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Abstract

We prove the conjectural relationship recently proposed in [16] between certain special
cubic Hodge integrals of the Gopakumar—Marino—Vafa type [27, [36] and GUE correlators.
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1 Introduction

1.1 The Hodge-GUE conjecture

Let M, j, denote the Deligne-Mumford moduli space of stable algebraic curves of genus g with
k distinct marked points. Denote by £; the i tautological line bundle over ﬂg,ka and by E,
the rank g Hodge bundle. Denote v; := ¢i1(£;), i = 1,...,k, and \j :=¢j(Egx), 7 =0,...,9.
The Hodge integrals are integrals over M, ; of the form

; in Nj j . o .
/ Pk N A, i J1 e dg > 0.
Mgk

These integrals will be defined to be zero unless

k g
B3g-3+k=) irt+» L ji
/=1 /=1

We will mainly consider in this paper the following special cubic Hodge integrals
1 i i
/_ Ag(=1) Ag(=1) A, <§> (AR P (1.1.1)
My ks

where Ay(z) = ?:0 Aj 27 denotes the Chern polynomial of E, ;. Interest to this particular
case of cubic Hodge integrals was triggered by the celebrated R. Gopakumar—M. Marino—C. Vafa
conjecture [27], [36] regarding the Chern—Simons/string duality. The special cubic Hodge free
energy is the following generating function of Hodge integrals

Heubic(t; €) = 2629_22% Z tiy -ty /_ Ag(=1) Ag(=1) Ay <%> lel/JIch

9>0 E>0 it >0 M.k
(1.1.2)

Here and below, t = (t9,?1,...), and € is a parameter. Denote by H, = H,(t) the genus g
term of Heupic(t;€), i.e.

Heuvic (t1€) = > 2972,y(t). (1.1.3)
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The exponential

chbic(tgﬁ) —: cubic(t; E) (114)

is called the special cubic Hodge partition function.
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On another hand, let H(N) denote the space of N x N Hermitean matrices. Denote by
N
i=1 i<j

the standard unitary invariant volume element on (V). The GUE partition function of size
N with even couplings is defined by

(2m)~ N / ~ L4V (M;s)
ZNn(s;€e) = et S dM. 1.1.
N(Sﬂ E) VOl(N) H(N) € d ( 5)

Here, V(M; s) is an even polynomial or, more generally, a power series in M

V(M;s) 2 sy M, (1.1.6)
7>1

s := (82,84, 86, - - - ), and by Vol(N) we denote the volume of the quotient of the unitary group
over the maximal torus [U(1)]"

N(N-1) N—-1
Vol(N) = Vol (U(N)/ [U(l)]N> - m G(N +1):= [] n.
n=1

The integral will be considered as a formal saddle point expansion with respect to the small
parameter €. Introduce the t Hooft coupling parameter x by

z:= Ne.

Expanding the free energy Fn(s;e) := log Zn(s;€) in powers of € and replacing the Barnes
G-function G(N + 1) by its asymptotic expansion yields
1 _
Feven(@,8;€) 1= Fn(s)|n=z — 1 loge = Zezg 2Fy(z,8). (1.1.7)
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The GUE free energy Feyen(,s;€) with even couplings can be represented [21], 22], 3] [37] in the
form

Feven (T, 8; €)

x? 3 B2
N (5 P | 29— 2 9
; (og:z: > ogzx +¢'(—-1)+ E €

2¢2 2 —1)a?972

g>2

FY YN ag(2in,. ., 208) S2i, - 520, x2—29—(’“—‘“>, (1.1.8)
g>0 k>011,...,0>1
where 1
201,...,20) = —_— 1.1.

ag( 11, ) Zk) ZF: #Symr ( 9)
and the last summation is taken over all connected oriented ribbon graphs I' (with labelled
half edges but unlabelled vertices) of genus g with k vertices of valencies 2y, ..., 2ig, |i| :=



i1+ - +ik, and # Sym T is the order of the symmetry group of I'. Here and below By, are the
Bernoulli numbers. The exponential

e]:even(xvs§5) = ZCVCH(':Uv S; E) (1110)

is called the GUE partition function with even couplings. It is convenient to change normal-
ization of the even couplings by introducing

5y = < 215 >s%. (1.1.11)

The following statement was formulated in [16].

Conjecture 1.1.1 The following formula holds true
A(ac s)
Zovon(xyé; E) =e & = )Zcubic (t (517 + §7§> §\/§E> Zcubic (t (:E - %7 §> ;\/56) (1112)

where

kiko _ k B 1
Z Sk, Sko —Z 5L+ SL+-—x (1.1.13)
kl, o>1 ki + ko k>1 14k k>1 4
and '
ti(x,8) =Y ks~ 1+ 61+x-60, i>0. (1.1.14)
k>1

We refer to the conjectural identity (LITI2]) as a Hodge-GUE correspondence.
The Conjecture has been already verified in [16] for genus g = 0,1, 2. In the present paper
we prove it for any genus.

Theorem 1.1.2 (Main Theorem) Conjecture .11 holds true.

The proof of the Main Theorem will be given in Sections 2134 below.

Expanding the logarithms of both sides of (LI.I2]) near § = 0, = 1 one obtains a series
of identities for the special cubic Hodge intersection numbers, e.g. Vg > 2,

()

292 (=1 / Ay(—1) Ay(— ( ) kuzﬂ
neyY (’u Mg o)
1 oy 29\ Eay_og Bay
= 59735 —Tg 7 =%~V ( 2 ) e (1.1.15)

g'=0

Here, Y denotes the set of partitions; for u € Y, ¢(u) denotes the length of u, m;(u) denotes
the multiplicity of ¢ in g, m(p)! := [172, mi(p )!. And Ej, are the Euler numbers, defined via

coshz — k"

Note that the left hand side of the above identlty is actually a finite sum, due to the dimension
condition. To the best of our knowledge such identities even the simplest one (LII5]) did not
appear in the literature.



1.2 Three integrable systems and their Virasoro symmetries

Here we will try to explain connections between the main playing characters of Conjecture [[L.1.1]
and integrable systems. These connections provided motivations for the formulation of the Main
Conjecture in [I6]. They might also be helpful for the reader for a better understanding of the
structure of the proof.

Our point is that the partition functions Zeyen and Z.ypic as functions of coupling parameters
are tau functions of certain integrable hierarchies. For the GUE partition function depending
on even couplings only it was already observed in 1991 by E. Witten [40]. The corresponding
integrable hierarchy is made of the commuting flows for the Volterra lattice equation, also
called the discrete Korteweg—de Vries (KdV) equation

Wy, = Wy (Wpt1 — Wp—1), n€EZ.
We will write it in the interpolated version

u(z+e) _ ju(x—e)
up = & : S (1.2.1)

u(ne,et)

wy, =€ . The solution of interest is given by the formula

eu(%S;E) _ Zeven(l‘ +¢€,8; E) Zovon(x — €8] E) 7 t = S9. (1_2_2)

[Zeven (7, 83 6)]2

Dependence on other even couplings is governed by the higher flows of the Volterra hierarchy.

For the special cubic Hodge partition function the corresponding integrable hierarch looks
more complicated. The commuting flows of this hierarchy are represented by PDEs with infinite
expansions w.r.t. an auxiliary parameter e. The first equation reads

2
€ 3
@=qq +— <q’” — 54 q”)

12 2
¢! (5) r(4) " i AV ¢ 1N2
—M@q —94'¢" —45¢"¢" +2(¢) ¢ +4Q(Q)>
+0(%), =0y, t=1t1. (1.2.3)

The solution to (L23)) of interest is given by
q(t;e) = 628?0 log Zeupic(t; €).

