point of a cycle with
total cost 0.

Lemma 3.1. The following holds:
1. T cI” c{dn(z,y) < +o0};
2. if T is analytic, so is I";
3. if T is dy-cyclically monotone, so is V.

Proof. For the first point, set I = 0 and (wy, 0, 2n,0) = (x,y) for the first inclusion. If dy(x,y) = +o0,
then (z,y) ¢ T and all finite set of points in I' are bounded.
For the second point, observe that

U Py or11(Ar)

TeNo
I

U Proriq (HFﬂ { H W, 2;) ZdN(wiJrlazi) —dn(wi,2zi) =0, wryy = wo})-

IeNy 1=0 1=0

For each I € N, since dy is Borel, it follows that

1 I

{ [Twisz) 2D dn(wiga, z0) = d(wis i) = 0, w1 = wo}

1=0 =0

is Borel in HLO(X x X)), so that for I analytic each set A, ; is analytic. Hence P; 2741 (Ay) is analytic,
and since the class X1 is closed under countable unions and intersections it follows that I is analytic.

For the third point, observe that for all (z;,y;) € I, 7 = 0,...,J, there are (wj;,z2;;) € I', i =
0,...,1;, such that

dN(:L'j, yj) + Z dN(wj7i+1, Zj_’i) — Z dN(’Liji, Zj.,i) = 0.
1=0 1=0

Hence we can write for Tj+1 = To, wj71j+1 = Wj+1,0, Wj+1,0 = Wo,0

J J I
ZdN(wj—i-l;y]) dN w]ayj ZZdN w]z—i-lazjz) dN(w]zaZ], ) >0,
7=0 7=0 1=
using the dy-cyclical monotonicity of T'. [l

Definition 3.2 (Transport rays). Define the set of oriented transport rays
G := {(m,y) :I(w, 2) € TV dn(w, z) +dn(z,y) +dn(y,2) = dN(w,z)}. (3.1.2)

For z € X, the outgoing transport rays from x is the set G(x) and the incoming transport rays in x
is the set G~!(x). Define the set of transport rays as the set

R:=GUG™. (3.1.3)
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The set G is the set of all couples of points on oriented geodesics with endpoints in IV. In R the
couples are non oriented.

Lemma 3.3. The following holds:
1. G is dn-cyclically monotone;
2. T C G C{dn(z,y) < +o0};
3. the sets G, R:= GUG™! are analytic.
Proof. The second point follows by the definition: if (z,y) € I, just take (w, z) = (z,y) in the r.h.s. of

B.L2).

The third point is consequence of the fact that
G= P34((F’ x X x X) N {(w,z,:c,y) sdy(w,x) +dy(z,y) +dn(y, 2) = dN(w,z)}),

and the result follows from the properties of analytic sets.
The first point follows from the following observation: if (x, ;) € Yjw,,-,], then from triangle inequality

AN (Tig1,Yi) — dn (@i, i) > dn(Tigr, 2i) — dn (26, v5) — dn (T3, ¥3)
= dn(Tit1,2i) —dn (24, 2;)
> dny(wit1, 2zi) — dy(Wit1, Tig1) — dn (@i, 24)
= dn(wig1, zi) — dy(wi, z;) + dn(wi, ;) — dy (Wig1, Tig1).

Since (Wy41,Tnt1) = (w1, 21), it follows that
Y AN (@ipn,ys) — dn (@i, y) = Y dn(wiga, 20) — dy (wi, 2) > 0.
i=1 i=1
Hence the set G is dy-cyclically monotone. O

Definition 3.4. Define the transport sets

T :=P (G "\ {z=y}) NP (G\{z=1y}), (3.1.4a)
7. =P (G "\ {z=y}) UP (G \ {z =y}). (3.1.4b)

Since G and G~ are analytic sets, 7, 7. are analytic. The subscript e refers to the endpoints of the
geodesics: clearly we have
T. = PR\ {o = y}). (3.15)

The following lemma shows that we have only to study the Monge problem in 7.
Lemma 3.5. [t holds m(7. x T.U{x =y}) = 1.

Proof. If z € Pi(T'\ {# = y}), then z € G~(y) \ {y}. Similarly, y € P(I'\ {z = y}) implies that
y € G(z)\{z}. Hence T\ 7, x T, C {z = y}. O

As a consequence, u(7.) = v(7.) and any maps T such that for vi7, = Tyu7, can be extended to a
map 7" such that v = Tyu with the same cost by setting

T' () = {f(x) i ; ; (3.1.6)
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Definition 3.6. Define the multivalued endpoint graphs by:

eG G )\ {y} =0}, (3.1.7a)
€G:Gy) \{y} =0} (3.1.7b)

We call Ps(a) the set of initial points and Ps(b) the set of final points.

a
b:

{(z,y)
{(z,y)

Proposition 3.7. The following holds:

1. the sets
a,bC X x X, a(A),b(4) C X,

belong to the A-class if A analytic;
2.anbNT,x X =0;
3. a(T) = a(Te), b(T) = b(Te);
4. To=TUa(T)UbT), TN (a(T)UbT)) =0.
Proof. Define
C:={(z,9,2) €T xTexT.:yeGlz),z€G(y)} = (Gx X)N(X x G)NT. x T. x T,
that is clearly analytic. Then
b={(z,y) € G:y € G(2),Gy) \{y} =0} = G\ Pra(C\ X x {y = 2}),
b(A) ={y:y € G(2),Gy) \{y} = 0,2 € A} = P(GNAx X)\ B(C\ X x {y = z}).
A similar computation holds for a:
a=G "\ Pyu(C\{z=y} xX), a(ld)=P(GsNX x A)\ PL(C\ {z =y} x X).

Hence a,b € A(X x X), a(A),b(A) € A(X), being the intersection of an analytic set with a coanalytic
one. If ¥ € 7, \ 7, then it follows that G(z) = {z} or G~!(z) = {} hence x € a(z) U b(z).
The other points follow easily. O

Definition 3.8 (Chain of transport rays). Define the set of chain of transport rays
H = {(Jj,y)GTGXTG:HIENO,zieTforlgz’SI,
(Zi,ZH_l)ER, 0<:1<I+1, zg==x, Z]+1:y}. (318)

Using similar techniques of Lemma [B1] it can be shown that H is analytic.

Proposition 3.9. The set HNT x T is an equivalence relation on T. The set G is a partial order
relation on 7T,.

Proof. Using the definition of H, one has in 7:
1. € T clearly implies that (z,z) € H;
2. since R is symmetric, if y € H(z) then 2 € H(y);
3. ifye H(x), z€ H(y), z,y,z € T. Glue the path from z to y to the one from y to z. Since y € T,
z € H(x).
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The second part follows similarly:

1. x € 7. implies that
A(z,y) € (G\{z=y}) V(G \{z =y}),

so that in both cases (z,x) € G;
2. (z,y),(y,2) € G\ {x =y} implies by dy-cyclical monotonicity that (z,z) € G.
|

We finally show that we can assume that the y-measure of final points and the v-measure of the initial
points are 0.

Lemma 3.10. The sets GNbH(T) x X, GNX x a(7T) is a subset of the graph of the identity map.

Proof. From the definition of b one has that
zebT) = G)\{z}=0,
A similar computation holds for a. O

Hence we conclude that
7B(T)x X)=n(GNb(T)x X)=n{z=y})

and following (B.I.6) we can assume that

3.2 Partition of the transport set

To perform a disintegration we have to assume some regularity of the support I' of the transport plan
7w € II(u, v). From now on we will assume the following:

Assumption 6. We say that ' satisfies Assumption [@] if

d
(a) for all z € T and for all 7 > 0 the set H(z) N B, n(z)  is d-closed;

(b) for all z € T there exists r > 0 such that dy(z,-) is bounded.

LH(z)NB,(x)

Note that points @ and @ of Assumption [6l were already introduced at page Let {z;};en be a
dense sequence in (X, d).

Lemma 3.11. The sets
Wi == {ZL' ceTn BQ—]‘ (:L'z) : dN(:C, .)LH(I)mng‘j (z3) < k}

form a countable covering of T of class A.

Proof. We first prove the measurability. We consider separately the conditions defining W;jy.
Point 1. The set ~
Aij =TN Bg—j (ZCZ)

is clearly analytic.
Point 2. The set

Dijj, = {(x,y) € H:d(zs,y) <277, dy(z,y) > k}

80



The Monge problem for general geodesic distance cost

is again analytic. We finally can write
Wik = Aij N Pi(Diyjx)¢,

and the fact that A is a o-algebra proves that Wy, € A.

To show that it is a covering, notice that from @ of Assumption [0l for all € 7 there exists r > 0
such that, on the set H(x) N B,.(z), dy(z,-) is bounded. Choose j and i such that 27971 < r and
d(z;,x) < 27971 hence

3271‘ (.Tl) C BT(.T)

and therefore for some k& € N we obtain that = € Wik - O

Remark 3.12. Observe that By—;(z;) N H(x) is closed for all x € Wijy.
Indeed take {y,}nen C Bo-i(x;) N H(z) with d(yn,y) — 0 as n — 400, then since z € Wy, it holds
dn(z,yn) < k. Byof Assumption [ dy(z,y) < k and y € By—j(x;) N H(x).

Lemma 3.13. There exist pi-negligible sets Ny C Wi such that the family of sets
Tiji = H ' (Wije \ Niji) N T
is a countable covering of T \ Usjx Nyji into saturated analytic sets.

Proof. First of all, since Wj;, € A, then there exists pu-negligible set N; ;i C Wi such that Wi, \ Nijik €
B(X). Hence {Wi;i \ Nijk}i j.ken is a countable covering of 7 \ U;;xNiji. It follows immediately that
{Tijk }i,5,ken satisfies the lemma. O

From any analytic countable covering, we can find a countable partition into A-class saturated sets
by defining

m—1
Zo i =Ti ks \ U Ti i ko (3.2.1)
m’/=1
where
N 3 m = (i, Jm, km ) € N3

is a bijective map. Since H is an equivalence relation on 7, we use this partition to prove the strong
consistency.
On Z,,, m > 0, we define the closed valued map

Zm D a— F(x) := H(z) N By—jm (:,,). (3.2.2)
Proposition 3.14. There exists a p-measurable cross section f: 7T — T for the equivalence relation H.

