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CLASSICAL DOUBLE, R-OPERATORS, AND NEGATIVE FLOWS OF
INTEGRABLE HIERARCHIES

© B. A. Dubrovin*' and T. V. Skrypnyk'?

Using the classical double G of a Lie algebra g equipped with the classical R-operator, we define two sets of
functions commuting with respect to the initial Lie-Poisson bracket on g* and its extensions. We consider
examples of Lie algebras g with the “Adler—Kostant—-Symes” R-operators and the two corresponding sets
of mutually commuting functions in detail. Using the constructed commutative Hamiltonian flows on
different extensions of g, we obtain zero-curvature equations with g-valued U-V pairs. The so-called
negative flows of soliton hierarchies are among such equations. We illustrate the proposed approach with

examples of two-dimensional Abelian and non-Abelian Toda field equations.
Keywords: classical R-operator, integrable hierarchy

1. Introduction

The theory of hierarchies of integrable partial differential equations is based on the possibility to
represent each of the equations of the hierarchy in the so-called zero-curvature form U; — V,, 4+ [U,V] =0
with the corresponding U~V -pair taking values in some infinite-dimensional Lie algebra g (e.g., in the algebra
of matrix-valued Laurent polynomials of a single complex parameter \). There are several approaches to
constructing zero-curvature equations starting from Lie algebras. The first of them is based on interpreting
the zero-curvature equation as one Lax (Euler—Arnold) equation written on the centrally extended algebra
of g-valued functions of z [1]. In this approach, 9, — U plays the Lax operator role, and the second operator
in the Lax pair is V.

In an alternative approach of [2], [3], the zero-curvature equations are interpreted as the compatibil-
ity conditions for two auxiliary Lax (Euler—Arnold) equations. The commutativity of these Lax flows is
guaranteed by the Lie—Poisson commutativity of the corresponding Hamiltonians. In this approach, the
elements U and V in the zero-curvature equations coincide with algebra-valued gradients of commuting
Hamiltonians obtained using the Adler-Kostant—Symes (AKS) scheme. In more detail, these Hamiltonians
coincide with the restrictions of Casimir functions of g to the spaces dual to the subalgebras g+, where
g = g+ + g—. Such an approach allows constructing two types of integrable equations associated with the
Lie algebra g, namely, integrable equations with the elements U and V belonging to the same Lie subal-
gebras g4 or g_. But the approach in [3] does not cover all known integrable equations. In particular,
it does not work for integrable equations (sometimes called negative flows of integrable hierarchies') with
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U-V-pairs where the U-operator belongs to g4 and the V-operator belongs to g_. In [7], such equations
were included in the general scheme by showing that the restrictions of the Casimir functions of g to the
spaces dual to the subalgebras g, and g_ commute not only inside each group but also between the groups.
This allows constructing negative flows of integrable hierarchies as a consequence of the commutativity of
Lax flows generated by “positive” and “negative” Hamiltonians. In [8], [9], it was proposed to generalize
the above scheme to the case of Lie algebras g that have a general classical R-operator not always related
to the decomposition g = g4+ + g— (i.e., not always associated with the AKS scheme). It was shown that
the restrictions of the Casimir functions of g to the subalgebras gr,, where gr, = Im Ry, commute not
only inside each group but also between the groups. This observation allows obtaining two sets of mutually
commuting functions on g* and three types of zero-curvature equations, in particular, those corresponding
to negative flows of soliton hierarchies [9]. We note that the corresponding commutativity does not follow
from the standard R-matrix scheme [10] on g.

Nevertheless, it turns out that the scheme proposed in [8], [9] is still not the most general approach
for generating commutative flows on g* and hence not the most general approach to the construction of
soliton hierarchies with g-valued U-V pairs. In particular, it does not include the infinite-component Toda
hierarchy and does not produce the corresponding auxiliary Lax equations [11].

Here, we propose a more general approach for constructing commuting flows and zero-curvature equa-
tions with g-valued U-V pairs. For this, we consider commuting flows not on g* but on G*, where G is the
classical double of g. We use the fact that a classical R-operator on g induces a natural R-operator R on
G = g@g [12]. This R-operator R on G proves to be always of the AKS type, regardless of the form of the
original operator R on g. It hence follows that Gr = Gr, © Gr_, where G is a linear space G equipped
with the so-called R-bracket [10]. Moreover, it turns out that Gg 4, ~gand Or_ =~ ggr, where the algebra
gr is a linear space g equipped with the R-bracket [12] and Gr, =ImR 4.

Therefore, our first observation is that using the standard R-matrix scheme [10] applied to the Lie
algebra G equipped with the R-operator R, we can obtain a set of commuting flows on extensions of g by
some Lie algebra a, where a = gr/Jr and Jg is an ideal in gr. In the particular case where Jr = gg,
we in a simple way rederive the result in [8] about the commutativity of the restrictions of the Casimir
functions of g to the subalgebras gr,. We thus show that the results in [8] fit into the general R-matrix
scheme. In the case Jr = [gr,gr], we obtain an important generalization of the abovementioned result,
namely, we prove commutativity of the restrictions of the Casimir functions of g to the subalgebras gr..
shifted using the respective constant elements ¢+ € [g Rz 0 R¥]. We note that the obtained functions in this
case commute with respect to the Lie—Poisson bracket on g “shifted” by the constant element ¢ — c_.

A consideration of commutative families on more complicated quotients (with a non-Abelian a) might
also be useful in the theory of soliton equations. Indeed, our second simple observation suggests that
whatever quotient of G is considered, from the Lax equations L= [L, M| corresponding to the commuting
Hamiltonians (the Casimir functions restricted to this quotient), M-operators can be chosen to take values in
g. It hence follows that zero-curvature equations with g-valued U-V -pairs can be obtained as a consistency

condition for the Lax equations on g © a.

