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Abstract

Starting from a so-called flat exact semisimple bihamiltonian struc-
tures of hydrodynamic type, we arrive at a Frobenius manifold struc-
ture and a tau structure for the associated principal hierarchy. We
then classify the deformations of the principal hierarchy which possess
tau structures.
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1 Introduction

The class of bihamiltonian integrable hierarchies which possess hydrody-
namic limits plays an important role in the study of Gromov—Witten invari-
ants, 2D topological field theory, and other research fields of mathematical
physics. In [I5] the first- and third-named authors of the present paper
initiated a program of classifying deformations of bihamiltonian integrable
hierarchies of hydrodynamic type under the so-called Miura type transfor-
mations. They introduced the notion of bihamiltonian cohomologies of a
bihamiltonian structure and converted the classification problem into the
computation of these cohomology groups. The first two bihamiltonian co-
homologies for semisimple bihamiltonian structures of hydrodynamic type
were calculated in [I7), B1], and it was proved that the infinitesimal defor-
mations of a semisimple bihamiltonian structure of hydrodynamic type are
parametrized by a set of smooth functions of one variable. For a given defor-
mation of a semisimple bihamiltonian structure of hydrodynamic type these
functions ¢ (ul), ..., c,(u™) can be calculated by an explicit formula repre-
sented in terms of the canonical coordinates u!, ..., u™ of the bihamiltonian
structure. These functions are invariant under the Miura type transforma-
tions, due to this reason they are called the central invariants of the deformed
bihamiltonian structure.
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In [33], the second- and third-named author of the present paper con-
tinued the study of the above mentioned classification problem. They refor-
mulated the notion of infinite dimensional Hamiltonian structures in terms
of the infinite jet space of a super manifold, and provided a framework
of infinite dimensional Hamiltonian structures which is convenient for the
study of properties of Hamiltonian and bihamiltonian cohomologies. One
of the main results which is crucial for the computation of bihamiltonian
cohomologies is given by Lemma 3.7 of [33]. It reduces the computation of
the bihamiltonian cohomologies to the computations of cohomology groups
of a bicomplex on the space of differential polynomials, instead of on the
space of local functionals. Based on this result, they computed the third
bihamiltonian cohomology group of the bihamiltonian structure of the dis-
persionless KdV hierarchy, and showed that any infinitesimal deformation
of this bihamiltonian structure can be extended to a full deformation.

In [§], Carlet, Posthuma and Shadrin completed the computation of the
third bihamiltonian cohomology group for a general semisimple bihamilto-
nian structure of hydrodynamic type based on the results of [33]. Their
result confirms the validity of the conjecture of [33] that any infinitesimal
deformation of a semisimple bihamiltonian structures of hydrodynamic type
can be extended to a full deformation, i.e. for any given smooth func-
tions ¢;(u?) (i = 1,...,n), there exists a deformation of the corresponding
semisimple bihamiltonian structure of hydrodynamic type such that its cen-
tral invariants are given by ¢;(u?) (i =1,...,n).

This paper is a continuation of [33]. We are to give a detailed study
of properties of the integrable hierarchies associated with a special class of
semisimple bihamiltonian structures of hydrodynamic type and their defor-
mations, which are called flat exact semisimple bihamiltonian structures of
hydrodynamic type. One of their most important properties is the existence
of tau structures for the associated integrable hierarchies and their defor-
mations with constant central invariants.

For a hierarchy of Hamiltionian evolutionary PDEs, a tau structure is a
suitable choice of the densities of the Hamiltonians satisfying certain con-
ditions which enables one to define a function, called the tau function, for
solutions of the hierarchy of evolutionary PDEs, as it is defined in [I5]. The
notion of tau functions was first introduced by M. Sato [38] for solutions to
the KP equation and by Jimbo, Miwa and Ueno for a class of monodromy
preserving deformation equations of linear ODEs with rational coefficients
[24] 25| 26] at the beginning of 80’s of the last century. It was also adopted
to soliton equations that can be represented as equations of isospectral de-
formations of certain linear spectral problems or as Hamiltonian systems,
and has played crucial role in the study of relations of soliton equations with
infinite dimensional Lie algebras [10] 27], and with the geometry of infinite
dimensional Grassmannians [39, 40]. The importance of the notion of tau
functions of soliton equations is manifested by the discovery of the fact that



the tau function of a particular solution of the KdV hierarchy is a partition
function of 2D gravity, see [42, 28] for details. In [I5], the first- and the
third-named authors introduced the notion of tau structures for the class
of bihamiltonian integrable hierarchies possessing hydrodynamic limits, and
constructed the so-called topological deformations of the principal hierarchy
of a semisimple Frobenius manifold by using properties of the associated
tau functions. On the other hand, not all bihamiltonian integrable hierar-
chies possess tau structures. In this paper we introduce the notion of flat
exact bihamiltonian structure, and study the classification of the associated
tau structures. It turns out that this notion is an appropriate general-
ization of semisimple conformal Frobenius manifolds when considering the
associated integrable hierarchies and their tau structures. One can further
consider the deformations of a flat exact semisimple bihamiltonian structure
of hydrodynamic type which possess tau structures. It is known that the
central invariants of such deformations must be constant [45]. We show that
deformations with constant central invariants of a flat exact semisimple bi-
hamiltonian structure of hydrodynamic type indeed possess tau structures,
and we also give a classification theorem for the associated tau structures.
The paper is arranged as follows. In Sec.Bl we introduce the notion of
flat exact semisimple bihamiltonian structures of hydrodynamic type and
present the main results. In Sec.[8 we study the relations between flat exact
semisimple bihamiltonian structures of hydrodynamic type and semisimple
Frobenius manifolds, and give a proof of Theorem [2.4l In Sec.dlwe construct
the principal hierarchy for a flat exact semisimple bihamiltonian structures
of hydrodynamic type and show the existence of a tau structure. In Sec.[l
we consider properties of deformations of the principal hierarchies which
possess tau structures and the Galilean symmetry, and then in Sec.ldl we
prove the existence of deformations of the principal hierarchy of a flat exact
bihamiltonian structures of hydrodynamic type, which are bihamiltonian
integrable hierarchies possessing tau structures and the Galilean symmetry,
and we prove Theorem 291 Sec.[d is a conclusion. In the Appendix, we
prove some properties of semi-Hamiltonian integrable hierarchies, some of
which are used in the proof of the uniqueness theorem given in Sec.[l

2 Some notions and the main results

The class of systems of hydrodynamic type on the infinite jet space of an
n-dimensional manifold M consists of systems of n first order quasilinear
partial differential equations (PDEs)

n
vyt = ZA%(U)U?, a=1,...,n, v=(v}...,v") € M. (2.1)
B=1



Here Af(v) is a section of the bundle TM ® T*M. For the subclass of
Hamiltonian systems of hydrodynamic type the r.h.s. of (ZI) admits a
representation

Oh(v)

a _ paf
v =P A (2.2)
Here the smooth function h(v) is the density of the Hamiltonian
H= /h(v) dz
and
PP = g*P(v)0, + T2° (v)v] (2.3)

is the operator of a Poisson bracket of hydrodynamic type. As it was observed
in [I8] such operators satisfying the nondegeneracy condition

det <g°‘5(v)) #0 (2.4)
correspond to flat metrics (Riemannian or pseudo-Riemannian)
ds? = gap(v)dv®dv®
on the manifold M. Namely,
9%’ (v) = (gap(v))

is the corresponding inner product on 7*M, the coefficients Fgﬁ (v) are the
contravariant components of the Levi-Civita connection for the metric. In
the present paper it will be assumed that all Poisson brackets of hydrody-
namic type satisfy the nondegeneracy condition (2.4)).

A bihamiltonian structure of hydrodynamic type is a pair (P;, Py) of
operators of the form (Z3]) such that an arbitrary linear combination A; P +
Ao Ps is again the operator of a Poisson bracket. They correspond to pairs of
flat metrics g‘fﬁ (v), g5 B (v) on M satisfying certain compatibility condition
(see below for the details). The bihamiltonian structure of hydrodynamic
type is called semisimple if the roots u'(v), ..., u™(v) of the characteristic
equation

det (g5°(v) = ugi®(v)) =0 (2.5)

are pairwise distinct and are not contant for a generic point v € M. Accord-
ing to Ferapontov’s theorem [22], these roots can serve as local coordinates
of the manifold M, which are called the canonical coordinates of the bihamil-
tonian structure (P, P»). We assume in this paper that D is a sufficiently

small domain on M such that (u!,... u") is the local coordinate system on
D. In the canonical coordinates the two metrics have diagonal forms
g7 (u) = fi(w)s?,  g¥(u) = u’ f1(u)d?. (2.6)



We will need to use the notion of rotation coefficients of the metric g; which
are defined by the following formulae:

P S )/
%J(U)—m%,

with f; = % We also define v;; = 0.

i#j (2.7)

Definition 2.1 (cf. [15]) The semisimple bihamiltonian structure (Py, Py)
is called reducible at w € M if there exists a partition of the set {1,2,...,n}
into the union of two nonempty nonintersecting sets I and J such that

vij(uw) =0, Viel, VjeJ.

(P1, Py) is called irreducible on a certain domain D C M, if it is not reducible
at any point u € D.

The main goal of the present paper is to introduce tau-functions of bi-
hamiltonian systems of hydrodynamic type and of their dispersive deforma-
tions. This will be done under the following additional assumption.

Definition 2.2 The bihamiltonian structure (Py, P2) of hydrodynamic type
is called exact if there exists a vector field Z € Vect (M) such that

(Z,P|=0, [Z,R]=P,. (2.8)

Here | , | is the infinite-dimensional analogue of the Schouten—Nijenhuis
bracket (see the next section and [33] for details of the definition). It is called
flat exact if the vector field Z is flat with respect to the metric associated
with the Hamiltonian structure Pj.

Example 2.3 Let (M,-,n,e, E) be a Frobenius manifold. Then the pair of
metrics

9P () = (dv®, do®) = P,

2.9
gS‘B(v) = (dv®, dv’) =i (dvo‘ : dvﬁ) =: ¢*(v) (29)

on T*M defines a flat exact bihamiltonian structure with Z = e, see [12]
for the details. For a semisimple Frobenius manifold the resulting bihamilto-
nian structure will be semisimple. Roots of the characteristic equation ([2.3])
coincide with the canonical coordinates on the Frobenius manifold.

More bihamiltonian structures can be obtained from those of Example
by a Legendre-type transformation [12, [44]

O?F (v o 0B~
Vo = bv(?v‘/a(vi’ Y =17 51)5. (2.10)




Here F(v) is the potential of the Frobenius manifold and b = b7 5% is a flat

ovY
invertible vector field on it. The new metrics on T M by definition have the

same Gram matrices in the new coordinates

(do®, doPy = n°®, (d@a,dﬁﬁ) = ¢°B (). (2.11)

Recall that applying the transformation (2I0) to F'(v) one obtains a new
solution F(0) to the WDVV associativity equations defined from

O?F(v)  0*F(v)

= . 2.12
002008 dvrdvP (2.12)
The new unit vector field is given by
0
c=10b" . 2.1
T o (2.13)

The new solution to the WDV'V associativity equations defines on M another
Frobenius manifold structure if the vector b = bv% satisfies

[b,El=X-b
for some A € C. Otherwise the quasihomogeneity axiom does not hold true.

