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1. Introduction

Let X be a smooth projective variety. Assume that the odd cohomologies H°44(X; C)
vanish. Denote by X, ,, s the moduli space of stable maps of degree 8 € Hy(X,Z) with
target X of curves of genus g with m marked points. Choose a basis ¢1 = 1, ¢o, ..., ¢, of
the cohomology space H*(X;C). The genus g Hodge integrals of X are certain rational
numbers which admit the generating function

Hg<t7 s) = Z <€Zk21 52k710h2k—1(]]‘:)ezp20 taprp(¢a)>g 3 (11)
BeH2(X,Z)

Here E is the rank g Hodge bundle over X, ,, 5, chy(E) € H?*(X, ,, 3) are the compo-
nents of the Chern character of E, and

l m
<H chy, (E) H Tp; (‘i’aj ))g.8

l m
= [ Hew®n[]evjion) s, (12)

L i= i—=1
[Xg,nl,ﬁ]vlr J

where £; are the tautological line bundles over X ., 3, and ev; : Xy, 3 — X are the
evaluation maps. The indices of the independent variables sop_1,t*P take integer values
k>1,a=1,...,n,p > 0. Here and in what follows, the Einstein summation convention
is assumed only for repeated Greek indices with one-up and one-down. We call H4(t;s)
the genus g Hodge potential of X, and the function

H(t;s;€) = Z 2972 H,(t; )
9=0

the Hodge potential of X. Here e is an independent variable. Note that when the
s-parameters are set to zero, the functions Hg(t; s), H(t;s;€) reduce to the generating
functions for Gromov-Witten invariants of X

Fq(t) =Hy(t;0), F(t;e) = H(t;0;¢).

The partition function Zg = Zg(t;s;€) of the Hodge integrals (also called the total
Hodge potential in [28]) is defined by

Zr(t;s;€) = eHtisie),

As it was shown by C. Faber and R. Pandharipande [22], this function satisfies the
equations
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where Bay, are the Bernoulli numbers. Here the matrix (n®?) = (1,5)"! is the inverse'
to the Poincaré pairing matrix

naa!%wg.

To simplify notations, we redenote —%szk,l by si. In new notations the equations

(1.3) take the form

0% [x=iap O i 0

dsr Z otopt2k—1 o Z (=1 ItapHEB.2k—2—p Zg, (1.4)
p>0 p=0

Zr(t;0;€) = Z(t;€). (1.5)

Here k > 1, 9P = t*P — §¢60 Z(t;e) = e” () i the partition function for Gromov—
Witten invariants of X.

In this paper, we present an algorithm to solving equations (1.4) with the given initial
condition (1.5). It yields a representation of the Hodge potentials H,(t;s) in terms of
the Gromov-Witten potentials F,(t) and the genus zero primary two-point functions

0?Fo(t)

Ua(t)zw, Oé:1,...,’l’L.

Such a representation of the Hodge potentials enables us to derive the hierarchy of
PDEs in certain normal form [16] that controls the Hodge integrals as well as to study
its properties.

Moreover, in our construction the quantum cohomology of X can be replaced with an
arbitrary calibrated semisimple Frobenius manifold. Recall that the construction of [16]
associates with such a Frobenius manifold an integrable hierarchy of topological type. It
is a hierarchy of Hamiltonian PDEs of the form

8u0‘ _p 5H/37q

Y =1,... > 1.
atﬁ,q (5U’Y(.’E)7 «, B ) ,yn, q =2 0 ( 6)

1 We will use the matrices (n®?) and (n4) for raising and lowering indices. E.g., v® = n®Pvg, vq = nasv?
(see below).
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with n = the dimension of the Frobenius manifold. Here the Hamiltonian operator P*Y =
Y g0 €9Pg7 and the Hamiltonians

HB,q:/hg’q(u;uw,...;e)dx, B=1,...,m, ¢>0

are formal power series in an independent variable €2 of the form

2g+1
Py =010, P = Z PO"y (U5 Uy - ., uPITITFN AR g > (1.7)
hs,q = 657Q+1 + Z 2kh57q, (u Ugsy - - ,u(Qk))’ (1'8)
k>1
where u = (u,...,u"), u™ = 9Tu, (n®7) is a constant symmetric invertible matrix

(which is also used to raise the Greek indices, similarly as footnote 1), and Pg v Nk are

graded homogeneous polynomials [7,8] in «), u) w?™ = 0'u” of degree 2g+1—k

i IR

and 2k respectively with the assignment of degrees
deg 0'u" = m.

In the above formula 63 ,(u) are the coefficients of expansion of the deformed flat coor-
dinates associated with the chosen calibration of the Frobenius manifold.

As it is clear from the form (1.7), the variables uq, ..., u, are densities of Casimirs
of the Poisson bracket. It is convenient to include them into the list of conservation laws
hg,q of the hierarchy assigning to them the level —1,

hg—1=ug, B=1,...,n, (1.9)

SHps
Hpg 1 = d PYY——— =0.
8.1 /uﬁ(w) , s (z) = °

The hierarchy (1.6) also possesses the tau-symmetry property

Ohap—1(UsUg,...5€)  Ohg g 1(U;Ug,...;€)
otha o otesp ’

a,f=1,...,n, p,g>0. (1.10)

Due to this property, for an arbitrary common solution

U (T, t5€) = vz, t) + Zezgvl[f] (x,t), a=1,...,n (1.11)
g1
to the equations (1.6), there exists a tau-function
T(z,tie) =exp Yy €9 F,(x,t) (1.12)

920
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such that

, 0% log (z,t;€)

alz,tie) = 1.13
Uq(z,t;€) =€ Do G0 ( )
Note that, in particular
82f0($ t)
a(®,t) = " 1.14
vol®8) = 75 a0 (114)
The functions vy (z,t), ..., v,(z,t) are common solutions to the so-called principal hi-
erarchy
o 0
av _ 26 ﬂ,qul(v) (115)

otba  Jxr O

obtained from (1.6) by the “dispersionless limit” ¢ — 0. Moreover, the higher genus
terms Fy, g > 1 in the expansion of the free energy can be expressed [18,16] as functions
of vy (x,t) and their z-derivatives, up to the order 3g — 2.

Remark 1.1. According to E. Witten [43] in a certain class of quantum field theories the
partition function can be identified with the tau-function of an integrable hierarchy. The
time variables of the hierarchy are identified with the coupling constants of the quantum
field theory; the dependent variables of the hierarchy are two-point correlators of the
so-called primary fields,

Ua = ($16a), a=1,...,n.

The dimension of the Frobenius manifold coincides with the number of primaries. The
Hamiltonian densities of the hierarchy coincide with certain two-point correlators of the
so-called gravitational descendents of the primaries. In our notations,

2 0%log (z,t;¢€)

Oz Ot P (1.16)

ha,p(u; Ugy - -3 6)‘u=u(x;t;s) = <<¢1,0¢0z,p+1>> =€
The parameter € can be identified with the string coupling constant.

Hamiltonian hierarchies of the type (1.6)—(1.10) will be called tau-symmetric integrable
hierarchies of Hamiltonian evolutionary PDEs (see below Definition 4.1 for details). They
can be considered as e-deformations of principal hierarchies (1.15).

Remark 1.2. In the axiomatic definition [16] of an integrable hierarchy of topological
type it is also included existence of a bihamiltonian structure of equations (1.6). For the
hierarchy (1.6) associated with an arbitrary semisimple calibrated Frobenius manifold
the second Hamiltonian structure does exist. However the proof of polynomiality in jet
variables of this second Hamiltonian structure remains an open question. The class of
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tau-symmetric Hamiltonian integrable hierarchies is wider than the subclass of integrable
hierarchies of topological type.

Let us fix a calibrated n-dimensional semisimple Frobenius manifold; choose a particu-
lar solution of the form (1.11) to the associated hierarchy (1.6) such that the tau-function
of this solution satisfies the celebrated string equation:

0 OT (5 €) 1 —0x
p>1

with £%P = t*P — c¥P for some constants ¢ (from now on we will suppress the explicit
dependence on = due to the identification x = ¢!:°). The solution is called topological if
P = 6267, Denote

F(t;e) = Z 2972 F,(t) = log 7(t;¢€)

920

the logarithm of 7(t;€). We want to solve the system of equations

07 oy O &= oas 02
e\ 2 et g L OV gy | 2 (LD
p= p=
with the initial data
Zg(t;0;€) = 7559, (1.18)

The logarithm of the solution
log Zr(t;s;€) =: H(t;s;e€)

will be called Hodge potential associated with the Frobenius manifold. Note that it also
depends on the choice of a solution to the hierarchy (1.6). The solution to (1.17)—(1.18)
will be written in the form

Zg(t;s;€) = exp Z 972 H,(t;8)

920

where the coefficients H4(t;s) of the genus expansion are written in terms of Fy(t) and
certain polynomials in s1, s2, ..., s4 with coefficients depending polynomially on the
variables 0%v® = 9%v*(t),k > 2. We also derive upper bounds for the degrees of these
polynomials with respect to a gradation deg defined as follows

degsp, =2k —1, k>1, (1.19)
degdv*=35—1, j>2. (1.20)
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Theorem 1.3. For an arbitrary calibrated semisimple Frobenius manifold and an arbitrary
solution (1.11) to the associated integrable hierarchy of topological type there exists a
unique Hodge potential determined by the system of equations (1.17) with the initial
conditions (1.18). It can be represented in the form

Ho = Fo,

1
Hl = .7:1 — §sln“ﬁ8va8v[aF(v),
Hy = Fg+AH, (v;vx,vm, BT g ,sg) for g>2,

where F is the potential of the Frobenius manifold, AH, (g > 2) is a polynomial in
S1s.v-38g; Uggy-- ,v3973) and a rational function in v, satisfying

deg AH, < 3g— 3. (1.21)

The coefficients of these polynomials/rational functions are smooth functions of v be-
longing to the semisimple part of the Frobenius manifold. They are independent from the
choice of a solution (1.11).

In the above formulae the vector-function v = v(t) depends on t = (t*?) according
to the dispersionless limit (1.15) of the hierarchy (1.6). The algorithm for recursive
calculations of the coefficients AH, will be given in Section 3 below.

Example 1.4. For n = 1 there is only one Frobenius manifold. It corresponds to the case
X = a point. The associated integrable hierarchy of topological type coincides with the
KdV hierarchy [43,33,16,13]

ou

ou €2

ou 1 €2 ou

— = (=02 +2 o1 > 2 1.24
at, 2q+1<4 =t ““‘“ﬁ)atql’ =% (1.24)

where we redenote u' by u. For the topological solution to the KdV hierarchy the Hodge
potential gives the generating function of intersection numbers of the - and A-classes
on the Deligne-Mumford moduli spaces ﬂg,m of stable algebraic curves. In this case the
above procedure gives the following expressions of the Hodge potentials in terms of the
Witten—Kontsevich tau-function of the KAV hierarchy

Ho(t;s) = Fo(t), (1.25)

1 1 1
Hi(t;s) =Fi(t) — 351V =57 log vy — 2519, (1.26)



B. Dubrovin et al. / Advances in Mathematics 293 (2016) 382—435 389

1102, Vpee 7 st sa
Ha(t;s) = Fa(t) + 51 (480112 - 40%) + 75 57Va0 — <—1 + —> vz, (1.27)

etc. Here we redenote v!' by v. Recall that
v® TVz2Vaga vix

t) = - .
F2(t) 115202 192003 36002

We also omit the first index (being always equal to one) of the time variables and of the
Hamiltonians. The dependence of v on t = ({9 = x,%1,...) (change of notations: t — t,
is made) is determined by the dispersionless limit of the KdV hierarchy

ov 0 0H, ¢

- = 7 - __ > .
ot, ozov(x) g = ¢=0 (1.28)

(also called the Riemann hierarchy) with

pat2
H, = —dx.
! /(q+2)!dx

For the topological (aka Witten—Kontsevich) solution one has

v(t) = Z% > o o (1.29)

B
k=1 " pit. pe=k—1 PU Pk

which is determined by the dispersionless KAV hierarchy (1.28) and the genus zero string
equation.

We will now construct a new hierarchy of integrable Hamiltonian PDEs associated
with the calibrated semisimple n-dimensional Frobenius manifold under consideration.
The equations of the hierarchy will have the form analogous to (1.6)—(1.10) but they will
depend on the parameters sq, ss, .... Logarithms of tau-functions of the new hierarchy
are Hodge potentials, log7 = H. That is, the solutions wy, ..., w, are given by the
second derivatives of the Hodge potential

29/ (4 g 2 .
we(t;s5€) = 62% = U + Zngw. (1.30)

Note that, due to Theorem 1.3, the expansion (1.30) can be represented in the form

Wo = Vo + ZEQQVQ[Q] (v; Vg, 03D sy sg) (1.31)
g1
where the g-th term of the expansion is a polynomial in s1,...,5g, Vza,- .. ,v039) with

coeflicients that are rational functions in v, and smooth functions in v on the semisimple
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part of the Frobenius manifold. This is the clue for constructing the new hierarchy called
Hodge hierarchy associated with the given calibrated semisimple Frobenius manifold.
Namely, following the scheme of [16], we apply the substitution

Vg > Wo = Vg +2629V(£g] (v;vm,...,v(?’g);sl,...,sg> , a=1....n (1.32)
g=>1

to the equations of the principal hierarchy (1.15) (the so-called quasi-Miura transfor-
mation, in the terminology of [16]). The same substitution has to be applied to the
Hamiltonian structure and to the Hamiltonians of the hierarchy.