Proof. First we show that F' is A-measurable: for 6 > 0,

F~1(Bs(y)) = {z € Zp 2 H(z) N Bs(y) N By (2,) # }

= Z,.NP (H N (X x Bs(y) N Bosm (21,,)) ).

Being the intersection of two A-class sets, F~!(Bs(y)) is in A. In Remark B.12] we have observed that F'
is a closed-valued map, hence, from Lemma 5.1.4 of [25], graph(F') is .A-measurable.

By Corollary 5.7 there exists a A-class section f,, : Z, — Bo—im (75, ). The proposition follows by
setting fLz, = fm on Uy, Z,,, and defining it arbitrarily on 7 \ U,, Z,,: the latter being p-negligible, f is
p-measurable. (|
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Up to a p-negligible saturated set 7y, we can assume it to have o-compact range: just let S C f(7)
be a o-compact set where fyu is concentrated, and set

Ts:=H Y SNT, Tn:=T\Ts, n(Tn)=0. (3.2.3)
Hence we have a measurable cross-section
S :=SU f(Tn) = (Borel) U (f(u-negligible)).

Hence Disintegration Theorem B3] yields

per= [ mmidn). = fyr. € PUHG) (3.2.4)

and the disintegration is strongly consistent since the quotient map f : 7 — 7 is pu-measurable and
(7,B(7T)) is countably generated.

Observe that H induces an equivalence relation also on 7 x X NI where the equivalence classes are
H(y)NT x X and the quotient map is the f of Proposition B.14 Hence

LT XAL= / Tyme(dy), mx= fymirxxnr, Ty € P(H(y)NT x X). (3.2.5)
s

Observe that m = m.

3.3 Regularity of the disintegration

In this Section we consider the translation of Borel sets by the optimal geodesic flow, we introduce the
fundamental regularity assumption (Assumption [7)) on the measure p and we show that an immediate
consequence is that the set of initial points is negligible and consequently we obtain a disintegration of
1 on the whole space. A second consequence is that the disintegration of yu w.r.t. the H has continuous
conditions probabilities.

3.3.1 Evolution of Borel sets
Let A C 7. be an analytic set and define for ¢t € R the t-evolution A; of A by:

A, = {PQ{(x,y)GGﬁAXX:dN(:c,y)t} t>0 (33.1)

P{(z,y) e GT'NAX X tdn(z,y) =t} t<O.

It is clear from the definition that if A is analytic, also A; is analytic . We can show that ¢ — p(A;)
is measurable.

Lemma 3.15. Let A be analytic. The function t — p(Ay) is A-measurable for t € R.

Proof. We divide the proof in three steps.
Step 1. Define the subset of X x R

A= {(z,t) 1z € A}.

Note that
A= Plg{(z,y,t) EX XX xR :(2,9) €eGNAXX,dn(z,y) t}

UPlg{(x,y,t) EXXXXR :(z,9) €G'NAX X, dy(z,y) = —t},
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hence it is analytic. Clearly A, = A(t).
Step 2. Define the closed set in P(X x [0,1])

() = {m € P(X x [0,1]) : (P)y(r) = )

and let B C X x R x [0,1] be a Borel set such that Pjo(B) = A.
Consider the function
R x II(p) > (¢, m) — w(B(t)).

A slight modification of Lemma 4.12 in [8] shows that this function is Borel.
Step 3. Since supremum of Borel function are A-measurable, pag. 134 of [25], the proof is concluded
once we show that

p(Ar) = u(A(t)) = sup w(B(1)).
m€eI(p)

Since A(t) x [0,1] D B(t) A

u(A(t) = m(A(t) x 0,1]) > 7(B(1)).

On the other hand from Theorem B3] there exists an A-measurable section of the analytic set B(t), so
we have u : A(t) — B(t). Clearly for m, = (I, u)3(p) it holds 7, (B(t)) = n(A(t)).
(I

The next assumption is the fundamental assumption of the chapter.

Assumption 7 (Non-degeneracy assumption). The measure p satisfies Assumption[Tif for each analytic
set A C 7. there exists a sequence {t, }nen C R and a strictly positive constant C' such that ¢, — 0 as
n — +oo and p(Ay, ) > Cu(A) for every n € N.

Note that Assumption [[lwas already introduced at page[I2l Clearly it is enough to verify Assumption
[Mfor A compact set. An immediate consequence of the Assumption[fis that the measure y is concentrated
on7.

Proposition 3.16. If i satisfies Assumption[7 then
W(TN\T) =o.

Proof. Let A =71, \T. Suppose by contradiction zi(A) > 0. By the inner regularity there exists Ac A
closed with yi(A) > 0. By Assumption [ there exist C' > 0 and {t,}nen converging to 0 such that
p(As,) = Cu(A). . . .

Define A° := {z : dy(A,z) < e}. Since A C A, for all n € N it holds A;, N A = 0. Moreover for
t, < e we have As > Atn. So we have

p(A) = lim p(A%) > p(A) + p(Ay,) > 1+ C)pu(A),

e—0
that gives the contradiction. O

Once we know that p(7) = 1, we can use the Disintegration Theorem B3] to write

p= [ pmldn). m= fan, my € PUHQ)) (3.3.2)
S

The disintegration is strongly consistent since the quotient map f : 7 — 7 is p-measurable and (7, 5(7))
is countably generated.
The second consequence of Assumption [1is that u, is continuous, i.e. p,({z}) =0 for all z € X.

Proposition 3.17. If u satisfies Assumption [] then the conditional probabilities ., are continuous for
m-a.e. y € S.
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Proof. From the regularity of the disintegration and the fact that m(S) = 1, we can assume that the
map y — [ty is weakly continuous on a compact set K C S of comeasure < . It is enough to prove the
proposition on K.

Step 1. From the continuity of K 3 y +— pu, € P(X) w.r.t. the weak topology, it follows that the map

y— Ay) == {z € H(y) : py({x}) > 0} = U, {z € H(y) : p,({}) > 27"}

is o-closed: in fact, if (ym, zm) — (v, ) and py,, {zm}) > 277, then p,({x}) > 27" by u.s.c. on compact
sets. Hence A is Borel, where A = {(y, A(y)) : y € K}.

Step 2. The claim is equivalent to u(Pz(A4)) = 0. Suppose by contradiction u(Py(A)) > 0. By Lusin
Theorem (Theorem 5.8.11 of [25]) A is the countable union of Borel graphs, A = U, A4,,. Therefore we
can take a Borel selection of A just considering one of the Borel graphs, say A. Since at least one of

P, (Ap) must have positive y-measure, we can assume p(/%(4)) > 0. R
By Assumption [ p((P2(A))¢,) > Cpu(Pa(A)) for some C' > 0 and ¢, — 0. Since A is a Borel graph,

for every y € Py(A) the set Py({y} x X N A) is a singleton. Hence (Py(A)), N (Pa(A))s,, = 0. We have

a contradiction with the fact that the measure is finite. O
3.4 Solution to the Monge problem

Throughout the section we assume g to satisfy Assumption [ It follows from Disintegration Theorem
(.3 Proposition and Proposition 317 that

W= /uym(dy), = /ﬂym(dy), Ly continuous, (P1)ymy = fy,

where m = fyu and p, € P(H(y)). We write moreover

o= [vymids) = [ (Pa)gmymiay).

Note that m, € II(u,,v,) is dy-cyclically monotone and (since dyv g (y)x H(y) i finite and, from point @
of Assumption [ lower semi-continuous) optimal for m-a.e. y. If v(7) = 1, then the above formula is
the disintegration of v w.r.t. H.

Theorem 3.18. Assume that for all y € S there exists an optimal map Ty from p, to v,. Then there
ezists a p-measurable map T : X — X such that

/dN(x,T(z))u(dz) = /dN(x,z)ﬁ(dxdz), Typ = .

Recall S C 7 introduced in (323).

Proof. The idea is to use Theorem [R5
Step 1. Let T C S x P(X?) be the set: for y € S, T, is the family of optimal transference plans in
I1(fi,, ) concentrated on a graph,

T= {(y,ﬂ) € S x P(X?) : 7 € (uy,v,) optimal, 3T : X — X, 7(graph(T)) = 1}.

where for optimal in II(y,, v,) we mean

/d;\ﬂr = min /dNﬂ'.
m € (pay,vy)

Note that, since 7 is a Borel measure, in the definition of T, T' can be taken Borel. Moreover the y
section Ty = T N {y} x P(X?) is not empty.
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Step 2. Since the projection is a continuous map, then the set

II= {(y,ﬁ) (P = py, (Po)ym = I/y}

is a Borel subsets of S xP(X?): in fact it is the counter-image of the Borel set graph((iy, 1)) C SxP(X)?
w.r.t. the weakly continuous map (y, ) — (y, (P1)gm, (P2)g7).
Define the Borel function

Jdnm € M(py,vy)
+00 otherwise

S xP(X?) 3 (y,7) — fly,m) = {

It follows that y — g(y) := inf, f(y, ) is an A-function: we can redefine it on a m-negligible set to make
it Borel, where m is the quotient measure of u. Hence the set

[°v* = {(yﬂr) ;e ﬁ(uyvvy),/dm < g(y)} =1n {(yﬂr) : /dmr < g(y)}

is Borel.

Step 3. Now we show that the set of 7 € P(X?) concentrated on a graph is analytic. By Borel
Isomorphism Theorem, see [25] page 99, it is enough to prove the same statement for = € P([0,1])%.
Consider the function

P([Oa 1]2) X Cb([oa 1]’ [0’ 1]) > (ﬂ-a(b) = h(ﬂ'aqj) = W(graph(qﬁ)) € [Oa 1]'

Since graph(¢) is compact, h is w.s.c.. Hence the set B® = h=!([1 — 27" 1]) is closed, so that

7 =(\P(B") = {w;vs >0 3¢, 7(d:) > 1 —5}

is an analytic set. It is easy to prove that 7 € .7 iff 7 is concentrated on a graph.
Step 4. It follows that .
T =95 x .7 NI°P

is analytic and by Theorem there exists a m-measurable selection y — m, € T,. It is fairly easy to
prove that [ m,m(dy) is concentrated on a graph, has the same transference cost of 7 and belongs to
(s, v). O

It follows from Theorem B.I§ that it is enough to solve for each y € S the Monge minimization
problem with marginal p,, and v, on the set H(y). In order to solve it, we introduce an assumption on
the geometry of the set H(y).