All higher order terms of the e?-expansion in this and in other equations of the special cubic
Hodge hierarchy are graded homogeneous differential polynomials in ¢. See in [14] for the details
about the construction of the Hodge hierarchy.

'In [@2] J. Zhou considered alternative generating functions of the cubic Hodge integrals and showed that they
are tau functions of the 2D Toda integrable hierarchy. It would be interesting to establish a direct connection
between these results and the constructions of [14] used in the present paper.

It is also worthwhile to mention interesting results of A. Buryak [5] and M. Kazarian [29] about integrable
hierarchies involved into the theory of linear Hodge integrals.



One more integrable hierarchy appears in this story: this is the celebrated KdV hierarchy
where the first equation reads
2

v =vv + %fum, "= 0. (1.2.4)

Due to the remarkable discovery of E. Witten and M. Kontsevich, a particular tau function of
the KAV hierarchy is given by the generating function of intersection numbers of psi-classes on
the Deligne-Mumford moduli spaces

B 1 . .
Zwk (t; €) 1= exp Z 2972 Z 7 Z /ﬂ Oty | (1.2.5)
g,k

g>0 k>0 1,020
The solution of (LZ4]) of interest is given in terms of this tau function by

v= 62830 log Zwk (t;€).

To establish relationships between the partition functions Zeyen, Zeubic and Zwg, we will
do it in a more general setting, working with arbitraryﬁ tau functions Tvolterra, Teubic and Tkav

of (L2), (CZ3) and (L24]) respectively.

Recall, for the particular case of the Hodge hierarchy (LZ3)) the construction of [14] gives
a map

{tau functions of the KdV hierarchy} — {tau functions of the special cubic Hodge hierarchy}.

Introduce a function
'l1—=z2) [I'(1+22)
F1+2)\ (1 —22)

P(z) =27 (1.2.6)

It is a multivalued meromorphic function on the complex plane z € C with branch points at
nonzero half-integers. With a suitable choice of the branches one has

@(z)—)ejF%i, |z| = o0, £Rez > 0.

It satisfies the identity

so it defines a canonical transformation

f(z) = @(2)f(2)

on the Givental symplectic space (see Appendix [A]l below for the details about the Givental’s
construction). Denote ® the quantizatiorﬁ of this symplectomorphism acting on the corre-
sponding Fock space.

*We consider formal solutions to these PDEs admitting regular expansions in e

v(z,t;e) = Z "o (23 1).

k>0

3In the quantization procedure we will identify the function ®(z) with its asymptotic expansion at z = oo;
see Appendix [A] for the details.



Proposition 1.2.1 1) For an arbitrary tau function Tgqv (t; €) of the KdV hierarchy, the func-
tion Teubic(t; €) defined by R

Teubic(t; €) := @ TKqv (t; €) (1.2.7)
s a tau function of the special cubic Hodge hierarchy.

2) For tgqv (t; €) = Zwk (t; €) the corresponding tau function Teupic(t; €) coincides with Zeypic(t; €).

This proposition is just a reformulation of a part of the results of [14].

Let us now describe another map
{tau functions of the special cubic Hodge hierarchy} — {tau functions of the Volterra hierarchy}.

First, observe that any solution of the special cubic Hodge hierarchy admitting regular expan-
sion in € can be obtained from another such solution by a shift

tis i+, >0

for some constants t? that can also depend on e. A similar statement is valid, of course, also
for solutions to the KAV and the Volterra hierarchy. We choose a base point 74 (t;€) in the
space of tau-functions in such a way that

Zcubic(t; 6) = (‘)/l?gic(t; E)|151'—>151—1

(which is usually called the “dilaton shift”). More generally, tau function of an arbitrary
solution can be represented in the form

Teubic(t; €) = Toubic (t; 6)’@»—)@—4—5‘2,2‘20‘ (1.2.8)

Theorem 1.2.2 1) For any tau function (L2Z8) of the special cubic Hodge hierarchy the func-
tion Tyolterra(, S; €) defined by

AVac (g 5-50)

T\/olterra(xa S; 6) =cC-€ e Tcubic (t (w + gy s — 50) ;\/56) Tcubic (t (.Z' - %7 s — 50) 5 2 6)
(1.2.9)

with . ook

v _ 1k2 _ _ _
AV (z,8) = 3 Z Tt oy ki Sk +$Zsk (1.2.10)
ki kg>1 LT 2 k>1
and '
ti(,8) =Y K5+ 3 G+t (1.2.11)
k>1

for an arbitrary constant c is a tau function of the Volterra hierarchy.

2) For Teubic(t; €) = Zeubic(t; €), we have ) = 6; 1. With the choice c = ¢’ and 52 = 0p,1
the formula (LZI) gives the GUE partition function with even couplings Zeyen(x,S;€).

The Main Theorem follows from the above statements. Also an integrable hierarchy con-
jecture of [I4] regarding the relationship between the special cubic Hodge hierarchy ([L2:3]) and
the Volterra hierarchy readily follows from the first part of the above Theorem [L.2.2]



In a nutshell the tool for proving the above statements including the Main Theorem is in
using Virasoro constraints for tau functions of the three hierarchies. For the KdV hierarchy
this is well known. Recall [9] that the operators LE4V = [KdV ( —l, 68/8‘5), m > —1 given
by

0 t2
LAV ="t T 22, (1.2.12)
i>1
2i+1 9 1
Lkav. i+ — 1.2.13
Z; > "on 160 ( )

LKW::i Z (2i + DN (25 + DI 92 Z(2i+2m+1)!!t' 0

>1
om+1 o0ty | = 22— DN Dy

i+j=m—1
(1.2.14)

define infinitesimal symmetries of the KdV hierarchy by their linear action on the tau-function
TKav(t;€) = Trav(t;€) + 6 - LEWY (e7'%,e0/0t) iav (t;€) + O(6%), m > —1.
The Witten—Kontsevich tau function is uniquely specified by the system of Virasoro constraints
LEdV (e_lf:, €d/0t) Zwk(t;€) =0, m> -1

where t; = t; — di.1 (the so-called dilaton shift). For the special cubic Hodge hierarchy one can
use the operators

LEie (1E, e 0/0t) = do LKV (e7't,e0/0t) o ol om> -1

for formulating an analogous system of Virasoro constraints for the special cubic Hodge po-
tential; they were already derived in [4I]. Surprisingly, we could not find in the literature
any analogue of the Virasoro constraints for the Volterra hierarchy. We obtain them in the
following way.

First, let us modify the Virasoro operators LSubic ;= [cubic (e7't,ed/0t) by introducing

0+
o
Lewble = — / L(z)e™*d >0 1.2.15
—o0
where N
Liu 1C
L(Z) = W
k>—1
and we use in (LZTI3]) a Hankel loop integral
0+
1 1 .
— = £t
Tx) 2mi ) ©
— 0o

The modified operators still satisfy the Virasoro commutation relations.

The following Key Lemma is crucial for completing the proofs.



Lemma 1.2.3 (Key Lemma) There exist unique operators L™ = L™ (¢ 1z, e s, €0/0s),
m >0, s=(s2,84,...) satisfying

Avac

5T o L& (¢"lx, 715, 0/0s) o e % = 4m [eubic (e7't,e0/0t)| _ e (y, ) (1:2:16)

e V2e¢

Vac 1 k1k2 2kl 2k2 2k
A (z,s —521; 1+/<;2< oy >< o 32k132k2+x§k: L) S2k

k
2k
k

tz vac

) ki—HSgk +x- (52'70.