We illustrate the above method with the example of Abelian and non-Abelian Toda field equations
(see [13]-[15] and the references therein) that are naturally obtained in the framework of the above scheme
if g is a loop algebra equipped with various gradings. The corresponding quotient algebra in this case is
the simplest non-Abelian extension of g obtained in the framework of the above construction. In the case
where g = gl((o0)) equipped with the natural decomposition into a sum of two subalgebras coinciding with
the upper triangular and strictly lower triangular matrices, we recover the results in [16] for the Lie-Poisson
structure and Lie-theoretical interpretation of the infinite-component Toda field equations, its U-V pair,
auxiliary Lax pairs, etc. [11].
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In conclusion, for completeness, we also consider the prolongation of the second- and third-order Poisson
structures existing in the cases of certain R-operators on g to the classical double. It turns out that the
quadratic and cubic structures are always prolonged to G if they exist on g. Nevertheless, their use in the
soliton theory is restricted because the quotient spaces described above, the Poisson spaces of the linear
R-bracket on G, are generally not Poisson subspaces of the quadratic and cubic brackets.

The structure of this paper is as follows. In Sec. 2, we introduce the main definitions and notation. In
Sec. 3, we use the classical double to obtain commutative families on g* and its extensions. In Sec. 4, we
use the obtained results to construct zero-curvature equations with g-valued U-V pairs and illustrate this
approach with examples of Abelian and non-Abelian Toda field equations. Finally, in Sec. 5, we consider
the prolongation of the second- and third-order Poisson structures to the double.

2. Definitions and notation

2.1. Lie algebras and classical R-operators. Let g be a Lie algebra (finite- or infinite-dimensional)
with the Lie bracket [-, -], and let R: g — g be a linear operator. The operator R is called a classical
R-operator if it satisfies the modified Yang—Baxter equation [10]

R([R(X), Y]+ [X, R(Y)]) = [R(X), R(Y)] = [X,Y]
for all X,Y € g. Using a classical R-operator, we can define another bracket on g by the formula [10]

We let gr denote the linear space g equipped with the Lie bracket [-, -]r. We also use the notation
R4+ = R £ 1d hereafter.

It is known [10] that the images gr, = Im Ry of the maps Ry define Lie subalgebras gr, C g. As is
easily seen from the definition, gr, + gr_ = g, but this sum is generally not a direct sum of vector spaces,
ie., gr. Ngr_ # 0 in the general case.

Remark 1. The situation is much simpler in the case of a Lie algebra g with the so-called AKS
decomposition into a direct sum of two Lie subalgebras: g = g4+ + g—. Indeed, if P+ are the projection
operators on the subalgebras g4, then R = P, — P_ is a classical R-matrix [10]. It is easy to see that in this
case, Ry = £2P, are proportional to the projection operators Ri on the subalgebras g.. It also follows
that gr, = g+ and gr, Ngr_ = 0. It is also known that gr = g4 © g in this case [10].

2.2. Classical double. We now consider the “double” of the Lie algebra g, i.e., the direct sum
algebra G = g @ g. We identify the elements of X € G with vector columns X = (§; ), where X; € g. The
bracket of two elements X', ) € G is given by the standard formula

(X1, Y1
(X, V] = :
(X2, Y5
The following construction was developed in [12].

Theorem 2.1. 1. Given an arbitrary classical R-operator on g, the operator defined on the double by

R -R_
R = ,
R, -R

the formula
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is a classical R-operator on G.
2. The corresponding R-bracket [+, - g on G has the form

.Vl ( (X0, Yilr = (X0, B (%2)) + [R- (X2), V1)) ) |

—[X2, o] + ([Xo, Ry (Y1)] + [R4(X1), Ya])
3. The R-matrix R is of the AKS type.

For the reader’s convenience, we sketch the proof of statement 3 in the theorem. We consider the

operators
R, -R_ R. —-R_
Ry=R+1d= , R_=R-1d= .
R, —R_ R, —R.

We let Gr,. = Im R4 denote the corresponding Lie subalgebras. It is easy to see that

Ry (X) = R, (X;) — R_(Xy) R_(X) = R_(X1 — X»)
- Ri(X1) - R_(X))’ B Ry(X1 - X2))

It hence follows that Gz, = Gq ~ g and Gr_ ~ gr, where

o (B A e [

It is easy to see that KerR; = ImR_ and KerR_ = ImR . Hence, the decomposition G = Gr, + Gr_
is a decomposition into a direct sum of vector spaces, and the operator R is of the AKS type, i.e., R =
Pgr, — Pgp_- This also follows from the easily proved identities R% = 2Ry and R4 R_ = 0, which imply
that R+ are proportional to projection operators and their images do not intersect. Therefore, we have Gr =
Gr, © Gr_. For the R-bracket on the double, this identity means that [X, V]r = 2([X}, V4] — [X_,V_]),
where X1 = R4 (X) or, more explicitly,

(R (X
(R (X

:(
:(

B <[R—(X1 - Xa), R_(Y1 - Yz)])

_ 1) = R-(X2)), (R+(V1) — R
(X, VR = ( 1) — R_(X2)), (R+(Y1) — R

[Ri (X1 — X2), Ry (Y1 — Y2)]

Remark 2. In the case of the AKS R-operators, all the formulas in this subsection are substantially
simplified. In particular, the action of the R-operator R on the element X" is given by the formula

X — X7 +2X7
R(X)Z( 1 1 2)7

2X - XS+ X5
and R-bracket (1) is written as

(X, V| = ( (XY = (X Y] = (X Yy ]+ [XQ,Yl])>

[X2+7Y2+] + [X277Y27] + ([X27Y1+] + [XlJr7Y2])
where X; = X;" + X, Vi =Y," + Y, X = Pe(X), and Y= = Po(Y), i = 1,2.