Assumption 8. For a given y € S, H(y) satisfies Assumption [§] if there exist two families of disjoint
A-measurable sets { K¢ }icjo,1) and {Qs}sejo,1) such that

o 11y (H(y) \ Upepo,) Ke) = vy (H (y) \ Usepo,1)@s) = 0;
e the associated quotient maps @i and ¢q are respectively p,,-measurable and v,-measurable;
o fort <s, K; x Qs CG.

Note that Assumption [§] was already introduced at page In the measurability condition of As-
sumption [§ the set [0,1] is equipped with the Borel o-algebra B([0,1]). If H(y) satisfies Assumption
we can disintegrate the marginal measures p, and v, respectively w.r.t. the family {K;} and {Q,}:

fy = /uyﬁtm#y (dt), vy = /Vyﬁtml,y (dt)
where my,, = @ 4iiy, My, = Pq vy and the disintegrations are strongly consistent.
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Proposition 3.19. Suppose that H(y) satisfies Assumption[8 and that the following conditions hold true:
® my, 18 continuous;
® i+ s continuous for my, -a.e. t € [0,1];
o my, ([0,t]) > m,, ([0,t]) for my, -a.e. t €[0,1].

Then there exists a dy-cyclically monotone p,-measurable map T, such that T4, = vy and

/dN(x,Ty(z))uy(das) = /dN(x,z)ﬁy(dxdz).

Proof. Step 1. Since my,, is continuous and my, ([0,t]) > m,,([0,t]), there exists an increasing map
¥ :[0,1] — [0, 1] such that ¢ym,, =m,,.

Moreover, since for m, -a.e. t € [0,1] 1, is continuous, there exists a Borel map T} : K; — Q)
such that Tyyp, ¢+ = vy ) for my, -a.e. t € [0,1]. Since ¢(t) > t the map T} is dy-cyclically monotone,
hence optimal between p,,; and v, .

Step 2. Reasoning as in the proof of Theorem [B.I8 one can prove the existence of a p,-measurable
map Ty, : H(y) — H(y) that is the gluing of all the maps T} constructed in Step 1.. Hence there exists
a piy-measurable map Ty, : H(y) — H(y) such that Ty sy + = vy p(r). It follows from Assumption [ that
graph(T,) C G, hence T, is dy-cyclically monotone and

Typy = /Tﬂﬂyytmuy (dt) = /VyW(t)muy(dt) = /Vyyt(T/’timuy)(dt) = Vy-

The next corollary follows straightforwardly and it sums up all the results.

Corollary 3.20. Let w € II(u,v) be concentrated on a dy-cyclically monotone set ' satisfying Assump-
tion[@ Assume that p satisfies Assumption [ and for m-a.e. y € S the set H(y) satisfies Assumption
[8 If for m-a.e. y € S the hypothesis of Proposition are verified, then there exists an Borel map
T:X — X such that

/dN(x,T(ac))u(d:E) = /dN(x,z)ﬂ'(dxdz), Ty = v.

If 7 is also optimal, then T solves the Monge minimization problem.

Let us summarize the theoretical results obtained so far. Let 7 € TI(u, v) be a dy-cyclically monotone
transference plan concentrated on a set I'. Consider the corresponding family of chain of transport rays
and assume that I" satisfies Assumption[Gl Then the partition induced by H permits to obtain a strongly
consistent disintegration formula of u, v and 7 holds. If u satisfies Assumption [T then the set of initial
points is p-negligible and the conditional probabilities p, are continuous.

Since the geometry of H(y) can be wild, we need another assumption to build a dy-monotone trans-
ference map between p, and v,. If H(y) satisfies Assumption [§l we can perform another disintegration
and, under additional regularity of the conditional probabilities of p, and of the quotient measure of
fty, We prove the existence of a dy-monotone transference map between 1, and v,. Applying the same
reasoning for m-a.e. y we prove the existence of a transport map 7" between p and v that has the same
transference cost of the given dy-cyclically monotone plan .

3.4.1 Example

We conclude this Section with the analysis of a particular case in which the set H(y) satisfies Assumption
Bl The hypothesis of Proposition [3.19 and Assumption [l were partially inspired by this example. What
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Figure 3.1: The hourglass set K (z).

follows will be useful in the next Section, however, since it is not only related to what will be proved in
Section [3.5] we have decided to present it here.
Fix the following notation: a continuous curve v : [0, 1] — X is increasing if for t,s € [0, 1]

t<s= (7(t),7(s)) € G

Definition 3.21 (Hourglass sets). For z € X define the hourglass set
K(z):= {(z,y) eEX xX:(x,2),(z,y) € G}.
Assume that there exists an increasing curve v such that

Hy)xXnTc | J K(y(t)nT.
tel0,1]

Note that this assumption is equivalent to request that on each chain of transport rays the branching
structures can appear only along an increasing curve ~.
Then H (y) satisfies Assumption [§ Indeed first notice that K(z) is analytic, then define the family of

sets
K=G ' (y)\ (G '(1(s),  Qui=GH1))\[)G((s).

s<t t<s
Since v is increasing, K; and @, are A-measurable and the quotient maps are A-measurable: let [a,b] C
[0,1]
-1 _ _ -1 -1
o (at) = |J Ke=G () \ G ((a)) UK, € A
t€la,b]

and the same calculation holds true for ¢q. From the increasing property of v it follows that K; x Qs € G
for every 0 <t < s < 1. Again from the increasing property of v it follows that m,, ([0,t]) > m,, ([0,]).

3.5 The Obstacle problem

Throughout this section | - | will be the euclidean distance of R%.
Let C' C R? be an open convex set such that M := 0C is a smooth compact sub-manifold of R? of
dimension d — 1. Let X := R%\ C. Clearly X endowed with the euclidean topology is a Polish space.
Consider the following geodesic distance: das : X x X — [0, +00]:

d (2, y) == inf{L(y) : v € Lip([0, 1], X),v(0) = ,7(1) = y}, (3.5.1)

where L is the standard euclidean arc-length: L(y) = [|§|. Hence M can be seen as an obstacle for
geodesics connecting points in X. Note that any minimizing sequence has uniformly bounded Lipschitz
constant, therefore in the definition of dj; we can substitute inf with min. Hence dj; is a geodesic distance
on X.
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We will show that given u,v € P(R?) with u < £¢, the Monge minimization problem with geodesic
cost dps admits a solution.

From now on we will assume that p < £¢ and all the sets and structures introduced during the
chapter will be referred to this Monge problem.

The strategy to solve the Monge minimization problem is the one used in SectionB.4t build an optimal
map on each equivalence class H(y) and then use Theorem To prove the existence these optimal
maps we will show that the geometry of the chain of transport rays H(y) is the one presented in Example
B4 and that the hypothesis of Proposition B.19 are satisfied.

Lemma 3.22. The distance dp; is a continuous map.

Proof. Step 1. Let {z}nen, {yn}nen € X such that |2, — x| — 0 |y, — y| — 0. Since the boundary of
X is a smooth manifold, for every n € N there exist curves ¥1 5, v2,, € Lip([0,1], X) such that

° 717"(0) = za’}/l,n(l) = Tn;
® 72.0(0) =y, 72.n(1) = Yn;
o L(Vin) — 0asn — +oo, fori=1,2.

Consider v, € Lip([0,1], X) such that v,(0) = zp, v (1) = yn and L(v,) < dpr(zn, yn) + 27", Gluing
Y1,n and y2 , to 7y, it follows

dy(z,y) < dm(Tn,yn) + 27" + L(y1.0) + L(y2,n)-

Hence djs is 1.s.c..
Step 2. Taking a minimizing sequence of admissible curves for dps(x,y) and gluing them with ~; ,, as
in Step 1., it is fairly easy to prove that dps is u.s.c. and therefore continuous. O

As a corollary we have the existence of an optimal transference plan . Hence from now on
will be an optimal transference plan and all the structures defined during the chapter starting from a
generic dy-cyclically monotone plan, are referred to it. Moreover there exists ¢ € Lip,,, (X, R) such that
F=T"=G={(z,y) € X x X :p(x) — p(y) = dn(z,y)}. Note that " is closed.

The next result shows that the sets H(y) have the structure of Example B4l The convex assumption
on the obstacle is fundamental: each transport rays is composed by a straight line, a geodesic on M where
branching structures are allowed and again a straight line.

Lemma 3.23. For ally € S, H(y) has the geometry of Example[34.1): there exists an increasing curve
vy ¢ [0,1] = X such that
H(y)x XnT c [ K(w(®)NT.

te[o,1]

Proof. Since due to convexity and smoothness of the obstacle, the geodesics of dj; are smooth and
composed by a first straight line, a geodesic of the manifold and a final straight line, a branching structure
can appear only on the manifold M. If H(y) # R(y), consider the following sets:

Z:= () G'xnM, W:= (] GiENM

zEH (y)NM z€H(y)NM

By dj-monotonicity, smoothness and convexity of M, for all 2 € H(y) N M the set G=(z) N M is
always contained in the same geodesic of M. Using the compactness of M, Z = {z} and W = {w} and
(z,w) € G. Consider the unique increasing geodesic v, € 7., such that v, = G(z) N G~ (w). Hence

H(y)x XnT c [ K(y(®)NT.
te[0,1]
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Remark 3.24. From Lemma and Lemma it follows that, for any transference plan 7, the set
of chain of transport rays H satisfies Assumption

Indeed consider H(y) and the corresponding geodesic 7, from Lemma Then take any sequence
xn € H(y) such that |z, — x| — 0 as n — +oo. Note that there exist s, € [0,1] and ¢,, € R such that
Ty, = Yy(Sn) + tn V7, (). Possibly passing to subsequences, s, — s, t, — t with z = 7,(s) + tV~,(s).
Since (yy(sn),zn) € G and G is closed it follows that (v,(s),z) € G. From (y,7v,(s)) € R follows
x € H(y). Hence point of Assumption [f] holds true.

Point @ of Assumption [@] follows directly from the continuity of d.

In the following Lemma we prove that the problem can be reduced to the equivalence classes H(y). We
use the following notation: the quotient map induced by H will be denoted by f¥ and the corresponding
quotient measure fé’ by mpy.

Lemma 3.25. The p-measure of the set of initial points is zero, hence

p= /uymH(dy)-

Moreover i, s continuous for mg-a.e. .