The uniquely defined linear operators LY satisfy the Virasoro commutation relations

[L;a?;fen , L;alven] — (m _ n) Jeven Vm, n 2 0 (1217)

m-+n?

and have the following explicit expressions:

2

v € 1
L(o] en st2k 462 _ E’ (1218)

E>1
n—1
9?2 0 0

Leven — ¢2 + + ksgp—m—), n>1. 1.2.19

" Z D9k 0Son—2k Dson ; F Dsorran ( )

We now explain how the operators LS are related to symmetries of the Volterra hierarchy.

Theorem 1.2.4 Let Tyolterra(T,S; €) be a tau function of the Volterra hierarchy. Introduce the
modified tau function Tyolterra(,S; €) defined by the equation

- € - €
TVolterra(xy S; 6) = TVolterra <$ + 57 S; E) TVolterra, <33 - 57 S; 6) .

Then we have

1) The operators L™ give infinitesimal symmetries of the Volterra hierarchy by means of
linear action on the modified tau function

7~—Volterra(xa S 6) — 7~—Volterra(xa S 6) +9- szen%\/olterra(x, S; 6) + 0(52) (1220)

2) Denote E(x,s;e) the modified GUE partition function associated with Tyolterra = Zeven -
It is annihilated, after the dilaton shift so — s — % by the operators LS°".

Organization of the paper SectionslBLM are all towards the proof of the Main Theorem.
In Section [ we present two applications of the Main Theorem, including introduction of a
reduced GUE potential and a proof of an integrable hierarchy conjecture proposed in [14].
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2 Virasoro constraints for the cubic Hodge partition function

2.1 Cubic Hodge partition function

Denote by ch;(E, 1), @ > 0 the components of the Chern character of E j.

Lemma 2.1.1 The partition function Z.upic has the following alternative expression

(o] o 1
Zeubic(t; €) = exp Z o Z / Qp . Qg rtiy ot
=0 k=0 010yt >0
with
e .
Qg =exp | Y (2] —2)! (2797 = 2) chy;_1(Egp)
j=1

Proof Let x1,...,24 be the Chern roots of E, 1, i.e.

g
1 m m
Ag(2) =[O0 +22),  chm(Egm) = — @ ).

i=1

Then we have

Qup = iz (/25712 eyt (5 (7 ()17 (1/2)7) el
ey T (LM (=) (1/2)™) @A) A 1y A (1) AL
e 9= Ng(=1) - Ag(—1) - Ay 5 )"

Note that in the above derivations we have used Mumford’s relations [38]
Chgj(Eg’k) = 0, V] > 0.

The lemma, is proved. O

Lemma 2.1.2 ([23]) The special cubic Hodge partition function has the following expression

Zeuio(ts€) = i T (CH2 ) D g ) (2.1.1)
Here, D; are operators defined by
62 2j—2 52 ‘
R N e R DI e E L

and Zwyk denotes the Witten—Kontsevich partition function [40, [30]

Zwk (t;€) == exp 2629 22 Z / T,Z) . Fti iy

9=0 k>0 'zl, L4120

10



Proof  This is just a particular case of the C.Faber—R.Pandharipande [23] algorithm for

computing Hodge integrals (see Proposition 2 therein). O

2.2  Virasoro constraints. The first version.

It is known that [9] Zwk satisfies the following system of linear partial differential equations
LEV (718, €0/0t) Zwi (t;€) =0, m > —1 (2.2.1)

where the operators LE4V m > —1 have been defined in (L212)-(L2ZI4), and #; = t; — ;1.
The operators LK m > —1 satisfy the Virasoro commutation relations

[LﬁdV,Lfde = (m—n)LEY  Ym.p>-1.

Equations (2221 are called the Virasoro constraints for Zwk. Note that solution to (Z2Z1TJ) is
unique up to a constant factor [9, B3]. It follows from Lemma 212l and eq. (Z21]) that

Lemma 2.2.1 ([41]) The cubic Hodge partition function satisfies
LW (e €9 /0t) Zeupic = 0, Ym > —1 (2.2.2)
where t; = t; — 6;1, and LEP(e71t,e¢0/0t) are linear operators defined by
L (¢=1g ed/0t) = €% o LEWV (718, e0/0t) 0 e ¢

[e.e]

(-1+27¥) D;, m>-1

where the operators D; are defined in eq. (2Z1.2).

Denote LSubic = feubic(e=1¢ €9/0t). Clearly, the operators LSUPi¢ satisfy the Virasoro
commutation relation

[L;:#bic’ L%ubic] _ (m _ ’I’L) Lcubic Ym,n > —1.

m—+n>

We call equations ([Z2.2)) the first version of Virasoro constraints for Z.upi.; we also refer to
this version of Virasoro constraints as Zhou’s version.

Example 2.2.2 By a straightforward calculation we obtain that [{1], [T])]

LCUbiC:Ztk 9 _‘_ﬁ_i‘ (2.2.3)
-1 = 0t 2¢2 16

11



2.3 A Lie algebra lemma
Lemma 2.3.1 For any basis {L,, | m > —1} of an infinite dimensional Lie algebra satisfying
[Lin, Ln] = (m —n) Ly, Vm,n > —1

where [, | denotes the Lie bracket of the Lie algebra, define

k+1
~ m
L, = — Ly, m > 0.
m kgl (k‘—l—l)' k el
Then L B
[Lyy Ly) = (m —n) Lpytn, VYm,n > 0.
Proof
oo ki+1 oo ko+1
~ = m n
[ m n] kz (kl +1)| k‘17 Z (kQ +1)| k‘2
1=—1 ky=—1
ki+1 ) ka+1
m n
= k1 — ko) L
2 T F I ) B
> ki+1  ko+1 ki+1 , ko+1
- Z Z 7]?!(]97:_1)1_ Z T(r/i;Jrl?;lkl L
k=—1 \ ki+(ka+1)=k+1 1= \h2 : (k14+1)+ko=k+1 1 2
k1 >0,kg>—1 k1 >—1,ky>0
- 1 k+1 k+1 7
= Zm(m(m+n) —n(m+n) )Lk:(m—n)Lern.
k=-1 ’
The lemma is proved. U

2.4 Virasoro constraints. The second version.

Definition 2.4.1 Define a set of linear operators Zﬁr‘jbic by

cubic ,__ cubic
L7 = _5_1 (k‘+1)!Lk , m=>0.

Clearly, this definition agrees with (LZI5]). Using Lemma 22T and Lemma 2.3.7] we obtain

Theorem 2.4.2 The cubic Hodge partition function satisfies
L1, €0/0t) Zoypic = 0, Vm >0 (2.4.1)
where t; = t; — 0i1. Moreover,
~eubic  ~oubi
L%}Ll IC’ L%u 1C

=(m—n) E%‘_‘ifi, Vm,n > 0.

12



We call (ZZ4.T]) the second version of Virasoro constraints for Zypic.

Theorem 2.4.3 The explicit expressions for LE™C, L gnd LS are

Zcubiczzt, 9 +ﬁ_i (242)
0 0ty 2 167 o
T cubic 1 i i 9 t(2)
L5 = SN ) @t ty) o + 5% (2.4.3)
Q £’ j ot;  2e
>0 7=0
. 2 92 i\ o
Lcublcze_ + <'>21—] tiv1+1t;)=—
2 8 MZ;O Ot;0t; Z;;) j (t+ ])8752-
i—1i—1

—j . )
1 .. 0 t 1

-1 2 O — (244

i>1j:0§)( )<i—1—j—7”> J@ti+252+16 ( )

Proof. Formula ([2:4.2]) readily follows from the definition ZZ] namely, we have Eg“bic = Leupic,

For m > 0, the direct calculation of Z?},}bie becomes more complicated, however, we can use the
Givental quantization to simplify the computations. The rest of Section 2 is to prove (Z.4.3))

and (24.4]).