Theorem 1.5. The Hodge hierarchy associated with an arbitrary semisimple calibrated
Frobenius manifold is a tau-symmetric integrable hierarchy of Hamiltonian evolutionary
PDEs.

The main step in the proof of the theorem is in proving polynomiality, at every order
in €, of the equations of the hierarchy, of the Hamiltonian densities as well as of the
deformed Poisson bracket. This can be achieved with the help of the technique developed
by A. Buryak, H. Posthuma and S. Shadrin [7.8].

Example 1.6. For the one-dimensional Frobenius manifold the substitution (1.32) has the
form

2

0
w(t;s) = ﬁ(”Ho—i—eQ?ﬁ—&-e‘l”Hg#—-“)

1 v3 v vy 35v3v
_ 2of 1 v 3 4| Y2 203
vt ( 9271 2mﬁ+2mq>+€ L&ﬁ 28807

191)21)% 171}%1}4 7 T3v3v4 B 41vovs Vg
384v} 480v¢ 576003  5760v3 115207
11v§ 671}%1}3 17v§ 23v9v4 Vs
— — s
80v% 24003 T 24007 T 24002 400y )

Tvg o v% VU3 3 U% V1V3 6
—s7— [ =+ — - =+ == O(e’). 1.
+p 51 <5+ 5 )8 or o )2t (€”) (1.33)
Here we denote
vp = OFu(t), k>1.

After the substitution one arrives at the following equations (like above we denote wy, =
Okw(t)) (also here change of notations tP — t,)

w
dto ow(x)

= Wy, (1.34)
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8w = Wwg + (wmx—ww s)
8t1 - T € 12 xzWgxxol
7_5 1 2y (L8 w2 — w68
1+ | wows + —wiwy | s7+ W1 Wy wiws | sy
5 5 5
1
< 3 wy w3 — w%wg) ] + O(€°), (1.35)
8w 5
> 2. 1.36
at, ~ Usule ) 7= (1.36)
Here the Hamiltonian operator is given by
~ 3
P=0,— 502+ 56 5202 + O(e%) (1.37)
and the first two Hamiltonians have the following expressions
~ 1 5 1, 1,
Hy = QW — e sjw? + ge sjw2, + O(e%) | du, (1.38)

= (1 4 S 1 1 2
Hl—/[ﬁw +€ ( 21 231w>w
+ €t e oY wete + — = (s1 4 6sTw) w3, | + O(®)| dx. (1.39)
5 1 2 2 x Wrx 30 1 1 . :

Equations (1.34)(1.36) are called the Hodge hierarchy of a point.”

More specific examples will be presented in Sect. 4.

We expect that the Hodge hierarchy of Example 1.6 plays the role of a universal
object in the following class of tau-symmetric integrable hierarchies of scalar Hamiltonian
evolutionary PDEs obtained by deformations of the Riemann hierarchy (1.28):

ow 0H,
ﬁzpéw(;)’ Hq:/hq(w;wm...;e)dx, q>0 (1.40)
q
with
w2
hg(w;wg,...;€) = 4+Zekh[f] wiwy, ..., w* ),
(g+2)! = ( )
k+1
P=0,+ Z ZPM (w Wy e - ,w(’Hl*l)) 8}6.
E>1 1=1

2 We would like to mention that, according to [32,44] generating functions of certain Hodge integrals are
also related to the KP hierarchy and the 2-dimensional Toda hierarchy. See more details in Examples 4.4 and
4.5 in Section 4. More recently A. Buryak [4] constructed a one-parameter deformation of the KdV hierarchy
satisfied by a generating function of Hodge classes depending linearly on A1, ..., A, . He proved that this
hierarchy is Miura-equivalent to the Intermediate Long Wave (ILW) hierarchy (see below Example 4.4).
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Here all the terms of expansions in € must be graded homogeneous polynomials in the
jet variables wy,, Wy, ... of the degrees

deghll =k, degPM =k +1-1.

These integrable hierarchies are required to satisfy the conditions given in Definition 4.1
specified for the one-dimensional Frobenius manifold. They are called in Section 4 the
tau-symmetric integrable Hamiltonian deformations of the principal hierarchy of the
one-dimensional Frobenius manifold. For example, the KdV hierarchy satisfies the above
definition.

Clearly rescalings € — ce, ¢ # 0, of the parameter € preserve the class of integrable
hierarchies under consideration. Below we will use sometimes a suitable normalization
of the coefficients h,[lk] for some ¢ and k in order to reduce the number of parameters of
the hierarchy.

The class of tau-symmetric Hamiltonian integrable hierarchies is invariant with respect
to a subgroup of the so-called normal Miura-type transformations. The precise definition
of normal Miura-type transformations will be given in Section 4 below. One of the ques-
tions addressed in the present paper is the problem of classification of tau-symmetric
Hamiltonian integrable hierarchies with respect to normal Miura-type transformations.
Conjecturally, the universal object for such a classification problem is given by the Hodge
hierarchy of a point. Namely,

Conjecture 1.7. Any nontrivial tau-symmetric integrable Hamiltonian deformation of
the Riemann hierarchy is equivalent, modulo normal Miura-type transformations and
rescalings of €, to the Hodge hierarchy of a point with a certain particular choice of the
parameters si, k > 1.

The paper is organized as follows. In Sec. 2 we recall some basic formulas and notions
of the theory of Frobenius manifolds and describe two approaches, given respectively
by Dubrovin-Zhang and by Givental, of the definition of the partition function of a
semisimple Frobenius manifold. We also prove Lemma 2.5 that will be used to prove the
identity (3.11) of Sec. 3. In Sec. 3 we give an algorithm to represent the Hodge potentials
Hg,g > 0 in terms of the free energy Fy and the genus zero two-point functions. In
Sec. 4, we give the definition of tau-symmetric integrable hierarchies of Hamiltonian
evolutionary PDEs, prove Theorem 1.5 and study in detail the Hodge hierarchy for the
one-dimensional Frobenius manifold for some particular choices of the parameters sg,
k > 1. In Sec. 5, by applying the results of Sec. 3 we present some explicit formulae for
Hodge integrals on the moduli spaces of stable curves, and give the integrable hierarchy
for the total Gromov-Witten potential of degree zero for a smooth projective threefold.
Concluding remarks are given in Sec. 6, where we also propose a detailed version of
Conjecture 1.7.
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2. The partition function of a semisimple Frobenius manifold

We recall in this section some basic properties of Frobenius manifolds, and the
constructions of the partition functions of semisimple Frobenius manifolds given by
Dubrovin—Zhang [16] and by Givental [28,29], based respectively on linearization of Vi-
rasoro symmetries of the principal hierarchies of Frobenius manifolds and on quantum
canonical transformations.

Let M be an n-dimensional Frobenius manifold. By definition on each of its tangent
space there is defined a structure of commutative and associative algebra with unity,
and a non-degenerate symmetric bilinear form ( , ) which is invariant with respect to

the multiplication operation “-”. These structures depend analytically on the points of
the Frobenius manifold. The bilinear form gives a flat metric on M, and one can choose
its local flat coordinates v',...,v™ such that the unity vector field is given by e = 6%1'

The potential F(v!,... v™) of the Frobenius manifold satisfies the property that

= <i i> — M — constant
e = gpe 9uB! = Gulovedud ’
and the multiplication table of the vector fields on M is given by

8 a — : v ¢ 53F(v) aBy _ 1
v OB = Caﬁ(v) v with Ca,é’ (U) =1 PRk (77 ) = (77(1[3) .

The Frobenius manifold structure also satisfies certain quasi-homogeneity property which
is characterized by an Euler vector field E satisfying VVE = 0, where V is the Levi-
Civita connection of the flat metric. Assume that VE is diagonalizable, then the flat
coordinates can be chosen so that the Euler vector field has the expression

- d 0
E= 1— = — )0 +7rq | =—.
;_:1(( 3 el “)ava
The axioms of the Frobenius manifold ensure that the deformed connection
Vib=Vub+za-b, Ya,be Vect(M), ze€C

on M is also flat. It can be extended to a flat connection on M x C* [11,12] by defining

~ 1 ~ d ~
for any vector field b of M x C* with zero component along the z direction. Here y =
diag(p1,- .-, f4n). One can find a system of flat coordinates of the deformed connection
of the form

(01(0,2), ..., Tn (0, 2)) = (61 (v, 2), ..., O (v, 2)) 22T, (2.1)
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where the functions 6, (v, z) are analytic at z = 0. Here R = Rg) is an n x n nilpotent
matrix; it is a part of the monodromy data [12] of the Frobenius manifold at z = 0. It
is different from zero only in the resonant case po — ug = a positive integer for some
1 < a,B <n. It can be decomposed R = R; + Ry + --- in a finite sum of matrices
satisfying

[, Rk) = kR, k=1,2,..., (2.2)
and also
(Rpa,b) = (=1)k"(a, Rpb), Va,beC".
For the Frobenius manifold coming from the Gromov—Witten theory of a smooth pro-
jective variety X only the R; matrix is nontrivial. It coincides with the matrix of

multiplication by the first Chern class of the tangent bundle of X.
Denote 6, ,(v) the coefficients of Taylor expansions of the functions 6, (v, 2),

Ou (v, 2) 229(1,17(1))2”, a=1,...,n. (2.3)

p>0

The functions 6, ,(v) satisfy the following equations:

Oy Oy 0y p i1 () = ¢ (0) Dy by p(v), (2.4)
OF(v)  00ap11
o) = o, Baa(0) = 2 Partly g o) (25)

It also satisfies the following quasi-homogeneity condition

p
Lg (avﬁea,p) = (p + pao + ﬂﬂ)avﬁga,p + Z(Rr)gavﬁ g’y,pfrv (26)

r=1

and the normalization conditions
(V0o (v,2),VOs(v,—2)) = Nag. (2.7)

A choice of a system of flat coordinates of the deformed flat connection satisfying the
above conditions will be called a calibration of the Frobenius manifold. For the particular
subclass of Frobenius manifolds coming from quantum cohomology of smooth projective
varieties there is a natural calibration associated with a choice of a basis in the classical
cohomology. Below it will be assumed by default that every Frobenius manifold under
consideration is calibrated.
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The principal hierarchy (1.15) of the Frobenius manifold is an integrable Hamiltonian
hierarchy of hydrodynamic type
ov® 0 0Hp,

— =% = . > 0. 2.
otha ! Oz 6v7 ()’ 120 (28)

Here the Hamiltonians are given by

Hag = [ Opr(of@)ds (2.9)

with the functions 6, defined as in (2.3). A dense subset of analytic solutions of the
principal hierarchy can be obtained by solving the Euler-Lagrange equations

004 (V)

apZ THPAT) -
g t S0 =0, yv=1,...,n. (2.10)
p=>0

Here %P = %P —¢%P ¢®P are certain constants which are equal to zero except for a finite
number of them, and they are also required to satisfy certain genericity conditions [16].

Example 2.1. Consider the one-dimensional Frobenius manifold with the natural calibra-
tion 01 (v, z) = (e*¥ — 1) /z. The corresponding Euler-Lagrange equations read

g
Y=o, (2.11)

p=0

1

which yields in the choice ¢''? = 67 the topological solution

41,0 (110)241:2 (110)3(¢1:2)2
t) = — — _
o) =TT T a@i — 1 ot — 1)

4o,

The closed form of this solution is already given in equation (1.29).