Proof. Step 1. Since u < L%, it is enough to prove that the set of initial points is £%-negligible and that
the disintegration w.r.t. H of £¢ restricted to any compact set has continuous conditional probabilities.
Indeed if L% g= [ nym,a(dy) and p = pL? then m, < m s and

dma
= /pnymcd(dy) =/pﬁnymu(dy)a
“w

where m,, is the quotient measure of uLg. It follows that the continuity of 1, implies the continuity of
conditional probabilities of ;. Hence the claim is to prove that £? satisfies Assumption [

Step 2. Let K C X be any compact set with £L¢(K) > 0. Possibly intersecting K with B,(x) for
some r € RY\ C and r > 0, we can assume w.l.o.g. that K C B.(x) and Ba.(x) N M = (). Since dys > d,
K, C Ba.(x) for all t < e. Since dpr = | - | in Bac (), it follows that inside Bac () x Bas(z) das-cyclically
monotonicity is equivalent to | - |-cyclically monotonicity. It follows that the set H N G(K) x G7H(K.) is
| - |-cyclically monotone.

Step 3. The following is proved in Chapter [ consider a metric measure space (X,d, m) with d
non-branching geodesic distance, m € P(X) and assume that (X, d, m) satisfies MCP(K, N). Let T be
a d-cyclically monotone set and consider the evolution of sets induced by I', then m satisfies Assumption
[ w.r.t. this evolution of sets.

Since Ba. () is a convex set, it follows that (Ba. (), ||, £¢) satisfies MCP(0,d). Therefore £ satisfies
Assumption [ w.r.t. the evolution of sets induced by H N G(K) x G~(K.). The claim follows. O

Hence we can assume w.l.o.g. that u(G=1(M)) = v(G(M)) = 1: if H(y) do not intersect the obstacle,
it is a straight line and the marginal p,, is continuous. Since the existence of an optimal transport map on
a straight line with first marginal continuous is a standard fact in optimal transportation, the reduction
follows.

Recall the two family of sets introduced in Example B4t

Ky = G_l('Yy(t)) \ m G_l('Vy(S))a Qy,t == G('Yy(t)) \ m G('Yy(s))-

s<t t<s

It follows from Lemma and Example B.4.T] that

o = [ s @), vy = [ w000, 00
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with piy ¢(Kyt) = vy,:(Qy,t) = 1. Moreover using the increasing curve v,, we can assume that m,, €
P(M), indeed

= [ i@ = [ Gym,)(d2), (3.5.2)
[0,1] 7y ([0,1])

And the same calculation holds true for v, and m,,,. Therefore in the following

,uy:/ Py, =My, (d2), uy:/ Vy,=my, (d2) (3.5.3)
M M

with ,Uy,Z(Kyﬁyfl(z)) = Vy,Z(Qy,»yy*l(z)) =1 and my, (v([0,1])) = mu, (1, ([0, 1])) = 1.

Moreover w.l.o.g. we can assume that S = fY(R?) C M, in particular we can assume that for all
y € S there exists t(y) € [0,1] such that y = v, (t(y)).

According to Proposition BI9 to obtain the existence of an optimal map on H(y) it is enough to
prove that m,,, is continuous and , . is continuous for m, -a.e. z € M. Recall that m,, (v,([0,])) >
my, (7y([0,1])) is a straightforward consequence of the increasing property of -, .

Remark 3.26. Consider the following A-measurable map:
GH M)\ (a(M)N M) 3w fM(w) := Argmin{d(z,w) : 2 € M NG(w)} € M.

Consider the measure m := fﬂMu € P(M). Observing that fM(H(y)) = v,([0,1]), it follows that the
support of m is partitioned by a dps-cyclically monotone equivalence relation:

m( U (0, 1])) =1, Un(0.1) x |J7(0,1) NG is dar-cyclically monotone
yeSs yeS yeS

Moreover fY is a quotient map also for this equivalence relation. Note that fé’ m = my: consider I C S

(fEm)(n) = m( | 2(10,1D) = p(¢1(\J 2(10,1))

yel yel
= u(UHW) = (@) = mu (D).
yel

It follows that
m = /S (M iy (dy)

and from (B.5.3) fuM py = m,,, . Hence the final disintegration formula for m is the following one:

m:/m#ymH(dy) (3.5.4)
S

Proposition 3.27. The measure m is absolutely continuous w.r.t. the Hausdorff measure H™' restricted
to M.

Proof. Recall that ¢ € Lipy,, (R?) is the potential associated to I" and consider the following set

My i= P ({(a,y) € M x M : |p(e) = p(y)] = dar(a.p)} \ {z = v}).
Step 1. Define the following map: My > w — E(w) := Argmin{p(w) — ¢(z) : z € Ma}. Then the

function ¢ is a potential for the Monge minimization problem on M with cost the geodesic distance, that
coincides with djps, with first marginal m and as second marginal Zym.
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It follows from Proposition 15 of [20] that V¢ is a Lipschitz function: for all z,y € My

[Vo(x) — Vo(y)| < Ldu(z,y).

In [20] the Lipschitz constant L is uniform for z,y belonging to sets uniformly far from the starting and
ending points of the geodesics on M of the transport set. Since in our setting the geodesics on M do not
intersect, L is uniform on the whole M. Moreover note that if z = 7, (t), then

Ty ()

Vel =1 ar

Step 2. For t > 0, define the following map
M 3z — () :=a + Vo(z)t.

Possibly restricting ¥ to a subset of M of points coming from transport rays of uniformly positive length,
since t — () is a parametrization of the transport ray touching M in x, by dps-cyclical monotonicity
of I', we can assume that 1, is injective. Moreover 1, is bi-Lipschitz, provided ¢ is small enough: indeed

|z + Vo(z)t —y — Vo(y)t| > |z —y|(1 - Lt).
It follows that
My x [=6,6] D (z,8) — (x,s) :=x + Vo(x)(t + s)

is bi-Lipschitz and injective provided 6 < 1/L+t. Hence the Jacobian determinant of ¢, Jdp, is uniformly
positive.
Step 3. Consider the following set

Bi={zeR':t—5§<dM,z) <t+6}NnG (M)

where d is the euclidean distance. Clearly B is the range of 1 and £4(B) > 0. Since M is a smooth
manifold, we can pass to local charts: let U, C R?~! be an open set and h,, : U, — M the corresponding
parametrization map. The map

Ua X [=0,0] 3 (z,8) — Yo (x,s) :=(ha(z),s)

is a bi-Lipschitz parametrization of the set B, := BN G~ (ha(Uy)).
It follows directly from the Area Formula, see for example [I], that

£ g, = s (Jda(L7 X d) v x(-59)).

hence fﬁM £ B, < H1_ ;. Since B can be covered with a finite number of B, and £% B, 1s equivalent
to m, the claim follows. [l

Recall the following result. Let (M, g) be a n-dimensional compact Riemannian manifold, let d; be
the geodesic distance induced by g and 7 the volume measure. Then the disintegration of n w.r.t. any
ds-cyclically monotone set is strongly consistent and the conditional probabilities are continuous. This
result is proved in [9], Theorem 9.5, in the more general setting of metric measure space satisfying the
measure contraction property.

Corollary 3.28. For mpy-a.s. y € S, the quotient measure my,, is continuous.

Proof. We have proved in Remark that the measures m,,, are the conditional probabilities of the
disintegration of m w.r.t. the equivalence relation given by the membership to geodesics 7, and mg
is the corresponding quotient measure. Hence the claim follows directly from Theorem 9.5 of [9] and
Proposition O
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Proposition 3.29. For my-a.e. y € S, the measures i, . are continuous for my -a.e. z € M.

Proof. Recall that fﬁM w=m.
Step 1. The measure p can be disintegrated w.r.t. the partition given by the family of pre-images of
the A-measurable map fM: {(f™)~!(p)}pepm(ra). Clearly fM is a possible quotient map, hence

= /,uzm(dz), (3.5.5)

The set G=H(M)\ a(M) x G=Y(M)\ a(M)NG is |-|-cyclically monotone and p < £%, hence it follows
that for m-a.e. z € fM(R?), p, is continuous.
Step 2. From Lemma B25 o = [ p,mp(dy), therefore

m= = [ (5 ),

hence using (B50) and the uniqueness of the disintegration

u=[ ( / uz<fn”fuy><dz>)mf1<dy>, o = [ a5 ) d2),

where the last equality holds true for mpy-a.e. y € S. Hence for mpy-a.e. y € S the measures p, . are
continuous for my, -a.e. 2 € M. O

Finally we can prove the existence of an optimal map for the Monge minimization problem with
obstacle.

Theorem 3.30. There exists a solution for the Monge minimization problem with cost dy; and marginal
W, v with p < L.

Proof. From Lemma it follows that p can be disintegrated w.r.t. the equivalence relation H. From
Theorem B.1§ it follows that to prove the claim it is enough to prove the existence of an optimal map on
each equivalence class H(y). Hence we restrict the analysis to the classes H(y) such that H(y) # R(y)
and for them we proved in Lemma [B.23] that Assumption [ holds true. In Proposition 327 Corollary[3.28
and Proposition 329 we proved that for mg-a.e. y € S the measures m,, and p, . verify the hypothesis
of Proposition 3.9 Therefore the claim follows. O
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Chapter 4

Local curvature-dimension condition
implies measure-contraction

property

We present the main steps of this chapter.

Section ] contains some classical preliminary results. The references are [7, 27]. Section 1] starts
with the definitions of metric measure space, of length space and of the non-branching condition. In
Section [L1.1] we first recall the main ingredients involved in CD(K, N): the Rényi entropy (@II]) and
the volume distortion coefficient ([AI2]). Then the definition of CD(K, N), CDj,.(K, N) and MCP(K, N)
are given.

In Section B2 given x € M, for every fixed R > 0, we write m in “polar coordinates”: considering
the partition of By (zo) given by {S,(zo)}, <« where S,.(x9) = 0Bj(xo), Disintegration Theorem implies

mLBR(:Eo): /[ 7] Spdp; Sp(M \ Sp(zo)) = 0
0,R

Then we study the geodesic curve G, : [0, R] — M. (M) such that G5(0) = ., |Sp|l and Gz (R) = Sp.
We prove (LemmalL3) that Gz(p) = hz (-, p)S, and (LemmalIT) the map [0, B] 3 p — hy(y, p) is locally
Lipschitz continuous.