Theorem 2.4 For an arbitrary Frobenius manifold M the pair of flat met-
rics obtained from (Z9) by a transformation of the form (ZI0)-@ZII) de-
fines on M a flat exact bihamiltonian structure of hydrodynamic type. Con-
versely, any irreducible flat exact semisimple bihamiltonian structure of hy-
drodynamic type can be obtained in this way.

Now we can describe a tau-symmetric bihamiltonian hierarchy associated
with a flat exact semisimple bihamiltonian structure (P, P»; Z) of hydrody-
namic type. Let us choose a system of flat coordinates (vl, . ,v") for the
first metric. So the operator P; has the form

0
PQB — af ~
1 n O
for a constant symmetric nondegenerate matrix n® = gf‘ﬁ . It is convenient
to normalize the choice of flat coordinates by the requirement

0
ol
We are looking for an infinite family of systems of first order quasilinear
evolutionary PDEs of the form (21]) satisfying certain additional conditions.
The systems of the form (2J) will be labeled by pairs of indices (a,p),
a=1,...,n, p > 0. Same labels will be used for the corresponding time
variables t = t®P. The conditions to be imposed are as follows.



1. All the systems under consideration are bihamiltonian PDEs w.r.t.
(Py, Py). This implies pairwise commutativity of the flows [17]
g o’ 0 o
oter oth.a — b Hrowp”

(2.14)

2. Denote
H,,= /hmp(v) dx (2.15)

the Hamiltonian of the (o, p)-flow with respect to the first Poisson bracket,
O 30 SHap _ 5 0 haylv)

ator 1 o v M(z) 9z avd (2.16)
The Hamiltonian densities satisfy the following recw“sz'o
%hmp(v) =hap-1(v), a=1,...,n, p>0 (2.17)
(recall that 8%1 = Z) where we denote
ha,—1(v) = vy = nagvﬁ, a=1,...,n. (2.18)

Observe that the functionals H, 1 = [ hq —1(v) dz span the space of Casimirs
of the first Poisson bracket.
3. Normalization

0 0
— = 2.19
ot Oz (2.19)
Proposition 2.5 Integrable hierarchies of the above form satisfy the tau-

symmetry condition
otba  — Htap

Moreover, this integrable hierarchy is invariant with respect to the Galilean
symmetry

Va, 8=1,....,n, Vp, qg=>0. (2.20)

ov ap OV
—_ 7p
o, = 2(0) + >t e (2.21)
p>1
o 0
[&,%]:O, Vazl,...,n, pZO
Definition 2.6 A choice of the Hamiltonian densities hq p(v), « =1,...,n,

p > —1 satisfying the above conditions is called a calibration of the flat exact
bihamiltonian structure (Py, Py; Z) of hydrodynamic type. The integrable
hierarchy (2I6)) s called the principal hierarchy of (Pp, P2; Z) associated
with the given calibration.

!This recursion acts in the opposite direction with respect to the bihamiltonian one -

see eq. (Z24) below.



Example 2.7 Let (M, -,n,e, E) be a Frobenius manifold. Denote
(01(v;2), ..., n(v; 2)) 22"

with
Oa(v;2) = Zea,p(v)zp, a=1,...,n (2.22)
p=0

a Levelt basis of deformed flat coordinates [1J)]. Here the matrices
/’L:dlag(ulaaun)7 R:R1+7 [,U,Rk]:kRk

constitute a part of the spectrum of the Frobenius manifold, see details in

[74]. Then

0o
hap(v) = 85’7;2(”), a=1,....n, p>-1 (2.23)

1 a calibration of the flat exact bihamiltonian structure associated with the
metrics (Z9) on the Frobenius manifold. In this case the family of pairwise
commuting bihamiltonian PDEs (218 is called the principle hierarchy as-
sociated with the Frobenius manifold. With this choice of the calibration the
Hamiltonians 2.15)), 223]) satisfy the bihamilonian recursion relation

q—1

[ Hagad = 0+ 5+ )l Hagh + 3 (R Hah (224)
k=1

Other calibrations can be obtained by taking constant linear combinations
and shifts

Oa(v;2) = 05(v;2)C2(2) +6%(2), a=1,....,n (2.25)
O(z) = (cg(z)) — 14Ozt G2t ..., CT(—2)0() =1
Oo(z) =Y 60,27, 05,€C.

p=0

For the flat exact bihamiltonian structure obtained from (Z9) by a
Legendre-type transformation (2I0)—(2.I3]) one can choose a calibration by
introducing functions 6, (0) defined by

04, (0; 2) ~004(v; 2)

555 0B Va, 8=1,...,n. (2.26)

Remarkably in this case the new Hamiltonians satisfy the same bihamilto-
nian recursion (Z.24]). Other calibrations can be obtained by transformations

of the form (Z25)).



Proposition 2.8 For a flat exact bihamiltonian structure of hydrodynamic
type obtained from a Frobenius manifold by a Legendre-type transformation

ZI0)—@2ZI3) the construction [226) and [223) defines a calibration. Any

calibration can be obtained in this way up to the transformation (2Z23)) .

The properties of a calibration, in particular the tau-symmetry property
[220), of a flat exact semisimple bihamiltonian structure of hydrodynamic
type (Pi, Py; Z) enable us to define a tau structure and tau functions for
it and the associated principal hierarchy (ZI), see Definitions T3] and
in Section [ One of the main purposes of the present paper is to
study the existence and properties of tau structures for deformations of
the bihamiltonian structure (P;, P»;Z) and the principal hierarchy. Let
ci(u’) (i = 1,...,n) be a collection of arbitrary smooth functions, Carlet,
Posthuma, and Shadrin showed that there exists a deformation (P, Py) of
(Py, P,) such that its central invariants are given by c¢;(u?) (i = 1,...,n)
[9]. By using the triviality of the second bihamiltonian cohomology, one can
show that there also exists a unique deformation of the principal hierarchy of
(Py, P») such that all its members are bihamiltonian vector fields of (Py, P)
(see Sec.[d). The deformed integrable hierarchy usually does not possess a
tau structure unless the central invariants are constant (first observed in
[45]). On the other hand, it is shown by Falqui and Lorenzoni in [21] that, if
ci(u’) (i = 1,...,n) are constants, one can choose the representative (Py, Py)
such that they still satisfy the exactness condition, that is

(Z,P) =0, [Z,P)=P.
With such a pair (151, ]52) in hand, we can ask the following questions:
1. Does the deformed integrable hierarchy have tau structures?
2. If it does, how many of them?

The following theorem is the main result of the present paper, which answers
the above questions.

Theorem 2.9 Let (P, Py; Z) be a flat exact semisimple bihamiltonian struc-
ture of hydrodynamic type which satisfies the irreducibility condition. We fix
a calibration {hqp | =1,...,n;p=0,1,2,...} of the bihamiltonian struc-
ture (Py, Po; Z). Then the following statements hold true:

i) For any deformation (P, Py;Z) of (Pi,Py; Z) with constant central
mvariants, there exists a deformation {Ba,p} of the Hamiltonian den-
sities {ha p} such that the corresponding Hamiltonian vector fields X’a,p
yield a deformation of the principal hierarchy which is a bihamiltonian
integrable hierarchy possessing a tau structure and the Galilean sym-
metry.



i) Let (P, Py; Z) be another deformation of (P1, P2; Z) with the same
central invariants as (P, Py; Z), and let {hap} be the corresponding
tau-symmetric deformation of the Hamiltonian densities, then the log-
arithm of the tau function for {ﬁa,p} can be obtained from the one for
{Ba,p} by adding a differential polynomial.

3 Flat exact semisimple bihamitonian structures
and Frobenius manifolds

Let M be a smooth manifold of dimension n. Denote by M the super
manifold of dimension (n | n) obtained from the cotangent bundle of M by
reversing the parity of the fibers. Suppose U is a local coordinate chart on
M with coordinates (u',...,u"), then

0 .
92‘:@, 2217...77’1,

can be regarded as local coordinates on the corresponding local chart U
on M. Note that 6;’s are super variables, they satisfy the skew-symmetric
commutation law:

0,0; + 0,6; = 0.

Let J°(M) and J°°(M) be the infinite jet space of M and M, which is
just the projective limits of the corresponding finite jet bundles. There is a
natural local chart U* over U with local coordinates

{65 |i=1,...,n;5=0,1,2,... }.

See [33] for more details. Denote by A the spaces of differential polynomials
on M. Locally, we can regard A as

(M [[ub,6 |i=1,...,n;5s =1,2,...]].

The differential polynomial algebra A on M can be defined similarly as a
subalgebra of A. There is a globally defined derivation on J* (M)

0
ZS+1 s+1_“ 1
0= 2;( aw*ez ae;)' (3.1)

Its cokernel F = A/AA is called the space of local functionals. Denote the
projection A= F by [. We can also define F = A/JA, whose elements are
called local functionals on M.

There are two useful degrees on A, which are called standard gradation

degu®® = degf = s

10



and super gradation ‘
degf; =1, degu"® =0

A=Pi-Pa.

d>0 p=>0

We denote AY = A;N AP, In particular, A = AO, Ag = ./212. The derivation
0 has the property (9(./2{2) c AZ—H’ hence it induces the same degrees on ]-A",

respectively:

so we also have the homogeneous components Fy, FP, .7:"5 , and the ones for
F = FO. The reader can refer to [33] for details of the definitions of these
notations.

There is a graded Lie algebra structure on F , whose bracket operation

is given by 5P 50 5P 50
P. - e —1 p_'_
154l /<5t9i5ul+( ) 5ul<56?i>’

where P € FP, Q € F4. This bracket is called the Schouten—Nijenhuis
bracket on J*>(M). A
A Hamiltonian structure is defined as an elements P € F? satisfying

[P,P] = 0. For example, the operator (23] corresponds to an element
P € F} of the form

P=; / (gij (u)0;0] + r;’j(u)ukvleiaj) :

The fact that P is a Hamiltonian operator is equivalent to the condition
[P, P] = 0.

A bihamiltonian structure of hydrodynamic type can be given by a pair
of Hamiltonian structures of hydrodynamic type (P;, P») satisfying the ad-
ditional condition [Py, P;] = 0. Denote by g1, g2 the flat metrics associated
with the Hamiltonian structures P, P. In what follows, we will assume
that (Pp, P;) is semisimple with a fixed system of canonical coordinates
ul,...,u", in which the two flat metrics take the diagonal form (Z6l), and
the contravariant Christoffel coefficients of them have the following expres-
sions respectively:

g 1Ofh . 1 fiofd - 1 f7of? "
J_ ij J ZJ 5t
Iy = 5 uk6 +2 5 ui6 5 fi uj6 , (3.2)
Iy 1(9(uifi) o 1uiftofI - 1w fIoft i
J ij J ZJ 5t
Iy = 5 ok oY + 5 55 ui6 5 i uj(s . (3.3)

The diagonal entries f? satisfy certain non-linear differential equations which
are equivalent to the flatness of g1, go and the condition [Py, P»] = 0. See the
appendix of [17] for details. We denote by V, V the Levi-Civita connections
of the metrics g1, go respectively.