2.5 Proof of (243) in Thm.2.4.3]

By Lemma [A.0.2] we have

~

¥ = .
So the operators L{"M¢ (see in Lemma 2] have the expressions
L{Pe (eI, e 0/0t) = & LEY (78, ¢0/0t) @71, k> 1.

Now using Lemma [A.0.J] we obtain that

. - ~ [~ 9 ~
LS (71 €0 /0t) = {cp <zk+ﬂ> @—1] , k>l (2.5.1)
16 qi»—ﬁi,ﬁqi»—)(’)ti,izo
where I}, = (—1)¥+123/295+1,-1/2 | > _1. Simplifying (Z5.1)) gives
o _ Ok0  Ok—1
L™ (e, c0/0t) = [B(2) 1 @(2)71]" EE L
P00 = [p@neE | ek e

Here we used the fact that the only possible non-zero cocycle term of the above quantization
formula appears when k = —1. We arrive at

Lemma 2.5.1 The operators Eﬁ,ﬁ:bic, m > 0 have the following expressions

o0 k+1

Leic (=1, €0/0t) = (kgl h P (2) Uy, (I>(Z)—1>

+m—l
16

qirrti, g0, i>0

(2.5.2)

13



For m = 0, eq. 25.2)) gives

LE™i (718, e0/0t) = 2|

qir>li, Og,—0;,i>0 16

i>1
which agrees with the previously derived eq. (2:4.2]).
Proof of (24.3). Recall that
I, = (_1)k+1 23/2 alzf-l-l 2—1/27 E> 1.

Then we have
E 0} i)
|
= (k+1

Noting that

L 232 =0 ,=1/2 -1 _ ,3/2 (2 — 1)—1/2 ®(2) o 0=

P(2) 23
2.5.3
WG=-1 VD 255)
we arrive at
> I L z—1/2
@ —_— @ = z
g_:l O T G e
It remains to compute the following residue
1 z—1/2 dz
- 2=00 - 1
S Res.ne f(—2) T fo = 1)

Write f(z) = g(2) + p(z), where q(z) = > ;504 27 and p(z) = > i>oDi (—z)"*1. Then the
above residue decomposes into the following four parts

—1/2
z—1/ B dz

I= —%Resz:oop(—z) 1 (z—=1) z

I = _% Res,—oo p(—2) 22—_1{2 q(z—1) dZ_Z7
Il = —% Res:—o0 q(—2) ZZ__1{2 plz=1) d_zz’
IV = —% Res.—o0 ¢(—2) ZZ__1{2 q(z=1) dz_z

2
Part I obviously vanishes. Part IV gives 2‘%. Part II coincides with Part II1. So we are left to
compute Part ITI. Using

z—1/2 1 —k
1 :1+§Zz , zZ — 00

we have

i+1 Z+ 7 i+1—7 i—i—l
w = (Sl ) ae Er()

i>0 k=1
= - ZmZ() (2q541 +45) -
i>0 7=0 J

14



Note that in the last equality we have used the following elementary identity

S --() o

k=1

As a result, we obtain (2.4.3]). O

2.6 Proof of (ZZ4) in Thm.2.4.3l

Proof of (244) We have

= l ~ ~ d(z)
ok+1 g k P 1 _ ,3/2(, _9)-1/2 20.
g_:l (2) Gt 1) (2) (2 =2)7 N ———e

Noting that

we obtain - l s 2/
kgl ok+1 D(2) (k;fl)! B(z)" = z (Z(Z _/1))(22_ 2)/ ) e—20-
Computing the following residue
—% Res.—oo f(—2) - (z(;_1/12))(iz_—2?;/2) f(z—2) g
like it was done above in the proof of (Z4.3]) we obtain ([2.4.4]). O
Theorem 2.4.3]is proved. O

Remark 2.6.1 Following the above procedure it is easy to derive a generating function for the
operators LM (e_lt, e@/@t). Namely, the operator

AT
> WL?}L"“C (e7't,e0/0t)

m>0

depending on the auziliary parameter X\ is obtained by quantization of the following quadratic
Hamiltonian

H(\) = —% Reszzoo%f(—z) i (% — 21—z )\e_az> f(2).
Here
= (a)n 2"
Fila:b:z) = E —
' l(a, b7 z) n=0 (b)n n!

is the confluent hypergeometric function.
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3 Virasoro constraints for the GUE partition function with
even couplings

3.1 The GUE partition function. Toda hierarchy and Virasoro constraints.

Recall that the GUE partition function of size N is defined by

Zn(s) = (2”)_N/ e N VIMsS) gy (3.1.1)

where V(M;s) = $M? — > j>15 M, and s = (s1,592,83, ... )H Introduce
z:=Ne.

Expanding the free energy Fy(s) :=log Zn(s) in powers of € yields the GUE free energy

1 _
Faue(z,s;€) = Fn(s)|n=z — D loge = Z 2972 Fy(, ). (3.1.2)
920

The GUE free energy Fgug(z,s;e€) has the form [21] 221 3] 37]

2
T 3 BQ
Feur(z,s;e) = 23 (log:n - 5) - Elogaz +¢'(-1) + 2629 2 5)3:29_2
g>2
—2g—(k-lil
+Z€2g 22 Z gli1, ..., )321---3ik$2 % (k 2), (3.1.3)
9=0 k>0i1,...,0,>1
1
ey ) = _— 3.14
ag(iv, -, ir) ;#Symf (3.1.4)

where the last summation is taken over all connected oriented ribbon graphs of genus g with k

vertices of valencies i1, ..., i;. The exponential
T GUE(T,s;€)

= ZGUE((/U,S;G) (315)

is called the GUE partition function. From (B.1.3]), we see that the GUE free energy Foug(z,s;€)
lives in the following Bosonic Fock space

B— 6%@[6][@ ]

Denote A = €%, Define two functions u,v by

u=u(z,s;€) ;= (A—1)(1 =A™ Fqug, v=ouv(z,s;¢) :=¢ 9 (A —1)Feur (3.1.6)

681
and define
L=A+v+e*A™t
“In Section 1, we used s to denote (s2,84,...); in this subsection we restore the odd coupling constants
s1, 83, . ... However, there is no ambiguity as we use the symbol s just for emphasizing that it is a vector.

16



Lemma 3.1.1 The functions v,u satisfy the following equations of the Toda Lattice hierarchy

e%z[Aj,L], Aj= (L), Vi>1 (3.1.7)
J

Moreover, Zgug is the tau-function (cf. Def. 1.2.4 in [15]) of the solution (u,v) to the Toda
hierarchy.

Proof of this lemma uses the orthogonal polynomial technique [37], see e.g. [25] (see also [15],
esp. Cor. A.2.2, Def. 1.2.4 therein in particular regarding the normalization of the tau-function).

Lemma 3.1.2 The GUFE partition function Zgug satisfies the following linear PDFEs
Lrdazomg =0, Ym> —1. (3.1.8)

Here, LYo gre linear operators explicitly given by

LTOC‘E‘-—émZ_:lia2 +2xi+2k3 o 9 m>1 (3.1.9)
mo 05k OSpm—k OSm, F OSktm  OSmy2’ - o
k=1 k>1
0 z2 0
LToda — k _ -z o 3.1.10
0 Z ok 0sy, - €2 Osg’ ( )
k>1
0 0 TSy
LToda .-\ " -4+ 1.11
-1 Z o 0Sp_1 0s1 + €2 (3 )

k>2

Moreover, LY satisfy the Virasoro commutation relations

[LrTnOda7 LEOda _ (m _ ’I’L) LrTnO—E?Lv Vm,n > 1.