Let us define the functions Qg p.3.4(v) on the Frobenius manifold by the following
generating function

Vea ) 7ve ) —a
Y Qapsertd = V00 (v, 21), VO5(0,22)) ~ s (2.12)
Z1 + 22
P,q=0
It follows from the definition that these functions satisfy the equations
Wapipa _ g0 O00p s (2.13)

v T ovE vt

and the quasi-homogeneity condition
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P
LgQappqt)=@+aq+ 1+ pa+ p5)Qappsqt) + Z (Rr)l Q%pfr;ﬁ,q(t)
r=1
q
+ D~ (B} Qapiria—r(®) + (1) (Bpig)], 115 (2.14)
r=1
They also satisfy the equations
Mo p+1(v)

Qap1,0(0) = bap(v); Qapipolv) = # (2.15)

For any solution v(t) = (v!(t),...,v"™(t)) of the principal hierarchy solved from (2.10),
we define the genus zero free energy Fo(t) as follows:

Folt) :% 37 BP0, s (0(8). (2.16)

p,q>0

Observe that, by using egs. (2.5), (2.10) and (2.12) one can easily check that

02 Fo(t)
Srowgiha — Lemsa (V(t)).

In the case when M is semisimple, one can also define the genus g free energies
Fg = Fg(v;0g,... IS |

of M by solving the so-called loop equations of M [16,14]. In particular, if we substitute
the variables v,v®) (k > 1) of the genus g free energy JF, by the topological solution
v =v(t), v®) = 9Fv(t) obtained from (2.10) by taking ¢*? = §¢6%, then we arrive at a
function of t which, due to [42], coincides with the genus g Gromov—Witten potential if M
is a Frobenius manifold associated to the quantum cohomology (assume semisimplicity)
of a certain smooth projective variety with vanishing odd cohomologies. Recall that the
loop equation takes the form [16]

Yy T
0AF o (—1 ) + 08 > (Z) OE 1 01pa GP O 197,

oV E— X oV
>1 k=1

r>0
1 o1 12
=— 16tr U-x"+ 4tr [(L{ - ) u}

O’AF 8A]-' OAF
+ Z OvVkouril 81}77’“ Ovel

) L PGP 9P g

0AF Opa (v A Ops(v; A 7
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where
AF = Z 62972.7:9(1}; Vgy o vvs v(3972)),
g=1
Do, = 1,...,n are the periods of the Frobenius manifold, i/ is the operator of multipli-

cation by the Euler vector field F, and

G — _i

[(eﬁiReﬁi‘u+67WiR€7ﬂ'iH> 7771](15.
27

Theorem 2.2. (See [16].) The loop equation can be solved recursively to give functions
Fg,9 > 1 with

1
Fi= 21 log det(c3., (v)v)) + G(v),

where G(v) is the so called G-function of the Frobenius manifold [1/]. For each g > 2 the
function F4 = Fy (U; Ugyovs ,U(3972)) depends polynomially on 0%v", k > 2 and rationally
onvY, and it is uniquely determined by the loop equation (up to the addition of a constant)
and satisfies the homogeneity condition

deg Fy = 2g — 2, d_eg]:g <39-3.

Here we use the “<” sign to indicate that F, is not necessarily homogeneous with
respect to the degree assignment (1.20) and its highest degree terms have degree 3g — 3.

The partition function of a semisimple Frobenius manifold associated to a solution
v(t) of the principal hierarchy is defined by

Z(t; 6) _ ee_Qfo(t)+2921 2972 F (0305,...,0B9 7)) ©’ (2.18)
v=o(t

where v(t) is obtained by solving the equation (2.10). It is also called the total descendent
potential when v(t) is taken to be the topological solution of the principal hierarchy
corresponding to the following choice of parameters ¢*? = §¢4}.

An alternative construction of the partition function for a semisimple Frobenius man-
ifold is given by Givental [28,29]. It is given by the action of certain quantized operators
on the tensor product of n copies of the partition function Z,.(t;€) of the one dimen-
sional Frobenius manifold. Let us give a brief review of this construction and prove some
useful lemmas.

Let M™ be a semisimple Frobenius manifold, i.e. there exists a point u € M such that
the algebra structure on T, (M) is semisimple. Let V = T,,(M) or V = C". There is a
non-degenerate symmetric bilinear form (, )y on V which is defined by the flat metric
of M when V = T, (M), or by the standard Euclidean inner product when V = C".
Denote by V the space of V-valued functions defined on the unit circle S which can be
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extended to an analytic function in a small annulus. On V there is a natural polarization
V =V, ®V_, where functions in V; can be analytically continued inside of S*, while
functions in V_ can be analytically continued outside of S! and vanish at z = co. There
also exists a symplectic structure w on V defined by

w(fg) = = f<f<fz>,g<z>>vdz7 V 7(2),9(2) € V. (2.19)

" 2mi
Sl
The pair (V,w) is called Givental’s symplectic space associated to (V, (,)v).
Take a basis e, (« = 1,...,n) of V. Let e* be the dual basis with respect to (,)y .
Any element f(z) € V can be written as

F2) =Y (=) pp 2 gt 7R ),

k>0

where ¢* = ¢**e, and py = p, re®. This gives the Darboux coordinates

{qa’kapa,k | k > 0}

of the symplectic structure w. The canonical quantization of {g®* Dok} 18 defined as
follows:

o When V =T, (M), we take e, = 2=, and then

Ove?

0

(Pak)” = EW’ (qa’ky =e "tk

The variables {t**} are the times of the principal hierarchy of M. We denote O(V) =

Cl[{z**}]]

¢ When V = C", we take e; to be the standard basis of C", then

Vv ikya _ —14(i).k
(pz,k) - eat(i)’k’ (q ) =€ 't .
The variables {¢()*} are the times of n copies of the KAV hierarchy. We denote

O(V) = C[[{t®*}]].

Let A(z) be an End(V)-valued function satisfying Af(—2) + A(z) = 0. Then A(z) is
an infinitesimal sympltectic transformation of (V,w) whose Hamiltonian is given by

1
A4

Ha(F) = g Af) = 15 (=2, AG @) v

S1



B. Dubrovin et al. / Advances in Mathematics 293 (2016) 382—435 399
This Hamiltonian is a quadratic function on V, and its quantization is defined by

0? 0
AT LTy — 24147

(prps)" = € 55m5, (pra”) g (4'd7)

where I, J are (o, k), (8,1) or ((i), k), ((j),1). Denote the quantization of H 4(.) by ﬁA(z),
these quantized operators satisfy the commutation relation

[Hacy, Hp(»)) = Hiag),p(z) +C (HA(Z),HB(Z))

where the 2-cocycle C satisfies
C(prp, qKqL) = —C(qKqLapIpJ) = 5555 + 5%55{7

and C = 0 for any other pairs of quadratic monomials. Here I, J, K, L are indices of the
form (a,p) or ((i),k). Let G(z) = e4(®*) be the symplectic transformation defined by
A(z) (if it exists), then the quantization G(z) of G(z) is defined as e,

Example 2.3. (a) Let V = T,,(M), and d(z) = —2z~2**11d (k > 1). Then it is easy to
see that di(z) is an infinitesimal symplectic transformation whose quantization is given
by

2k—

€2 0?
a,p _ = ap
Dy = ;Jt at(x,p+2k Y Zo )’n OtergB2k—2—p
P> =

(b) Let V.= C", and dg)(z) = —z72k+1P; (k> 1), where P; : V — V is the projection to
Ce;. Then d,(;)(z) is also an infinitesimal symplectic transformation whose quantization
is given by

€ 0?
Zt( )7p p+2k 1 9 (_1)p8 (0).p9t().2k—2—p "
p>0 p=0 CELPOL),

(¢) Let U : C™ — C™ be a map given by a diagonal matrix whose diagonal entries are

u',...,u™. Then we have

ZZ ZtZ)kat()k 1_2622

i=1k>1

We have the following two important types of symplectic transformations G(z):
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o Type I Let G(z) be a symplectic transformation which is analytic and non-
degenerate inside of the unit circle. Then, for an arbitrary function I[q(z)] defined
on V_, we have

(G)71) la(2)] = e2= @2V T [(G(2)a(2))-],

where (q,Qq)y = Zk,l20<qk7 Q1¢")v is defined by

> Quutst = W

w 4
>0 +

e Type I Let G(z) be a symplectic transformation which is analytic and non-
degenerate outside of the unit circle. Then for an arbitrary function I[q(z)] defined
on V_ we have

(1) la()] = (e @ ov 1) (G ()a(2))

where (9q, Wq)v = Zk,l20<p’€’ Wiipi)v is defined by

Z (D) Ww 2 = W

—1 1
z w—
k,1>0 +

If G(z) is a symplectic transformation from Vs to Vy, then the quantized operator é(z)
maps O(Va) to O(WV1).
Let us denote by Z]‘,’?C(t(i); €) the vacuum partition function of the one-dimensional

Frobenius manifold M = C with F(v) = 2v% which is obtained from the Witten—
Kontsevich tau-function tkqv(to,t1, .. -;€) by a dilaton shift

73 (69 €) = micav (tos tr, -5 €)le, oot

For any semisimple Frobenius manifold M, the vacuum partition function Z33°(t;¢€) is
defined by

Z3ic(tie) = Ti(w) S, (2)Wu R <HZV"‘C (@) ) (2.20)

Here u is a semisimple point of M, and

e 2U : C™ — C" is the diagonal matrix diag(zu!,. .., zu™), where u', ..., u™ are canon-
ical coordinates of M.
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o Su(2) and R,(z) are given by bases of horizontal sections of the deformed flat
connection V at z = 0 and z = oo respectively. The matrix S,(z) has entries
S§(2) =n*70,04(2), and R, (z) has asymptotic expansion of the form

Fl (U) 4 FQ (u)

U =1
Ry(z) =1d + . 2

4+,
e U, is the transition matrix from the frame of the flat coordinates to the orthonormal
frame of the canonical coordinates. Note that in the notions of [11,16] it is given by
the matrix (o (u)) L.
o 77(u) is the isomonodromic tau-function of the Frobenius manifold [16,14].
Theorem 2.4. (See [28-30,16].) The total descendent potential of M

Dy = Zvac(t§€)|tawpatam76‘féf

is independent of the choice of the semisimple point w € M and satisfies the Virasoro
constraints

Here the Virasoro operators L., are given in [15,16,28,30] with

L= Zt P + @naﬁt 0460 _

= ata,pfl atl,O '

From the uniqueness of the solution of the Virasoro constraints that is proved in [16],
it follows that the partition function Z(t;¢) defined in (2.18) which is associated to the
solution of the principal hierarchy given by (2.10) can also be represented as

Z(t,e) = Zﬁc(t;€)|tc¥,p—>tum_ca-p, (221)

where the constants ¢®? are given as in (2.10).
The following lemma will be used to prove the identity (3.11).

Lemma 2.5. For any semisimple Frobenius manifold M, we have
Dy = 871 (=)0, (Z Dy’ ) VYR ()8, S (2), (2.22)

where Dy, and Dl(j) are given in Frample 2.3.
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Proof. By computing the 2-cocycle terms, we have

n ; 1
(:U)", > Dy )] = —50ea Tx(U),
=1

which implies
° - % ~ - i 1
e(ZU) (Z ’D;{})) ef(ZU) = ZD](Q) _ iak,lTr(U)-
i=1 i=1
It is easy to see that
Ru(2) (Z D,i“) Rz =YD, W, (z Dg‘>> bt =Dy
i=1 i=1 i=1

Thus in order to prove the lemma, we only need to show that
"t . 1

Let A(z) =log S(z) = 3,5, Aiz’. Then we have

. N 1
S;l(z)DkSu(z) — 'Dk = [Dk, HA(Z):| = 5(2]@' — l)Tl“(Azkfl).
By using the identity Tr(A(z)) = logdet S(z) we obtain

d B 1 d B dS(z) _
ETr(A(z)) = JetS() d (det S(z)) = Tr ( P S(z) 1) .

It follows from the definition of S(z) (see [11,12]) that

dS(z)
dz

S = U+ g — 5(z) (g FR 4+ Ryz o+ Ry ) S71(2),

where Tr(f) = Tr(U), V and p have trace zero. Recall that the matrices Ry in the
decomposition R = R; + Ry + - - - + R,,, are nilpotent. So we have

Tr(A(z)) = Tr(U)z,
or, equivalently, Tr(Ask—1) = 0,1 Tr(U). The lemma is proved. O

Corollary 2.6. Let M be a semisimple Frobenius manifold, u € M be a semisimple point
on M, then the total Hodge potential Zg(t;s;€) of M can be written as

Zr(t;s;€) = Zp2(t;8; €)|topytop —cop, (2.23)
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where the vacuum total Hodge potential is given by

ZE2(t;85€) = 77 (u) Agl(z)\i/u}?u(z)e(ZU)A (H ng’CE(t(i); s; e)> , (2.24)

i=1

and Z;’;?E(t(i);s; €) is the vacuum total Hodge potential for M = C with F(v) = 1v3,
which is given by

. (i) .
vac (60 sp€) = eXnzn WP Zvac(¢(0), ¢
3. An algorithm for solving #,

We consider in this section the genus expansion

H(t;s;e) = Z 2972, (t; )

920

of the Hodge potential H(t;s;¢) = log Zg(t;s;€). We will give an algorithm to solve
recursively the defining equations (1.17), (1.18), and to represent the genus g Hodge
potential H,(t;s) as the summation of F,(t) and a polynomial of s1,...,s, with coef-
ficients depending polynomially on the jet variables v®? 2 < p < 3g — 2 and rationally
on v®1.