11



We also assume henceforth that the semisimple bihamiltonian structure
of hydrodynamic type (P;,P») is flat exact (see Definition 22]), and the
corresponding vector field is given by Z € F1. We will denote this exact
bihamiltonian structure by (P, Py; Z).

Lemma 3.1 IfZ € F! satisfies the condition [28)), then it has the following

form:
Z = 0; | +X,
f (%)

where X is a bihamiltonian vector field of (P, P).

Proof We first decompose Z € F! into the sum of homogeneous compo-
nents:
Z=4y+ 21+ Zy+---, where Z 6]:]%.

It is proved in [21] that Zy must take the form

Z- | (Za) | (3.4

Then X := Z — Zj satisfies [X, P1] = [X, P»] = 0, so it is a bihamiltonian
vector field of (P, Py). O

The X-part of Z does not affect anything, so it can be omitted safely.
Then Z = Zj, and we call it the unit vector field of (P;, P;). According to
the convention used in [33], this Z corresponds to a vector field on M given

by
"9
Dz = Zl ou’

(see Definition 2.2 and Equation (2.5) of [33]). It is also proved in [21] that
if (2.8]) holds true then

X Of
e —k; e
P ou

Dz(f% 0, i=1,...,n. (3.5)

Note that the flatness of the vector field Z (or, equivalently, D7) given
in Definition can be represented as
VDyz =0. (3.6)

Lemma 3.2 Dy is flat if and only if f; == (f©)~! (i =1,...,n) satisfy the
following Egoroff conditions:

ofi _ 9f;
ouwl  out’

V1<ij<n. (3.7)



Proof The components of Dy read Z7 = 1, so we have

o " o773 ok L
0=V'2 = g5 —T)Z =-> 1. (3.8)
By using (82) and ([B.3]), the lemma can be easily proved. O

The above lemma implies that, if Z is flat, then v;; = vj; (see (21)).
In this case, the conditions that (P;, P;) is a bihamiltonian structure are
equivalent to the following equations for v (see the appendix of [I7]):

Ovij

(9u = YikYjk, for distinct 4, j, k, (3.9)
i

Z Buli =0, (3.10)

R0V

Z k@ug = ). (3.11)

The condition ([B.I0) is actually Dz(v;;) = 0. If we introduce the Euler
vector field

= d
_ k
E = g Ll (3.12)

then the condition BII) is E(v;;) = —7ij, that is, 7;; has degree —1 if we
adopt degu® = 1.
Consider the linear system

a .
azif = viti, 1 # (3.13)
o,
6152‘ =— Z’Vki¢k- (3.14)

ki

The above conditions for «;; ensure the compatibility of this linear system,
so its solution space S has dimention n, and we can find a fundamental
system of solutions

U, = (¢1a(u),...,1/)na(u))T, a=1,...,n, (3.15)

which form a basis of S.

Lemma 3.3 Let v = (¢1,...,%,) be a nontrivial solution of the linear
system BI3), BI4) on the domain D, that is there exist i € {1,...,n},
and w € D such that ¢;(u) # 0. Assume that the rotation coefficients v;;
satisfy the irreducibility condition given in Definition [21], then there exists
ug € D such that for each i € {1,...,n}, ¥;(up) # 0.

13



Proof ~ For any subset S C {1,...,n}, define ¢5 = [[;cg¥;. We assume
¢1,..ny = 0 on the domain D, then we are to show that ¢ is a trivial
solution, that is ¢r;3 = 0 on D for each ¢ = 1,...,n. To this end, we will
prove that for any S C {1,...,n}, ¢g = 0 for any v € D by induction on
the size of S. We have known that if #S = n, then ¢g = 0. Assume for
some k < n, and any S C {1,...,n} with #S = k, we have ¢g(u) = 0 for
any u € D. For T C {1,...,n} with #T = k — 1, and any given u € D, we
can find ¢ € T, and j ¢ T such that ~;;(u) # 0 because of the irreducibility
condition. Without loss of generality we can assume that 1;(u) does not
identically vanish. Take S =T U {j}, then consider %ﬁf :

?ﬁ > o5 {k} = Y bs—fm (Wi —¥p),
keS kES ki
so we have dbs i
¢TW = ;97 = 0.
Since 7;;j(u) # 0, we have ¢2tp; = 0, which implies ¢ = 0. O

We assume that «;; is irreducible from now on, and shrink D (if neces-
sary) such that D is contractible, and ¢;; # 0 on D for each i =1,...,n

Lemma 3.4 We have the following facts:
i) Define
n
Nap = Z%awzﬂ,
i=1
then (nag) is a constant symmetric non-degenerate matriz. We denote
its inverse matriz by (n®?).
it) For each a =1,...,n, the I-form
n .
a = Z Viatirdu’
i=1

is closed, so there exist smooth functions v, such that w, = dv,. De-

note v¢ = naﬁvg, then (vl,...,v™) can serve as a local coordinate
system on D. In this local coordinate system we have
0
Dy = —.
27 o0t

i11) Define the functions

Capy = Z ¢Za:ﬁf ww 5
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then cqp, are symmetric with respect to the three indices and satisfy
the following conditions:

ClaB = Nap; (3.16)

Caﬁgnggccw = 0555?7«0@% (3.17)
Ocapy _ Ocepy

= aa 3.18

8U£ afua ( )

Proof The items i), ii) and the condition ([B.I0]) are easy, so we omit their
proofs. The condition (Z.I7) follows from the identity 1;en ;e = &;;. The
condition (B.I8]) can be proved by the chain rule and the following identities

ov® o out _ Yia
f‘)ui — ¢z ¢21) 8’UQ — wil’

(3.19)
where ¢ = n8 Yig. O
The above lemma implies immediately the following corollary.

Corollary 3.5 There exists a smooth function F(v) on D such that

_ OF
By = e guP v

and it gives the potential of a Frobenius manifold structure (without the
quasi-homogeneity condition) on D.

By using (3.19]) we have

0 0 5 Ov® P ouk 9 0

- 0 —— =
out  ou

~ B 9w gu ot ouF " o

sou',...,u™ are the canonical coordinates of this Frobenius manifold. Then

its first metric reads

(du',du’); =1 508 5F =

—2
5@']'7;[),‘1 ;

which is in general not equal to the original metric g; associated to the
first Hamiltonian structure P;. Though this Frobenius manifold may be not
quasi-homogeneous, we can still define its second metric as follows:

(dui, duj>2 = 5Uul¢l_12

The two metrics ( , ); and ( , )y are compatible, since they have the same
rotation coefficients with the original gq, go associated to the bihamiltonian
structure (Py, Py).

15



The above Frobenius manifold structure depends on the choice of the
solution Wy of the linear system (B.13]), (BI4). It is easy to see that

1

Y = f2 = (fi)_%, i=1,....n

give a solution to the linear system (B.I3]), BI4]). If we choose it as ¥y,
then the two metrics ( , ); and ( , )2 coincide with g1, g2, so we call the
corresponding Frobenius manifold structure the canonical one associated to
(Pl, PQ; Z)

There are also other choices for ¥y such that the corresponding Frobenius
manifold is quasi-homogeneous. By using the identity ([BI1]), one can show
that Euler vector field E defined by ([B.12) acts on the solution space S as
a linear transformation. Suppose we are working in the complex manifold
case, then E has at least one eigenvector in S. We denote this eigenvector
by Wi, and denote its eigenvalue by u1, then choose other basis o, ..., ¥,
such that the matrix of £ becomes the Jordan normal form, that is, there
exists o € C, and p, = 0 or 1, such that

E(\Iloz) = Ma\Iloz +Pa-1¥a-1-

Lemma 3.6 The Frobenius manifold structure corresponding to the above
W, is quasi-homogeneous with the Fuler vector field E and the charge d =

—2,&1 .
Proof  The trivial identity E(1,5) = 0 implies that

(Maﬁaﬁ +pa—177(a—1)5) + (Mﬁnaﬁ +p5—177a(5—1)) =0.

Denote by Lg the Lie derivative with respect to F, then the identity Lrw, =
dE(v,) implies

dE(ve) = (fta + 1 + 1) dva + pa—1dva-—1,
so there exist some constants r, € C such that
E(va) = (fta + p1 + 1) va + Pa—1Va—1 + Ta-
On the other hand, we have
E(capy) = (o + pp + iy = 111) Capy
T Pa—1¢(a—1)By T PB—1Ca(—1)y T Py—1Caf(y—1)-
By using the above identities, one can show that

83

W(E(F) —(3+2u)F)=0 forall «a, By

16



that gives the quasi-homogeneity condition for F'. O

For each eigenvector Wy of E, one can construct a quasi-homogeneous
Frobenius manifold. All these Frobenius manifolds (including the canonical
one) are related by Legendre transformations (see [12]). To see this, let
us denote by F(v) = F(v',...,v") and F(9) = F(3',...,9") the Frobe-
nius manifold potentials constructed above starting from the fundamental
solutions (Uy,...,¥,) and (¥y,...,¥,) of the linear system (FI13), (B14).
These two fundamental solutions are related by a non-degenerate constant
matrix A = (a) by the formula

(Uy,...,0,) = (Uy,...,0,)A.

Introduce the new coordinates

and denote

Then it is easy to verify that

6 — 7oBay OF(p)  9°F(0) _ 9°F(0)
LasBowy’ 00008 9oeduB’

and in the ¢!, ..., 9" coordinates the metrics g1, g» have the expressions

o0 i, 007 5 00 .
Jul 91 (u)w =n", oul P) (U)w = g(v).

Proof of Theorem The first part of the theorem follows from the results
of [44], and the second part of the theorem is proved by the arguments given
above. The theorem is proved. O
4 The principal hierarchy and its tau structure
Let (P1, P»; Z) be a flat exact bihamiltonian structure. Denote

de = adp, F—F, a=1,2,

d=ady : F— F
Definition 4.1

i) Define H := Ker(dyody)NF?, whose elements are called bihamiltonian
conserved quantities.

17



ii) Define X = Ker(dy) N Ker(dy) N F', whose elements are called bi-
hamiltonian vector fields.

Note that the space X is actually the bihamiltonian cohomology BH* (]—A" , Py, Py),

see [33].

Lemma 4.2 # C F3, and X C F}.

Proof If [Py, [Py, H]] = 0, then there exists K € F9 such that [P, H] =
[P, K]. By using Lemma 4.1 of [17], we know that H € FJ.
If X = [(X%0,) € F¢ satisfies [P, X] = [P, X] = 0, then we have

V;X'=0, V;X'=0.