Since our aim is to understand the behavior of the geodesic curve p — Ggz(p), it is now sufficient
to understand the behavior of its density. In Section we prove that the map [0, R] > p — hz(y,p)
satisfies a sort of CD}, (K, N — 1) that can be written in the following way: for every 0 < r < R there
exists &, such that (Theorem [L12)) if R — r < &, then the following holds true

ha(r+t(R=1) %7 > ha(r)" 1ol () [ (R=7) + hp(R) ™~ Toidy (R—7), (4.0.1)

for every ¢ € [0,1].

In Section @4 we show that (Theorem FLI4) the above expression ([LO.1]) satisfies a local to global
property and therefore the restriction R — r < &, can be removed and a global version of (@O]) is
obtained.

In Section 5] exploiting the expression of m is polar coordinate and the informations obtained in
Section [£4] on the (N — 1)-dimensional evolution, we prove that (Proposition and Theorem F.T0)
the non-branching metric measure space (M, d, m) satisfies the condition MCP (K, N).

This chapter is based on the joint work with Karl-Theodor Sturm [I7].
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Local CD(K, N) implies MCP(K, N)

4.1 Preliminaries

Let (M, d) be a metric space. The length L(y) of a continuous curve v : [0,1] — M is defined as

L(y) == sup ¥ _ d(y(te-1),7(t))
k=1

where the supremum runs over n € N and over all partitions 0 = ty < t; < -+ < t, = 1. Clearly
L(y) > d(v(0),v(1)). The curve is called geodesic if and only if L(v) = d(v(0),v(1)). In this case we
always assume that v has constant speed, i.e. L(yi[s,) = |s —t|L(y) = |s — t[d(7(0),7(1)) for every
0<s<t< 1.

With G(M) we denote the space of geodesic v : [0,1] — M in M, regarded as subset of Lip([0, 1], M)
of Lipschitz functions equipped with the topology of uniform convergence.

(M, d) is said a length space if and only if for all x,y € M,

d(x,y) = nf L()

where the infimum runs over all continuous curves connecting x to y. It is said to be a geodesic space if
and only if every z,y € M are connected by a geodesic.

Definition 4.1. A geodesic space (M, d) is non-branching if and only if for all » > 0 and z,y € M such
that d(xz,y) = r/2 the set

{zeM:d(z,z)=r}n{ze M:dly,z)=r/2}
is a singleton.

A metric measure space will always be a triple (M, d, m) where (M, d) is a complete separable metric
space and m is a locally finite measure (i.e. m(Br(z)) < oo for all z € M and all sufficiently small
r >0) on M equipped with its Borel o-algebra. We exclude the case m(M) = 0. A non-branching metric
measure space will be a metric measure space (M, d,m) such that (M,d) is a non-branching geodesic
space.

Throughout the following we will use the notation:

Sp(z)={x:d@,z) =p},  By(z) = {a:d(z,2) <p}.

4.1.1 Geometry of Metric measure spaces

P2(M, d) denotes the L2-Wasserstein space of probability measures on M and dy the corresponding L?-
Wasserstein distance. The subspace of m-absolutely continuous measures is denoted by Py(M,d, m). A
point z will be called ¢-intermediate point of points x and y if d(z, z) = td(z,y) and d(z,y) = (1—t)d(z, y).

The following are well-known results in optimal transportation and are valid for general metric measure
spaces.

Lemma 4.2. Let (M,d,m) be a metric measure space. For each geodesic T : [0,1] — Po(M) there exists
a probability measure Z on G(M) such that

o e y= =T(t) for allt € [0,1];
o for each pair (s,t) the transference plan (s, v¢)4Z is an optimal coupling.

The curvature-dimension condition CD(K, N) is defined in terms of convexity properties of the lower
semi-continuous Rényi entropy functional

Entuim) = [ o7 (@n(da) (4.1.1)
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on P»(M,d) where g denotes the density of the absolutely continuous part p¢ in the Lebesgue decompo-
sition p = p¢+ p’® = om + p°.
Given two numbers K, N € R with N > 1, we put for (¢,0) € [0,1] x Ry,

00 if K62 > (N —1)n2,

, . 1-1/N

J/N sin(tdy/K/(N — 1)) if K62 < (N — 1)
sin(0\/K/(N — 1)) = ’

TN (0) =3t if K62 <0 or (4.1.2)

if K62 =0and N =1,

if K62 <0and N > 1.

N N ) N
Sinh(9/—K/(N — 1))

That is, TI(?N(G) = tl/NU%?N_l(G)(N_l)/N where

o (0) = sin(t0/ K/N)
N sin(0y/K/N)

if 0 < K6? < Nn? and with appropriate interpretation otherwise. Moreover we put

sn(0) =y O

) )

The coefficients TI(?N(Q),O'%?N(G) and §1(§,)N(9) are all volume distortion coefficients depending on the

curvature K and on the dimension N.

Definition 4.3 (Curvature-Dimension condition). Let two number K, N € R with N > 1 be given. We
say that (M, d, m) satisfies the curvature-dimension condition - denoted by CD(K, N) - if and only if for
each pair vy, 1 € Po(M,d, m) there exists an optimal coupling 7 of vy = gom and 11 = g1m, and a
geodesic I' : [0,1] — Pa(M,d, m) connecting vy and vy with

en ) < = [ [Ht dan,a)eg™ (a0) -

+ TI((t,)Nr (d(zo, $1))Q;1/N, (1) |7 (dxoday),

for all ¢ € [0,1] and all N’ > N.

We recall also the definition of the reduced curvature-dimension condition CD* (K, N) introduced in

1.

Definition 4.4 (Reduced Curvature-Dimension condition). Let two number K, N € R with N > 1 be
given. We say that (M, d, m) satisfies the reduced curvature-dimension condition - denoted by CD* (K, N)
- if and only if for each pair vy,11 € P2(M,d, m) there exists an optimal coupling 7 of vy = gom and
v1 = o1m, and a geodesic T' : [0,1] — Pa(M,d, m) connecting vy and vy such that (ZI3]) holds true
for all t € [0,1] and all N’ > N with the coefficients TI((t?N(d(xo,xl)) and TI((l,;Vt) (d(x0,x1)) replaced by

O’%?N(d(xo, x1)) and Jg;\f) (d(z0,21)), respectively.
The definition of CDj,e(K, N).

Definition 4.5 (Local Curvature-Dimension condition). Let two number K, N € R with N > 1 be given.
We say that (M, d, m) satisfies the curvature-dimension condition locally - denoted by CDy,.(K, N) - if
and only if each point x € M has a neighborhood M (z) such that for each pair vy,11 € P2(M,d, m)
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Local CD(K, N) implies MCP(K, N)

supported in M (z) there exists an optimal coupling 7w of v9 = gom and v; = p1m, and a geodesic
T:[0,1] — Pa(M,d, m) connecting vy and v; with

Enmom) <~ [ [0 r))e Y o) .

+ i d(wo, er))oy VN (@) w(daodan),

for all ¢t € [0,1] and all N/ > N.

Notice that the geodesic I' of the above definition can exit from the neighborhood M ().
If a non-branching metric measure space (M, d, m) satisfies CD(K, N) then the uniqueness of geodesics
can be proven. The next result is taken from [27].

Lemma 4.6. Assume that (M, d, m) is non-branching an satisfies CD(K, N) for some pair (K, N). Then
for every x € supp[m] and m-a.e. y € M (with the exceptional set depending on x) there exists a unique
geodesic between x and y.

Moreover, there exists a measurable map v : M? — G(M) such that for m ® m-a.e. (x,y) € M? the
curve t — y(x,y) is the unique geodesic connecting x and y.

In the setting of non-branching metric measure space CD(K, N) has an equivalent point-wise formu-
lation: (M, d, m) satisfies CD(K, N) if and only if for each pair vg,v1 € Pa(M,d, m) and each optimal
coupling 7 of them

’ _ ’ —N
00 (w0,21)) < [Tt v (dlwo,1))gy N (w0) + 74y (Ao, ar))er Y (@1)] (4.1.5)

for all ¢t € [0, 1], and m-a.e. (zg,21) € M x M. Here g; is the density of the push-forward of = under the
map (xo,x1) — Y (zo, 21).

We recall the definition of the measure contraction property.
A Markov kernel on M is amap @ : M x B(M) — [0,1] (where B(M) denotes the Borel o-algebra of M)
with the following properties:

(i) for each z € M the map Q(z,-) : B(M) — [0, 1] is a probability measure on M;
(i) for each A € B(M) the function Q(-, A) : M — [0, 1] is m-measurable.

Definition 4.7 (Measure contraction property). Let two number K, N € R with N > 1 be given. We
say that (M, d, m) satisfies the measure contraction property MCP(K, N) if and only if for each 0 < ¢ < 1
there exists a Markov kernel Q; from M? to M such that for m?-a.e. (z,y) € M and for Q(x,y;-)-a.e. z
the point z is a t-intermediate point of x and y, and such that for m-a.e. x € M and for every measurable
B C M,

[ SO ) Qo5 By(ay) < m(B),
" (4.1.6)
/M Cg,;\,t)(d(x,y))Qt(y,x;B)m(dy) < m(B).

4.2 Polar coordinates

From now on we will assume (M, d, m) to be a non-branching metric measure space satistying CD;,.(K, N)
for some K, N € Rand N > 1.

Fix 2o € M and a positive R. Consider the closure of the ball centred in z¢ with radius R, Bg(o)
and the family of sets {Sp(z0)},<z- Then the measure mg_(,,) can be disintegrated in the following
way

o)
MLE - (20)= /qu(dz), q(A) = m({x : d(z,z9) € A}).
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It is fairly easy to prove that the disintegration is strongly consistent. Indeed consider any constant speed
geodesic v going from z¢ to Sp(zo) and take v([0, R]) as the quotient set; clearly ¢(v([0, R])) = 1. It
follows that the quotient space is a Polish space and then by Corollary [5.4] the disintegration is strongly
consistent, i.e.

Syp{z d(@,z0) =p}) =1, for ¢ —a.e. v(p) € ¥([0, R]).
Proposition 4.8. The quotient measure ¢ < L.