From the equations (1.17), (1.18) we know that

Zg(t;s;€) = eXrz1 Skﬁ’“Z(t; €), (3.1)

where
Di = Diliorsiaw, TP =1%P — P, (3.2)
In the case when the semisimple Frobenius manifold M is given by the quantum coho-

mology of a smooth projective variety, H, is in fact a polynomial of s;,...,s4. So in
order to compute H,4, we only need to compute

log (eZizl S’“75’“Z(t; e)) =€ Ho+Hi+ EHa+ -+ 2972 H, + O(*9),

and the exponential maps on the left hand side of the above equation can be truncated
at certain orders of s, that depend on g and k. This observation enables us to give an
algorithm to compute H4, and we show below that this algorithm is also valid for an
arbitrary semisimple Frobenius manifold.
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The equations (1.17) and (1.18) are equivalent to the equations for #Hg

My =y OHo 12 s 0Ho O
ask - Zt 8to¢7p+2k‘—1 - 5 Z (_1) 8to"p 8tﬁvZk—2_p7 (3.3)
p=>0 p=0
Ho(t;0) = Fo(t), (3.4)
and the equations for H, (g > 1)
OH
—4 = Dy (Hy) + Eg g, (3.5)
ask
Hy(t;0) = Fy(t). (3.6)
Here
. ) Ea oM )
— a, afB 0
e Z‘;t "ot Z; U™ G gpaas
p> p=

2k—2 g—1

1 OH,4— OHe OH,—

_ af g—1 £ g—¢
Ey.g = 9 Z (=1)Pn (ata,p6t672k—2—p + pot otep 6t572k—2—p>

p=0

Proposition 3.1. Equations (3.3) and (3.4) have a unique solution
Ho(t;s) = Fo(t).
Proof. We only need to prove the following identity: for any & > 1,

o 8]—"0 1 = af a]:0 a~FO
Zt P Ote-p+2k—1 - 5 Z (_1)1077 ote-p 6tﬁ,2k727p =0. (37)

p=>0 p=0

Noting that Fg is given by (2.16), one can show that the above identity is a corollary of
the following equation:
2k—2
Qo prar—1:8,q + Qa,pipgror—1 = Z (‘Uzﬂa,p;a’,ma ’ Qpr 2k —2-0:8,0> (3.8)

£=0

where p,q > 0, and k£ > 1.
For any p, ¢, define a matrix 2, ; whose entries are given by

(Qp,q)g = ("7 Qy piq) -

We will prove that, for any s > 1,
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s—1

Qers’q + (_1)8_1Qp,q+s = Z(_l)ZQp,Zstlfﬁ,qv b, q > 0. (39)
£=0

Then (3.8) is just the particular case with s = 2k — 1.

The s = 1 case of (3.9) can be proved by using (2.12) and (2.15). We assume that the
identity (3.9) holds true for s < m. In order to prove the validity of (3.9) for any s > 1,
we need to prove its validity for s = m + 1. Take s = m and replace (p,q) by (p+ 1,q)
in (3.9) we obtain

m—1

Qpi14m,qg + (*1)mflﬂp+l,q+m = Z (*I)ZQp-H,L’Qm—l—&q-
£=0

So to prove the validity of (3.9) for s = m + 1 we only need to prove the following
identity:

(_1)m (Qp,q+m+1 + QPJquer) = Qp,OQm,q

+ (_1)m—£ (Qp,m—é + Qp-l—l,m—l—f) Qé,q-
0

3

~
I

Taking s = 1 and replacing (p, q) by (p,q¢ +m) and by (p,m — ¢ — 1) in (3.9) we obtain
respectively the following identities:

Qpg+mt1 + Qpi1,g+m = Qp,020,g+m,

Qp,mff + Qp+1,m7175 = Qp,OQO,mflfﬂ

Thus we are left to show

m—1

Qma‘FC—UWPJQammn::E:(—lyﬂonmfng,
=0

which is exactly the identity (3.9) for s = m with (p, ¢) replaced by (0, ¢). The proposition
is proved. O

The identity (3.7) with k& = 1 first appeared in [19]. In the case of Frobenius manifolds
coming from quantum cohomology of a smooth projective variety the identity (3.7) is
proved for any k in [22].

The above lemma also shows that the operator

2k—2
N 0 OHyo 0
_ a, ap
Dy, = Zt pata,p+2k—1 - Z (=1)"n Otop 9B-2k—2—p

p=0 p=0

does not depend on s.
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Let us proceed to considering H, with g > 1.
Define

’Hgvh = H!](t,s)‘Sk:O (k>h)» Ekygyh = Ekvg|$k:0 (k>h)-
Then Hg p, are determined by the following recursion relations:

OHgn

s~ PO Hon) + Bngns Honlsn=o=Hon1, (3.10)

and the initial condition H, o = Fj.

Theorem 3.2. For any semisimple Frobenius manifold, the genus g Hodge potential H,
does not depend on s, with k > g, i.e. Hy =Hg 4 for all g > 1.

Proof. By using the formula (3.1) we can see that the theorem is equivalent to the
following asymptotic behavior:

Dr(Z(t;€)) = O(?*72)Z(t;¢), when € — 0. (3.11)

Here Dy, are defined in (3.2).

We already know that, when M is the semisimple Frobenius manifold defined by the
quantum cohomology of a smooth projective variety the above asymptotic relation holds
true by definition. In particular, we have

Dl(:)Z;’?C(t(i); €) = O(er_Q)Z;?C(t(”; €), when e — 0.
For a general semisimple Frobenius manifold M, the validity of the above asymptotic
relation can be proved by using the formula (3.1), Lemma 2.5 and standard asymptotic

analysis techniques. The theorem is proved. 0O

We would like to mention that an alternative form of the asymptotic formula (3.11)

is given by
2k—2
1 0?F,_
_ E _ ap___ Y Vg1
DT 2 0( D™ Ote-pPtP2k—2—p
p:
2k—2 g—1
1 OF, OF,—
i _qyppeBSm _OSgmm
F 2 LR S =0 k2l G1)
p=0 m=

It was conjectured in [35] and proved in [34] that the following equalities hold true for
Gromov—Witten potentials of a smooth projective variety:
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2k—2

Sy i S (3.13)
0 T BtargrB—2—p =9T5 .
=
2k—2 g—1
1 OFm O0F;—m
DiFg =3 > > (=um? Biar grpohas =0 k=g (3.14)
p=0 m=1

Here we conjecture® the validity of these equalities for all semisimple Frobenius mani-
folds.
Now let us proceed to finding the solution to (3.10). We prove some lemmas first.

Lemma 3.3. Let P(z), Q(z) be the matrices whose entries are given by

()= S Qa(e) =y 2

Define a matriz C = (C’g) with entries C§ = cg. v). Then

i) Q(=2)P(z) =1,
it) 0, P(2) = zP(2)C,
i) ,Q(2) = 2CQ(2),
iv) For alll,m >0, 0LQ(—2)0™P(z) is a polynomial in z with degree [ +m.

Proof. The normalization condition (2.7) of 0,(z) gives P(2)Q(—z) = I, so we have
Q(—z)P(z) = I. Ttems ii) and iii) are equivalent to Equation (2.4). Item iv) is an easy
consequence of i) and iii). O

Denote by A the ring of functions f(v,v,,...,v™)) (where m can be arbitrary non-
negative integers) satisfying

e f depends on v € M analytically;
e f depends on v, rationally;
e f depends on higher jets vy, Vgzs, - . ., v\™) polynomially.

Define A = Als1, s, ...]. We introduce a gradation on A as follows:
degsy, =2k —1, degf(v,v,) =0, degdiv®*=s—-1, k>1,5>2.

Proposition 3.4.
1) The following inequality holds true:

3 As it was suggested by the anonymous referee, validity of this conjectural statement can be derived
from the results of [34] by applying the approach of [23] based on the Givental idea [28] of a general-
ized Gromov—Witten descendent potential associated with an arbitrary calibrated semisimple Frobenius
manifold.



408 B. Dubrovin et al. / Advances in Mathematics 293 (2016) 382—435
(& 00 00
_1\p,a’B 9l a’,p m B\ N—p _
deg <pE_O( 1)Pn @E( 500 >8m < 507 )) <l+m-—N.

In particular, if | + m < N then the above sum vanishes.
it) The following inequality holds true:

deg (D (07v™)) < m — 2k.
In particular, if m < 2k then Dy (97v*) = 0.
Proof. The first part is an easy consequence of the item iv) of Lemma 3.3. Let us give
the proof of the second part of the corollary.
2
By acting W on the identity (3.7), and using the identity (3.8), we obtain

Dk(Qa,p;ﬁ,q)

e 1 Q!
= (_1) 77“ b Qa,p;a’,ZQﬁ,q;ﬁ’,%f?% - Qa»p+2k71;5»q - Qa,p;ﬁ,tﬁ%fl

In particular, we have Dy (v*) = Dy (n*?Q1.0.5.0) = 0.
For m > 1, by considering the commutator [Dy, d,] one obtains the equality

2k 90 905
m, o\ __ m—1, a\\ _ af _ o' B’ a'\p am ",2k—p
DA ) = 0 (DLl H07) = S oy (2.

If m < 2k, the first part of the corollary implies that the above sum vanishes; if m > 2k,
the first part of the corollary gives us the desired inequality. The lemma is proved. O

Lemma 3.5.
N
(_1)p77aBQa,P;5,pr =Tr(U)dn o
p=0
Proof. Recall that
ST(21)8(z2) — I
Q(z1,22) = (Znamw;ﬁ,quzg> = (21)5(z2) :

21+ z
P.q ! 2

So, the statement of the lemma is equivalent to the identity

Tr (2(—z,2)) = Tr(U).
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By using L’Hospital’s rule, it is easy to see that

Tr(Q(—2,2)) = Tr <ST(—2)%<ZZ)> =Tr (%ZZ)S_I(Z)) = Tr(U).

The last step has been explained in the proof of Lemma 2.5. The lemma is proved. O
We note that the following identity holds true:

af 82F af
Te(U)=Tr(UU) =17 Errw N*"Qa.0:8,0-

Proposition 3.6.

i) Let f € A such that deg f < m. Then we have
deg (D (f)) <m+1—2k.

i) Let f1, fo € A such that degf; < m; (i =1,2). Then

N

P « afl an

deg (Z(:)(—l)pn Bataﬂ’ 81&5’1\’1’) <mj+mg+2—N.
—

In particular, if f1 does not depend on vy, Vyy, ..., then the bound can be reduced to
mo+1— N; if both f1, fo do not depend on the jet variables, then the bound becomes
—N, and the sum vanishes if N > 1.

iii) Let f € A such that deg f < m. Then

(& 5 Pf

p=0

In particular, if f does not depend on vy, Vg, . .., then the sum vanishes for N > 1.

Proof. i) By using the chain rule and the part ii) of Proposition 3.4, we have

- — 0
deg (Di(f)) = deg ZWLD’“(U Hl<m—-(I-1)+1-2k=m+1-2k.
>0

Here v®* = 9%v™.

ii) By using the chain rule and the principal hierarchy (2.8), one can obtain that

Al (_1);0 af afl afZ
AT e 9F N

p
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N+2
_ afl an i (_1)p+1naﬂal+l 89(1»? am-i—l 805»]\]*1’
8110/)1 8’Uﬁ1)m * 61}0" r 8’1}6/ ’

p=0

where v, = %v,. Then the inequality follows from Proposition 3.4.
iii) By using Lemma 3.5 and Equation (2.16), one can show that

2N

82}'
_1\ppeB Y _
ZO( 1) N Ot HtB2N—p 0,
p=

so we have
S (—1ypger L 07))

OtePHtB,2N—p -
p=0

Then the inequality can be proved by applying the chain rule again and by using part ii)
of the corollary. 0O

Proposition 3.7. The genus one Hodge potential has the expression
S1
Hi1=F1 — E’IY(U) (3.15)

Proof. From Theorem 3.2 it follows that 1 = H1,1, so we only need to find #;,;, which
is determined by the following equations:

OHi1 1 s 9%*H, B 1
5s D1 = 1 pangien = i) = 5T,
Hils,=0 = Fi.

Expand H; 1 as formal power series
Hig = Fi+siHi) + sTHO + o
then we have
1 _ 1
H1,1 = D1(F1) — iTr(U),
KL = Dy(HTY), (k2 2).

Note that deg(F;) = 0, from Proposition 3.6 it follows that D;(F;) = 0, thus ’Hﬁ =
—1Tr(U) and dieg("r'-lﬁlf) = 0. By using Proposition 3.6 again we arrive at the equalities
’Hﬁ’“l) = 0 for k > 2. The proposition is proved. O
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Theorem 3.8. For g > 2 we have Hy € A and
degH, < 3g — 3.
In particular, equation (3.10) has a unique solution of the following form

gh

Hgn = Hgn- 1+Z7‘lgh3h7

where Ngp = [g’h_l] and the coefficients 7—[( can be obtained recursively from the

equation (3.10).

Proof. We prove the theorem by induction on A. When A = 0 we know from Theorem 2.2
that Hg40 = Fy satisfies the condition d_egfg < 3g—3. We assume that d_eg"Hg,m <39-3
when m < h — 1, and then consider the degree of H, .

By definition, H, j is a formal power series of s,. We write it as

Hon = Honor +suHo) + sEHE) +
Then equation (3.10) implies that
H') = Dy (Hgn-1) + Coef(Ep g, 55),
2Hg 4 = Dy (’Hél;{) + Coef(En g1, 51)5
BUS) = Dy (ML) + Coef(Bp g, 57), -+,

where

2h—2

1 PH, S OH,, OH,

[ — _ ap g—1h £,h g—~,h

Engn =5 2 (=) <8ta,p6tﬁa2h—2—p 2 Grew gpeh—ep |
p=0 /=1

and Coef(P(z),z*) denote the coefficient of ¥ of a polynomial P(z).
From Proposition 3.6 we know that

deg (Dy(Hgn-1)) < 3g — 2h — 2,

2h—2 827'[ h
Too af g—1,
deg (Z (—=1)Pn Btavpatﬁ’%_%p) <3g—2h—2,

p=0

— 0 OHen OHg_on
Tee (Z (~1yy PP 6%21_2_?)) <3g-2h -2,
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Table 1
An algorithm for H,.