Recall that V, V are the Levi-Civita connections of the metrics g1, go asso-
ciated with Pp, P» respectively,

Vi=Vao, Vi=Vo, (4.1)

out ut

and u!, ..., u" are the canonical coordinates of (Pr, %). It follows from the
explicit expressions of g/, I‘Z] ., that X ¢ = 0 and so we have BH, 6(]: , Py, Py) =
0. On the other hand, Lemma 4.1 of [17] implies that BHéz(]:", P, P) =0,
so consequently X = BH 11(.7:" , P1, P»). The lemma is proved. O
Corollary 4.3 i) For any X,Y € X, we have [X,Y] =0;

it) For any X € X, H € H, we have [X,H] = 0;

iii) For any H, K € H, we have {H,K}p, := [[P1,H], K] = 0.
Proof 1)If X,Y € X, then the above lemma shows that deg X = degY =1,
so deg[X,Y] = 2. But we also have [X,Y] € X, so [X,Y]=0.

i) If X e X, He H, then K =[X,H|] € H. But deg X =1, deg H =0,

so deg K = 1, which implies K = 0.
iii) Take X = [Py, H], then by applying ii) we obtain {H,K}p, =0. O

Lemma 4.4 We have the following isomorphism
X=H/V, (4.2)
where V = Ker(dy) N F is the space of Casimirs of P;.

i) A local functional H € FYis a bihamiltonian conserved quantity if and
only if one can choose its density h so that h € Ay and satisfies the
condition

ViVjh =0, 1i#j, (4.3)

where V; =V _o_ are defined as in (&1).
ou®
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i1) A vector field X € FLis a bihamiltonian vector field if and only if it
has the following form

X = /ZAi(u)ui’lei,
i=1

where A'(u) satisfy the following equations:

A i ; i .,

w:Pij (AT — A", forj#i, (4.4)
here I’gj is the Christoffel coefficients of the Levi-Civita connection of
gi-

Proof  Consider the map ¢ = di|y : H — X. It is easy to see that ¢ is

well-defined, and Ker(¢) = V. Note that

HL(F,P) =0, a=1,2,
so for a given X € BHél(]:", Py, Py), there exists H,G € F such that
X =[P, H] = [P, G].

From the second equality we also know that H € H. So the map ¢ is
surjective and we proved that the map ¢ induces the isomorphism (€.2]).

Let H € H, then it yields a bihamiltonian vector field X = [Py, H].
According to Lemma 42l H € Fy, X € ]:'11 So we can choose the density
of H = [(h) such that h € Ay, and

X = /(in»uj’lei),

where in = —ViV;h, and V' = gi*Vy. The conditions [Py, X] = 0 and
[Py, X] = 0 read

WX =gVXl, ViX!=V,X], (4.5)
gy XF =gy X, VX! =V,X], (4.6)

The diagonal form (Z8) of ¢g; and g2 and the first equations of (5] and
(6] imply that ‘ o

(ul — )X} =0,
SO XJ’: is diagonal. Then the second equation of (AA]) gives the desired
equation (44]). Let f’ij be the Christoffel coefficients of the Levi-Civita
connection of g9, then one can show that for i # j
10,
2fl oul ’

=T =
so the second equation of (L0) also gives ([A4]). The lemma is proved. [
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Lemma 4.5 We have 6(H) C H. Denote ¢ = 0|y : H — H, then ¢ is
surjective and dim Ker(y) = n.

Proof Let H € H, so we have [Py, [Py, H]] = 0. From the graded Jacobi
identity it follows that

[P2a [Pla [Z’HH] :[PQ,_[[Ha Pl]’Z] - [[PlaZ]’HH
[[P2’Z]’ [PlaHH + [[P2’ [PlaHH’Z] = [Pl, [PlaHH =0,

so we have §(H) C H.
Suppose H = [(h) € H, then from Lemma LAt follows that the density
h can be chosen to belong to Ap and V;V;h = 0 for i # j. If o(H) = 0,

then
n
> Vih =0,
i=1

so we have V;V;h = 0 for any i, 7, i.e. h € V. Thus h can be represented as

n
h = E caV™ + g,
a=1

where ¢g,c1,...,c, are some constants, and v® are the flat coordinates of
g1. From the condition Dy = 8%1 it follows that ¢; = 0, so dim Ker(y) = n.

To prove that ¢ is surjective, we need to show that for any g € A
satisfying V;V;g = 0 (i # j), there exists h € Ay such that

n
ViVih =0 (i#4), > Vih=g. (4.7)
i=1
Denote &; = Vh, then by using the identity ([B.8) we know that the above
equations imply that
0, @
&5 = ’ ) 4.
Vig; { Vig. Q=] (4.8)
Let us first prove that the functions (;; defined by the Lh.s. of ()
satisfy the equalities
ViGij = ViCkj- (4.9)
Denote by I’fj the Christoffel coefficients of the first metric, then we have
ViGij = Gijk — TkiCaj — T'k;Gia
= Gijk — ThiCij — TiyGii-

Here summation over the repeated upper and lower Greek indices is assumed.
Note that we do not sum over the repeated Latin indices. Since Ffﬂ. = ng,
in order to prove the identity (£9) we only need to show that

; K
Gij ke — Ui = Crji — LijCrr-
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When ¢ = 5 = k or 4, j, k are distinct, the above equation holds true trivially,
so we only need to consider the case when ¢ = j and ¢ # k. In this case, the
above equation becomes

(Vig) j — ThiVig + T5Vig = 0.
On the other hand, the function g satisfies VyV;g = 0 (k # i), which implies
(Vig) = I} Vieg + T}, Vig,

here we used the fact that I’Z = 0 if 4, j, k are distinct. So we only need to
show

i +TE=0, ik,
which is equivalent to the flatness condition (B.7)).

The equalities given in (€3] imply that there exist solutions &i,...,&,
of the equations ([S8]). Since (;; are symmetric with respect to the indices
i,7, we can find a function h € Ay so that § = V;h. It follows from (B.8])
and ([L8) that Y ;" | V;h — g is a constant, thus by adjusting the function
h by adding cv' for a certain constant ¢ we prove the existence of h € Ay
satisfying the equations given in (7). The lemma is proved. O

The space H is too big, so we restrict our interest to a “dense” (in a
certain sense) subspace of H.

Definition 4.6 Define H(=V) =V, HP) = o1 (H(pfl)), and

HE) = () HO),

p>—1

Remark 4.7 The action of ¢ is just %, so the space H(™) is a polynomial
1

ring in the indeterminate v'. It is indeed dense in the space of smooth
functions in vl with respect to an appropriate topology.

It is easy to see that §(V) C V, so
V=HED cHO c...cyl,
Note that dimH(~Y =n + 1, and
dim H®) = dim P~ + dim Ker(¢) = dimHP™V + n,

so we have dim H®) = n(p +2) + 1.
Suppose the collection of functions

{hap e Ao |la=1,...,n; p=0,1,2,... }

is a calibration of (Py, P»; Z) (see Definition 26). Then it is easy to see
that hq,p € HP) | and when p > 0, they form a basis of H®) /H®~1), When
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p=—1, HY =V contains not only ha 0 = v, but also a trivial functional
J(1), which form a basis of H(D. Let us rephrase the conditions that must
be satisfied by the functions h, ), of a calibration as follows:

I. Ha,— / (hap) € H, (4.10)
2. ha-1=v, Dz(hap)=hap-1(p>1), (4.11)
3. The normalization condition (ZI9]). (4.12)

Now let us proceed to constructing a calibration for the canonical Frobe-
nius manifold structure F'(v) of (P, P»;Z). Following the construction of
[12], we first define the functions

OF (v)
ov® ’

where F' is introduced in Lemma By adding to the function F(v) a
certain quadratic term in v!,...,v", if needed, we can assume that

0a,0(v) = va, ba1(v) = a=1,...,n,

0?F (v)

= vg4.
Ovlove @

Thus we have the following relation:

00
DZaa,l = a;‘{il = 904,0-
The functions 6, ,(v) for p > 2 can be defined recursively by using the
following relations:

0?0 p11(v 90, (v
3555;/(3 ) Caﬁgngcg’iﬁ), aBy=1,..n (4.13)

The existence of solutions of these recursion relations is ensured by the
associativity conditions ([BI7)). We can require, as it is done in [I2], that
these functions also satisfy the following normalization conditions

o (v;2) ¢ 00p(v; —2)
= == 1 oo .
8?}6 T’ avc 770:57 Oé, 5 9 7n

Here 0q(v;2) = 3,50 0a,p(v)2P. Now we define the functions hqp(v) so
that their generating functions ha(v;z) = Y5 o | hap(v)2PT! satisfy the
following defining relation

1004(v;z) 1

~— a1~ Zlal-

z  Ov z

Moreover, these functions also satisfy the normalization condition

Oha(v;2) ¢ Ohg(v; —2)
= == 1 PP .
avg T’ avC 770[67 a?/B 9 7n

ha(viz) = (4.14)
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By adding, if needed, a certain linear in v!

we also have the relations

,... 0" term to the functions F'(v)

OF (v)
ov® '’

hao(v) = a=1,...,n. (4.15)

For the above constructed functions {hq,p}, denote H, ) = fha,p, and
define

0H,
on,p = _[PhHa,p] = / <77’Y)\3 ( 5?})\@) 07> , P> 0. (416)

Then the associated evolutionary vector field Dy, , (see Definition 2.2 and
Equation (2.5) of [33] for details) corresponds to the system of first order
quasilinear evolutionary PDEs ([2.16])

oY
ata7p

= Dx,,(v"), a=1,....n,p>0. (4.17)

Lemma 4.8 The functions hq,p and the associated local functionals that we
constructed above have the following properties:

Z') Ha,p = f(ha,p) € /H(p)y
i1) ha,—1 = va, Dz(hmp) = hap-1 (p >0).

Proof  According to the definition ([@I4) of A, ,, we have

_ aa%zﬂr? _ k 8‘9%p+2

Mo — _
P ovt ouk
k=1

We only need to prove that H,, = [(h,,) € H, that is V;V;h,, = 0 for
i # j. The other properties are easy to verify.
The condition V;V;h, , = 0 for i # j reads

Phyp = Oh
'77. — F . P
Outous lzl Yoout

which is equivalent to

P0ypi1 = o 0012
Z PT e, —LPre 4.1
outous k;l Y oukoul (4.18)

The recursion relation (£13) of 6, , has the following form in the canonical

coordinates: )
9 9%p+1 _ 5“69%1) + 3(1#?1,!)@-1) ae’mﬂrl
outoul 7 Out ouJ ove
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Note that ¢ # j in the identity ([{I8]), so its left hand side reads

(i) 06y pt1 Pt
i ({;1)](; = Yij (%11/1] + ¢j1wl ) Ov I; ’

The right hand side of ([AI8) then reads

i Buk oul oul v
k=1 k=1

Note that "
> g = of
k=1

is a constant, so the second summation in (ZI9) vanishes. In the first
summation, we have

Vi1 Vi1 .
| P I o EEy , foris#y,
ij Yij < il ¢i1 ]lel 7é J
and
905 p+2 _ N 90y pyo — 2 90, p+2
duk duk  dv R Gpa
which leads to the identity ([AI8]). The lemma is proved. O

Lemma 4.9 The first flow atiw is given by the translation along the spatial
variable x, i.e.