Proof. Since (M,d, m) satisfies CDjoc(K, N), it follows from the globalization property of the reduced
curvature dimension condition proved in [7], that defining

o(r) = m(Blao)),  s(r) = lmsup sm(Brss(eo) \ By (o))
5—0

the map r — v(r) is locally Lipschitz with s as weak derivative, Theorem 2.3. of [27]. Being s the density
of y; 'q wr.t. £, it follows that v, 'q < £1. O

With a slight abuse of notation ¢(dz) = q(z)y L. As direct corollary of Proposition 8 we have
MLB (20)= /  Saq(z) (L) (dz) = / Sypa)Li(dp) = [ Spdp.
~([0,R]) (0,R] [0,R]
Consider the geodesic Gy, : [0, R] — Pa2(M, d) going from Gz (0) = 8., ||Szl| to Gr(R) = Si.
p) is absolute continuous with respect to the surface measure Sp.

Lemma 4.9. The measure G

(
Proof. Recall that CDjoc(K, N) implies the Bishop-Gromov volume growth inequality: for all 0 < r <

R<m/(N-1)JK*
s(r) <sin(m/K*/(N - 1)))N (42.1)
s(R) = \sin(R\/K*/(N -1)/ '

where K* = K(N —1)/N.

Consider p < R and A compact set such that A C S,(z0) and Gz(p)(4) > 0. Following the proof of
Proposition 2.1 and Theorem 2.3 of [27], one can prove (L 21]) with s(r) replaced by the surface measure
of m restricted to {y(t) : t € [0,1],7 € G(M),y(p/R) € A}. Since ||S,|| = s(p), the claim follows
straightforwardly. (|

Hence we have that for L'-a.e. p < R, Gz(p) = hp(-,p)S,.

Remark 4.10. Let us consider the set of geodesic

Loo.Sp(ao) == 17 € G(M) : v(0) = x0,7(1) € Sg(x0)}-

Since (M, d,m) is non-branching, for a fixed 7 € (0, 1) there exists a Borel isomorphism b

Y1) v €Tuy 850200 = Q 2y — b(y) :=={y:7v(1) =y}

Therefore we can define the following Borel map

Q@ x[0,R] > (y,p) — g(y,p) == b(y)(p/R) € M.

Note that g restricted to @ x (0, R) is invertible, hence for every p € (0, R) consider the following measures:
Sp:=0;'8, € P@x{p)). 97 'Gr(p) = Sy € P(Q x {p}).

Consider the measure p := [ Gz (p)dp. It is fairly easy to observe that
= gu(/ﬁagpdp), hi(y.p) = ha(v(y,p),p).
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The following regularity result for densities holds true.
Proposition 4.11. The map [0, R] 3 p — h(y,p) is locally Lipschitz continuous.

Proof. Step 1. Consider again the measure p1 := [ Gg(p)dp. Clearly p < m, say p = pm. Let g be the
isomorphism introduced in Remark and recall that g(y,-) is a geodesic of constant speed equals 1.

Define o(y, p) := o(9(y,p))- _
Let us consider the set 7 := {g(y,p) : (y,p) € Q x [0, R]}. Neglecting a set of m-measure zero, 7

is partitioned by the {g(y,p) : p € [0, R]},eq. Hence we can disintegrate m w.r.t. the aforementioned
partition

m = gu</B(y,p)£1(dp)qm(dy)>, /[0 N B(y,p)L'(dp) =1, qm —a.e.y € Q.

It is proved in [9] that the map [0, R] > p — B(y,p) is strictly positive and locally Lipschitz continuous.
Moreover comparing this disintegration with the surface one, we get gy (B (-, p)qm) =S,.
Step 2. Perform the disintegration of p w.r.t. the given partition of 7:

p= gu(/A(ym)El(dp)qu(dy)), /[O 0 Aly,p)LM(dp) =1, qu —a.e.y € Q

and observe that 1(7) = ||Sg||R. Define the following evolution of sets: for C' C 7 compact set let
Cy:={z€T:3weC dxz)=(1—t)d(xo,w),Iy € Q,z,w € g(y, [0, R])}.

The measurability of C} follows from the measurability of g. Observe that
_ _ _(_P _
W(Ch) = [ Gne)(Codp = [ G(12) (o= (1= Du(C).

Hence [0, R] > p — A(y,p) is constant and therefore A(y,p) = 1/R for all t. It follows that

Ay p)B(y,p) B 1
Ty, p)Bly, p)L (dp) Aly,p) =

hence

0,R] > p hp(y,p) = ply.p) =

is locally Lipschitz continuous. O

4.3 The (N — 1)-dimensional estimate

We will derive an N — 1 version of CDy,(K, N) for the geodesic [0, R] > p — Gx(p). For every r < R we
define the following map
S, 3z grr(2) = g(Pi(g7(2)), R) € Sk.

Clearly g,—r3Gg(r) = Gp(R).

4.3.1 Approximating measures

Fix 0 < r < R and a positive ¢t € (0,1). Fix # € S, and denote with M (x) the neighborhood from
Definition B3] in which CDj,. (K, N) can be used. Clearly there exists 7 > 0 such that M(x) D B, (x).
Fix R < R such that 0 < R —r <1, take 0 < 77 < n and consider the following sets:

A= g7 5 (90— (B (@) 0 By(@)).
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Possibly restricting to a subset of A, we can assume w.l.o.g. that 1/D < iz(y, ), fz(y, R) < D for every
yeQa:={yeQ:g(y,r) € A}. Since we are interested on a local analysis near x we assume that

Gr(P) = Gr(P)L {g(y.10.R)veq@}-
For every € > 0 there exits d(g,y) such that the following equality is satisfied for all y € A

(1—1t)e _ té(e,y)

Ry, )"/ N=Dg 8 (R—7)  h(y, R)“VW-Dold (R—r)

(4.3.1)

Throughout the following, whenever h is considered as function of variables in A x [0, p] we intend h o g.
Now we can define the auxiliary measures to obtain a surface version of CDj,.(K, N). Let

5(e) = inf{d(e,y) : y € A}.
Possibly restricting to a subset of A, §(¢) > 0. Define

1 1
fo,e == = / Gr(p)dp = - / (hR(-,p)Sp)dp
€ J(r—e/2,r+¢/2) € J(r—e/2,r+¢/2)
: /
Me = Gr(p)dp = —/
: i(e) (R—6(¢)/2,R+6(c)/2) n (e) (R—6(2)/2,R+6(¢)/2)

Observe that for sufficiently small e both measures are supported in M (z), po,(By(x)) = p1,:(By(2))
and po.c, 11, < m. Observe that

(4.3.2)

(ha-p)S, )dp

1 N A 1 - .
fo,e = gﬁ(—/ hR(')Spdp)’ Pie = g (—5 / hR(')Spdp)' (4.3.3)
€ Jr—e/2,r+¢/2) (e) (R—6(2)/2,R+6(¢)/2)

We assume K > 0. Denote with [0,1] 3 ¢ — p;.. € P2(M,d, m) the geodesic from pg . to 1, and

Ho,e = Q0,eM, Hr.e = Or,eM, H1e = Q01,eM.
Let 7. be the optimal coupling between p. and i1 - of the form (Id, T;)spu.. It follows from CDyoc (K, N),
that for m.-a.e. (20,21) € M?

71N(

Qt,g/ %(2’0,21))

> 00N (zo)rie ¥ (20, 21)) + 012N (1) (d(20, 21)). (4.3.4)

Theorem 4.12. Fiz (y,7) and M(g(y,7)), then for S,.-a.c g(y,r) € M(g(y,7)) and g(y, R) € M(g(y,T))
the following holds true:

(4.3.5)

> ha(gly,r) T oG (R —7) + halg(y, R) ™ oy (R~ 7).

Proof. During the first two steps of the proof we will omit the subscript e referred to measures and R
referred to the measure Gi. Let us expand the right hand side of (Z34):
~1/N
Qt,s/ (7(20, 21))
N-—1

> (Shtea) ™ 0= o 0 T o))

+ (shtron)

N—1

N 1/N _(t)
t O—K,Nfl(d(ZO’TE(ZO))) Mo
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Step 1. Let f: R? x R? — R be defined by the following expression

a b N
f( <a;> ) (b;) ) = a1b1 + agbg — (af + ag)l/l)(b'{ + bg)l/q’ p= N,q _ N

Recall that f = 0 if and only if a}/b{ = ab /bd. Consider

a1 = (1 —t)N, b= hy, ) VN L (R—1)
iz = Oy, b= hly, BTNl (RN

Then @31 implies f(a;, I;Z) = 0. We write the Taylor expansion of f centered at the point (di,l; ):

arby + asby = (af + aB) /P (b + b3) T + (V f(ai,b), ((a; — i), (bi — b))
+ O(||(a; — @i, b; — bi)||?).

and we are interested in considering the above formula at points

ay = ay = (e(1 — )V, by = h(wg) N gz\f) 1(d(wo, Te(20))) "~
ag 1= (5(5)15)1/]\[7

by i= h(T(w0)) "N ol (d(wo, Te(w0))) ¥ -

Since the derivatives of f have the following expression

Of o oo i (BLABNYTaf s
a_ai(az;bz)—bz_ai d€+&g s b, (azab) az_bi s

we observe that for j = 1,2 and j # i:
of R . L/ b+ e 1/q a? 1/q
L (a;,b;) = b; — a? 12 =b; — (b} + bV -
o (e = - (s o+ ) (o

) a —1/q
=b;— (b + o)1+ 2
a;

= by — (b7 + b)Y + b3) ", = 0,

(4.3.6)
and the same calculation holds true for a—(az, b;). It follows that the Taylor expansion of f centered at
(s, b;) and evaluated at point (a;, b;) has the following expression:

<@>Nutﬁa&éﬁ)1<d<zO,T€<zO>>>NN1 * (%) ¥ o)1 (d(z0, T (0))) N

Bl

1

1

:(dl—w+ﬁkﬁ)N

x (lz0) ™%V (d(z0, Te(20))) + H(Te(20)” VT 0l 1 (20, Te(20)) )
+ O(|[(a; — @i, bi — bi)[|*)

(4.3.7)
Step 2. Now we can rewrite [I34). For m. a.e. (20, 21) it holds

1

0t.e(Ve(20,21)) W

(1—t+6 )

+ O(|[(ai — a;, b; B )

2~

N

(nz0) ™o WL 1 (d(z0, 22)) + A1) TN T oy (d(z0,20)))
).