3
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2.3. Dual spaces, Lie—Poisson brackets, and invariant functions. Let g* be the space dual to
the Lie algebra g and (-, -): g* x g — C be the natural pairing between g* and g. Let {X; | i € I} be
a basis in the Lie algebra g, where the set [ is finite in the case of a finite-dimensional Lie algebra and
countable in the infinite-dimensional case. Let {X; | i € I'}, (X7, X;) = d;5, be a basis in the dual space g*.
Let L =) ,.; LiX; € g* be a generic element of g* and L; be the coordinate functions on g*. We consider
the standard Lie-Poisson bracket between Fy, F» € C*°(g*) on g*:

OF(L)

el OLi

{FL(L), Fo(L)} = (L, [VF1,VEy]),  VEF(L)= Xi,

where VF (L) is a so-called algebra-valued gradient of Fy, k = 1,2. Moreover, the R-operator provides the
so-called R-bracket on g* [10]:
{F1(L), F2(L)}r = (L, [VF1, VI3]R). (2)

We consider the space G* dual to the double. We define its elements £ € g* & g* as the vector columns
L= (f; ), where L1, Ly € g*, and the pairing between £ € G* and X € G is given by

(L, X) = (L1, X1) + (L2, X3).

It also defines the standard Lie-Poisson bracket on G*,

{F1(£)7F2(£)} = (L, [%FD%FZ]% (3)
and the R-bracket on G* corresponding to the R-operator R,
-~ o~ ~ Vi F
{F(L), R(L)}r = (L, [VF1,VI3]R),  VF = o) (4)
2

where Vi 2 F is the algebra-valued gradient of F' with respect to the variable Lj o.
Let R* denote the operator adjoint to R,

R*:g"—g", (R'(L),X)= (L, R(X)).
It is easy to see that the operators adjoint to R4 have the form

y - Rj_(Ll) + Ri(Lg) . B R* (L) + Rj_(Lg)
e = (—(Rt(h) +Rt<L2>>>’ o= (—(Rt(L1>+R:<L2>>>'

We use these explicit formulas to construct Poisson-commuting functions.

(5)

In what follows, we also need the explicit form of the Casimir functions on G. Let I(L) € I%(g*) be
a Casimir function of g, i.e., {I(L),F(L)} = 0 for all F(L) € S(g*). Let {Ix(L)}xex denote the set of
generators of the ring of Casimir functions on g*. Here, the set of labels K is infinite if the Lie algebra is
infinite-dimensional.

Lemma 2.1. The ring of Casimir functions of G is generated by the functions
Ik)l(C)EIk(Ll), Ik)g(ﬁ) EIk(Lg), ke K. (6)
The proof is straightforward.

We briefly comment on quadratic Casimir functions and commuting functions obtained using them.
Let (-, -) be an invariant form on g. Using this form, we can identify g and g*. We then have the obvious
second-order Casimir functions (or generating functions of formal Casimir functions in the case of loop
algebras)
1
(

1
1271 = 2(L1,L1), 1272 = 9 LQ,LQ).
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3. Classical double and commuting flows

To pass to the main construction considered in this paper, we recall the following theorem, which can
be obtained from the general theory of R-brackets [10] applied to the classical double.

Theorem 3.1. 1. The Casimir functions Iy (L), e = 1,2, of the Lie-Poisson brackets of G commute
with respect to the brackets { -, - }r on G*.
2. The Hamiltonian flows

d

die FL)={F(L),Ixc}tr, keK, e=12,
k

generated by the functions Ij, . can be written in the Euler—Arnold form

dL .
dti = adR+§Ik’€ L. (7)

We briefly consider the commuting flows on g and its extensions that can be obtained using the
theory of the classical double. For this, we recall that the projection on a quotient algebra is a canonical
homomorphism, which allows obtaining the following corollary.

Corollary 3.1. Let J be an ideal in Gr. Let w: G — G/J denote the projection on the quotient
algebra. Let 7m* be the dual map. Then

1. the functions Iy, (7* (L)) commute with respect to the brackets { -, - }r on (G/J)*, and

2. the Hamiltonian flows corresponding to Iy (m*(L)) can be written in the Euler-Arnold form

o dL « .
T (dt;) = adeyeﬂ (L), (8)

where
My =Ry (nVI(7°(L))), k€K, e=1,2.

We assume that there exist nontrivial ideals Jr, C gr, such that the quotients gr, /Jr, are finite-
dimensional. In such a case, applying Corollary 3.1 and taking the quotient by the ideal J = Jr, + Jr_,
we obtain a Poisson-commuting set of functions on the space dual to finite-dimensional extensions of g.
Indeed, we have Gr/J = (Gr, ©Gr_)/J ~gOa, where a~Gr_/J.

Remark 3. For the quotient algebras described above, the M-operators in Lax equations (8) have the

My, — <R+ (vlk,l(ﬂ'*(ﬁ)))> My — — (R_ (ka,2(71'* (E))))
C\R (VI (L)) R_(VIea(x*(£))) )

forms

)

i.e., they belong to the diagonal subalgebra and can be identified with elements of g. We use this fact when
constructing zero-curvature equations with values in g. We note that the corresponding Lax equations (8),
dynamical variables, Poisson brackets, etc., belong to the double of g. We also note that the operator « is
absent from the above formulas for the M-operators because the ideal J in this case was chosen such that
Rym=TR+.
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Example 1. We consider the case of AKS R-operators R = P, — P_. We write the quotient algebras
Gr/J and the corresponding dual spaces in explicit form. In this case, we have g = g4 +g— and gr, = g+,
and Jr, = Ji are ideals in g4. Elements of the corresponding quotient Gr/J, where and J = J. + J_,

are given by
(Xf + X7
X =

. XTeg /i, XPegi/dy.

The corresponding dual space consists of the elements

; Li+L7
A\ + 1)’
where Ly € (g-/J-)", L} € (9+)", Ly € (g-)*, and L3 € (g4/J4)".