0
atl,O

Proof From our definition (£I6]), (A7) of the evolutionary vector fields we
have

=0.

ov® aﬁaahLo . aﬁa 8291,2

oo ovb T Bt
0011 %01 1
:,’70‘68 = 046 A ?

avf T GuBour T T

Here we use the recursion relation (£I3]). The lemma is proved. O
From Lemma 4.8 and Lemma we have the following proposition.

Proposition 4.10 The collection of functions
{ha7p(v)|a = 1,,’[’L’p:0’1,2’}

that we constructed above is a calibration of the flat exact bihamiltonian
structure (Py, Py; 7).
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In the next section, we will use some results proved in the Appendix,
which requires that there exists a bihamiltonian vector field

_ - iuui,l,
X_/<;A() 91>ex

such that for all i = 1,...,n, and for some u € D,

9 i
auiA (u) # 0.

In this case, X is called nondegenerate.

Lemma 4.11 If the bihamiltonian wvector field X is nondegenerate, then
Al(u) # Al (u) for all i # j and for some u € D.

Proof According to (@4, if A%(u) = AJ(u) for i # j and u € D, then

DAT DA
out  oul

=T, (A= A) =o0.

The lemma is proved. O

By shrinking the domain D, the nondegeneracy condition for X and the
result of the above lemma can be modified to “for all uw € D” instead of “for
some u € D”.

Lemma 4.12

i) When n = 1, the bihamiltonian vector fields X1, (p > 0) are always
nondegenerate.

it) When n > 2, suppose the bihamiltonian structure (Py, Py) is irre-
ducible, then there exists a nondegenerate bihamiltonian vector field
X satisfying [Z, X] = 0.

Proof ~ We rewrite the bihamiltonian vector field X, , defined by ([@I6) in

the form
Xap= / (Z AZC’p(u)ui’lHi) ,
i=1

then Apr satisfy the following equations:

DAL, D ; o
G = i (Aby = Abp) . forj #4,
A OA! . 4
ap o,p 4 T
out wy ouJ +Aap-n Ao =1
JFi
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When n = 1, we have A ;,) so X1, (p > 0) are always nondegenerate.
When n > 2, a blhamlltonlan vector field X = [ (30, Al(u)u®'6;)
satisfying [Z, X| = 0 is characterized by the following equation

A ; ; i o

i I (A] —A ) , for j #1, (4.20)
A A

5 = jééi R (4.21)

The solution space of this system has dimention n. If X is degenerate, that
is, there exists ip € {1,...,n} such that

— aAlO ’L() 20 ]
0= G~ T (- ) - Yo
J#i0

Since (P, P») is irreducible, there exists jo € {1,...,n} with jo # ip such
that I}, (u) # 0 for some u € D, so from the above equation we have

j 1 z k
L
1070 k#jo

Substituting this expression of A% into ([@20) and [@2]), we obtain a new
linear homogeneous system with unknowns A* (k # jg). The dimension of
the solution space of this new system is at most n — 1, so not all solutions

of (£20) and ({21I]) are degenerate. The lemma is proved. O

Let us proceed to prove Proposition which shows that the functions
ha,p of a calibration of (P, P»; Z) satisfy the tau symmetry condition, and
the associated principal hierarchy (ZI0) possesses Galilean symmetry.

Proof of Proposition By using the chain rule and the properties of
{hap}, we have

Oha p—1 ou® Ohgp—1
otha Z otba  out

— ZZ; Z:: V'V, hg qult <Z awaﬁ)
= Z (f'ViVihgqu"') <Z 8u10uk>

Note that the flatness of Z implies the identity ([B.8]), so we have

?he
8ul(9u

Zvvkhap—VVh -

26



Therefore,

8ha7 —1 n 7 7 8h s —1
= 0 1 (ViVihgg) (ViViho,) ub! = =520
i=1
Next we show that for any v =1,...,n,
0 a0 o
oter 9s  Os Ot
The left hand side reads
2
(9 @ _ 62}7 Z B,q 6 Ufy ‘
ot®P Js oter—1 otepotsa—1

q

Note that 88;1 - only depends on v* and v%, so we have

Q0w oo (ov ok o (o
s OtP Qs vk \ Jtwp 0s Ovl \ oter

0 oY
_ iz B,q __
=% +Zt 8t57q O ((%O‘J’)

ovl! ot 0 oY
B.q z T 7
* %t at7a1 | Ds OuF (aww)

0 o
e = -
vl ot Z tﬁ,q latmp

so we only need to show that g”g T = 8%1 %, which can be easily obtained
from the fact that X, ,-1 = [Z, X4p]. The proposition is proved. O
Since we have [Xg 4, Hqp-1] = 0, hjﬁ"q L must be a total z-derivative,

so there exists a function Q, p.3 4 € Ag such that

Ohap-1 _ Ohg g—1
otPa otewp

= 0% ppg- (4.22)

The functions €, .34 are determined up to the addition of constants, so
one can adjust the constants such that these functions satisfy some other
properties which we describe below.

Definition 4.13 A collection of functions
{Qappqe€Ao|a,f=1,...,n; p,g=0,1,2,...}

is called a tau structure of the flat exact bihamiltonian structure (Py, Py; Z)
with a fized calibration {hq.p} if the following conditions are satisfied:
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. . aha,p—l o 8h3,q,1
i) Oappq = otha . ot -

i) Qapipq = Qsgap-
ii) Qap1,0 = hap-1-
Lemma 4.14 A tau structure {Qq .54} satisfies the following equations:

aQoz,p;ﬁ,q _ aQa,p;%r
o~ opha (4.23)

Proof By using Definition L.13] of tau structures we have
) <8Qa,p;ﬁ7q . 8Qa7p;%r> _ 9 8ha7p—1 0 ahoz,p—l _

ot otBa T ot otha  gtBa gty

so the difference between the left hand side and the right hand side of ([£.23))
is a constant. However, both sides can be represented as differential poly-

nomials of degree 1, so the constant must be zero. The lemma is proved.
O

Definition 4.15 (cf. [15]) Let {Qq 5,4} be a tau structure of (P, Py; Z)
with the calibration {hqp}. The family of partial differential equations

of
otosp = favP? (4.24)
af,
5155:; = Qa,p;8,4(v), (4.25)
v
oter = n’YfaQa7p;£70(U) (426)

with unknown functions (f,{fzq},{v"}) is called the tau cover of the prin-
cipal hierarchy 2I6) with respect to the tau structure {Qq .54}, and the
function T = el is called the tau function of the principal hierarchy. Here
a,B,y=1,...,n,p > 0.

By using Lemmal4.14] one can easily show that members of the tau cover
commute with each other. It is obvious that the covering map

(fi{fs.q}:{v7}) = ({v"})

pushes forward the tau cover to the principal hierarchy. This is the reason
why it is named “tau cover”.

In the remaining part of this section, we assume that the calibration
{hap} is constructed from {6, ,} as above, see Proposition @10l We can
construct, following [12], the functions Q4 ,.5(v) by

Oho(v;21) ¢ Ohg(v; 22)

M e — s = (1 22) Y Qappg()a A (427)

,q=>0

We can easily prove the following proposition.
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Proposition 4.16 The collection of functions

{Qavlﬁﬁyq&})‘a?/ﬁ = 17"'7;p7q:071727"'}

is a tau structure of the exact bihamiltonian structure (Py, Py; Z) with the
given calibration {hqp}.

Lemma 4.17 The functions {Qq p:5q} constructed in [A27) satisfy the iden-
tities
O pif.q

Jul Qap-1584 + Qapig.g—1 + Mas0p00q0- (4.28)

Proof For a fixed pair of indices {«, 5}, the above identities are equivalent
to the identity

0Q.5(v; 21, 22)
ovl

for the generating function

Quyp(v; 21, 22) = ZQa,p;Bvq(v)Zfzg-

Note that the generation function h,(v; z) satisfies

= (21 + 22)Qa;5(v; 21, 22) + Nagp (4.29)

Oheo(v; 2
then the identity (£29]) can be easily proved by using the definition (£27]).
The lemma, is proved. (]

Theorem 4.18 The tau cover admits the following Galilean symmetry:

af 1 a,0,3,0 a,p+1
o = llast 70 + S ot e, (4.30)
a7p
UBa _ 51990+ fagr + > ertlo (4.31)
95 Nas q0 T JB,q—1 a,piBq> :
a7p
azﬂ g a,p+l Y'Y ov”
=5+ Zt o (4.32)
Proof To prove % is a symmetry of the tau cover, we only need to show:
o 0
——— | K=0 4.33
[33’ 8t0‘vl’] ’ (4.33)

where K = f, fg 4, or v7. Denote the right hand side of (430) by W, then
(3T)), [E32) can be written as

0fsq  OW O o PW
Mt — - = 77 -
Os otha’  Js ot1.09¢6,0’
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so the identity (4.33]) is equivalent to the following one:

0 0?
2 Qappg= =W,
88 7p757q ata7patﬁ’q

By using the chain rule, we have

19} 004 p:p,q OV 00 p: oY
_Q . — pib,d ¥ — avpvﬁvq 57 t£,3+1
ds piba oY 0Os oV 1t gz: otés
,8
aQoz,p;ﬁ,q £,5+1 aQoz,p;ﬁ,q
- ol + Z ¢ otés
,8
On the other hand,
0 — 9 €05 £s+lQ)
ata,patﬁ,q W= ot nfﬁt q0 + fﬁ,q—l + Zt §,5:8,q
678
0 ..
s 1 57 757
=Napp09g0 + Qap-1,8,¢ + Lapipg—1 + gz £t W-
,8
The theorem then follows from Lemma [.14] and @171 O

5 Tau-symmetric integrable Hamiltonian deforma-
tions of the principal hierarchy

Let (Py, Py;Z) be a flat exact semisimple bihamiltonian structure of hy-
drodynamic type. In this and the next section we consider properties of
deformations of the principal hierarchy (ZI6]) and its tau structure. To this
end, we fix a calibration {h,,} and a tau structure {Qq p.5,} as in the
previous section, and we assume that (Pj, Py; Z) is also irreducible.

Note that the principal hierarchy is determined by the first Hamiltonian
structure P; and the calibration {hq}, so we first consider their deforma-
tions.

Definition 5.1 The pair (Py,{ha,}) is called a tau-symmetric integrable
deformation, or simply a deformation for short, of (Pi,{hap}) if it satisfies
the following conditions:

i) P, € F? has the form
Ph=r+P?4+pPP 4 |

where Pl[k] € ]:-l?—kl’ and it is a Hamiltonian structure.
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i) hap has the form

ha,p — ha,p + h[on,}p + h[o:?,}p + e )

where h([)lz]p € Ag. Define FIM, = [(hayp), then for any pair of indices

(a,p), (B,q) we must have
{ﬁavp’gﬁ,q}ﬁl =0. (5.1)

Here {F,G}p = [Py, F,G] for F,G € F.

iii) Define Xop = —|Pi,Hapl, and denote 9y, = Dg. ., then {hap}
satisfy the tau-symmetry condition

Remark 5.2 Note that we assume the deformation starts from the second
degree, i.e. there is no Pl[l] and h([i]p terms. Without this condition we can
also prove the next lemma, and then define the tau cover. We add it to avoid
some subtle problems in Theorem [5.7 (see Remark for more details).
Note that for integrable hierarchies that arise in the study of semisimple
cohomological field theories, there are no deformations with odd degrees.