This lemma is well-known; see e.g. [37, B35, 25]. Eqgs. BI8)-@BIII) are called the Virasoro
constraints for the GUE partition function. For convenience of the reader we outline the proof
of this Lemma.

Proof of Lemma Recall that the GUE partition function Zgyg can be obtained from
the vacuum tau-function [I8] of the P! Frobenius manifold by shifting times; see in [12] for the
details. So the above Virasoro constraints ([B.18))-(B.I1II)) are obtained from e.g. eq.(5.4) of
[19] by taking t2+~1 = k! (sk — %5k72) ,k>1and 80 =g, tW =1, ¢tk =0, k> 2. O

Lemma 3.1.3 The GUE free energy Fqug satisfies the following property: if ki + -+ + kp, is
an odd number, then
0" FGuE

askl . 8skm s1=63=s5="--=0

0. (3.1.12)

Proof By using the formulae (3I3]), (B14) and by noticing that the total valency of any
ribbon graph is an even number. O

17



Lemma 3.1.4 The following formulae hold true for the GUE free energy FGug:

2
2 O“FGUE

Fodsr O (3.1.13)
*Feue _ u 1\ (L

e2m =e (v(x)2+v(:17—e)2—|—v(x)v(:17—e)) +e' (1+A+A 1) (e"), (3.1.14)
*Feue _ u 1y

e2m = e (v(x — ) +v(x))? + e (A+ A1) (e, (3.1.15)

dA—1)<aZ§E>=nP+(A+1Méﬁ. (3.1.16)

Proof One can use the recursion relations [19] or the matrix resolvent method [I5] to obtain
these identities. g

3.2 Reduction to even couplings. Discrete KdV hierarchy and Virasoro
constraints.

The GUE free energy/partition function with even couplings can be obtained from the GUE

free energy/partition function by putting s; = s3 = s5 = - -- = 0, namely,
]:ovon(xys§ 6) = ]:GUE(xy 51 = 07 52,83 = 07 S4y.-- ;6)7
Zeven(xy S; 6) = ZGUE(xy S1 = 07 52,83 = 07 S4y. - 76)

where s = (s9, 84, 8¢, ... ). It follows from Lemma B.1.3] and eq. (3.1.6)) that

v =0,
so we have
L=A+e"A" (3.2.1)
u=u(z,s;¢) = (A —1) (1 — A7) F(a,s;e). (3.2.2)
Note that
Foven(x,8;€) € BV = l(C[e][[gn —1,59,54,...], u(z,s;€) € B, (3.2.3)

2
It follows from Lemma [BI.1] the following

Lemma 3.2.1 The function u satisfies the discrete KdV hierarchy (aka the Volterra hierarchy):

oL

B [(L )t L], k> 1 (3.2.4)

as well as the initial condition

@0 — g, (3.2.5)

18



It should be noted that solution to (B24]) and ([F2Z3]) exists and is unique in €2B°V°". Moreover,
one can easily get an analogue of the definition of tau function of the Volterra hierarchy from
[15] such that Zeyen is a particular tau function. The tau function 7 of any solution to the
Volterra hierarchy is uniquely determined up to a linear function of s and x. This linear function
can further be fixed by the so-called string equation (see below) up to a linear function in x.
We omit the details because these are just specializations of the results of [I5] to the even
couplings.

Example 3.2.2 The k =1 flow of the discrete KdV hierarchy 324 reads as follows

ou 1 1\, u
= A= AT,

€

Theorem 3.2.3 Let Zoyen(,8;€) denote the GUE partition function with even couplings (see

(CII0)). Define Z(x,s;€) by

10g Zeven (x, 85€) = <A1/2 + A_1/2> log Z(:p, S; €).

Then Z(x,s;e) satisfies the followings system of equations (which we call the Virasoro con-
straints):
L (e 'z, e7'8,¢0/08) Z (x,8:€) =0, n >0 (3.2.6)

where 9, = So), — 5k 1, and L™ are linear differential operators defined in (L2I8)), (L2.19).
Moreover, LI satzsfy (half of ) the Virasoro commutation relations (L2ZIT).

Proof Equations (LZIT) can be verified straightforwardly. It then suffices to prove ([3.2.6]) for
n =0,1,2, because the rest of (3.2.6) can be proved via (L2I7). Denote F = log Z.

Start with n = 0. Taking m = 0 in (B.L8) of Lemma we have

07, z? 0Z,
Z k s GUE ZGUE GUE _ 0.
682

k>1

Taking s; = s3 = s5 = --- = 0 in this identity and dividing it by Z we obtain

2 oF

S O g, DL even o T, (3.2.7)
€ 089

k>1

Applying (AI/2 + A_l/z)_l on both sides of [B27) and dividing by 2 we find

%k H— T3 =
= 0so,  4e 16 2 0so
This proves (3.2.6]) with n = 0.

For n =1, taking m = 2 in ([B.1.8]) we have

=0.

aZGUE 3 ks 3ZGUE 2 Zgue  9Zcur

2
S S
>1 8 k+2 881 8 4
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Taking s; = s3 = s5 = --- = 0 in this identity and dividing it by Z we obtain

even even 82-F.GUE <afGUE>2 a-/T_.even
+ 57 2k 5o + - Feen ),
k§>:1 2k 882k+2 ( 88% (981 1= 530 (984
Using Lemma 313 and the identity (313 we have
eVerl eVerl 8~Feven
+ 2k sop, et — ———— =0. 3.2.8
; 3S2k+2 0sy ( )
Taking s1 = s3 = s5 = --- = 0 in (B1I6]) we have
A—1 (O0Fcwen
—_— = e, 2.
¢ A+1 < 882 > ¢ (3 9)

Applying (Al/2 + A_1/2)_1 on both sides of (B28), using (3:2.9]), and dividing by 2 we find

10F

- k - =
:E 882 + kz>1 52 B soera 882k+2 2 884

This proves (3.2.6]) with n = 1.
Finally, for n = 2, taking m = 4 in (3.1.8]) we have

2e =0.

0?7 0?7 (9Z 0Z 0Z
2072 | » 0" Zcue |, GUE +3 ks cuE  0Zcug

€
881 883 882882 k>1 8sk+4 886

Taking s1 = s3 = --- = 0 in this identity, using Lem.B.I3l and dividing it by Zeyen we obtain

4 62 82]:ovon + <a]:ovon>2
s1=s3=---=0 882882 882
8-Feven Z 2]€ 32k even a-/T_.even _ O

0sy 082114 Js6

5 O’ FGur

2¢€
881 883

k>1

Using Lemma B.1.4] and noticing that v = 0 we have

O F, O F oven \
u —1 u 2 even even
2¢"(14+A+A7)(e") +e <832832+< By >)

even + Z 2]{7 Sok a-/T_.even o 8-Feven -0 (3210)
= 082k 44 Js6

as well as

=e" (A+ A1) (e, (3.2.11)

A1 <afeven> — et (14 A+ A (e (3.2.12)



Hence by using eqs. (3.2.9), B.211), (B212) we can rewrite (3.2.10) as
o (A=1(0Fuen )\ = A—1/[0Fuen
e —— fe——
A+1 0s9 A+1 884

82feven 8~Feven 2 even even 8~Feven
+e2 | 2 + +2x + 2ks — = 0.
( 882882 < 882 > ) ; 2k (982k+4 886

Using the definition Feyen = (Al/2 + A_l/z) F we obtain

~ 2 ~ 2
P F, OF OF
2 even 1/2 —-1/2
o G (0 (32)) = (o (52))

+e (A1/2 _ A—1/2) 8_]: + 2 OF even + Z2k Sop OF oven . OF oven —0.
= 052144 Js6

Now applying (Al/ 2L AY 2) ! on both sides of the above identity and dividing by 2 we obtain

~ ~\ 2 ~ ~
O*F OF OF OF 10F

2 — _ _—— =
¢ 882 882 + <682> e 8 + kz>l K 52 D sopn 682k+4 2 686

This proves ([3.2.6) with n = 2. The theorem is proved. O

Remark 3.2.4 Finding Virasoro constraints for Zeyen(x,s) in a compact form was an open
question [33, [25].  Of course, Zoyen itself does satisfy certain Virasoro type constraints, but
these constraints may contain non-linear terms. E.g. for L{", the non-linear constraint reads

0
+e"— — | Zewen =0, u= (A—1)(1—A"") log Zeven.
I D51 ( ) ( ) log

0
2$8—+Z2k82k

S
2 >

The key of our study is the introduction of Z which linearizes the nonlinear constraints, such
that one can write down all the constraints in a closed form. The definition of Z is so simple,
but surprisingly it completely solves the open question.