FUNCTION H(g)

Argument: g The genus g > 2.
Global variables: F(1), ..., F(g) Free energies of genus 1 to g, obtained from the
loop equation (2.17).
H(1), ..., H(g-1) Hodge potentials of genus 1 to g — 1, obtained
from Proposition 3.7 and the algorithm itself.
VT(a,p,b) aat—’;i,, the principal hierarchy (1.15).
DV(k,a,m) Dy, (8'v®), obtained from Proposition 3.4.
Local variables: h,j Positive integers.
n Ny h.
H(g,h) Hy,h-
H(g,h,j) HY).
Subroutines: FLOOR(x) [z], the Gauss floor function.
D(k,A) Dy (A), computed by using DV(k,a,m) and the
chain rule.
E(h,g,h) E},g,n, computed by using VT(a,p,c), H(1), ...,
H(g-1) and the chain rule.
COEF (A,x,k) Coef(A, z*).
BEGIN
H(g,0) :=F(g)

FOR h=1 TO g DO
H(g,h,0) :=H(g,h-1)
n:=FLOOR((3*g-3)/(2*h-1))
FOR j=1 TO n DO

H(g,h,j):=(D(h,H(g,h,j-1))+COEF(E(h,g,h), s_h, j-1))/j

END FOR
H(g,h) :=SUM(H(g,h,j)s_h~j, j=0,...,n)

END FOR

RETURN H(g,g)

END

S0 d—eg(’}-[;l})L) < 3g — 2h — 2. Note that, when g =2, [ =1, or [ = g — 1, H1 5, appears in
the above estimate, whose degree is not 0 but 1. In these cases, we must use the explicit
form of H; and the fact that Tr(U) does not depend on the jet variables to obtain the
best bounds of the degrees of the relevant functions.

Similarly, one can show that d—eg(”ngz) <39 —3—(2h —1)j, so we have deg(H,,) <

3g — 3. The theorem is proved. O

It is clear that Theorem 3.8, Proposition 3.1, Theorem 3.2 and Proposition 3.7 give a
refinement of Theorem 1.3. Together with Theorem 2.2, they provide an algorithm (see
Table 1) for computation of the Hodge potentials #H, for g > 0.

Before we proceed to considering the Hodge hierarchy satisfied by the two-point
correlation functions (1.30), let us calculate some Hodge integrals by using the above
algorithm. Assume M is a semisimple Frobenius manifold defined by the quantum coho-
mology of a certain smooth projective variety X with vanishing odd cohomology. Denote
by A; = ¢;(E) the Chern classes of the Hodge bundle over the moduli space X, 3.

Corollary 3.9. Let v (t) be the topological solution of the Fuler—Lagrange equations (2.10)
subjected to ¢*P = 6¢6Y. Then the following formula holds true:
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Zi, S g S [ [T e (6n) A 2)

P1seesPm >0 ,3€H2(XZ)[X1 5]V Jj=1

1 9*F
_ af
- 2477 81}“61}5( v(t)).

Proof. This is a simple corollary of Theorem 3.8 and chy(E) =X\. O

For the case when X = a point, we have computed the corresponding Hodge poten-
tials up to genus 6 by applying Theorem 3.8. We also have the following corollary of
Theorem 3.8.

Corollary 3.10. Let v(t) denote the topological solution (1.29) of the dispersionless KAV
hierarchy. For g > 2, the following formula holds true:

tp,--Ip,, . .
Z Z % / >\g>\g—1>\g—277[}110 1/’%

m>0p1,... >0 '
ZUp1 sPm 2 My

_ 1 |B2Q 2| |B2(]|,U2g Z(t)
S 2129-2)129—2 29 *

Proof. Due to Theorem 3.8, for g > 2 the left hand side can be expressed as a polynomial
in gy, Vege, - - - with coefficients rationally depending on v,,.. Noting that d—egHg < 39-3,
we find that the left hand side has degree 0, so it does not contain vgs, Vzzz, - ... Then
by using the fact that v(0) = 0,v,(0) = 1, deg H, = 29 — 2, and the well-known Hodge
integral formula (see eq. (5.3) below) we obtain that the left hand side must have the
form

1 |Bag—a||Byy|
22g—2)!' 2g—2 2g

Flu()vz72(t)

for some smooth function f(v) satisfying f(0) =
The string equation now reads

- 0Zg(t;s;¢€) S
E P gt - + ﬁt2ZE(t s;€) — 21 Zg(t;s;¢) =0, (3.16)
p>1 p=
which gives
0
% =0, g>2. (3.17)

So we have f(v) = 1. The corollary is proved. O
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4. Tau-symmetric integrable Hamiltonian deformations of the principal hierarchy

In this section, we introduce the notion of tau-symmetric integrable Hamiltonian
deformations of the principal hierarchy, and prove Theorem 1.5. We will also study in
detail the Hodge hierarchy associated to the one-dimensional Frobenius manifold for
some particular choices of the parameters s, k > 1.

Definition 4.1. Let M be a Frobenius manifold. A hierarchy of Hamiltonian evolutionary
PDEs

ow® (SHIg
— « — pay q
3t5’q {w ("L‘)’Hﬁ;q} P 6w’y(l’) )

qg>0 (4.1)
is called a tau-symmetric integrable Hamiltonian deformation of the principal hierarchy
of M if the flow a%o is given by the translation along the spatial variable z and the
following conditions are satisfied:

1) Integrability: for 8 = 1,...,n, ¢ > 0 the functionals Hg , are conserved quantities
for each flow of the hierarchy.

2) Polynomiality: the Hamiltonian operator P*? and the densities of the Hamiltonians
Hg, = [ hg,qdx take the form

k+1
PP =0, + Z e Z Pﬁf(w;wm, L wkETyaL (4.2)
E>1 1=0
hg,q =0g,q+1(w) + Z ekhg’q;k(w; Wey e w(k)), q>0.
k>1

Here P} lﬂ , hg,q:x are homogeneous differential polynomials in w, w},,... of degrees

TxT)

k+1—1 and k respectively. Like above the degree is defined as deg 9'w” = m.
3) Tau-symmetry:

Ohap-t _ ahﬁ’qfl, p.q>0,
otB-a otep

where hq,—1 = wWa = Nayw".
4) Hg 1 = [ hg—1(w(z)) dz are Casimirs of the Hamiltonian operator P,

P 6Hﬁ,—1

dw () =0

We note that, for the case of one-dimensional Frobenius manifold, the integrability
condition can be deduced from the other conditions given in the above definition of the
tau-symmetric integrable Hamiltonian deformation of the principal hierarchy.
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The integrability condition of the above definition implies the commutativity of the
flows of the hierarchy, i.e.

0 ow” o) dw”
OtB-a (atmp> = otop (8155"1) , Vp,q=>0. (43)

This condition together with the polynomiality and tau-symmetry condition also ensures

the existence of functions

k
Qa,pipg = Qapipg(w) + Z ekﬂ[oz,]p;ﬂ,q(w; Wy - - - 7U)(k))

E>1
such that
Ohg p_1 ~ -
ﬁ = 0280 ,pi8,¢ = 02828,g;0,p-
Here Q([f’]p; 5. are graded homogeneous polynomials of wy,...,0%w" of degree k. By

taking (8, q) = (1,0) in the above equalities we obtain

hoz,p :Qa,p+l;l,07 o = 17"'an7p> —1.

For any given solution w = w(t;€) of the integrable hierarchy (4.1), since the differ-
ential polynomial

aQa,p;B,q(w? Wy, ... )
otk

is symmetric with respect to permutations of pairs of indices {«a, p}, {8, ¢}, {7, k}, there
exists a function 7(t;€), called the tau-function of the solution w(t;e€), such that

5 0% log T(t;€)

Qa,p;ﬁ,qZG e diha a,B=1,...,n, p,g=>0.

In particular, we have

0% log 7(t;€)
ce) — 2 ?
wa(t;e) =€ B0
, 0% log 7(t;€)

hap(w(t;€);wy(tse),...;€) = 5 DL

p>—1. (4.4)
Let us define a subclass of Miura-type and quasi-Miura transformations

Wy > We, :wa—l—ZekW(ﬁf(w;wgg,wmm...)7 a=1,...,n (4.5)
k>1
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(cf. (1.31) above) suitable for working with tau-symmetric integrable hierarchies (cf.
[16]). Recall that for a Miura-type transformation the terms W of the expansion must
be graded homogeneous differential polynomials of degree k with coefficients depending
smoothly on w € semisimple part of M. For a quasi-Miura transformation the k-th term
Wk depends rationally on the first jet variables w) and polynomially on &Lw”, I > 2. Like
before, this rational function must be homogeneous in the jet variables of the degree k.

Definition 4.2. We call a Miura-type transformation (4.5) normal if it can be represented
in the form

o = W + € 030400 Yy _ € Ap(w;wy, ... (4.6)
k>0

for some functions Ay (w;w,,...). In a similar way it is defined the class of normal
quasi-Miura transformations.

It is easy to see that for a normal Miura transformation the functions Ay are graded
homogeneous polynomials of w7, ..., d*w" of degree k. For a normal quasi-Miura trans-
formation the functions Ay for k& > 2 depend rationally on w) and polynomially on 8L w?,
[ > 2; the term A; may also contain logarithms of the first order jets (see more details
in [16]).

Recall that, under a Miura-type (or quasi-Miura) transformation the Hamiltonian
operator transforms as follows:

paf __ rTxx &rB
PP =1L WPV L57
where

@ S 811)“ * QX a/wa S «,s S,
Lﬁ:Z(_ar) ° s La= moaza W = Jpw®.

We also choose the following functions as the densities for the Hamiltonians of the
transformed hierarchy:

Py p (030, - .. ) = By p(W; W, - .. ) 4 € DyOporin ZekAk(w; Way oo )
k>0

Needless to say that the Hamiltonians

/hayp(w;wm,...)dx and /ﬁa,p (W; Wy, . ..) dx

coincide. Thus we have the following lemma.
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Lemma 4.3. A normal Miura-type transformation transforms a tau-symmetric integrable
Hamiltonian deformation of the principal hierarchy of a Frobenius manifold to a defor-
mation of the same type.

Unlike the normal Miura-transformations, a normal quasi-Miura transformation in
general does not preserve the polynomiality property of a tau-symmetric integrable hier-
archy. However, in the special case when the normal quasi-Miura transformation is given
by

Uq = Vo + 62837815""0 E 62972}‘9(0; CETR 70(39*2))7
g1

where F, are the genus g free energies of a semisimple Frobenius manifold M, it trans-
forms the principal hierarchy of the Frobenius manifold to its topological deformation
(1.6), which is a tau-symmetric integrable deformation of the principal hierarchy, see [16,
7,8] for details. Similarly, Theorem 1.5 tells that the quasi-Miura transformation (1.30)
also transforms the principal hierarchy to a tau-symmetric integrable hierarchy.

Proof of Theorem 1.5. Let us consider a normal quasi-Miura transformation defined in
(1.30), (1.31). It transforms the principal hierarchy (1.15) of a semisimple Frobenius
manifold to the Hodge hierarchy

ow® ~ (Sj:lg

— = P 2L 4.7

otB-a dw(z) (47)

According to Theorem 1.3, the quasi-Miura transformation defined by (1.30) has the

form (1.31). So the transformed Hamiltonian operator and Hamiltonian densities have
the following forms

3g+1
P =79, + Z €29 Z PM (W Wy, ..., wBTIR s s )0k,
g>1
;Lg’q 95q+1 +Z€gh5qg(w Wgy ooy W w®9): 81,...,89).
g=1

It is easy to verify the first, third, and fourth conditions of Definition 4.1. So we only
need to show the polynomiality of P*Y and ﬁg,q.

Note that the total Hodge potential Zg(t;s; €) is in the orbit of Givental group actions.
Indeed, the corresponding infinitesimal transformation is given by

—_—
— E Spz 2kt

k>1

Thus the polynomiality of the Hodge hierarchy and its Hamiltonian structure follows
from Buryak—Posthuma-Shadrin’s result [7,8]. The theorem is proved. O
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Let us study the Hodge hierarchy (1.34)—(1.36) of a point in detail for some specific
choices of the values of the parameters s1, sa, .... The simplest case is the original KdV
hierarchy obtained by taking s; = sg = --- = 0. We proceed to consider other examples.

Example 4.4. (See Buryak [4].) Let us assume that the parameters s take the following
form:

Bak ok
- % for k>1 4.8
T Tokk—1)7 0 M PeD (48)

where s is an arbitrary parameter. Then we have

e s2k—1chap 1 (E) _ eZ(Qk—Q)!s%’lchgk,l(]E) _ eZle(71)’"’_1(m71)!5""chm(E).