In the next subsection, we consider the cases of a ~ Gr_/J = 0 and of an Abelian a that lead to
commutative algebras of integrals on g* itself.

3.1. Dual R-matrix commutativity. We consider a consequence of general Theorem 3.1 that we
need for constructing Poisson-commuting sets on g* with respect to the standard Lie—Poisson brackets
{-, - }. The following theorem holds.

Theorem 3.2. 1. The functions I(RY (L)) on g* generate an Abelian subalgebra in C*°(g*) with
respect to the Lie—Poisson brackets { -, -} on g*:

{1 (R3.(L)), L (R:(L)) } = 0,
{Ix (R (L)), (R™ (L))} =0,

{Ie(R3.(L)), L(R* (L)) } = 0.

2. The Hamiltonian equations corresponding to the Hamiltonians I ,f *(L) can be written in the Euler—

Arnold form
dL

= ad. L, M = VI, (R (L)). (9)
k

Proof. We project the functions Iy (£), e = 1,2, on the space dual to the quotient algebra Gr/Gr_,
which coincides with the space dual to the subalgebra Gr, . Using formulas (5) and (6), we obtain the
expressions for the projected Casimir functions:

Iia (PG, (0) = I (Ri(Ly + La)),  Ina(Pg,, (£)) = In(RE (L1 + L)),

where we take into account that Pg*R+ = R% /2 and assume that the I are homogeneous functions of L.
We note that because R, is a projection operator and the corresponding R-operator R is of the AKS
type, it is easy to derive the equality

{F(R3.(£)), G(RL(E) } = {F(R1(£)), G(R}.(£) .

Using the fact that the projection on a quotient algebra is a canonical homomorphism, we obtain

{F(RL0).G(RLD) = ((F(0). G0R) s o
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Hence, setting F' = I, . and G = I} -, we obtain
{Ih.c(RL(D)), I (RL(£))} = ({Ie(£), e (DR | poges o) €€ =12

On the other hand, {I; (L), I;.c (L) }r = 0 by Theorem 3.1.
Using the explicit form of the functions Iy (L), we finally obtain

{Ix(RY(Ly + L2)), I (R} (L1 + Ly)) } = 0,
{Ix (R (L1 + L2)), [ (R* (L1 + L2)) } =0,

{In (R.(L1 + L2)), [ (R* (L1 + L2)) } = 0.

Now, to complete the proof of statement 1 in the theorem, it remains to note that elements of the form
L = L1 + Ly belong to the subspace (Gq)* and the corresponding coordinate functions constitute a Lie
algebra isomorphic to (g,{ -, - }) with respect to the initial Lie—Poisson brackets on G.

Statement 2 in the theorem can be proved using statement 2 in Theorem 3.1. It can also be proved by
noting that any Hamiltonian equation on g* is rewritten in the Euler—Arnold form. The theorem is proved.

Remark 4. In [8], the above theorem was proved directly without any appeal to the classical double.
Nevertheless, the proof using the classical double is simpler and makes Theorem 3.2 understandable from
the standpoint of the general R-matrix scheme.

Example 2. We now consider the case R = P, — P_ in more detail and present the explicit form of
the Lie algebra G, realized as a quotient algebra. We have

Xr
KerRy =ImR_ = <+
2

The corresponding quotient algebra Gz /ImR_ can be identified with the linear space consisting of the

T
elements X = ())gl_ ) This space is isomorphic to G, , and the isomorphism is given by the map R.:

2
X X - X5
— .
Xy X - Xy
Lt

Ly
identified with the elements L = L] + L; of the linear space g*. Moreover, the corresponding Lie-Poisson

The corresponding dual space consists of the elements £ = ( ) We note that such elements can be

brackets of these elements on Gr/ImR_ coincide with the standard Lie—Poisson bracket of the element
L=L"+L" ong*

The Casimir functions I 1 (£) and Iy 2(L£) restricted to the dual space of the quotient algebra coincide
with the respective functions I (L) and I;(Ly ). After the identification described above, they pass into
the functions I (L") and Ix(L™) on g*.

3.2. Shift of the argument and commutative algebras. We consider commutative subalgebras
of functions on g* generalizing the commutative algebras constructed in the preceding subsection. These
subalgebras depend on additional parameters obtained using the theory of the classical double. The method
that allows introducing additional parameters into commutative subalgebras is a generalization of the so-
called shift of the argument. The following theorem holds.
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Theorem 3.3. Let ¢y be constant elements of g3, such that

cxl([gr,,0r |U[BR_,0R_]),

and let It,(L) and I;(L) be Casimir functions of g. Then the following statements hold:

1. The equalities

{In(RL(L) + c-), L(RL(L) + c-)}e = 0,
{In(RZ (L) + c4.), L(RZ(L) + ¢4 )}e = 0,

{Ie(RY(L) + c-), i(RZ(L) + c4)}e =0
hold, where { -, - }. is the shifted bracket

{F1(L), F2(L)}e = (L, [VF1, VE]) + (e — ¢y, [VF1, V). (10)

2. The corresponding Hamiltonian equations can be written as Euler—Arnold equations

dL .
dt = adyr, (ry (L) peq) (L + - —c4). (11)

Proof. To prove statement 1 in this theorem, we take into account that Gr = Gr, © Gr_. Hence,
Or,Or] = [Or.,Gr.] © [Gr_,Gr_]|. We explicitly describe the ideal [Gr_,Gr_]|. We have

X1
Or_ :{ X, ‘Xl €EO9r_, X2 €9R+}-

It hence follows that the element C' = (¢1,¢2) € G* is orthogonal to [Gr_,Gr_] if c1l[gr_,9r_] and
c2L[gr,,0r,]. On the other hand, it follows from the explicit form of the elements of Gy that c; =
—c1 = —c and that C' = (¢, —c¢) is an element of the space dual to the Lie subalgebra Gx_. This element is
orthogonal to [Gr_,Gr_] if cL([gr,,0r.] U [gr_,08r_]). Therefore, taking the quotient of the Lie algebra
Gr by the ideal [Gr_,Gr_], taking into account that the projection on the quotient algebra is a canonical
homomorphism, and applying Theorem 3.1 to the Casimir functions I  and I; ., we obtain

{Ik(Ri(Ll + Lo) + c),]l(Rj_(L1 +La)+¢)} =0,
{Ix(R- (L1 + L2) + ¢), (R (L1 + L2) + ¢)} = 0,

{In(RY.(L1 4 L2) + ¢), [I(R* (L1 + L2) + ¢)} = 0.