Proof of Theorem Part 2) of the theorem has been proved in Theorem B.23] Part
1) is proved by the fact that any modified tau function Tyolterra(,S;€) can be obtained from

Z(z,s;€) by shifting the s-variables. O

Remark 3.2.5 Note that the modified tau function Tyolterra and the solution u to the discrete
KdV hierarchy is related by

" — (A1/2 _ A—1/2> (A — A1) log Fyolterra-

The Virasoro symmetries

aTVoltorra

orn,

. even ~
= L TVolterra, 1 = 0
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also act on u. For example,

ou ou
— = ksop——+1
87"0 Z S2k f + )

k>1 52
ou 1 ou ou
= Z(BA+3A £ 2)et®) p g k
=3 (BA+3A71 +2)e o +) 2k —

4 Proof of the Main Theorem

Proof of Thm. Let Heupic(t; €) denote the cubic Hodge free energy (ILI.2]). Define
Fr=F(esie) = (M +A7F) Houie (b(2,8)iv2e) + 2 A+ (1) (4.0.1)

where s = (s9, 4, Sg, ... ), A is the series in (z,s) defined in (LII3), 5 = (2:)3% and

ti(a:, S) = Z ki+1§k -1+ 5@1 +x- 5@0.
k>1

Denote t; = t; — d;1 and 5 = S — d.1. Then we have

fi(x, S) = Z ki+1§k +x- (52'70. (4.0.2)
E>1

We are to show F* = Foyen. This is precisely the statement of the Conjecture.

Recall that in Thm.B2Z3] we have proved that the generating series F defined by

-1
F(z,s;€) = <A1/2 + A_1/2> Feven (T, S; €) (4.0.3)
satisfies the following system of equations
L (e tx, €715, €0/ 0s) T (@sie) — 0, n>0 (4.0.4)

where the linear operators LSV are given by ([L218]), (L219).

Now we define a series F* by

~ -1 @) A "(—1
F*(x,s5€) 1= (A1/2 + A—1/2> F(x,87€) = Heubic <t(a:,s); \/§6> 42 - I ¢ (2 )
(4.0.5)

In order to show that F* = Feyen, it suffices to prove that F*=F , as the operator

AVZ ATV =9 1+§82+i84+...
8 %384

is obviously invertible.
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4.1 Proof of the Key Lemma

The Key Lemma [[.2.3] builds up a bridge connecting Hodge and GUE, which is crucial in the
proof of the Main Theorem.

Proof of the Key Lemma. By (LZI0]) the operators LY, m > 0 if exist must be unique.
Note that the Key Lemma also gives the explicit form (L2.I8])-([L.2.19) for L;y*", so we only
need to verify that (LZI8)-(C2I9) do satisfy (L2.I6). The operators L{y*" given by the
formulae (L2.I8)-([2.19) satisfy the commutation relations (L2I7T) as it was already proven
in Theorem B:2Z3] so it suffices to verify (LZIG) for m = 0,1,2.

Let us do it one by one for m = 0, 1,2 in the following three lemmas.

Lemma 4.1.1 The identity (L2IG) is true for m = 0.

Proof Noting that

0A kki -
= ——— 5k, + @ (4.1.1)
8Sk o1 k+ kl

where A is the series in (z,s) defined in (LT.I3]), we have

e_ﬁoLgvon(e_lx,e‘%,e@/@s)oeﬁ :Zk§k %—F? 16 P 2Zk3k Z kkkl Sk, o
k

k>1 el ky
Using (£0.2)) and noticing
0 0
— = 4.1.2
ox 8750 ’ ( )
0 4 0
— =) g 4.1.3
J5p ZZ(:) ot; ( )
we obtain that
2 hsige =20
k>1 ask i> 8t
Hence
BE o L& (e ta, e718,€0/0s) o Zt ﬁ L
0 Z@tl T T e
i>1
The lemma is proved. O

Lemma 4.1.2 The identity (LZIG) is true for m = 1.
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Proof We have

A
e 27 o L (e lz, e715,€0/0s) o

I o%(2k+1). 8 k(2k+1).  0A
=2 gt F Dsrr | 831 622 K+l " 05,

k>1

) %2k +1). 0 k
_2:ca—sl+z T g 1+E (Z T sk+x)

k>1 k>1
1« k(2k+1). (EF Dk
ta Erl P\ Ak Ltk

k>1

=2 ZZ 1) @ + 1) i + 5 (4.1.4)
- " j J J 8ti 62

>0 j=0

where we used again (L1.1]), (L.0.2]) and (II1.2), (Z1.3). The lemma is proved. O

Lemma 4.1.3 The identity (IL210) is true for m = 2.

Proof By a straightforward calculation we have

-4 even/ —1 -1z 2
e 22 o Ly (e T, e 8,€0/0s) o 22

0? 0 k(2k +3)2k+1). 0
A2 =
—e aslasl+6“az+4; k12D F O5pra

PA  PA 0 1 [0A\? 1 DA k(2k +3)(2k+1). DA
+2a2+4aslasl+e_2<a_§1> +2e2<6$as2+42 EIE R A

k>1

It follows from (A.1.2)), (413 and (A0.2]) that

k(2k (2k+1) .
42 +3)(2k+1). 9

Sk 7~
& (k2 k+1) P

B k((k:+1 a

k>1
- 16ZZkk+1skZ<>ZZ wa D) §ZZ<>I€+1 0

k>1 >0 k+1 7y ot
= 1622 (& + tj1 — 2 d50) <Z> 2i_j£

i>0 j=0 J i

J—1 _
_4zzk+13k(f)t ZZ( )Z(j ) (te — 2 d1) 8(2 (4.1.5)
k>1i>0 i>0 j=1 = ¢
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Also noticing eqs. (E12), (£13), ELI), E02),

2?4 1
1

and o2 o
051051 - 'Z'>:O atiatj7

Z7j7

(4.1.7)

EEad mEOEC e

k>11i>0 >0 j=1

= 0 1 k- 3z 2k -
+1+4+4 Z S+ —§+—2 Sp+x +e_ Z St
k>1 k>1 k>1

2 k(2k +3)(2k +1) - (k+2)k -
e k2R + 1) o s

In the last equality we have used the following elementary identity

Z <Z> @‘D :Z(—1)T—Z<Z>2M, Ve ieZ,i>0>0.
= M N r=( "
The lemma is proved. O

The Key Lemma is proved. U
Theorem 2.4.2] along with the Key Lemma immediately implies the following theorem.