Denote x1,...,x4 the Chern roots of the Hodge bundle on the moduli space of genus g
curves. From the definition

it follows that

g
eXmz1 (=D (m=1)ls" chn (B) _ H 62@1(71)”‘1%@:"

g
H +sa)=14+sA 4+ 59N = Ag(s).

Here we use standard notations for the Chern classes of Hodge bundle
)\i:Ci(E), Z:L,g

Ag4(s) is called the Chern polynomial of the Hodge bundle. So, after the substitution
(4.8) the Hodge potential of a point specifies to

HHZGM 23" Z /Ag<8> B ghn,

TL>0 kl, ﬁ
g,n

This is exactly the generating function of the special Hodge numbers considered by
Buryak in [4]. He proved that the function

—1)7
e 229(2g + 1)!
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with w = € aangi satisfies the Intermediate Long Wave (ILW) equation

E 2 1|
U, = UUy + 9597 U2g+41-
g>1

So from Buryak’s result it follows that the integrable hierarchy (1.34)—(1.36) of Hamilto-
nian evolutionary PDEs, with the special choice (4.8) of the parameters s, is equivalent
to the ILW hierarchy, and the associated Hamiltonian operator have the explicit expres-
sion

P, + Y B Bl angposs
g>1

We note that in [32] Kazarian considered the generating function of the form

G= 229 22 Z tk1-~- kn /A Ykt apkn, (4.9)

71>O k)l 5.

He proved that, after the substitution (¢g,t1,...) — (¢1,492,...) of the form

0
to=q1, ther= Y m(Cam +25qmi1 + Gmi2) 5 —th, k>0,
qm
m>1
the function 7 := exp G(&;¢1,¢2,...) turns out to be the tau-function of a family of

solutions to the KP hierarchy depending on the parameter &.

Example 4.5. Now let us consider a particular choice of the parameters s, such that
the resulting Hodge hierarchy of a point possesses a bihamiltonian structure. We require
that the parameters are given by

Bay, 2k—1

_ (4k _
se =W -Domr—n®

k> 1. (4.10)

Here, as in the above example, s is an arbitrary parameter. Then the Hodge potential is
reduced to

HHZezg > Z e /Ag<s>Ag<—2s>Ag<—2s> AR

n>0 k}l m
g.n

Consider the following combination
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of the flows of the Hodge hierarchy. It has the expression

ow 2
il 2¢25 U, + %628“’ ( 53w3 + sPwpwe, + swrm) + 0(64).

Making a rescaling

LY
w— —
2s
and setting s = 1, we obtain the equation
w 62 w 1 3 1 4
wy = 2w, + ge Ve + 5 WaWaz + Wage | + O(7). (4.11)

Finally, performing a Miura-type transformation

32k+2 1
“—““sz (2k + 2) l4k+1w2k’

we can check up to the e'?-approximations that the equation (4.11) is transformed to
the discrete KdV equation

2
up = % (eu(ﬂH-e) —_ eu(w—e)) = 2e%uy + %e“ (ui + 3ugptyps + umm) + (9(64)’

which is also known as the Volterra lattice equation. At the same order of approximation,

we find that, apart from the KdV case, this is the only specification of the Hodge hier-

archy of a point which possesses a bihamiltonian structure* by using the method given

n [38,36]. From [1,24] we know that the bihamiltonian structure of the Volterra system

is given by the following pair of compatible Poisson brackets

fu(@),u(y)} = L&y + @y -

€

{ul@), u(y)}e = [e <w>+eu<y>}5(x—y+e)—5(x_y_6)

€

+
a |
l—|

T (x — y + 2€) — e*WFI§(z —y — 26)] .

4 The Camassa—Holm equation [9]

2 _ 3 2
vy — € ’Uz:ct—§vvz_€ Vp Vs + vamz

is known to also possess of a bihamiltonian structure. However it cannot be obtained as a specification of
the hierarchy (1.34)—(1.36) as it does not admit a tau-structure [16].
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The central invariant [17,36] of this bihamiltonian structure is given by

1
C()\) = m,

where A\ = 4e" is the canonical coordinate of this bihamiltonian structure. If we take the
bihamiltonian structure as

{7}1:_{7}27 {7};:_{7}15

then the central invariant becomes &) = 1/24, where A = A~1.

In [44] Zhou constructed alternative generating functions of the cubic Hodge integrals
and showed that they are tau-functions of a family of solutions to the KP hierarchy.
Denote by n = I(u) the length of a partition u = (1 > pa > -+ > py, > 0), and by Py
the set of all non-empty partitions. Introduce the notation

Zp = Hmj(N)J

where m,;(p) = |i: p; = j|. The tau-function of Zhou’s solution to the KP hierarchy as
a function of (t1,t2,...), t, = %pn depending on an arbitrary parameter r is given by
the sum

T =exp Z Gu(r;€)pu | P = DpPus -+ - Pas
HEPL

where

1 ()
H(H) 1ﬁ Llg=1 WiT T Q) 1 Mzr+ )

Gulria) = - 1o
Ay (DA (r)AJ (=1 =)
292
Z . / ng(u) 1 (j—¢‘) '
920 Ma.i(u) =1\ '

In this expression

is the Chern polynomial of the dual Hodge bundle. The derivation of this statement uses
the Gopakumar—Marifio—Vafa formula [31,39] proven in [37,41]. This formula expresses
the intersection numbers of the above form in terms of Schur polynomials. Also a gener-
ating function of more general cubic Hodge integrals labeled by pairs of partitions was
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considered in [44]. It gives rise to solutions of the 2D Toda hierarchy. See in Example 4.6
for our specification of the Hodge hierarchy of a point for this more general case.

We also note that in [2] Brini derived up to e*-approximation the integrable hierarchy
for the Hodge integrals associated to the tri-polynomial

Ag(MAF(F)Ag (=1 = 1),

where f is called a framing. It is conjectured in [3] that this integrable hierarchy is
equivalent to the g-deformed KdV hierarchy [25] which does not possess bihamiltonian
structure in the usual sense for generic q.

Example 4.6. Let us consider a special choice of the parameters si, kK > 1 such that the
Hamiltonian operator P of the Hodge hierarchy of a point has the coefficients indepen-
dent of w and its z-derivatives

P=0,4) €P(s1,...,5)029. (4.12)
g1

We conjecture that this requirement is equivalent to the following choice of the param-

o 2k—1
B 2k—-1  2k—1 bq

p +q k>1.
Sk 2k(2k — 1) ( <p+q) ) ’

Here p and ¢ are arbitrary complex numbers such that p+q # 0. We checked the validity

eters si:

of the conjecture at the approximation up to €2, and the Hamiltonian operator P has
the expression

~ 1 3
P=0, — €503+ §e45%82 — 8 <3 i 82> or

5 105 504
L 71s? L5182 g0 _ o 11757 +95§52 ot
525 | 315 ) %% 1925 3080 ) %
42953 11 70352
12 6 3 2 13 14
0 O : 4.13
(157657551 52928182+181621440> 20+ 0. (413)

We also conjecture the following closed formula for the Hamiltonian operator

P, _L_e), V¥ o,

p _ 2\/p+ 2\/p+
VPEd 5 )
2 xT

sin (2\/]?68 ) ’ sin(Q\/Fea ) ° sin(

0 0. (4.14)

This two-parameter family of the Hodge hierarchy corresponds to the cubic Hodge po-
tential
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H= Z 2y Z /Ag(p)Ag(q)Ag (;fq) B ke (4.15)

n>0kq,...

g,n

Note that

(1) when p =0, ¢ = s this example degenerates to Example 4.4;

(2) when p = —2s, ¢ = s this example is reduced to Example 4.5
(3) if we set uy = p, us = q, uz = _Tq’ then they satisfy
1 1 1
—+—+—=0,

U1 ug us

which is exactly the local Calabi—Yau condition that appears in the localization
calculation of Gromov—Witten invariants.

The conjectural formula (4.14) holds true for Examples 4.4 and 4.5.
5. Hodge integrals and degree zero Gromov—Witten invariants

In this section we collect some explicit formulae for intersection numbers of the form

/ iy e A TP (5.1)

Mg,m

for g < 5. Note that, from the Mumford’s relation
v v _ 2
Ay (s)Ay(=s) = (=1)9s7

one derives the following identities for the A-classes:
AMA42) (D Aidgp—i =0, k>1

(it is understood that Ag=1 and A,,, = 0 for m > g). So, it suffices [26] to consider the
integrals (5.1) with pairwise distinct 41, 42, ... 4. The Theorem 1.3 implies the following
vanishing property of the intersection numbers (5.1).

Corollary 5.1. For g > 2 the intersection numbers (5.1) vanish unless

i1+ 41 < 39 — 3.

Proof. This readily follows from the upper bound estimate
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degH,<3g—3, g>2. O

Alternatively, Corollary 5.1 can be easily obtained from the dimension counting together
with the string equation (3.16).

Introduce the following notation for the generating functions of the integrals (5.1) for
given 41,149, ..., 0k:

HyNiy - iy t Zm' > tpl...tpm/ i A WP P (5.2)

>0 . >0 e
m 15--5Pm 2 Mygom

They will be expressed via the topological solution v = v(t) to the dispersionless KdV
hierarchy and its derivatives vy = v(®)(t) with respect to x = to. Due to formula (1.29)
the series expansions of the derivatives read as follows

t):1+§: > b o
L

|
k=1 1+ tpr=k 1

>t):§: S e Demony e

'7
k=1pi+...+ppr=k+m—1 pl Pk

For g = 1 the only nontrivial generating function is Hy(A1;t). From (1.25) it readily
follows that
1
Hl()\l;t) = ﬂv.
This formula was already obtained in [27]. For g = 2 with the help of (1.27) one derives
the following three generating functions

1 wvs 11 v%
Hy(Apst) = — =2 — ——
2(Miit) = 7550, 5760 v2’
7
Hy(M2;t) = 576072

) — 1 2
Hy(MAg;t) = 5601
The expression for Ha(A2;t) was obtained in [27], other two seem to be new (the formula
for Ha(A1;t) was also obtained in [13] by a different method). It is easy to continue this
calculation of all intersection numbers of A-classes and 1-classes also for higher g by
applying the procedure of the Theorem 3.8. E.g., for genera 3 and 4 the complete list is
given below.

1311}5’ B 93431}%1}3 8691}21}% 1851}%1}4 _ 689v3v4
45 36011? 145152007 322 5601}‘11 96 7681)‘11 96768011:13

Hg()\l;t) =
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_ 383?}21}5 7U6
96768003 ' 13824002
Hy(Aoit) = — 191}3 151@%@3 B 611}% B 373v9v4 41vs
ST 37600 T 20736008 32256002 145152002 580 608v;
311}4
Hi(Mg:t) = ———
3(sit) = G676s0"
v3 19v9v3 23v4
Hs(Aidost) = —2— —
3(MAait) 3628802  483840v; ' 193536
31v2 41vyv3
Hi(MAs:t) = 2
3(As;t) 1451520 ' 1451520
’1)21}2
Hi(AoAg: t) = —
3(Aahs;t) 120960’
H (/\ /\ )\ 't) — Uiil
BVHA2A Y T 1451520

26308 87059v8vs  1932781vdv? 613 883v2v3

8100019 T 77760009 1658880005 ' 16588 800v7
7379v3 8513v5vy  2598059vivgvy  422129v9vivy  3313v3v3

430080008 25920008 ' 49766 40007 2903040008 64512008

317vzv? 711790505 26 473v3v3v5 2069v§v5 2441vov4v5
276 480v7 9953 280v] 331776009 232243207 193536009

H4()\1;t) =

_ 112911% _ 23831}%1}6 31 111vgvsvg _ 463v4v¢ 12771}%1}7
23224320v7 19906560 3870720007 5806 080vi = 829440007
179’[]3’[)7 5591}2’08 Vg

41472000 387072000 T 124416003

_ 7541v]  1540579%v3vs | 2930510303 145921vpvf
T 181440005 11612160007 ' 2488320008 58060 800v7

95 0471}‘211)4 152 107’0%1131)4 81 33lv§v4 33 9131}21)3 32 7191}%1)5

23224 32009 29030 40009 1161216000 69672 960v] 34836 48007

H4()\2; t)

104 981vqv3vs _ 145v4v5 57 7871}%1)6 _ 1969v3vg _ 15461vov7
139 345 9201)‘1l 1548 2881}{’ 348 364 8001}‘1l 33177 6001}? 696 729 6001}%
1357vg
696 729 600v?’
Ha(hgit) = — 24708 16 951v5v3 5l 791v3v3 146903
BT 200 2401)§3 29030 4001}? 116121 6001}‘11 29030 4001}%
_ 1459115’1)4 5963vov3v4 _ 62171}2 4091}5115 B 473v3vs5
7257 6001}11 29030 4001}% 348 364 8001}% 7741 4401)% 17418 24011%
3953’()2’06 13’1}7