1
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It follows that for m.-a.e. (zo,21) it holds

[ -
N—1

(1 = &) + () ove (o, 00)))

N—1
N

- {(h(ZO) Naol L (20, 21)) + h(z1) T Vol 1(d(207zl)))

+Ollas = s = B (1 -0 +atee) T}
Observe that . = L1(I;c)7? flt ) Gpdp with I; . convex combination of (r —e/2,7 +¢/2) and (R —
5(g), R+ 4(¢)). Hence L' (I; ) = e(1 —t) + (e)t, therefore

(e(X =) + ()t o1, (ve(wo, 21)) = h(ye(0, 21)).

Let v be the quotient measure of 7. w.r.t. the family of disjoint sets {g(y, [0, R]) x M },cq. Note that v
doesn’t depend on e. It follows that m. = [ m. ,v(dy) with 7., — dg(y,r),g(y,R)- 1t follows that

/ h(7v¢ (2o, Zl))_ﬁﬂ-g,y(dzod,z1)l/(dy)

N—1
N

> [ {(heo) SR e 20) + o) ¥ 0 (A, )

1

+ Ol(ai = as, b = b)) (=(1 =) + 3(<)t) N}“m,y(d%dznu(dy).

From (@3] and the boundedness of h, D < td(e,y)/(1 —t)e < 1/D uniformly in €. Taking advantage of
of the Lipschitz regularity of ¢ — h(g(y,t)), letting € — 0 one can prove that O(||(a; — @i, b; — b;)||*)(e(1 —

t) + (5(5)1&)7% ~ /N Being the only depending on e, and being the other terms Lipschitz continuous
when restricted on geodesics, it follows that

/ h(v¢ (20, 21))_ﬁ77(dz0dz1)

N—-1

> [{(hor RS ooz + o) o (dana) T} w(dandn)

where . — 7 € II(p, v) with p. — p and v, — v. Since A can be taken as small as we want, we obtain
the point-wise version of the above inequality and the claim follows. O

4.4 The global estimates

From Theorem [LT2 we have that fixed y € Q: for every 0 <r < R there exists a neighborhood M (g(y, 7))
of g(y,r) such that for all » < R < R with g(y, R) € M(g(y,r)) it holds

ha(re(g(y, ), 9(y, R)) 7T > hg(g(y, 7)) 7= 10(15) (R =)
+halgly, R) ™ oWy (R—1),

for every t € [0,1]. Since the comparison is always on the same geodesic, the map ¢ — hg(g(y,t)) is a
real variable map and the above inequality is equivalent to: for every 0 < r < R there exists &, such that
if R—r < &, then the following holds true

ha(r+t(R—1))" %7 > ha(r) 10w @) (R—7) + hp(R) ™" 1oWy (R—7), (4.4.1)

for every ¢ € [0,1].
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Lemma 4.13 (Midpoints). For all 0 < r < R < R inequality @A) holds true for all t € [0,1] if and
only if for all 0 <r < R < R we have:

R 1 1
ha(Co) T 2 hp(r) TR (R = 1) + ha(R)” T o

(R—1). (4.4.2)

Proof. We only consider the case K > 0. The general case requires analogous calculations. Fix 0 <7 <
R<Randputf:=R-—r.

Step 1. For every k € N we have

ha(r +12750)) ok/n1(2710)

R(r 4 (1 —1)27%0))~
+ hR(r + (l + 1)2_k9)) N= 10(1/2) 1(2—k+19),

for every odd [ = 0,...,2"
Step 2. We perform an induction argument on k: suppose that inequality (EZ4T]) is satisfied for all

t =127k € [0,1] with | odd, then ([ZZI]) is verified by every t = [27% € [0, 1] with [ odd:
hp(r+127F0)) " ™=
> hp(r+ (1—1)27%9))~
+hg(r+ (L +1)27%0)) " ~= 10(1/2) (275 1g)
1 o—k
> R 27518) [ha(r) T o) + h;;(R)‘NAa%INlJ? )]

(1/2) 1( —k+19)

—k k
+ ok N @70 [ () T ToR YTV (0) + hy(R)TTTAUNTV (0)]

Following the calculation of the proof of Proposition 2.10 of [7], one obtain that

1 1_12~k 1 12—k
N1 > hp(r) Mo W () + ha(R) TV T oty (6),

hp(r+127%0))

The claim is easily proved by the continuity of hz and of o. O

Theorem 4.14 (Local to Global). Suppose that for everyr € (0, R) there exists e, > 0 such that whenever
R € B.(yy(r) then (@A) holds true for any t € [0,1]. Then @ZI) holds true for any 0 <r < R < R
and t € [0,1].

Proof. We only consider the case K > 0. The general case requires analogous calculations. Fix 0 < r <
R<Rand®:=R—r.

Step 1. According to our assumption, every point r € [0, R] has a neighborhood B.(;(r) such that if
R € B(;y(r) then ({.4]]) is verified. By compactness of [0, R] there exist z1,...,z, such that the family
{Bc(z,)/2(wi) }i=1,...n is a covering of [0, R]. Let A := min{e(z;)/2:i=1,..., n} Possibly taking a lower
value for A\, we assume that A = 27%6. Hence we have

1 1
hR(T 4+ 59)_N171 Z hR(T —+ 59 _ 27k9)_ﬁ02,/;\2;)_1(27k+19)

1
+hilr+ 50 +270) " o0 (274 ).
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Step 2. We iterate the above inequality:

1> hg(r+ 9f2 kgy~w

hg(r -+ %9) ) (27F )

+hp(r+ 59 +27ke) v T (27 k)

Y

1
o (2—k+19) [halr+ 50 —27510) 710D (27419

+halr+ 56 oD 1(2"”19)}

+a<1/2>1<z—k“9>[ w4 Loy o2 oy

_1(2—k+19)}

1
S/I\QI) 1( 7k+19)2hé(r + 59 . 27k+19)_

1
+hp(r+ 560+ 2 k+1g)~

| \/

1
+oR N (270 hy(r + 564+ 275410)

(1/2) (a) (1/2)

Observing that o 1(2a), it is fairly easy to obtain:

1 1 ) 1 .
hi(r + 50)7 77 > hp(r+ 50 = 27470) " F0 /0 (275410
1 . .
+hp(r+ 50 +2750) v ol (27 ki),
for every i = 0,..., k. For i = k Lemma [£I3] implies the claim. O

4.5 From local CD(K, N) to global MCP(K, N)

So we have proved that the density hp(-) of the geodesic [0,R] > p — Ggr(p) satisfy the following
inequality:

ha(ve(g(y, ), 9(y, R)) 7T > hg(g(y, 7)) 7= 10’% N (R—)
+helg(y, R) 1oy (R —7).

for every y € Q and 0 < r < R < R.
Fix a generic g € M and consider the following measure

u:/ ~ Spdp.
7, A]

Let [0,1] 2 ¢t — ut € P2(M,d,m) be the geodesic such that ug = p and py = o, ||pl| with pu: = om. Let
moreover 7 € II(po, pt¢) the corresponding optimal coupling.

Proposition 4.15. Fiz t € [0,1). Then for m-a.e. (z0,21) € M? the following holds true
—1/N —1/N _(1-s) —1/N _(s)
o1s(7s (20, 21)) > 00(%0) Trn (d(20,21)) + 0t(21) T n (d(20, 21)),

for every s € [0, 1].

Proof. Let [0,1] 2 s — I'(s) geodesic with T'g = i, I'(1) = ps. Since

1
p= [  Spdp, = / Gp((1 = t)p)dp = T— hpya-n(p)Spdp,
[7,R] v JA=-t)[rR]
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therefore )
Do) == 75 [ a9 (45.1)
—ts Ja—ts)r.A

Let m; € II(u, pz) be the optimal plan and consider 7 < p < R. and 2z € Sp. Then the unique z; such
that (29, 21) is in the support of the optimal plan 7, belongs to S(1—t)p- Then from Theorem EL.I12] and

ELT)

ors (0. 20) Y = (gl )
~ (=) (stuteomy ) T
> (1-s)N (hﬁ(wo)_Nl”Ug,?vs),l(d(moaxl))) .

+ ((1 . t)S)l/N (hﬁ($1)7N171 O—S?Nfl(d(x()’xl)))

1 (1-s hs(z))\~~ (s
= o)~ 7it o, o)) + (P2 o, 1))

= 00(20) VT (d(20, 21) + 06(21) YN TN (d(20, 1)),

The claim follows. O

So far we have proven that given g := m(A)~ mcLa, zo € supp[m] and the unique geodesic [0,1] >
t — T'(t) such that I'(0) = pg, I'(1) = 65, and T'(t) = ggm for t € [0,1) we have for any ¢ € [0,1):

En/(D(ts)|m) < — /MxM {Tf((l,;vsf) (d(z0, 1))05 "™ (x0) (152

+ i d(wo, @)y VN (@) mi(dwoday),

for all s € [0,1] and all N > N, where m = (P, P)y=.
We are ready to prove the main theorem of this chapter.

Theorem 4.16. Let (M,d, m) be a non-branching metric measure spaces satisfying CDjoe(K, N). Then
(M,d, m) satisfies MCP(K, N).

Proof. Step 1. Let v : M? — G(M) be the map introduced in Lemma FL6 and define for each t € [0,1] a
Markov kernel @Q; from M? to M by

Qi(7,y; B) = 15(n(z,y))

and for each pair ¢,z a measure my , = [ Q¢(z,y;-)m(dy).

For each © € M let M, denote the ser of all y € M for which there exists a unique geodesic connecting
x and y and let My be the set of x such that m(M \ M,) = 0. By assumption m(M \ My) = 0.

Step 2. Fix 29 € Mg and B C M. Put Ay := v(xo,-)"1(B) and po := m(Ag) " 'mrLa,. Considering
s=11in @52 it follows that

m(B)YN > inf 11\ (d(y, zo))m(Ag) ¥,
yEAp

or equivalently

. t — . t d(Z,Z'O)
mB)z it oy (dyzo)mln(eo, )7 (B)) = inf <§(?N<f M.z, (B).
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Decomposing B into a disjoint union U; B; with B; = BN (Bai(zo)\Bg(i_l)(xo), and applying the previous
estimate to each of the B; we obtain as ¢ — 0

m(5) = [ (B )

or equivalently
m(B) > / Sien (d(z,20))Qu(wo, y; Bym(dy).
B
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Chapter 5
Appendix

In this section we recall some general facts about projective classes, the Disintegration Theorem for
measures, measurable selection principles, geodesic spaces and optimal transportation problems.

