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THE PLAN

1. Curved momentum space and relaeive localivy;
Alekseev-Makin construction of effective, deformed
particle lagrangian in 24 dimensions;

3. Comments,

L

“Based on the (partidlly inpublished) work done with Tomasz. Trzesniewski.




SCALE AND GEOMETRY

The dssumpkion thak. the angle sum is less
than 4180° ledds ko d geometry quite
different. from Euclid's.
As q
Joke T even wished Euclidean geometry was
not. true, for then we would have
(Gauss, 1829

If there is an ¢ priors scale, you expect. nonkrivial geometry,

Everyching is curved, unless it cannot. be




FLAT/CURVED MOMENTUM SPACE

In the cdse of d skdnddrd reldeiviskic particle we have flae spdcetime dnd flae
momentum spdce:

-
y NO Scdle \
required
The phqse SPC!CE IS d

cokangent. bundle over Momentum spdce
flae momentum spdce




FLAT/CURVED MOMENTUM SPACE

For deformed relaeiviskic pdrticle we have fide. Spacetime and curved momentum

-Spqce.
The phase spdee is d
cokangent. bundle over
curved momenkum Spdce

curved momentum SPdce
(he curvakure Scale

neededh)




RELATIVE LOCALITY

In the RL framework the no-trividl geometry of momentum spdce exhibits
ibself in a number of ways:

4. The kinekic term for a particle has the form

L~—-p ES(p)XT + ...,
EXp) =6+ Sh 0 p .
K

with the nonkrivial momentum space frame field.




RELATIVE LOCALITY

The mdss-shell relation is defined ds d squdre of the diskance from 2ero to the point. P,
with coordingkes p,, (P:

C(p)=D"(p)-m

We need metric ko define the mdss-shell relgkion !

/ﬁ
D(p) = ds 9 p,p.

geodesic

If the metric is noplinedr we need the mass scale 0 define it.




MOMENTUM ADDITION

If the compositi
position pBq is nonlinear we need q mass O
scgle to define i
it

(p@g) =
a_/”a—l_ i ’
qa+KF§ P, +




RELATIVE LOCALITY

In theories with curved momentum Space, locdlity mighh be reldtive:

1. The transiation (andfor Lorentz transformation) of q particle wordline depends on the
momentum that the particle carries;

2. Therefore the worldlines of the particles with different momenta eransform differently;

3. As q resulk, locdlity of events (defined by worldlines inkersections) is not dbsolute, and
becomes relative,

It s€ems that. relgeive focglity 15 neikher 109iclly inconsistent nor qoes ik
contrygict any observationdl qaka.

G. Amelino-Cameliq, L. freidel, JKq, L. Smolin The princjole Of relgive Jocglity. Phys.Rev. D8 084040, arXiv:4101.0931 [hep-th];
Relgtive locality: A qeepening Of the relaeiviey princjale. Gen.Rel.Grav. 43 2547arXivA106.0343 [hep-th]




FUNDAMENTAL OR EMERGENT?

Is the curved momentum spdce or emergent?

2. If it is emergent, how does it drise?
In the emergent case the master theory must provide q momenkum Scale.
In 3+1D

44 — P//MP/

One cdn imagine the regime, in which Planck lengeh is small, while Planck mass skays finice
(relgkive £0 the charckeristic Scales of the problem)




IN 244 D THERE IS A MASS SCALE!

In 744 dimensions the Newkon's conskant G, has the dimension of inverse
mass q,~4/K.

This 5uggests thde the momentum spdce might be curved, and I will show that
it indeeq is.

Of course, 744D graviky is d Loy model, and we do not have o believe that it
tells you anyehing relevant. for the redi world,

However, it. is interesting becquse:
1. This is the only exqmple that we have;
2. There might be real physical systems, which are effectively 244 dimensional.




GRAVITY IN 2+44 D WITH PARTICLES

The Lagrangian of 244 gravity with one (massive) particle db the origin is

L = ija’z/ve” <A/.A/.> — ja’r </r1/i(’>

[ d?x < L%HF - heh 52<x>j>




GRAVITY IN 2+4 D WITH PARTICLES

The Lagrangian of 2+4 graviky with one (massive) pdrticle dk. the origin is

@

L = ijdz/ve”' <A/.A/.> — ja’r </rl/i(’>

[ d?x < (%HF _hCh 52<x>j>




GRAVITY IN 7244 D WITH PARTICLES

The Lagrangian of 2+4 graviky with one (massive) pdrticle dk. the origin is
a
term
L = ijdz/ve”' <AA> —Idf</l_l/;(’>
rJ