As a result, we obtain a commutative subalgebra with a shift element ¢ symmetrically entering both the
“positive” and the “negative” integrals, i.e., ¢ has components belonging both to g7 and g}‘h. We note
that the shift of the parts of the Lax matrices belonging to g3, by a constant element of the same space
g%, can be eliminated by a change of variables. But this leads to changing the Poisson brackets. Making
such a shift and setting cx = £R% (¢) and L = L + Lg, we obtain statement 1 in the theorem.

Statement 2 is proved analogously to statement 2 in the preceding theorem. The theorem is proved.
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Example 3. As in the preceding examples, we consider the case of AKS R-operators R = Py — P_.
We describe the quotient algebras Gr /[Gr_,Gr_] and the corresponding dual spaces explicitly. We have
[Gr_,Gr_] =[9+,0+] ©[g—,9-]. The elements of the corresponding quotients Gr /[Gr_,Gr_] are written

as )
v (Xl+ + X7 )
X5+ X5
where X" € g, Xl_, €g_/lg-,9-], Xg € g_, and X2+/ € g+/[9+,9+]. The corresponding dual space
consists of the elements

<L1+ +r7

L_+L+,>7 Ly €(g-/lo—0-))", L} € (a+/lo+ 04))"

The elements Ll_, and Lj " are constant with respect to the Poisson brackets on Gr /IG=r_,Gr_], and we
canset c. = L] and ¢y = L] .

The Casimir functions restricted to the dual space of the quotient algebra are the functions I, (Lf+L1_l)
and I;(L; + L}'). Using the same arguments as in Example 2 and the making the same identification,
we can write these functions as Ix(LT + c¢_) and [;(L™ + ¢ ), where L is a generic element of g*. By
Theorem 3.3 proved above, they commute with respect to the brackets { -, - }. on g*:

{I.(LT 4 ¢ ), (LT 4+ ¢c_)}. =0,
{Ik(L_ + c+)7 Il(L_ + c+)}c =0,
{In(L" + o), L(L™ +cq)}e =0,

where the shifted bracket { -, - }. is defined using formula (10).
4. Integrable hierarchies and negative flows

4.1. Doubles, R-operators, and negative flows of soliton hierarchies. Using the results in the
preceding section, we can construct a hierarchy of integrable equations in partial derivatives admitting zero-
curvature representations. We use one of the Lie algebraic approaches to the theory of soliton equations [3].
It is based on the interpretation of zero-curvature conditions as a consistency condition for two auxiliary
commuting Lax flows on the space dual to an infinite-dimensional Lie algebra.

For simplicity, we formulate the result for the particular case of the graded infinite-dimensional Lie
algebra g of s-valued Laurent polynomials of one complex parameter A or their subalgebras. Here, 5 is a
simple Lie algebra in some matrix realization. We note that the dual space g* can be identified with the
space of formal s-valued power series.

The following theorem holds.

Theorem 4.1. Let g be the Lie algebra defined above. Let G denote its double and G* denote the
corresponding dual space. Let J be an ideal in Ggr_ of finite codimension. Let 7: G — G/J denote the
natural projection on the quotient algebra and 7*: (G/J)* — G* denote the dual map. If the Hamiltonians
I, (m*(L)) on G* are finite polynomials, then the g-valued functions My = Ry V11 (7*(L)) and M, =
R_V1I,5(7*(L)) satisty the zero-curvature equations with values in g

OM;. + oM +
& OMLE L L ML =0, 12
o o (M, 1, M) 1] (12)

OMy. OM
= 4 (M +, M, = 0. 13
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Proof. We note that using the commutativity of two Hamiltonian flows generated by the Hamiltonians
It (7*(L)) and I (7*(L)) (here ¢,¢" € {4+, —}) and two Euler—Arnold equations (8), we can easily derive
the equation

3“dﬁ‘M,cyﬂMl,e,]] (L) =0, (14)
where
8Mke 8Ml e’
MevME/ = /’ - ’ MéaME’-
[My,e, My, e] ot ot + [My,e, My ']

In the considered case, the coadjoint representation of g (and hence of G) can be identified with the adjoint
representation. Therefore, it follows from Eq. (14) that the expression [Mg, e, M; ] belongs to the kernel of
ad, (). Because the underlying finite-dimensional Lie algebra is semisimple, it follows that this kernel is
spanned by the expressions (7*(L£))*, where the associative multiplication on the double is componentwise.
Because J is an ideal in Gr_ of finite codimension, Gr = Gr, © Gr_, Gr, =~ g, and the dual space Q;‘h
can be written in component form as

« [ Ri(Li+ La)
R0 = <—R’:(L1 + L2)> ’

we find that the two components of 7*(£) and hence of (w*(/l))k are semi-infinite formal Laurent power
series (each in its own direction). On the other hand, Iy (7*(£)) and I o (7*(£)) are (by the theorem
condition) finite polynomials. Hence, their matrix gradients My, . and M; o and also [My, ¢, M /] belong to
the algebra g of s-valued Laurent polynomials (here g is realized as a diagonal subalgebra in g ® g). Hence,
[My..c, M o] cannot be equal to a linear combination of the expressions (7*(L£))* except in the case of the
trivial linear combination. This means that [My. ., M; ] = 0. The theorem is proved.