A deformation of (P1,{ha,p}) yields a tau-symmetric integrable Hamil-
tonian deformation of the principal hierarchy (216) which consists of the
flows

ov®

— ~ (0%
5i5a — Px,,(0"), 1< f<n g=0. (5.3)

Here the evolutionary vector fields are given by
Xﬁyq - _[P17 Hﬁyq]'

From the property ii) of Definition 5.1l we know that these deformed evolu-
tionary vector fields are mutually commuting, and so the associated flows
which we denote by 557(1 are also mutually commuting. This is the reason
why we call the above deformed hierarchy (5.3]) an integrable Hamiltonian
deformation of the principal hierarchy. We will show below that the de-
formed hierarchy also possesses a tau structure. We note that the notion
of tau-symmetric integrable Hamiltonian deformation of the principal hier-
archy associated to a Frobenius manifold was introduced in [19]. In the
definition given there the following additional conditions are required:

1. 010 =0.

2. H, 1 are Casimirs of P.
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These two conditions are consequences of the Definition 51l In fact, since
the evolutionary vector field X corresponding to the flow 5170 — 0 is a symme-
try of the deformed integrable hierarchy and it belongs to .7:22, by using the
existence of a non-degenerate bihamiltonian vector field proved in Lemma
and the property ii) of Corollary [A.3] we know that X must vanishes.
Thus we have

D10 = 0. (5.4)
Similarly, from the fact that [P, Hq 1] = 0 we know that the vector field
X =—[P,Hy 1] € ]-12. Since it is a symmetry of the deformed integrable

hierarchy (5.3]) we know that it also vanishes. Thus the second condition
also holds true.

Lemma 5.3 For any deformation (Py,{hap}) of (P1,hap}), there exists a

unique collection of differential polynomials {Qq, p.p 4} satisfying the follow-
g conditions:

i) Qa,p;ﬁ,q = Qo pBq+ 0l + Qb + .-+, where Q! c A,.

a,p;B,q a,p;B,q a,p;B,q
i) aQoz,p;B,q = 504,1) <Bﬁ,q71>-
1) Qa,p;ﬁ,q = Qﬁ,q;a,pf and Qa,p;LO = Bavp—l-
w) 5%7"(20{,1);5@ = 567(1004,1);%7"-

Here a, B,y =1,...,n and p,q,r > 0. This collection of differential polyno-
mials {Qq pp.q} 95 called a tau structure of (P, {hap})-

Proof  According to the definition of {ha.},

/ (5a’p (B57q>) - [XO"p’gﬁvq] = _{ga,p’ﬁﬁvq}ﬁl =0,

so there exists Qa,p;ﬁ,q satisfying the conditions i), ii). These conditions
determine Qa,p;ﬁ,q up to a constant, which has degree zero. Note that the
condition i) fixes the degree zero part of Qa,p; 8,5 SO it is unique. The condi-
tions iii) and iv) can be verified by considering the action of 0 on both sides
of the equalities, as we did in the proof of Lemma [£.T14l O

Definition 5.4 ([15]) The differential polynomials
w =nPhy =0+ FS 4+ Fy -, FfeA (5.5)

are called the normal coordinates of (Pp,{ha,}) and of the deformed prin-
cipal hierarchy (B.3).
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The properties of the differential polynomials Qa,p; 3,q enable us to define the
tau cover for (Py, {hap}) and the deformed principal hierarchy (53], just as
we did for the principal hierarchy given in Definition From (B.5]) we
know that we can also represent v® in the form

v =w® S+ ES 4 (5.6)
where f’,f‘ are differential polynomials of w', ..., w™ of degree k. So the func-
tions Qg p:g,4(v,vz,...) can also be represented as differential polynomials

1

in w',...,w" by the change of coordinates formulae given in (5.0]).

Definition 5.5 (c.f. [15]) The family of partial differential equations

of

otap Jaup, (5.7)
of, -
(9755:; = Qappa (5.8)
ow -

ot 10 0 (5.9)

with the unknowns functions ({w®}, {fap}, f) is called the tau cover of the
deformed principal hierarchy ([B.3)) with respect to the tau structure {Qq p:5.4}

and the function 7 = el is called the tau function of the deformed principal
hierarchy.

Definition 5.6 Suppose (Pr, {hap}) and (Pr, {hayp}) are two deformations
of (P1,{hap}). Define fIa,p = (ﬁa,p) and fIa,p = (ime). If there exists

a Miura transformation 2% (Y € }gl) such that
Pl = eady (pl) ) I:Ia,p = eadY (ﬁavp) )
then we say that (Py, {hap}) and (Pr,{ha,}) are equivalent.

If (P}, {hap}) and (Pr, {hap}) are equivalent, then
on,p = —[]51, ﬁ[a,p] = _eady ([]51, ga,p]) = eady (on,p) )

which is equivalent to émp = eDv 5a7pe*D Y. The associated deformed prin-
cipal hierarchy has the form (c.f. (£.3))

ov®

apa — %5, (0"), 1< f<n g0 (5.10)

It is obtained from (B3] by representing the equations of the hierarchy
in terms of the new unkown functions 9* = e~P¥ (v*) and re-denoting
4,08, ... by v*, 0%, . ...
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Theorem 5.7 Suppose (P, {hap}) and (Py, {hap}) are two equivalent de-
formations related by a Miura transformation €2 | and they have tau struc-
tures {Qap.aq} and {Qq pp.q} respectively. Then there exists a differential
polynomial G such that

hop =P (ime) + 99 G,

A~

Qopipg = P <Qa,p;67q) + 30417367(1(;-

Moreover, suppose {f(t),{fap(t)}, {0 (t)}} is a solution to the tau cover
corresponding to the tau structure {Qq p.pq}, then

. - . ~ oG 0’G
J1) = FO+ G0, faplt) = Jap+ 2 goa) = (1) 420 LD

give a solution {f(t),{fap(t)}, {W*(t)}} to the tau cover corresponding to

the tau structure {So p.p 4} and the associated deformed principal hierarchy.
Here G(t) is defined from the differential polynomial G = G(v,vy,...) by

G(t) = (€Y G(v,va,...)) lvovo(a(®) e (t),... )

and v* = v*(W, Wy, ...) are defined by the relation W* = N7 hy o(v, Vg, . .. )

Just as we did in (50]).

Proof The condition fIa,p = eady (Ha,p> implies that there exists g, €
Asq such that

fme = ePv <ha,p) + 0ga.p-

The tau-symmetry condition émpilﬁ,qq = ég,qﬁmp_l for {ime} and the one
for {hqp} implies that

8 <8a,pgﬁ,q—l - 3ﬁ7qga7p71) = O’

so we have émpg@q_l = éﬁ7qga7p,1. In particular, by taking (5,q) = (1,0),
we have
achpgly*l = agohpfl’

so [(g1,-1) gives a conserved quantity for éa,p with a positive degree. Ac-
cording to Theorem [A.2] there exists G € A such that

g1,-1 = 0G, (5.11)

then we have

8 (8a,pG — ga,pfl) = 0,
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SO Ja,p—1 = (%JDG fora=1,...,n,p > 0. Thus we have

aQoz,p;B,q = 50471,}15@,1 = émp (eDY <Bﬁ,q71) + aéﬁ,qG>
:eDyéa,p <B67q—1> + aéa,péﬁqu =0 <6DY (Qmp;ﬁ,q) + éa,péﬁqu) )

so the difference between Qa,p;@q and ePY (Qam;ﬁ,q) + (%J,(%gG is a con-

stant. However, they have the same leading terms, so the constant must be
ZEro.

The remaining assertions of the theorem follow from our definition of the
tau covers of the deformed principal hierarchies. The theorem is proved. [J

Remark 5.8 If in Definition [21] we permit the appearance of first degree

deformations, i.e. Pl[l] and h,[j,]p, the first identity of the above theorem should
be replaced by

Ba,p = BDY (ﬁa,p) + éa,pO',

where o is a conserved densily of 50471,, and the solutions f = log7 and
f =log7 of the tau covers of Qg p.3.q and Qg .54 satisfy the relation

0 (log7T —log7) = 0.

The different tau functions defined in [20, [35, [43] for the Drinfeld-Sokolov

hierarchies have such a relationship.

Next let us consider the Galilean symmetry of the deformed principal
hierarchy.

Definition 5.9 The triple (Py,{hay,}, Z) is a deformation of (Py, {hap}, Z)
if

i) The pair (P, {ha,p}) is a deformation of (Py,{hap})-
it) The vector field Z has the form
Z=7+z224+zB8 4 . zWe Fl

and satisfies conditions [Z,P)] = 0 and

DZha,fl = Na,1, DZha,p = ha,pfla a=1,...,n,p>0.

Lemma 5.10 Let {Q .54} be a tau structure of (P, {hap}, Z), andw', ..., w"
are the normal coordinates. Assume that the identity [A28) holds true, then
we have:

g~ )
5;51 L= Qavp—l;ﬁ,q + Qam;ﬁ,q—l + 7704B5p05q0-
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Proof According to Lemma [4.17], we only need to show that

8% = 8Qa,p—1;67q + aﬁavp;ﬁ,q—l’
that is,
O (B (hepr)) = B (Rap2) + By (Rapr) . (5:12)

We first note that one can replace % by D ;. This is because
w

o 0 )

s (57 _
Owss =0 (61) -

Dy = 0" (Dz (w")) Jwis — Dul’

Then the identity (5I2) is equivalent to [D;,d5,] = 9,41, which follows

from the identities 557,1 = —D[ Py ) and
’ »q
1Dz Dipy iy ) = Diz iy, s1s ) = P10
The lemma, is proved. (]

Similar to Theorem FLT8] we have the following theorem on the Galilean
symmetry of the deformed hierarchy {0q,p}.

Theorem 5.11 Under the assumption of Lemma [510, the above defined
tau cover (B1)—-BEA) admits the following Galilean symmetry:

of 1

a?p
93,4 _ 105 £ tp+1Q) 5.14
s Nag 0+ fog-1+ Z a,p;B,q> (5.14)
a?p

ow? ow?

_ 57 ap+l 77
LD DU (5.15)

a7p

Proof We can prove the theorem by using the same argument as the one
given in the proof of Theorem I8, and by using Lemma [5.10] O

Example 5.12 Let ¢ = {cgpn, : V& — H*(My,,Q)} be a semisimple co-
homological field theory. Its genus zero part defines a semisimple Frobenius
manifold, which corresponds to a flat exact semisimple bihamiltonian struc-
ture of hydrodynamic type. Its principal hierarchy has a useful deformation,
called topological deformation, such that the partition function of ¢ is a tau
function of this deformed hierarchy [13, [3, [6]. On the other hand, Buryak
constructed another deformation, called double ramification deformation,
from the same data, and conjectured that they are actually equivalent [2].
This conjecture is refined in [3] as follow:
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Suppose F is the free energy of the topological deformation. Buryak
et al show that there exists a unique differential polynomial P such that
Fred = F 4+ P satisfies the following condition:

an]:red
OtaLp1 . .. Gtom,pn

COefEQg :07 p1+...+pn§29_2.

t**=0
It is conjectured that F™4 is just the free energy of the double ramification
deformation.