Theorem 4.1.4 The function J:’v:*(aj,s;e) satisfies the following Virasoro constraints

szen (e_lx,e s, 68/85) F*(z,83€) =0, n>0 (4.1.8)

where 59, = Sop, — %5;671.
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4.2 End of the proof of the Main Theorem

Genus expansion. By definition the special cubic Hodge free energy Heupic(t;€) and the
GUE free energy Foven(,s;€) with even couplings have the following genus expansions:

Heubic(t; €) Z 297294, (t (4.2.1)

Feven $ S] E 2629 2]: $ S (422)

Recall that it was proven in [16] the genus 0,1, 2 parts of Conjecture [LT1] i.e.

Fo(z,s) = Ho(t(z,s)) + A, (4.2.3)
2

File,s) = 28 (t(a,9) + 3 STUADI) oy (12.4)
2 4 .S

Fole,s) = 4 Ha (t(x, ))ﬁW ﬁ%. (4.2.5)

From ([@0.3) and [@05), we see that F and F* also have genus expansions:

F(x,s:¢€) 2629 2]: (z,s) (4.2.6)
(x,s;¢€) Z 29~ 2.F* (x,s) (4.2.7)
Noting that
~ F ~ t A
.FO([]:,S) — 0(;78)7 .Fg(x,s) — HO( §x7s)) +§
and using (L.23]) we obtain the following identity
Folz,s) = Fi(z,s). (4.2.8)
Similarly, we have N N N N
Fi(z,s) = Fi(z,8), Falz,s) =F5(x,s). (4.2.9)

Let us proceed to higher genera.

Recall two crucial lemmas which were proven in [I4] and [16], respectively.

Lemma 4.2.1 ([14]) There exist functions Hy(z, 21, 22, ..., 23g—2), g > 1 of independent vari-
ables z, z1, zo, ... such that

v 3g9—2
Hy(t) = H, (v(t), 8822),...,8;539 (Zt)) L og>1 (4.2.10)

and that
39—2

ij]a = (29 —2) H,,.

26



2
Here v(t) := 9 Z;t%(t) is the unique series solution to
0

v_t0+2t2 oE =to+.. (4.2.11)
i>1 ’

Lemma 4.2.2 ([16]) There exist functions Fg(z,21,...,239-2), g > 1 of independent variables
v, V1, V2, ... such that

ou(x,s 039 2u(x,s
Fylx,s) =F, <u(x,s), éx X...,#) , g>1 (4.2.12)

and that
39—2

ijja (29 —2) F,.

Here u(z,s) := % = logw(z,s), and w(xz,s) is the unique series solution to
w:x+Zk§kwk, w(x,s) =z+.... (4.2.13)
k>1
Lemma 4.2.3 For any g > 2, there exist functions ﬁ’g(z, 21y, 23g—2) and ﬁ’;(z, 21y, 23g—2)
of independent variables z,z1, ..., z3g—2 such that
~ ~ Ju(x,s) 03972y (x, s)
Fy(z,s) = F, <u(x,s), e 92 , (4.2.14)
~, ~. Ou(x,s) 039 2u(x,s)
Fy(x,8) = F, <u(x,s), P R e (4.2.15)

with u(x,s) defined as in Thm.[J.2.3

Proof Observe that, as in [16], under the substitution
ti(x,s) Zk’“sk—1+5 Lo

k>1
we have v(t(z,s)) = u(z,s), where v(t) is defined as in Thm.2J] The lemma is then proved
by Lemmata [L2I1E2.2] and the defining eqs. ({E0.3]), 15). O

End of the proof of the Main Theorem. We have proved that F and F* satisfy

the same set of PDEs (LIJ]) (or say (£0.4])), and have the same structures (L2.6)—(Z27),
H2T14)-2I5). We are left to prove certain uniqueness.

Similarly as in [9, 33], one can deduce that egs. @LR), or eqs. (L0A) determine F*, or F
in the ring B*’“" up to an additive arbitrary function in z. However, we already know that
both F* and F* have genus expansions [2.06)-E2T). So we must have

F—F =K(ze) = Zezg_ng(:E)
9>0

where K (x) are functions in = only. We are going to show that Vg > 0, K (x) vanishes. Note
that the genus 0, 1,2 parts were proven (cf. (£2.8]), (£29)). So we are left to consider g > 3.
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Theorem 4.2.4 For any g > 3, K,(z) = 0.

Proof Since g > 3, we know from Lem.[d.2.3] that there exist a function Qg4(2,21,. .., 239—2) of
independent variables z, 21, ..., 234—2 such that

~ ~, Ju(zx,s) 0397 2u(x,s)

fg(%s) - -7:g (z,8) = Qy <U($=S)a “or 0 g2 = Kg(x)~

It follows that

u(x,s 3 72'U4 x,s
0Qq (u(a:,s), 9 {()x’ ), ey 9 nggEQ’ )>
5y,
Recall that the function u(z,s) satisfies the following PDEs [16]:

=0, Vk>1. (4.2.16)

— =keu,, k>1.

05}, * B
Substituting these flows in the Lh.s. of [@ZI0) and dividing the resulting expression by %,
we obtain a polynomial in k of degree 3g — 1. Since for any k € Z this polynomial must vanish,
all its coefficients must vanish. Looking at these coefficients from the highest degree (= 3g —1)
to the lowest degree (= 1), and using its triangular nature (can be deduced easily) we obtain

8Zj Y ] Y Y g Y az
So Q4 must be a constant. However, noting that
39—2
. 0Q
— Zj
7j=1
we find that @, must vanish. As a result, K (z) = 0. The theorem is proved. O
We arrive at F = F * which implies Foyen = F*. The Main Theorem is proved. U
Proof of Theorem [L.2.2 Part 1) of the theorem follows from the Main Theorem by shifting
the time variables. Part 2) of the theorem is a reformulation of the Main Theorem. O

5 Two applications of the Main Theorem

Several applications of the Main Conjecture proven in the present paper have been given in
[16]. In this section we present two more new applications.

5.1 Application I. On the reduced GUE free energy

In this subsection, we introduce a reduced GUE free energy, which will provide a new un-
derstanding of the relationship between the intersection numbers of psi-classes on the M,
(“topological gravity”) and matrix integrals (“matrix gravity”).
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Recall that the following formula has been obtained in [16] as a consequence of the Hodge—
GUE conjecture: Vg > 2,

23m 2g _
g(g m) [Hm(% U1y .o ,'U3m—2)]

29— 2 g
V2g—2 D, ffl v; Ul
Fy(v,01, ..., 03g2) = 55~ 0 +Z e

229(2g)! * 229-3(2g — 2)! (29 — 2m)!

=2
(5.1.1)
where Dy := vy Oy + Y1~ Uk+1 Oy, . Noticing that, for any m > 2, H,, is a rational function of

V1,3, ..., which does not contain v explicitly [14], and that

1 1
Hi=—1 - =
BV R T
we find that for any g > 2, Fy is also a rational function in vy, vs, ..., which does not contain
v explicitly, i.e.
OFy,
—= =0, > 2.