Remark 5. Using the same arguments, we can show that this theorem also holds for more complicated
infinite-dimensional Lie algebras, for example, for the quasigraded Lie algebras responsible for the integra-
bility of the Landau-Lifshitz equation and its various generalizations [7] or for the graded algebras of the
type Aso, Coo, and Do,. In the latter case, instead of the condition that the Hamiltonians are polynomials,
less rigid conditions must be imposed.

Remark 6. We note that Eqs. (12) and (13) define three types of integrable hierarchies: two “small”
hierarchies associated with the Lie subalgebras gr, defined by Egs. (12) and one “large” hierarchy associated
with the whole Lie algebra g including both types of Egs. (12) and (13). Equations (13) contain a U-V
pair with the U-operator taking values in gr, and the V-operator taking the values in gr_. They can be
interpreted as the “negative flows” of the integrable hierarchy associated with gg, .

4.2. Case of graded Lie algebras. In this subsection, we demonstrate how the general scheme
described above for producing U-V pairs satisfying zero-curvature equations works for concrete Lie algebras.
We concentrate on the simplest possible examples associated with graded Lie algebras.

4.2.1. Quotients of the double and invariant functions. We consider the example of Z-graded
algebras and the quotient algebras of the corresponding double. By the definition of graded Lie algebras,
we have

g= Zgj, (96, 85] C giss-
JEZL
Using the grading property, we easily obtain the decomposition g = g4 + g—, where g4 = ijo g; and
g = Zj<0 g; are Lie subalgebras. Let P1 denote the projection operators on the Lie subalgebras g..
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Hence, R = Py — P_ is a classical R-operator [17]. In the standard way [17], we find that Jyr = >, ; 9;
and J_; = Zj>l g_; are ideals in g4 and in g = g4+ © g—. Hence, we can consider the quotient algebra
gr/(Jir © J—;) and the quotient algebra Gr /(Ji1x © J—_;) of the corresponding “double.” The elements of
the last quotient algebra have the form

X{+ X7 S .
) X+€g+a X| € 9—3 Xieg—a XJFG gj-
() wee xieXo mee xedy

j=1

The corresponding elements of the dual space have the explicit form

L +Ly l k
_ + * -/ * — * +/ *
L= (L_+L+/> , Ly egl, Lj € Zg_j, Ly egr, L3 € Zgj.
2 2 j=1 j=0

We note that the corresponding components Ly = L} + Ll_l and Ly = L, + L;', of the Lax operator are
semi-infinite (i.e., infinite in only one direction).

We assume that there exists an invariant bilinear form (-, -) on g such that (gi;,9;) ~ ditj0. In
this case, we can identify the spaces g* and g and construct the second-order Casimir functions using the

formulas 1 1
ISJ = 2 Z(Lg_l)aLgiz)% Ig,? = 2 Z(Lg)vl’éil))a
=/ =
where Lf;i) C g7i- We note that on the quotient algebra described above, all these expressions are finite

polynomials if the space g; is finite-dimensional.
We consider several examples.

4.2.2. General non-Abelian Toda systems and graded Lie algebras. We consider the above
construction in the case where k = 1 and [ = 1. We then have

1, 0 ,0 1 —1 1,0 ;0 1 1
By= @ L)+ @V, L), 1= (), L) + (1), L57Y),

and the Lax matrix is

L+ < © i
L= =YL, Ly =Y
<L2 + 15" + L) 2 2

We note that Lg_l) is a central element because Lg_l) € (g-/[g-,9-]*

The M-operators corresponding to the integrals I3 ; and I3, have the form

700) , 701 (=1

LY + LY L5y
A
2

MQO,l = R+VI20,1 = (Lgo) n L§1)> 5 M2072 = R+VI20’2 = — <L

where
B = vl i) es, L0 =P, i) e,
SV =p vV, L) egoy.
Their components, namely, the operators
v=L"+1", v=I{Y, (15)
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are the U=V pairs of Abelian and non-Abelian Toda field equations, as is shown below.
We consider the zero-curvature equation for the U-V pair:

ou  ov

ot " ow +[U,V]=0.

This equation yields the equations for the homogeneous components:

(1 (0 F(—1
oLy” —0 oLy _ 70 7D oLy

o =0 g =-EVIL TS =B I (16)

) is obtained from the central element

The first of these equations is satisfied automatically because E?
Lgfl) and hence E§1> = C™M = const. We solve the last equation in (16). Because of the grading, it is easy
to see that gg C g is a subalgebra. Let GGy denote the corresponding Lie group. Let gy € Gp. It can be

shown by direct verification that the substitution
F(—1 1) - 7(0 -
Ly =000t LY = Gego)ag s g0 = 0w t),

where C(=1) is a constant element of the space g_;, solves the last equation in (16). The second equation
n (16) after this solution is substituted becomes

0:((0290)95 1) = —[CM, 90C Vg 1] (17)

and is the so-called non-Abelian Toda field equation [15].

4.3. Loop algebras and the standard Toda system. The main example of the above construction
is connected with loop algebras. Let s be the Lie algebra of a simple Lie group G. Let g = s ® Pol(A\,A71)
denote the loop algebra. We assume that s is equipped with an automorphism o: § — s of the order p.
There is a natural decomposition [18] s = f;ol s; such that

sp={X es|a(X)=errx}.

In particular, sq is the subalgebra stable under the action of the automorphism o.
We extend this grading to the loop space g, by definition setting

deg A = p, deg X ® g(\) = deg X + degg(N).

In this case, we obtain
g; = {X(\) € s®@Pol(A\, A1) deg X (\) = j}.

In particular, go = s9. The corresponding group Gy C G hence coincides with the Lie group of the Lie
subalgebra so. Equation (17) is written for the generic element of this group.