348364 800v?  6220800v;
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127’06
Hi(M;t) = ————
1) = TR 800"
84108 349v3v3 2083v3v3 593v3 6359030,
Hy(MAoit) = — 6 5~ 1 3~ 1
116121607 16128007 129024007  3317760v7 8709 12007
12 031vev3v4 B 473032 2179v3v5 B 3lvsvs
16588800vF 774144007 © 1161216005 33177607
. 7571)21}6 2691]7
1935360002 ~ 38707 200v;
6705 1703v3v3 1567vov3 197v3v4
Hi(MAs;t) = i 3 3 2
3628800v;  34836480v;  58060800vi{ 11612 160v7
_ 907’1)3'04 o 291)2’1)5 18591)6
87091200v; 6967296v; 348364800’
109302 127vovy 103v1vs
Hi(MAg;t) = 3
1A t) = ST6800 T 20030400 | 69.672960°
5 2 11302 127 17
H4()\2)\3;t) _ _ U2 5 + U2’03 ’U3 VoU4g V1Vs ’
138240007  453600v; 12902400 9676800 3317760
12703 29 : 12702
Hy(AoAyg;t) = = L it ;
87091200 5529600 116121600
17v3v2 v3u
Hy(A3M4:t) == 173

~ 19353600 ' 3225600
B 4431)3 137v1v9v3 13431}%1}4
43545600 3870720 174182400’

H4()\1/\2)\3; t)

97viv3 vivs
H t) =
1Ardaa; t) 29030400 ' 777600’
U4U2
H ) =
1AdsAait) 3628800’
Hi(odshas t) = v
ALY T 87091200

For higher genus the calculations are also simple (we have the complete list for g < 6)
but the expressions become more involved. We write just one example

_ 5851viv3 89vfu3
1277337600  85155840°

Hs (A AaAsAy;t)

Finally, we list several particular Hodge integrals (with no insertion of t-classes)
derived from the above expressions by taking t = 0. For g = 2,

Hy(\3;0) = ——.
2(A130) 2880

This number was originally calculated in [40]. For g > 3, we have
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1 1

H3(AMM2A3;0) = —————,  Hy(Mod3hy;0) = ———
3(A1A243;0) 1451520’ 1223043 0) 87091200’

Hs(AsAs)s; 0) = - H(AaAsA6;0) = -
SRS T T 95546752007 OO T T 31384184 832000

These numbers agree with the well-known formula

1 | Bag 2| | Bag|

Hy(Ag—2Xg—17g;0) = =2 :
s (Ag—22g- 175 0) 23— 2g—2 29 97 (5.3)
We have
Hg(A6O):L
v 90720
1
Hy(A;0) = ————
190 = 173750°
Hs(M20) = —5  Hy(AdoAade:0) = ————
SV T 6804000 2T 766 402 560
- 431 691
Hg(A%;0) = ———,  Hp(MAsAsAe;0) = oo
oA 0) = Geriage HehAshshei0) = Goreaasoee a0
1697 150719
Hg(Mod3dgdg;0) = ————————— Hg(AM A2 A3 4)5;0) = .
sQeAsidei 0) = Soeeasoostonns  He(MAedshdsi0) = e bos 116000

These integrals except Hg(AAzAsA6;0) were also derived by Faber in [20,21].

We will now apply the above results to constructing integrable hierarchy of the topo-
logical type associated with the degree zero part of quantum cohomology of a smooth
projective threefold X . The construction extends the results of [13] where the integrable
hierarchy was constructed for manifolds of complex dimension d > 4. As in [13] we
assume vanishing of odd cohomologies of X.

Theorem 5.2. For a smooth projective threefold X with H°(X) = 0 the total Gromov-
Witten potential of degree zero is (log of) a tau-function of the following integrable
hierarchy

du 0 ( [ urt! €2 uwt,
o

e = Ao ——— — —Cy ——u
oty Ox p+1)! 247 (p—1)!
62 up—l up—2 9
ST (2 -1 - 2)!““?)
B (.3 u! u? o\
oo are) (@ (a5 e + et )
e T e fen ))D (5.4)

for the H*(X)-valued function u = u(z,t), t = (t;). Here ¢; = ¢;(X) are Chern classes
of the tangent bundle of X and the function f is defined by the following series
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_ L (=1 [Bago| [Bag| o-
J(s) = 5;:2 (29 — 2)! 29972 299 s (5:5)

The proof is based on the following lemma.

Lemma 5.3. For any smooth projective threefold X satisfying the above assumptions the
degree zero Gromov—Witten potential is given by the following expressions

F= e FRolt) + i(c;),,long) - i@,w +(cs — crca, fleva)) (5.6)

where v = v(t) is defined by the formula

=3 D DI - (5.7)

D! K
n=1" pitFpp=n—1 P1* Pt

the genus zero part reads

1 t t
R =Y — /ﬂ,,.ﬁ
T, ] e
i

and f is given by eq. (5.5).

In these formulae we use cohomology-valued time variables t, = t*P¢, € H*(X,C)
and the dependent functions v(t) = v*(t)¢, € H*(X,C).

Proof. The first three terms in (5.6) were already derived in [13]. To find the expression
for F4 for g > 2 one has to use that

(Tp1 (Pa) - - Tpm(‘?am»gyg:o
= / PP (BY RTx) day - - - Doy, - (5.8)

Mg mxX

Here e (EV K Tx) is the Euler class of the obstruction bundle over My, x X. For a
three-fold X one has

¢ (B R Ty) = (—1)9%@3 S )Ny = (C1)(es — i) hgidgadg (5.9)
for g > 2, (see [27]). Hence
(T (Bas) - o (B 50
— (—1)° / Agoshg 1 AgPt P /(03 — c163)as - - - e

Mg,m X
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It follows that

]:g / c3 — CICQ (>\972)\g71)‘g;t)7
X

where we replace the arguments in the function (5.2) with the cohomology-valued
time variables. To compute this function it suffices to know the expression for
Hy(Ag—2Ag—1Ag;t) for X = pt. In this case

1 [Byg-a| |Bagl -
Hy(Ag—aXg—1Ag;t) = k 92972 1
9(9291517) 2(29_2)| 29_2 29 % (5 O)
as it follows from Corollary 3.10. This completes the proof of the Lemma. O
Applying the substitution
) O 2g—2
Vo = (00, V) 1 U = (b0, W) = Vo + € 5 > 92 F, (5.11)
g=>1
with
1 1
Z]: = 7<03710gvx> - *<02,V> + <C3 — C1Cg, f(€v$)> ’ (512)
24 24
g=>1
to the dispersionless degree zero hierarchy
ov 9] vpHl
= (o —— ), =1,..., 5.13
oter Oz (d) (p+ 1)!) “ " (5.13)

one arrives at the equations (5.4). Theorem 5.2 is proved.

It is easy to also compute the resulting bihamiltonian structure of the integrable
hierarchy (5.4) by applying the same substitution (5.11) to the Poisson brackets of the
hierarchy (5.13). The resulting bihamiltonian structure reads

€2

{{a,u(@)), (b uly)}y = (a,0)8" (@ —y) = 5 Ua,c2) (b, d) + (b, c2)(a, §)] 6" (z — y)

= [((G+0@) -bu@) + (o (500} cu) ) + la-be] 8-

=5 10 ({a, e2) (b~ ¢, u(2))8" (x — y)) = 9y (b, e2){a - ¢, u(y))d" (z — y))]

——(a-bycr o) 8" (z —y). (5.14)
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Here a, b € H*(X) are arbitrary cohomology classes, ¢ € H%(X) is the volume element

!¢_1.

The operator p: H*(X) — H*(X) is defined by the formula

normalized by

pla) = (k; - g) a for a€ H*(X).

The bihamiltonian structure (5.14) turns out to coincide with the one derived in [13] by
specializing the latter at d = 3.

For the remaining cases d = 1, 2 the structure of the integrable hierarchy for degree
zero Gromov—Witten invariants is more involved. In the case X = P! it can be obtained
from the extended Toda hierarchy [10] by taking the degree zero limit. For the remaining
case of X = a surface the computation of the degree zero Gromov—Witten invariants of
X requires an explicit form of the following Hodge integrals

Hg(Ag—2Ag3t), Hg(Ag-1Xg; t).

Construction of the corresponding integrable hierarchy will be studied in a separate
publication.

6. Conclusion

In this paper, we give an algorithm to solve the equations satisfied by the Hodge poten-
tials associated to an arbitrary semisimple Frobenius manifold. This algorithm enables us
to represent the Hodge potential in terms of the genus zero free energy of the Frobenius
manifold and the genus zero two-point functions. We show that the Hodge potential is
the logarithm of a tau-function of an integrable hierarchy of Hamiltonian evolutionary
PDEs called the Hodge hierarchy, which is a tau-symmetric integrable deformation of
the principal hierarchy of the Frobenius manifold with deformation parameters sz, k > 1
and e. For the one-dimensional Frobenius manifold, this integrable hierarchy is called
the Hodge hierarchy of a point.

For a certain particular choice of the parameters s, we show at the approximation
up to €'? that the Hodge hierarchy of a point is equivalent to the discrete KdV hierarchy
which possesses a bihamiltonian structure. Conjecturally, the KdV hierarchy and the
discrete KdV hierarchy are the only two integrable hierarchies that are contained in
the Hodge hierarchy of a point and possess bihamiltonian structures. We also reveal a
relationship between the constant condition (4.12) for the Hamiltonian operator P of
the Hodge hierarchy of a point and the local Calabi—Yau condition that appears in the
localization calculation of Gromov—Witten invariants.
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We also formulate Conjecture 1.7 on certain universality of the Hodge hierarchy of
a point in the class of tau-symmetric integrable Hamiltonian deformations (1.40) of the
Riemann hierarchy (or the principal hierarchy of the one-dimensional Frobenius mani-
fold) defined in Section 4. In fact, we have the following conjecture about tau-symmetric
integrable Hamiltonian deformations of the Riemann hierarchy:

Conjecture 6.1. Any tau-symmetric integrable Hamiltonian deformation of the Riemann
hierarchy is equivalent, under a normal Miura-type transformation, to the canonical tau-
symmetric integrable deformation of the form

ow 0 [ 6H,
-— = > .
ot1  Ox (6w(m)> 120 (6.1)

which is uniquely determined by the following standard form of the density hi of the
Hamiltonian Hy :

wd €2

h1 = 6 ﬂaow% + elajwi + €% (aqwd + byw3)

+ 8 (agw;1 + b2w2w§ + bgwi)
+ €t (a4wg + bywiws + bswowi + bgw?))
+ €2 (a5wg + bywiw? 4 bgwi + bowiw? + biows

+ b11w2w§ + blgwg) + -+ - + total derivatives. (6.2)

Here wy = 0w, ag,a;,b;,i > 1 are certain constants and, starting from €*, the terms
appearing in this standard form are selected by the following two rules:

i) The factor with the highest order derivative in each monomial is nonlinear.
it) Each of these terms does not contain any w, factor.

In this standard form, the coefficient of €2 w? is denoted by —55; the coefficient of e2Fwk
s denoted by ap_1, k > 2; other coefficients are denoted by by, ba, .... Moreover, in the
case ag = 0 all coefficients a;,b;,j > 1 must vanish. In the case ag # 0, the coefficients

b; with j > 1 are uniquely determined by ag,a1,az. ...

Observe that parameter ag # 0 can be absorbed by rescaling of €. So it will not be
taken into account in the problem of classification of tau-symmetric integrable deforma-
tions.

As it was already proven in [4,36] (see e.g. Lemma 3.3 in [36]), an integrable hierarchy
of Hamiltonian PDEs for a single dependent function u is uniquely determined by h;.
Let us explain the statement about uniqueness of the standard form (6.2) of a canonical
tau-symmetric perturbation. First of all, constancy of the coefficients a’s, b’s in the
Hamiltonian density h; can be derived from the tau-symmetry property. Let us analyze
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the freedom in the choice of this Hamiltonian. Recall that under a canonical normal
Miura transformation of the form

w(x) = w(z) + efw(z )K}+ i€ {H{w(), K}, K}+ i {{w@), K}, K} K} -

K= /Ze2p+1kp(w1,...,w2p+1)dx, kp € Ay, degk, =2p+1

the Hamiltonian H; transforms as follows
I:I1 H1+6{H1,K}+ 2{{H1,K} K}“r

Applying integration by parts one can easily derive that

q q
{%wg(a:),/Hwanx} (m1—1 +Zj—|—1 mj)wl me‘+l0t (6.3)
i=1 j=2

i=1

modulo total derivatives. Here, my, ..., m, are non-negative integers with m, > 2, and
“l.o.t.” denotes terms of strictly lower reverse-lexicographic order satisfying the above
two conditions i) and ii). From (6.3), using

(1 = 1)+ >+ Dym; £0

it can be easily derived that the standard form (6.2) of h; is unique.

Proof of existence of a normal Miura-type transformation that reduces an arbitrary
Hamiltonian tau-symmetric integrable hierarchy to its unique standard form will be
presented in a separate publication; such a Miura-type transformation if exists must be
unique as the leading term of the transformation is unique (use Lemma 3.3 in [36]).