Introduce a gradation for these rational functions by assigning
degvr =1, Vk>1.
Then both H, and F, with g > 2 decompose into homogeneous parts w.r.t. to Héé
29—2 29—2

Hy= Y H F,= Y F¥ g>2

d:l—g d:l—g

Definition 5.1.1 Define the lowest degree GUE free energy F™ by
Fred(z,sye) = Z 629—2]:50(1(:17, s)

g>0
Foel(x,s) := Fo(z,s)
Fi*l(x,s) := Fi(z,s)
_o [Ou(zx,s) 03972y (x, s)
red L 1 ) )
Fred(z,s) = F} 9}< TR - s . g>2

where u(x,s) is defined as in Lem.[{.2.2
Now let
FWVK (g ) Zezg 2]_—WK
9=>0
denote the free energy of the Witten—Kontsevich correlators, where

WK i
A=Y g 5 et o
k>0 'zl, ,zk>0 Mg,k

We know that for g > 2,

FyR(6) = H <8”(t) L (t)>

g o T ot

where v(t) is defined in Lem.[.2I] By comparing the lowest degree part of the identity (G.1.1)
and noticing that the operator Dy does not change the degree defined by deg, we arrive at
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Corollary 5.1.2 The following formula holds true

- kiky _ 1
]:l‘od(x,s;e) <__ Z Skl Sk2+z sk_$zsk__+x)
ki ka>1 ki +ky 14k k>1 4

=722 FVE (t(x,5)) + ¢ (-1) (5.1.2)

g9>0
where 3, := (%f)szk and

ti(x,s) = Zk‘iHEk — 1461 +x-0;0, ©>0.
k>1

5.2 Application II. Proof of the integrable hierarchy conjecture

The Main Theorem confirms the validity of the following Integrable Hierarchy Conjecture
originally proposed in [14].

Theorem 5.2.1 Let Heupic(t; b; €) denote the following generating series of special cubic Hodge
integrals

Howsc(tibi) = S 2S00 3 ety [ A (-20) A (20 g0
g>0 k>0 ‘zl, ,2k>0 Mg,k

where b is a non-zero parameter. Define

U(t;bye) = (A1/2 — A_1/2> (A — A_l) Heubic <t; b; c A = e, (5.2.1)

)
Then U satisfies the following discrete KdV equation (which is equivalent to (L2Z1) by a rescal-
ing):

OU 1 Uiore) _ Ulto—e)
where

Ot = Z 22bl 8ti-

i>0

Proof Let us first prove (5.2.2]) for b = % According to the Main Theorem, under the following
substitution of time variables

ti(z,s) == Z kitls, — 1+ 0i1+x-d;0, >0,
k>1

the following identity holds true
1 _1 1 —2 /
Feven(T,8;€) = (Az + A 2) Heuvic | t(7,8); 5;\/56 +e2A+(-1) (5.2.3)

where Foyen is the GUE free energy with even couplings, A is defined in (ILI.I3]). Define
u(x,s;€) = (A —1) (1 = A1) Foven (2, 55 €).
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Noting that
Oy =0y = A=e

and applying (A — 1) (1 — A=1) on both sides of (5Z3)) we obtain
u(z,s;e) = U (t(x,s);1/2;€) .

Since u satisfies 9 )
U _ Y St S WX
—851 =5 (A—A"He

0 0
o~ 2

and since

we have

OU 1 1 Utore) _ Ulto—e)
B = gc (VT - 0m9).

Let us now consider a general b, b # 0. Denote v(t) the unique series solution to

'Ui
Ztl— = 0.
1!

i>0
It was shown in [I4] that there exist functions Hgy(z,21,. .., 23g—2;b) such that
Jv(t) 0397 2y(t)
H,(t;0) = H, <v(t), B o ) 92 1.

Expand
U(t;be) = Z e29UR9 (t;1).

920
Eq. (522)) is now proved by noticing
Ul (t;0) = 2b0(t)
as well as observing the following identity [17], 14l 28]
3g—2

O0Hgy(v,v1,...,v4-2;b) OHgy(v,v1,...,v35-2;b) 1
_ = — _— —_— > .
b o + E Vg, aor 2455],1 (9—1)H,, Vg=>1

k=0
The theorem is proved. O

Theorem [5.2.T] can be equivalently described as follows: the Hodge hierarchy [14] associated
with
Ag(—2) Ag(—20) Ag(B), b0

is normal Miura equivalent to the discrete KAV hierarchy (up to a simple rescaling).
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Remark 5.2.2 At a first glance, it looks not easy to use eq. (5.22]) for computing Hodge inte-
grals. However, actually, the single discrete KdV equation (5.2.2]) contains the full information
about the special cubic Hodge integrals via the quasi-triviality approach [18,[13,[54)]! This is be-
cause the construction of the so-called Hodge hierarchy [1])] associated to Ag(—2b) Ag(—2b) Ag(b)
tells that V := € 8?07-[(‘5; b;€) gives the quasi-triviality transformation of this hierarchy. The
algorithm of computing Hy from the quasi-triviality approach is given in [57), [17].

It would be interesting to study the so-called double ramification counterpart of the special
cubic Hodge hierarchy in the framework of the conjectural DR/DZ correspondence formulated
by A.Buryak [6]. We plan to do it in a subsequent publication.

A Appendix. Givental quantization

Denote by V the space of Laurent polynomials in z with coefficients in C. Define a symplectic
bilinear form w on V by

w(f,9) = —Res,—o0 f(—2) g(2) g =—w(g,f), Yf,geH.

The pair (V,w) is called a Givental symplectic space. For any f € V), write

F=Yaz"+> pi(—2)"h

i>0 i>0

Then {g;, pi}[72, gives a system of canonical coordinates for (V,w). The canonical quantization
in these coordinates yields operators of the form

N g . 1
;= €—— = — (5
pl aqz7 ql € qZ

on the Fock space of formal power series in ¢;. For any infinitesimal linear symplectic transfor-
mation A on (V,w), i.e. A satisfies

w(Af,g)+w(f,Ag)=0, YfgeV,

the Hamiltonian associated to A is
1 1 dz
HA(f) = glf, A f) = ~ gReseoe [(~2) A J(2) T

This Hamiltonian is a quadratic function on V, and its quantization is defined via

o, P . o __ 1
pip; = € m, piqj:(Jja_qiv qujZE_zqiqj'

Denote the quantization of H4 by A. We have, for any two infinitesimal symplectic transfor-
mations A, B,

—

A, B] =[A,B] +C(Ha, Hp).
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where C is the so-called 2-cocycle term satisfying

C(pipj, arqr) = —C(arq, pipj) = 0i 1051 + 03105 ks

and C = 0 for all other pairs of quadratic monomials in p, q.

Denote D = —z9, 2~ ! and put
lp i= 22 DFHL 12 = (L)1 329041212 > g, (A.0.1)
Then we have

Lemma A.0.1 ([26]) The operators l, are infinitesimal symplectic transformations on V;
moreover,

) N k.0
LEWV (=17 co/0t) = | 16 Fz-1
ko (€7t,e0/0t) = Iy qﬁgi,aqﬁativizoJr 167 -

where t; := t; — t?.

Lemma A.0.2 ([26]) The multiplication operators z'=%, j > 1 are infinitesimal symplectic
transformations on V; moreover, the operators D; defined in [21.2)) satisfy

—

D; = 1% ji> 1 (A.0.2)

- . )
qir>ti, Og; 0,120

Consider now quantization ® of the symplectomorphism f(z) — ®(z)f(z) where the func-
tion ®(z) was defined by eq. (LZ6]) above. It will be defined by

b = (02 2(2)"

where we replace log ®(z) by its asymptotic expansion at |z| — oo, Rez # 0. The latter has
the form, up to an inessential piecewise constant term

By, 271
log ®(z) ~
0g (Z) ; k(2/€ — 1) 2k—1
Using (2.1.2) we immediately arrive at
Lemma A.0.3 We have -
B — o2kt miiy De(27 1) (A.0.3)

Remark A.0.4 The function ®(z) is analytic near z =0, ®(0) = 1 and

2k +1

22k

Ck+ 1) o< L (A.0.4)

log ®(2) = —2zlog 2 — 2
og ®(2) zlog2 -2 5

k=1

One can define another quantum operator o by quantizing the series (A.Q0.4). Geometric
interpretation of this quantum operator remains an interesting open question.
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