Buryak et al’s refined conjecture is compatible with our Theorem [5.7
They also show that the double ramification deformation satisfies the string
equation, which can also be derived from our Theorem [ 11l

6 Tau-symmetric bihamiltonian deformations of the
principal hierarchy

In this section, we construct a class of tau-symmetric integrable Hamilto-
nian deformations of the principal hierarchy associated with a semisimple
flat exact bihamiltonian structure (Pj, Py; Z) of hydrodynamic type. These
deformations of the principal hierarchies are in fact bihamiltonian integrable
hierarchies.

From [8, 33] we know that the bihamiltonian structure (P;, Py) possesses
deformations of the form

Py ::}%,+—j£:(2Lk, P=P +-§E:C?zk, Qur, Qar € Fiiy

k>1 k>1
such that (Py, P;) is still a bihamiltonian structure, i.e.
[P, P =0, a,b=1,2.

The space of deformations of the bihamiltonian structure (Py, P») is charac-
terized by the central invariants ¢ (u),...,cn(u) of (P, Py). The following
theorem of Falqui and Lorenzoni gives a condition under which the deformed
bihamiltonian structure inherits the exactness property. This means that
there exists a vector field Z € F! such that

(Z,P)=0, [Z,P5]=P.

Theorem 6.1 ([21]) The deformed bihamiltonian structure (Py, Py) is ex-

act if and only if its central invariants ci,...,c, are constant functions.
Moreover, there exists a Miura type transformation g such that
g(P1) =P, g(P)) =P+ > Qr, Qi€ Fopyy (6.1)
E>1

and g(Z) = Z, where Z = Zy is given by B4).
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In what follows, we assume that (P;, Py; Z) is a deformation of the flat
exact bihamiltonian structure (P;, P»; Z) with constant central invariants

¢1,...,¢n, P1, Py have the form given in (6.1), and Z = Z. We denote by

u',...,u” and v!,... 0" the canonical coordinates of (Py, P;) and the flat

coordinates of P; respectively. We also fix a calibration
{hap(v) e Ag|a=1,....,n; p=0,1,2,...}
and a tau structure
{Qappqev) e Ao a,B=1,...,n; pg=0,1,2,...}

of the flat exact bihamiltonian structure (P;, P»;Z) (see above their con-
struction given in Propositions .10, A.T0).

We define the space of Casimirs of P;, the space of bihamiltonian con-
served quantities and the space of bihamiltonian vector fields respectively,

just like we did for (P;, P»), as follows:
V :=Ker([P},-]) N F,
7:[ ::Ker([p27 []517 H) N ‘F7
X :=Ker([Py,]) NKer([Py,-]) N F.

Theorem 6.2 We have the following isomorphisms:

VY, HEH, X=X (6.2)
In particular, X = H/V.

Proof Since P; = P;, we only need to prove that H= H, X =~ X. Suppose
H € H is a bihamiltonian conserved quantity of (Py, P,). Expand H as the
sum of homogeneous components

H=Hy+H +Hs+ -, He Fy,

then Hj is a bihamiltonian conserved quantity of (P;, P»), so we have a map
7:H — H, H— Hy. The fact that  is concentrated in degree zero (see
Lemma [4)) implies that 7 is injective. To prove the isomorphism H = 7:L,
we only need to show that m is surjective, that is, for any bihamiltonian
conserved quantity Hy of (P;, Py) there exists a bihamiltonian conserved
quantity H of (Py, Py) with Hy as its leading term.

Recall that (P, Py; Z) takes the form (@1)). If we denote d, = [Py, -] (a =
1,2), then Qf satisfy the following equations:

k—1
dQr =0, doQy + % ;[Qi, Qr_i] = 0.
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We assert that, for any bihamiltonian conserved quantity Hy € H of (Py, P),
there exists Hy € Fo, such that

H=Hy+H +Hy+---

is a bihamiltonian conserved quantity of (Py, ). This assertion is equivalent
to the solvability of the following equations for Hj to be solved recursively:

k
dydyHy = Y [QiydiHe—), k=1,2,....
i=1
Assume that we have already solved the above equations for Hy,..., Hi

starting from Hy. Denote by Wy the right hand side of the above equation.
Then it is easy to see that diW;, =0, and

k
A2 Wy = | Py, Y [QiydiHy )
. i=1
== ([[d1Hy—i, Po), Qi) + [P, Qil, dy Hi )
i=1

k
Z([d1d2Hk i, Qi) + [—d2Qi, di Hy—))

i=1

> |l

k—i k. m-—1
- Z (Qj,d1Hy—i—j], Qi) +% Z [[Qi, Qm—i], d1 Hy 1]
i=1 j=1 m=1 i=1
:% Z ([[Qy, di Hi], Qi] + [[Qi, di Hi], Q5] + [[Qi, Q5] d1 H}])

i,j>1,1>0,i+j+I=k
=0,

so Wy, € Ker(dy) NKer(ds) ﬂ.7:"§4. Since BH§4(.7:") = (, there exists Hy € F
such that Wy, = dydyHj. Thus the isomorphism H = H is proved.
It is easy to see that the map

di: H/V =X, H— X=—|P,H|

gives the isomorphism H / V = X, which also induces the isomorphism X =
X. The theorem is proved. O
It follows from the above theorem that there exist unique deformations

Hop=Hop+HY +HE +..., HHN € Fy

of the bihamiltonian conserved quantities Hy, = [(ha,p) € H such that,
together with the constant local functional [(1), they form a basis of the

subspace
0o _ U 7 ®)

p=>0
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of H, where HP) is the image of #®) in H of the isomorphism given in the
above theorem. For any pair of indices (o, p), (8, ), it is easy to see that the
local functional H = {Ha p, Hg ¢} p = [[P1, Hapl, Hp g] is a bihamiltonian

conserved quantity w.r.t. (]51, ]52) Since H € F>1 we obtain
{Hop, Hpg}p, =0 (6.3)

by using Lemma FLT2] and the property i) of Corollary [A.3]
Define an operator

. " 5Q 6
5y F— A, QHzé—g:%.
i=1

Here we used the fact that

Then for a local functional H € F we have [Z,H] = [ (6z(H)). Now let us
define

ha7p:5Zgoc,p+17 azla"'7n7 p:_170717"" (65)

Theorem 6.3 The triple (Py, {hap}, Z) gives a deformation of (Py, {hap}, Z).

Proof  Define ]:I(;m = f (ﬁa,p). From the definition of Ba,p we see that

fI&,p =[Z, ﬁa7p+1], so it belongs to #. From the property Dzhg pi1 = hap
we know that I:IQP and H,, have the same leading term [(h, ). Since the

bihamiltonian conserved quantities of (]51,]52) are uniquely determined by
their leading terms, we obtain

S -
H,,=Hap.

In particular, we know from (6.3) that {fl&p, ﬁ[’; Jp =0, and

X(/va = _[pl’gCILP] = —[Pl, ﬁa,p] = Xa,p-

Denote by 6, the super variables corresponding to the flat coordinates
v, ..., o™ Recall that

. 1 o
P=P = 3 / <n0‘69a9}3) . where n® = (dv®, dv®),,

- SH,, _
on,p = / <776V3 <T’Y7p> 65) .
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Denote by V' = 11,07, then

OV 6Xap oV o (6Hap\ o 6Hap
oer ~ oo, ow M e | T et )

which implies that

(30 (1) D)) = s b s =0

Since the difference 5a,p <Bﬁ,q) — 557,1 (ﬁa,p> is a differential polynomial

with terms of degree greater or equal to one, so it must be zero. The above
computation shows that (Pp,{ha,}) is a deformation of (Pp,{ha,}), see
Definition B.11

Next let us consider the action of Dz on ime. We have

~ 0 0 =~ 6 O =~ 5 =~ -
Dz(hapt1) = 5ol 5ol Howt2 = 5151 Hapr2 = WHa,pH = ha,p-

Here we used the following identity for variational derivatives:

9 96 _ 4 9
vl vl Sul sul”

which is a particular case of the identity (i) of Lemma 2.1.5 in [32].

We still need to check the identities Dz(ha,—1) = 1,1, which is equivalent
to 5Z]:Ia,—1 = 7)q,1- Note that the leading term ]:I([;S]A = f (nagvﬁ) of fIa,,l
is a Casimir of P; = P, so it also belongs to #. On the other hand, elements

I

of H# are determined by their leading terms, so we have FIa,_l = H ([){07 15
which implies the desired identity. The theorem is proved. O

Remark 6.4 Our construction (@3 of the Hamiltonian densities that sat-
isfy the tau symmetry property follows the approach given in [15] for the
construction of the tau structure of the KdV hierarchy. Note that this ap-
proach was also employed in [3] to construct tau structures for the double
ramification hierarchies associated to cohomological field theories.

The deformation (Pp,{ha,}, Z) constructed in the above theorem de-
pends on the choice of P5. It is natural to ask: if we start from another
deformation (Py, Py; Z) which has the same central invariants as (P, Py; Z)
does, how does the result on the deformation (Py,{hap}, Z) change?

Without loss of generality, we can assume that both (Pl,PQ;Z) and
(P1, Py; Z) have been transformed to the form (@1). If (P, P;) has the same
central invariants as (Py, P;), then there exists a Miura type transformation
of the second type

vis v =e DY (v)
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with ¥V € .7:;2 such that
P, = ey (ﬁa) , a=12.

Note that P, = P, = P, so [P1,Y] = 0, which implies that there exists
K € F>q such that Y = [P}, K].

Lemma 6.5 The vector field Y and the functional K satisfy [Y, Z] = 0 and
[K,Z] =0.

Proof Denote Z' = ¢*dv (Z), then we have
[P, 2] = e ([ﬁlaZ]> =0,
(P2 2] = e ((Pon2)) = P,

so W = Z' — Z is a bihamiltonian vector field of (Py, P5). On the other
hand, W € }22, so we have W = 0 and, consequently, we have [Y, Z] = 0.

It follows from the identity [V, Z] = 0 that [P, [K, Z]] = 0, so C = [K, Z]
is a Casimir of P;. Since C € F>1, we obtain C' = 0. The lemma is proved.
O

From the above lemma we have
[ 621 = (2.1 =0,
so there exists g € A such that
07K = 0g. (6.6)

Let {Ha o} {Hap} be the bihamiltonian conserved quantities of (Pl, Py)
and (Py, Py) respectively with the same leading terms {ha,,}, and {X,,},
{Xap} be the corresponding bihamiltonian vector fields:

Xap = _[Plaﬁa,p]’ Xap = _[Plaga,p]'

). ).