[ d?x < (%HF _hCh 52(x>j>

C=md +sF,
A IS 'transiation + Lorent='




GRAVITY IN 244 D WITH PARTICLES

The Lagrangian of 2+4 graviky with one (massive) pdrticle dk. the origin is

Particle
kerm

L = i [ (AA))~(H*hC)

H[d?x <A0 (i I F, — hCh* &2 (,?)j>

K

A € Poincare group
C =md, + SF,




GRAVITY IN 2+44 D WITH PARTICLES

[ = [ L2xet (AA)~(H*hC)
2K o
The ideq is Lo Solve the conskrgink
L - heh 5

K

and plug khe solukion back ko he lagrangian. (This can be done explicitiyt)

AN. Alekseev and A.Z. Malkin, Commun. Math. Phys. 169, 99 (1995) [arXiv:hep-h/9342004; C. Meusburger dnd B. J. Schroers,
Class. Quank. Grav. 20 (2003) 2493 [arXiv:gr-qc/0301408.

<O
4



SOWING THE CONSTRAINT &£, = ach™5%(R)

K

Al =978y

/ /




CONTINUITY CONDITION

=y*o.y

The connection musk be conkinuous deross the boundary of the disk.
Decomposing the Poincare group elements inko Lorent2 dand transiationdl pares

7=CI[)77=ET

one finds thae the Lorent2 part of the continuiky condition reads

[(t, §) = n(t)exp [Zﬂmﬁjkt, $)

K




HOLONOMY AND MOMENTUM

Since the connection A is gduge trivid, its holonomy dlong the boundary is
given by
2z

Hol (A7) = (O)*(2x) = il(o)exp[ P

jS(o) -1

Here is the group valued momentum chardcterizing motion of the particle.
In terms TT of the lagrangian of the particle has the form

L = k(T 5} + (spin part)=- P EL(P)X* + N(n PP, - m”)
E°(P) is the momentum space frame field




THE MOMENTUM SPACE

The momentum of TT the particle is defined by the group element. dnd thus
khe momentum spdce is a4 group manifold. In fack, the 244D lorentz group, o
which TT belongs is the 244D Anki de Sitker space




NONCOMMUTATIVE POSITIONS

By dudliby (Born reciprociby, Mgjid co-graviy) the position space is non-
commukakive

1
{Xa)xé} _ _eaéckc
K




TWO PARTICLES

In the cqse of two (or many particles the procedure is very similar:




TWO PARTICLES

In the cgse of kwo (or many) particles the procedure is very similar:

Ps

P

Puo M Py




TWO PARTICLES
The deformed lagrangian has the form ¢(no spin)

Lo=x(M IR} + a (T, L) +x <(H I H‘ll_[;_l—ﬁll‘lf)zc2>

2 1 1

and there is 4 nonkrivial coupling beween particles. This is this coupling that
makes the kokal momentum of the system equdl Lo the deformed composition
of the individudl particles momentq, given by group product.

To see this define cenker and the relakive positions

r= %(xl +r,), 0= %(xi -1,

L=k (IT7 ) + 2 terms, 11 =T111

S0 that the lagrangian is invariant. under rigid kranslakions which do nok. change
the particles relative position, with the gssociqeed tokal momentum being TT.




COMMENTS

No reldkive locdlity! In this model there is no sign of relative
locglity: the reldeive position of the particles is invariane under
rigid transiaeions.

BTW. (for experts) this makes the construction of the vertex
quite ndeurdl and unique (no sudoky neededy,

This effective particle model works only in 2+4D and cannok be
exeended ko higher dimensions. There is d model with (kind of)
the K-Poineare skruckure, which ean be excended ko higher
dimension (tdlk in Rome),




COMMENTS: AND WHAT ABOUT 3+4D?

There dre only cireumstantidl evidences:

1. Graviey in 3+4D can be defined as q constrained topologiedl field theory,
when the conskraint is forced to vanish one has q TFT;

2. One can couple this theory to particle(s) and even argue thak Such q
system can be described by €S theory in 244D, like 2+4 graviky, but with
more complicated gauge group;




THE MESSAGE

L. In 244D we can honesty derive the deformed single- and multi-particle
ackions with momentum Space being 4 group manifold; and momenka of the
particle(s) represented by group elements;

2. The tokal momentum of the mulki-particle system is given by the group
product. of the group elements representing momentq of the particles;

3. The mulkiparticle lagrangian contains the topological inkerackion terms" and
the form of these kerms is Such that locdlity kurns ouk ko be gbsoluee
(not. relqkive).

b Teis uncleqr if this resules can be dqpplied beyond the 2+44D sekup.