We can verify the validity of Conjecture 6.1 at the approximation up to e'2. For
ag # 0, the first few b; are found to be

240(1% b B 2376a1 a2

bi=- Tag = - Tao
by — adas + 4320043 by — — 1728(6a3 + Taias)
35a2 ’ 11ag ’
by — Tadaz + 1497 600&%&2, b = 24O(a0a1a2 + 14 400a1)

56a32 77a}

Under the assumption of the validity of the above conjecture, the class of non-trivial
tau-symmetric Hamiltonian deformations of the Riemann hierarchy is parameterized by



B. Dubrovin et al. / Advances in Mathematics 293 (2016) 382—435 433

the constants aj, as, ... (normalizing ag = 1). In order to establish the equivalence of the
above conjecture with Conjecture 1.7, we need to find a bijective map between the sets
of parameters {si |k > 1} and {ay |k > 1}. Indeed, we find that the following normal
Miura-type transformation

5 1 s3 S 3s
W= w + €9? (55110) + €102 {(ﬁ + 4—;) w? + 4—01wm]

+668§ {(_g + ﬁ _ 5183 Sifﬁ) wi_|_ <8_3 + S%ﬁ + 488?) wiwmx

175 504 480 21 480 7 175

4 17 3
+ <5—1 8182) (—10w2, + wyws) + ( oLy 22 )w4] + e (6.4)

210 1008 1680 ~ 1008

transforms the Hodge hierarchy of a point (1.35) to the above standard form (6.2) with

~ 1 _. €2 et s° s . s2
hi ==w® — — % — — 5102, — 8 | [ =L 2 ) @3 4+ L2
L= T e T 1051 Wae — € 1 360 T 78 ) War T ggq Wrae

252 s%s s 11s% 11s1s
_ .8 £°o1 12 3 ~4 1 152\ . .o
‘ [(525+ 504 +34560) Waz + (1400+ 6720 )/wmx“%zm

3
s s
+ ( L 2 ) wfmm} + - - -+ total derivatives.

1260 = 60480

Thus we have the following correspondence between the two set of parameters

51 = —120a;, s2 = 8294400@? — 1728as,

34398 535 680 000 11 943 936 000
S3 = — - al + - alay — 34560as.

Note added: 1In [5], A. Buryak introduced a novel approach of constructing an integrable
hierarchy associated to a given cohomological field theory (CohFT), called the double
ramification (DR) hierarchy. Conjecturally [5], being associated to a given CohFT, the
DR hierarchy is normal Miura equivalent to the Hodge hierarchy. This deep conjecture
has been verified in several interesting examples [4—6].

Acknowledgments

This work is partially supported by PRIN 2010-11 Grant “Geometric and ana-
lytic theory of Hamiltonian systems in finite and infinite dimensions” of Italian Min-
istry of Universities and Researches and by the Russian Federation Government Grant
No. 2010-220-01-077. It is also supported by NSFC No. 11171176, No. 11222108 and
No. 11371214. The authors would like to thank Jian Zhou for very helpful discussions,
and the anonymous referee for valuable suggestions and constructive comments.



434 B. Dubrovin et al. / Advances in Mathematics 293 (2016) 382435

References

[1] M. Adler, On a trace functional for formal pseudo-differential operators and the symplectic structure
of the Korteweg—de Vries type equations, Invent. Math. 50 (1979) 219-248.

[2] A. Brini, Open topological strings and integrable hierarchies: remodeling the A-model, Comm.
Math. Phys. 312 (3) (2012) 735-780.

[3] A. Brini, G. Carlet, S. Romano, P. Rossi, Rational reductions of the 2D-Toda hierarchy and mirror
symmetry, arXiv preprint, arXiv:1401.5725, 2014.

[4] A. Buryak, Dubrovin—Zhang hierarchy for the Hodge integrals, arXiv preprint, arXiv:1308.5716,
2013.

[5] A. Buryak, Double ramification cycles and integrable hierarchies, Comm. Math. Phys. 336 (3) (2015)
1085-1107.

[6] A. Buryak, P. Rossi, Recursion relations for Double Ramification Hierarchies, arXiv preprint,
arXiv:1411.6797, 2014.

[7] A. Buryak, H. Posthuma, S. Shadrin, A polynomial bracket for the Dubrovin-Zhang hierarchies,
J. Differential Geom. 92 (1) (2012) 153-185.

[8] A. Buryak, H. Posthuma, S. Shadrin, On deformations of quasi-Miura transformations and the
Dubrovin-Zhang bracket, J. Geom. Phys. 62 (7) (2012) 1639-1651.

[9] R. Camassa, D.D. Holm, An integrable shallow water equation with peaked solitons, Phys. Rev.
Lett. 71 (1993) 1661-1664.

[10] G. Carlet, B. Dubrovin, Y. Zhang, The extended Toda hierarchy, Mosc. Math. J. 4 (2) (2004)
313-332.

[11] B. Dubrovin, Geometry of 2D topological field theories, in: M. Francaviglia, S. Greco (Eds.), In-
tegrable Systems and Quantum Groups, in: Lecture Notes in Math., vol. 1620, Springer, 1996,
pp. 120-348.

[12] B. Dubrovin, Painlevé transcendents in two-dimensional topological field theory, in: R. Conte (Ed.),
The Painlevé Property: One Century Later, Springer-Verlag, 1998, pp. 287-412, 1999.

[13] B. Dubrovin, Gromov—Witten invariants and integrable hierarchies of topological type, Amer. Math.
Soc. Transl. 234 (2014) 141-171.

[14] B. Dubrovin, Y. Zhang, Bi-Hamiltonian hierarchies in 2D topological field theory at one-loop ap-
proximation, Comm. Math. Phys. 198 (1998) 311-361.

[15] B. Dubrovin, Y. Zhang, Frobenius manifolds and Virasoro constraints, Selecta Math. 5 (1999)
423-466.

[16] B. Dubrovin, Y. Zhang, Normal forms of hierarchies of integrable PDEs, Frobenius manifolds and
Gromov-Witten invariants, preprint, arXiv:math.DG/0108160.

[17] B. Dubrovin, S.-Q. Liu, Y. Zhang, On Hamiltonian perturbations of hyperbolic systems of con-
servation laws I: quasi-triviality of bi-Hamiltonian perturbations, Comm. Pure Appl. Math. 59 (4)
(2006) 559-615.

[18] T. Eguchi, Y. Yamada, S.-K. Yang, On the genus expansion in the topological string theory, Rev.
Math. Phys. 7 (1995) 279-309.

[19] T. Eguchi, K. Hori, C.-S. Xiong, Quantum cohomology and Virasoro algebra, Phys. Lett. B 402
(1997) 71-80.

[20] C. Faber, Intersection-theoretical computations on Mg, in: Parameter Spaces, Banach Center Pub-
lications, vol. 36(1), Polish Acad. Sci., Warsaw, 1994, 1996, pp. 71-81.

[21] C. Faber, Algorithms for computing intersection numbers on moduli spaces of curves, with an
application to the class of the locus of Jacobians, in: New Trends in Algebraic Geometry, in: London
Mathematical Society Lecture Note Series, vol. 264, Cambridge University Press, 1999, pp. 93-110.

[22] C. Faber, R. Pandharipande, Hodge integrals and Gromov—Witten theory, Invent. Math. 139 (2000)
173-199.

[23] C. Faber, S. Shadrin, D. Zvonkine, Tautological relations and the r-spin Witten conjecture, Ann.
Sci. Ec. Norm. Supér. 43 (2010) 621-658.

[24] L. Faddeev, L. Takhtajan, Hamiltonian Methods in the Theory of Solitons, Springer, Berlin, 1986.

[25] E. Frenkel, Deformations of the KdV hierarchy and related soliton equations, Int. Math. Res. Not.
1996 (2) (1996) 55-76.

[26] G. van der Geer, Cycles on the moduli space of abelian varieties, in: Moduli of Curves and Abelian
Varieties, Vieweg+Teubner Verlag, 1999, pp. 65-89.

[27] E. Getzler, R. Pandharipande, Virasoro constraints and the Chern classes of the Hodge bundle,
Nuclear Phys. B 530 (3) (1998) 701-714.


http://refhub.elsevier.com/S0001-8708(16)00048-7/bib41646C6572s1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib41646C6572s1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib4272696E69s1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib4272696E69s1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib42435252s1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib42435252s1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib42757279616Bs1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib42757279616Bs1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib42757279616B32s1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib42757279616B32s1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib4252s1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib4252s1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib4250532D31s1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib4250532D31s1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib4250532D32s1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib4250532D32s1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib4348s1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib4348s1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib43445As1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib43445As1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib447531s1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib447531s1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib447531s1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib447532s1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib447532s1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib447535s1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib447535s1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib445A32s1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib445A32s1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib445A33s1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib445A33s1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib445A2D6E6F726Ds1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib445A2D6E6F726Ds1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib444C5As1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib444C5As1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib444C5As1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib455959s1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib455959s1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib454858s1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib454858s1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib466162657231s1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib466162657231s1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib466162657232s1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib466162657232s1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib466162657232s1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib4650s1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib4650s1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib46535As1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib46535As1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib4654s1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib4672656E6B656Cs1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib4672656E6B656Cs1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib47656572s1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib47656572s1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib4750s1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib4750s1

B. Dubrovin et al. / Advances in Mathematics 293 (2016) 382—435 435

[28] A.B. Givental, Gromov—Witten invariants and quantization of quadratic Hamiltonians, Mosc. Math.
J. 1 (2001) 551-568.

[29] A.B. Givental, Semisimple Frobenius structures at higher genus, Int. Math. Res. Not. 23 (2001)
1265-1286.

[30] A.B. Givental, T.E. Milanov, Simple singularities and integrable hierarchies, in: The Breadth of
Symplectic and Poisson Geometry, Birkhduser, Boston, 2005, pp. 173-201.

[31] R. Gopakumar, C. Vafa, On the gauge theory/geometry correspondence, Adv. Theor. Math. Phys.
3 (1999) 1415-1443.

[32] M. Kazarian, KP hierarchy for Hodge integrals, Adv. Math. 221 (1) (2009) 1-21.

[33] M. Kontsevich, Intersection theory on the moduli space of curves and the matrix Airy function,
Comm. Math. Phys. 147 (1992) 1-23.

[34] X. Liu, R. Pandharipande, New topological recursion relations, J. Algebraic Geom. 20 (3) (2011)
479-494.

[35] K. Liu, H. Xu, A proof of the Faber intersection number conjecture, J. Differential Geom. 83 (2)
(2009) 313-335.

[36] S.-Q. Liu, Y. Zhang, On quasi-triviality and integrability of a class of scalar evolutionary PDEs,
J. Geom. Phys. 57 (2006) 101-119.

[37] C.C.M. Liu, K. Liu, J. Zhou, A proof of a conjecture of Marifio-Vafa on Hodge integrals, J. Differ-
ential Geom. 65 (2) (2003) 289-340.

[38] S.-Q. Liu, C.-Z. Wu, Y. Zhang, On properties of Hamiltonian structures for a class of evolutionary
PDEs, Lett. Math. Phys. 84 (1) (2008) 47-63.

[39] M. Marino, C. Vafa, Framed knots at large N, Contemp. Math. 310 (2002) 185-204.

[40] D. Mumford, Towards an enumerative geometry of the moduli space of curves, in: Arithmetic and
Geometry, Birkhduser, Boston, 1983, pp. 271-328.

[41] A. Okounkov, R. Pandharipande, Hodge integrals and invariants of the unknot, Geom. Topol. 8
(2004) 675-699.

[42] C. Teleman, The structure of 2D semi-simple field theories, Invent. Math. 188 (3) (2012) 525-588.

[43] E. Witten, Two-dimensional gravity and intersection theory on moduli space, in: Surveys in Differ-
ential Geometry, Cambridge, MA, 1990, Lehigh Univ., Bethlehem, PA, 1991, pp. 243-310.

[44] J. Zhou, Hodge integrals and integrable hierarchies, Lett. Math. Phys. 93 (1) (2010) 55-71.


http://refhub.elsevier.com/S0001-8708(16)00048-7/bib4731s1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib4731s1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib4732s1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib4732s1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib474Ds1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib474Ds1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib4756s1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib4756s1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib4B617A617269616Es1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib4B6F6Es1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib4B6F6Es1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib4C69752D50616E64s1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib4C69752D50616E64s1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib4C58s1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib4C58s1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib4C5As1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib4C5As1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib4C4C5As1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib4C4C5As1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib4C575As1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib4C575As1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib4D56s1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib4D756D666F7264s1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib4D756D666F7264s1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib4F50s1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib4F50s1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib54656Cs1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib57697474656Es1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib57697474656Es1
http://refhub.elsevier.com/S0001-8708(16)00048-7/bib5A686F75s1

	Hodge integrals and tau-symmetric integrable hierarchies of Hamiltonian evolutionary PDEs
	1 Introduction
	2 The partition function of a semisimple Frobenius manifold
	3 An algorithm for solving Hg
	4 Tau-symmetric integrable Hamiltonian deformations of the principal hierarchy
	5 Hodge integrals and degree zero Gromov-Witten invariants
	6 Conclusion
	Acknowledgments
	References