5.1 Borel, projective and universally measurable sets

The projective class ¥1(X) is the family of subsets A of the Polish space X for which there exists Y
Polish and B € B(X x Y) such that A = P;(B). The coprojective class II1(X) is the complement in X
of the class ¥}(X). The class 1 is called the class of analytic sets, and 11} are the coanalytic sets.

The projective class ¥, 1(X) is the family of subsets A of the Polish space X for which there exists
Y Polish and B € II},(X x Y) such that A = P;(B). The coprojective class 11, (X) is the complement
in X of the class X! ;.

If X1, IIl are the projective, coprojective pointclasses, then the following holds (Chapter 4 of [25]):

1. XL, I are closed under countable unions, intersections (in particular they are monotone classes);
2. BLis closed w.r.t. projections, IT} is closed w.r.t. coprojections;
3. if A€ Xl then X \ A €II};

4. the ambiguous class A}, = X% N1I,, is a o-algebra and X} UL, C A} .

We will denote by A the o-algebra generated by ¥1: clearly B = Al ¢ A C Al.

We recall that a subset of X Polish is universally measurable if it belongs to all completed o-algebras
of all Borel measures on X: it can be proved that every set in A is universally measurable. We say that
f: X — RU{&o0} is a Souslin function if f=1(t,+oc] € X1.

Lemma 5.1. If f : X — Y is universally measurable, then f~1(U) is universally measurable if U is.

Proof. If n € M(X), then fyn € M(Y'), so for U C Y universally measurable there exist Borel sets B,
B’ such that B C U C B’ and

0= (fppn)(B'\ B) = u(fH(B)\ f(B)).
Since f~1(B), f~}(B’) C X are universally measurable, there exists Borel sets C, C’ such that
ccfiBcftuciiB)cc

and p(C’"\ C) = 0. The conclusion follows. O
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5.2 Disintegration of measures

Given a measurable space (R, %) and a function r : R — S, with S generic set, we can endow S with the
push forward o-algebra & of %Z:

Qe +— r Q) ez,

which could be also defined as the biggest o-algebra on S such that r is measurable. Moreover given a
measure space (R, %, p), the push forward measure 1 is then defined as 7 := (ryp).

Consider a probability space (R, Z,p) and its push forward measure space (.5,.7,7) induced by a
map 7. From the above definition the map r is clearly measurable.

Definition 5.2. A disintegration of p consistent with r is a map p: Z x S — [0, 1] such that
1. ps(+) is a probability measure on (R, Z) for all s € S,
2. p.(B) is n-measurable for all B € Z,

and satisfies for all B € Z,C' € .¢ the consistency condition

p(B0r70) = [ pu(Bn(as)

c

A disintegration is strongly consistent with respect to r if for all s we have ps(r=1(s)) = 1.

The measures ps are called conditional probabilities.

We say that a g-algebra H is essentially countably generated with respect to a measure m if there exists
a countably generated o-algebra H such that for all A € H there exists A € H such that m(A4 A A) = 0.

We recall the following version of the disintegration theorem that can be found on [2], Section 452
(see [8] for a direct proof).
Theorem 5.3 (Disintegration of measures). Assume that (R, %, p) is a countably generated probability
space, R = {Rs}ses a partition of R, r : R — S the quotient map and (S,,n) the quotient measure
space. Then .7 is essentially countably generated w.r.t. 1 and there exists a unique disintegration s +— ps
in the following sense: if p1, pa are two consistent disintegration then p1 s(-) = p2.s(+) for n-a.e. s.

If {Sn}pcn 18 a family essentially generating .7 define the equivalence relation:

s~s = {s€8, < s €85, VneN}L

Denoting with p the quotient map associated to the above equivalence relation and with (L, £, \) the
quotient measure space, the following properties hold:

o R = Usep-1(yRs = (po r)7L(l) is p-measurable and R = Uier Ri;

e the disintegration p = fL pA(dl) satisfies pl(Rl) =1, for A-a.e. 1. In particular there exists a
strongly consistent disintegration w.r.t. por;

e the disintegration p = fS psn(ds) satisfies ps = pp(sy for n-a.e. s.
In particular we will use the following corollary.

Corollary 5.4. If (S,.7) = (X, B(X)) with X Polish space, then the disintegration is strongly consistent.
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5.3 Selection principles
Given a multivalued function F : X — Y, X| Y metric spaces, the graph of F is the set
graph(F) := {(z,y) 1y € F(x)}. (5.3.1)
The inverse image of a set S C Y is defined as:
FUS)={zeX : Fz)nS #0}. (5.3.2)
For F C X x Y, we denote also the sets
F,=Fn{z}xY, F/:=FnXx{y}. (5.3.3)

In particular, F(z) = Py(graph(F).), F~*(y) = Pi(graph(F)¥). We denote by F~! the graph of the
inverse function

F~li={(z,y): (y,z) € F}. (5.3.4)

We say that F is R-measurable if F~Y(B) € R for all B open. We say that F is strongly Borel mea-
surable if inverse images of closed sets are Borel. A multivalued function is called upper-semicontinuous
if the preimage of every closed set is closed: in particular u.s.c. maps are strongly Borel measurable.

In the following we will not distinguish between a multifunction and its graph. Note that the domain
of F (i.e. the set P;(F)) is in general a subset of X. The same convention will be used for functions, in
the sense that their domain may be a subset of X.

Given F C X x Y, a section u of F is a function from P;(F) to Y such that graph(u) C F. We recall
the following selection principle, Theorem 5.5.2 of [25], page 198.

Theorem 5.5. Let X and Y be Polish spaces, I C X x Y analytic, and A the o-algebra generated by
the analytic subsets of X. Then there is an A-measurable section u: Py(F) —Y of F.

A cross-section of the equivalence relation FE is a set S C E such that the intersection of S with each
equivalence class is a singleton. We recall that a set A C X is saturated for the equivalence relation
EC X xXif A=U,caE(x).

The next result is taken from [25], Theorem 5.2.1.

Theorem 5.6. Let Y be a Polish space, X a nonempty set, and L a o-algebra of subset of X. FEvery
L-measurable, closed value multifunction F : X — Y admits an L-measurable section.

We will use the following corollary.

Corollary 5.7. Let F C X x X be A-measurable, X Polish, such that F, is closed for every x € X and
define the equivalence relation x ~y < F(x) = F(y). Then there exists a A-section f: P(F) — X
such that (z, f(x)) € F and f(x) = f(y) if  ~ y.

Proof. For all open sets G C X, consider the sets F71(G) = PI(FNX x G) € A, and let R be the
o-algebra generated by F~1(G). Clearly R C A.
If x ~ y, then

re F7YG) <= yeF Q)

so that each equivalence class is contained in an atom of R, and moreover by construction z +— F(z) is
R-measurable.

We thus conclude by using Theorem [5.G] that there exists an R-measurable section f: this measura-
bility condition implies that f is constant on atoms, in particular on equivalence classes. [l
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5.4 General facts about optimal transportation

Let (X, B,u) and (Y, B,v) be two Polish probability spaces and ¢ : X X Y — R be a Borel measurable
function. Consider the set of transference plans

M(p,v) = {ﬂ' EPX XY): (P)ym = p, (Po)ym = V}.

Define the functional
T : (g, v) — RT

T — I(ﬂ') = fCﬂ'. (541)

The Monge-Kantorovich minimization problem is to find the minimum of Z over all transference plans.
If we consider a p-measurable transport map T : X — Y such that Ty = v, the functional (&Z.1)
becomes

I(T) :=Z((Id x T)yp) = /c(x,T(ac))u(dm).

The minimum problem over all T" is called Monge minimization problem.
The Kantorovich problem admits a (pre) dual formulation.

Definition 5.8. A map ¢ : X — RU{—o0} is said to be c-concave if it is not identically —oo and there
exists ¢ : Y — RU {—o0}, 1) Z —o0, such that

o(x) = inf {c(z,y) —v(y)}.

yey

The c-transform of ¢ is the function
#(y) = inf {c(z,y) —o(2)}. (5.4.2)
The c-superdifferential 0°p of ¢ is the subset of X x Y defined by
0°p = {(x,y) se(z,y) — o(x) <clz,y) — p(2) Vz € X} CXxY. (5.4.3)

Definition 5.9. A set I' C X x Y is said to be c-cyclically monotone if, for any n € N and for any family
(0,90), - - - (T, yn) of points of T', the following inequality holds:

n

(i, yi) < Z c(Tit1,9i),

n
i=0 =0

where z,4+1 = xo.
A transference plan is said to be c-cyclically monotone if it is concentrated on a c-cyclically monotone
set.

Consider the set
D= {(p.1) € L' () x L'(v) s (@) + ¥(y) < e(w,y) }. (5.4.4)

Define for all (¢, ) € ®. the functional

J(p, 1) 5:/<PM+/1/JV- (5.4.5)

The following is a well known result (see Theorem 5.10 of [31]).

Theorem 5.10 (Kantorovich Duality). Let X and Y be Polish spaces, let p € P(X) and v € P(Y), and
let ¢c: X XY — [0, +00] be lower semicontinuous. Then the following holds:
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1. Kantorovich duality:

inf Z(r)= sup J(p,¥).
m€Ml(p,v) [CRDIS

Moreover, the infimum on the left-hand side is attained and the right-hand side is also equal to

sup  J(p, ),
(4P1¢)€(I>cmcb

where C, = Cp(X,R) x Cp(Y,R).

2. If ¢ is real valued and the optimal cost is finite, then there is a measurable c-cyclically monotone
set ' C X XY, closed if ¢ is continuous, such that for any m € (u,v) the following statements are
equivalent:

(a) m is optimal;

(b) 7 is c-cyclically monotone;

(¢) 7 is concentrated on T';

(d) there exists a c-concave function ¢ such that w-a.s. p(z) + ¢°(y) = c(x,y).

3. If moreover

c(z,y) <cx(z)+ey(y), cx p-integrable, cy v-integrable,

then the supremum is attained:

supJ = J(p,¢°) = inf I(nm).
>, reM(p,v)

We recall also that if —c is Souslin, then every optimal transference plan 7 is concentrated on a
c-cyclically monotone set [g].
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