They are related by

~ A

Hyp= ey <]:Ia,p) y Xap= ey <Xa,p> :

The flows corresponding to {X,,} and {X,,} are denoted respectively by
{3(”;} and {3ap} We also have the associated triples (P, {hap} Z) and
(Pl7 {hap}, Z) which are constructed in Theorem B3l Let {4 .54} and
{Qa,p;ﬁ,q} be the corresponding tau structures. Then the relation between
these tau structures and the solutions of the associated tau covers of the
deformed principal hierarchies is given by Theorem (7] and the following
theorem gives the explicit expression of the differential polynomial G.
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Theorem 6.6 The differential polynomial G of Theorem[5.7 is given by the
formula

(o) 1 .
G=2 7DV ), (6.7)
i=1
where the function g is defined in (G.0]).

Proof From our construction of the densities of the Hamiltonians we have

ha,p = 6ZHa,p+1a ha,p = 5ZHa,p+1,

SO
g = (6 () = 3 (o (o))

By using the the definition (64]) of 0z and the identities given in Lemma
we can show that

67 (adly (Hapir)) = D (R ,p)+z<> (i1, ) DV (027,

so we have
00 1 k k
o k o i—1
=2 (DY (ios) + 32 (5) Pty s <5ZY>>
k=0 i=1

[ee]
~ 1
:eDY (ha7p> + Dﬁa,p«kl (Z JD -1 (5ZY)>
By using the fact that
07 =07|P1,K] = Dp,(6zK) =9Dp,(9),
and [Dy, Dp,] =0, [0, Dg] = 0 for Q € F (see Lemma [B.7), we obtain
ha,p — Dy < > +8DH +1DplG,
where -
_ Lot
G=2 5
1=
Then by using the identity (see Lemma [6.7])
DHl)p1 = Df[Pl,H} — DPlDH7
and the fact that Dy (G) = 0, we have
haw = €™ (hap) + 0Dy G =™ (hay) +00u,G.

The theorem is proved. (]
In the proof of the above theorem the following lemma is used.
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Lemma 6.7 The operator

sP\ 0 SP\ 9 .
e S PR — pPAS -
Dp Z(a (5%) s T (-1)P0 <5ua> aag>’ PeFr

s>0

and the bracket

OP o 6P o . .
Pa= [(frse+Psast). P Qes

satisfy the following identities:

[a’ DP] = Oa

0 o (99N L (_ypap, (9L,
2Pl = Dp (32) + (17700 (32 )
(—1)P"'Dp g = Dp o Dg — (—1)*" D=V Dg 0 Dp.

Proof The first identity can be obtained from the definition of Dp. The
second one is a corollary of the identity (iii) of Lemma 2.1.3 and the identity
(i) of Lemma 2.1.5 given in [32]. The third identity is a corollary of the
second one. The lemma is proved. O

Theorem gives the existence part of Theorem 29 and Theorem
(combining with Theorem [.7]) gives the uniqueness part.

There are two important examples of such deformations when the flat
exact semisimple bihamiltonian structures is provided by a semisimple co-
homological field theory. In [I5] the first- and the third-named authors
construct, for any semisimple Frobenius manifold, the so-called topological
deformation of the associated principal hierarchy and its tau structure. As
we mentioned in Example BI2] in [2] Buryak constructed a Hamiltonian
integrable hierarchy associated to any cohomological field theory, and in [3]
he and his collaborators showed that this integrable hierarchy also possesses
a tau structure. Buryak conjectured in [2] that the above two integrable
hierarchies are equivalent via a Miura type transformation. He and his col-
laborators further refined this conjecture in [3] as an equivalence between
tau-symmetric Hamiltonian deformations via a normal Miura type transfor-
mation. The notion of normal Miura type transformation was introduced in
[19], our Definition 5.6l (see also Theorem [5.7)) is a kind of its generalization.
We hope our results could be useful to solve the Buryak’s et al conjecture.

7 Conclusion

We consider in this paper the integrable hierarchies associated to a class
of flat exact semisimple bihamiltonian structures of hydrodynamic type.
This property of flat exactness enables us to associate to any semisimple bi-
hamiltonian structure of hydrodynamic type a Frobenius manifold structure
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(without the Euler vector field), and a bihamiltonian integrable hierarchy
which is called the principal hierarchy. We show that this principal hierarchy
possesses a tau structure and also the Galilean symmetry. For any deforma-
tion of the flat exact semisimple bihamiltonian structures of hydrodynamic
type which has constant central invariants, we construct the deformation of
the principal hierarchy and show the existence of tau structure and Galilean
symmetry for this deformed integrable hierarchy. We also describe the am-
biguity of the choice of tau structure for the deformed integrable hierarchy.
Our next step is to study properties of the Virasoro symmetries that are
inherited from the Galilean symmetry of the deformed integrable hierarchy
in order to fix an appropriate representative of the tau structures which,
in the case associated to a cohomological field theory, corresponds to the
partition function. We will do it in a subsequent publication.
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and No.11471182. B.D. kindly acknowledge the hospitality and generous
support during his visit to the Department of Mathematics of Tsinghua
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A On semi-Hamiltonian hierarchies

In this appendix, we prove a classification theorem for conserved quantities
and symmetries of a semi-Hamiltonian system satisfying certain nondegen-
erateness conditions.

Definition A.1 ([41]) i) A system of evolutionary partial differential equa-
tions of the form '
ou'
ot
is called semi-Hamiltonian, if A* # AJ for i # j and

O <m> =0, <m> . for distinct 1, j, k,

= Alw)u®t, i=1,...,n (A1)

where Oy, = %.

it) A semi-Hamiltonian system of evolutionary partial differential equa-
tions is called nondegenerate if 0;A* # 0 for all i = 1,...,n. We denote
Al = 9; A" from now on.

According to Tsarev’s results [41], a semi-Hamiltonian system has in-
finitely many conserved quantities of the form

H:/heﬁg,
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and infinitely many symmetries of the form

Y = / <;Bz(u)u“9,> e Fl.

An important question is: Are there conserved quantities and symmetries
with higher degrees, which belong to ]:gl and .7-%2? The following Theorem
and Corollary give the answer.

Theorem A.2 Suppose X is a nondegenerate semi-Hamiltonian system.
i) If H € ﬁgl satisfies (X, H| = 0, then H = 0.
i) If Y € ]-22 satisfies [X,Y] =0, then Y = 0.

Proof i) Suppose H = [ h, where h € AWM Recall that A®) is the
space of differential polynomials that do not depend on u»* with s > N. We
denote §; = % and define Z; = 6;[X, H]. Since [X, H] = 0, we know that
Z; = 0. On the other hand, by using Lemma we have
Z; = Dx (51H) + Dy (62X)
e .
= Z ot (Ao‘uo"l) % + 0; AU 6, H — O (A'0;H) .
U=

>0

Then one can obtain that
0= (=D (Z)gann) = (A5 = A7) heryom:

where (f); 4 = % for f € A.
The above equation implies that hg, nyin) = 0 for @ # k, so we can

assume that '
h = Z hi(u, ..., uN =D N,
i

If we can prove that h; depends on u*" linearly, that is

h= Zgi(u, . ,u(Nfl))ui’N + R(u,... ,u(Nfl)),

then for k # ¢ we have
0= (=D (Z)gon) = (Ak - Ai) ((gi)(k,N—l) - (gk)(i,N—1)> :
So there exists g € AN such that 9i,N—1) = gi- In particular, h — dg €

AWN=1_ Then the first part of the theorem can be proved by induction on
N.
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Now let us proceed to prove the linear dependence of h; on u*". Define
Y; = (hi)(i N)(i,N)» then we have the following identity:

0 :(—1)N (Zi)(i,ZN)
=30 (X)) (Vi) — A'OY; + (245" + 2N = 1)0A") Y'Y, (A.2)

>0

where X* = A*uk1. We need to show that Y; = 0.

Consider Y; as a polynomial of u®!,...,u»" and expand it as

V=Y e (u) o ()
B

where 8 = (B1,...,0n), and cg do not depend on u®!,... u*N. We define
a lexicographical order on the set of monomials recursively:

(uz‘,l)ﬂl o (uz‘,N)ﬁN ~ (um)% o (uz‘,N)“/N
& fn <N or fy =N and

(ui,l)ﬁl (ui,Nfl)BN—l ) (ui’l)% o (ui,Nfl)’YN—l .

Then Y; can be written as the sum of its leading term and the remainder
Y; = cw + R, where w = (uivl)ﬁ1 e (ui’N)ﬁN.
The equation ([(A2]) now reads

0= Z@tXa(c)(a,t) —Adc | w+ ZatXa(w)(ai) —Adw | ¢

t>0 t>0
+ (24l + (2N = 1)04Y) cw + R,

where R is the sum of terms coming from R.
Consider the quotient of the above equation modulo w:

0= Z@tXOé(C)(a,t) — A'de + ((2 + By + -+ By) Alut!

>0

+ (2N =1+ B1 +2B2 + -+ NBy) 04" c. (A.3)

Suppose ¢ € AM™) (m > 1), the derivative with respect to u*™*! of the
above equation gives

0= (Ak — Al> (C)(k,m) = (C)(k,m) =0 for k 75 1.

On the other hand (c)(,) = 0 by definition, so we have ¢ € Am=1 " Ap
induction on m implies that ¢ € Aj.
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Finally, take the leading term of (A.3]) with respect to the lexicographical
order, we obtain

(B1 4382+ + (N +1)By + 2N +1) Alu'! ¢ =0,

so ¢ = 0, and consequently we deduce that Y; = 0. The first part of the
theorem is proved.

ii) Suppose Y = [ (B%0,), where B' € AN, and define Z = $>-[X, Y],
then we have '

0=2"= 0'XB{,, — B*X{, 4 — AOB".
>0
The quation Z(ihNH) = 0 implies that Bfk,N) = 0 for k # i. Denote
Y= BELN)’ we have
0="2Z{y=> 00XV}, — A0V + NOA'Y' — B*A{, 6n,1.
>0

When N > 2, by using a similar argument that we used in the above proof
of the first part of the theorem, we can show that the above equations have
the only solution Y = 0. When N = 1, suppose B’ = ¢ (ui’l)ﬁ + R, then
the leading term of the above equation reads

(52 -1 Al (ui’l)ﬁ c=0,
so we have § =1 or ¢ = 0. The second part of the theorem is proved. O
Corollary A.3 Given a vector field
X=Xi+Xo+ - €Fy,

where Xy € .7:"6%, and X1 is nondegenerate semi-Hamiltonian. Then the
following statements hold true:

i) If H € F is a conserved quantity of X, then
H = HO + Hl + P

where Hy € Fy, Hy is a conserved quantity of X1, and Hy (d > 1) is
uniquely determined by Hy.

i) If Y € .7-21 is a symmetry of X, then
Y=Y1+Ys+ -

where Yy € ]—A"C%, Y7 is a symmetry of Xy, and Yy (d > 2) is uniquely
determined by Y.

The proof is trivial, so we omit it. Note that the degree of a symmetry
starts from 1. There may exists other symmetries with degree zero (e.g., the
unit vector filed Z for X, o).
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