We consider the most interesting example of such a situation corresponding to the case of an Abelian
group Gg. Let g be a loop algebra with the principal grading. In more detail, let 0: 5§ — s be a Coxeter
automorphism. Let h denote the Coxeter number of s. We have the corresponding Zj-grading of s

h—1
5= E S;.
=0
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The subalgebra s¢ coincides with the Cartan subalgebra b = Spanc{H,, | i« = 1,...,rankg}. Moreover,
s = Spanc{Xa, | @ € A, |af =k mod h}. Here, H,,, X, is a Cartan—Weil basis of s, A is the set of all
roots, and || denotes the root height. In particular, H,, = [X,,, X—q;], where «; are simple roots.

We describe the subspaces g; explicitly. By definition, we have

go=b  gk= D satA Y S k=1..h-1

la|=k |la|=h—Fk

where s, = Spanc{X,}. The other graded subspaces are gi1nn = A"gi, k= 1,...,h — 1. We consider the
corresponding U—V-pair given by (15):

U= (0:90)90" +CY,  V=gCVgs.

In this case, the group Gy is Abelian and coincides with the Cartan subgroup. It is therefore easy to
parameterize its element go as go = exp{zz-inlk5 ¢;H,,} and obtain

rank s
U= 0u0ila, + Y D Xa, + )Xy,
=1 a, €P

V= Z cg;l)e*ai(@Xiai + )flcé—l)e%(dﬁX&
a;EP

where P is the set of simple roots, 6 is the highest root, and H,, is the basic element in the Cartan
subalgebra corresponding to the simple root a;. In this U-V pair, it is easy to recognize the U-V pair of
the finite-component Toda field equation [14]. The corresponding Eqgs. (17) become

rank s
0,051 = Vel Ve ) 1 qi Ml @ o= N g, (18)
1=1

where the constants a; are defined from the decomposition of Hy = [Xg, X _]

rank s

Hp= > aiH,,.
1=1

1 (=1

It is easy to see from the explicit form of (18) that the coefficients c(:ali), CaisCy ,and c(_lg are redundant,

and if they are nonzero, then they can be eliminated from the equations by a rescaling.

Remark 7. The R-operator used in this paper is non-skew-symmetric. There is an alternative ap-
proach to the finite-component two-dimensional Toda lattice based on a skew-symmetric R-operator [1], [19].

4.4. Infinite-component Toda system. Now let g = gl((c0)). We recall that this is the Lie algebra
of infinite matrices M = (Mj;); jez, where M;; = 0 for |i — j| > 1. This situation can be regarded as the
n — oo limit of the case g = gl(n) in the preceding section. But it deserves a more careful consideration.

The basis in the algebra gl((c0)) consists of the elements X;, 4, j € Z, with the standard commutation
relations [X;;, Xp] = 0x; Xis — 0uXy;. In terms of this basis, we have the graded subspaces of the natural
Z-grading g, = Spanc{X;; | j —¢ = k}. There exists a natural invariant bilinear form (-, -) on gl((c0))
such that (X;;, Xp) = x;0;. Using this form, we identify g* with g such that g = g_.
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We consider the classical double of gi((c0)). We apply the construction in Sec. 4.2.1 to the correspond-
ing dual space and its quotient spaces by the ideals of the form J, and J_;, where k and [ are fixed positive
integers. The elements of the spaces dual to these quotients have the form

Ly +Lf

L+ 17
L= ( o ) € [Gr/(J4r © J0)]",
where

1=0 =1

l k
=yn =y, L el s=12
j=1 j=0

In particular, the Lax matrix £ of the infinite-component Toda system corresponds to the case k =1 = 1.
We therefore consider only this case in what follows.
We let the same symbols X;; denote the natural basis in the space dual to gl((c0)). The Lax operator
can be described in this basis by the coordinates 1{"™ (i), 1™ (5), as
LW =3 1M = m) X, s=1,2.
=V

Just as before, the coordinates l;fl)(i) are Casimir functions of the Lie-Poisson bracket on the space dual
to the quotient Gr/(J11 © J_1). We can therefore set them equal to constants, l;fl)(i) = ¢;. Hence,
Lgfl) = ez CiXi—1,4. Using the invariant form (-, -) on gl((c0)), we obtain two quadratic Hamiltonians
I3, and I3, on the double of gl((c0)) with the explicit form

1 . N
o=, > 0@+ Y VOI@), s=12,

€L €L

on the quotient space under consideration. The flows generated by these Hamiltonians are written in the
Lax form

oL
Ots

where the M-operators with values in the double of gl((c0)) are

::[jygsﬂljv s=1,2,

N ~ L(O) +L§_1) . ~ gl)
M201:R+VI§1: ' _ ) M202:R+VI§2: .
, ) Lgo) i Lg 1) ) , Lgl)

Although g is not a loop algebra and the functions Igs are not finite polynomials in this case, similarly
to the proof of Theorem 4.1, we can prove that the corresponding M-operators satisfy the zero-curvature
condition. Therefore, we can write a gl((c0))-valued U-V-pair satisfying the zero-curvature equation:

v=0"+LY, v=L{, L0 egl((0) s=1.2.
It yields the equations

0V = Vi (Wig1 — Us), Oy = 1051 — ¢v5, 1 € Z, (19)



where u; = z§0)(z‘), v; = lél)(i), x = t1, and t = ty. By the substitution u; = 9,¢;, v; = e®+17% Egs. (19)
reduce to the usual infinite-component Toda system [11]:

agtqbl = ci716¢i*¢171 _ cie¢'i+17¢i7 i, (20)
Just as before, if the constants ¢; are nonzero, then they can be eliminated by a rescaling.

Remark 8. Equation (20) does not have the same form as Egs. (18), which corresponds to gli(n),
because we use a different basis in the Cartan subalgebra in this subsection: H; = X, instead of H,, =
Xis — Xi—1i-1-

4.5. Lie—Poisson bracket for the infinite-component Toda system. In this subsection, we
explicitly describe the R-operator Lie—Poisson bracket corresponding to the natural AKS decomposition
used in the preceding subsection. We begin with the Lie brackets and then use the fact that the Lie—Poisson
brackets of the coordinate functions repeat the Lie brackets of the basis elements of the algebra.

For convenience, we introduce the basis

X9D(m) = Xmitm, i, meZ,
in the algebra gl((c0)). The commutation relations in this basis become
X (m), XD ()] = bitn—m,oX T () = buntjo X (),

and the R-operator is then written as R = Py — P_, where P, and P_ are the projection operators on the
Lie subalgebras respectively generated by X (m), i > 0, and XU)(n), j < 0. The R-bracket on gl((cc))
can be written as

XD (m), XD ()] g = 2(1 = 0(0) = 0()) (6i4n-m.0X (M) = 640X (n)),

where 0(i) =1ifi <0 and o(i) =01if ¢ > 0.
For the double of gi((00)), i.e., for the direct sum gl((c0)) @ gl((c0)), we obtain the R-bracket written
for the basic elements X{”(m), s = 1,2:

X (m), X ()] = 2(1 = (i) = 5()) (Bictnm0 X\ (M) = Smnj0 X\ (n)),
XS (m), X9 ()] = 2((0) + 0(7) = 1) (Gictnm0 X5 (M) = S50 X5 (n)),
(X (m), X9 ()] = 2(0(0) = 1) (Bitn-m0 XL (1) = S0 X3 (n)) +
+20(7) (i4n-m 0 X5 (M) = Onyj0 X5 (n)).
The Lie-Poisson brackets for the coordinate functions lgi) (m) follow from these commutation relations:
{197 (m), 19 ()} = 2(1 — 0(1) = 0(5)) Bicpn—mols (m) = Smnjoli ™ (),
{18 (m) 19 ()} = 2(0(i) + 0(j) = 1) (Bicpn—mols ™ (m) = Sm—nrjols ™ (),
(19 (m), 19 () = 2(0(0) = 1) (Oimmiol ™ (1) = Sy 0l () +
+20(7) (Bisn—mols (M) = Smnpjold ™ ().

The Lie-Poisson brackets of the Toda system are obtained using the specialization l:(fl)(i) = ¢;; ZYC)(Z') =0,
k < —1; and léﬂ )(z) = 0, j > 1. These brackets coincide with the first Poisson structure of the two-
dimensional Toda hierarchy found in [16].
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5. Quadratic and cubic Poisson structures on the double

In this section, we discuss the prolongation of the second- and third-degree Poisson brackets from g to
its classical double G and the consistency of the corresponding brackets.

5.1. Quadratic Poisson structure. It is known that for some classical R-operators on g, in addition
to the linear R-bracket, a second-degree Poisson bracket, important in the theory of classical integrable
systems, can also be defined.

Hereafter, we assume that there exists an identification between g and g*. Moreover, we assume that
the Lie algebra g also has the structure of an associative algebra. The following theorem holds [20], [21].

Theorem 5.1. Let the classical R-operator and its skew-symmetric part (R — R*)/2 satisfy the mod-
ified classical Yang—Baxter equation on g. Then

1. the formula
{F1,F5}2 = (L, [R(LVF, + VF,L),VF]) — (L, [R(LVFy + VF, L), VFy]) (21)

defines a Poisson bracket on g,
2. the Casimir functions of g mutually commute with respect to bracket (21),

3. the Hamiltonian equations of motion with respect to the Casimir functions I on g and (21) are

written in the Lax form
dL

= [R(LVIy + VI;L), L],
dt

and

4. Poisson brackets (21) and (2) are compatible.?

It turns out that this theorem can be extended to the double of g.

Theorem 5.2. Let the classical R-operator and its skew-symmetric part (R — R*)/2 satisfy the mod-
ified classical Yang—Baxter equation on g. Then

1. the formula
{F1(L), Fa(L)}2 = (L, [R(LVFy + VFIL), VF)) — (L, [R(LVFy + VEL), VF]) (22)

defines a Poisson bracket on G,
2. the Casimir functions of G mutually commute with respect to bracket (22),

3. the Hamiltonian equations of motion with respect to the Casimir functions I . on G and (22) are

written in the Lax form

d _ .
£ =[R(LVIy+ VI L), L], e=1,2,

dts, ’ '
and

4. Poisson brackets (22) and (3) are compatible.

2We recall that two Poisson brackets { -, - }1 and {-, - }2 on the same space are said to be compatible if an arbitrary linear
combination ai{-, - }1 + a2{-, - }2 is a Poisson bracket.
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Remark 9. Lie-Poisson bracket (22) can be written more explicitly in terms of the operators R and
R4 as

{F1(L1, L2), F>(L1, L2)}o = (L1, [R(L1V1F1 + V1 F1L1) — R_(L2VaoFy + Vo F1 Ly), Vi Fy)) +
+ <L2, [R+(L1V1F1 + VlFlLl) — R(LszFl + V2F1L2), V2F2]> —
— (L1, [R(L1 V1 Fy + V1 F2Ly) — R_(LaValh + VaFyLo), Vi F1]) —

— <L2, [R+(L1V1F2 + V1F2L1) — R(LQVQFQ + VQFQLQ), V2F1]>.

Proof of the theorem. We first note that if g is an associative algebra, then G is also an associative
algebra and has the natural structure of a direct sum of associative algebras. To prove the theorem, it
suffices to apply Theorem 5.1 and prove that the conditions in Theorem 5.1 on the classical R-operator
on g imply that the classical R-operator R and its skew-symmetric part (R — R*)/2 satisfy the modified
classical Yang-Baxter equation on the double G. This statement for R follows automatically from the
results in [12]. It remains to show that (R — R*)/2 satisfies the modified classical Yang-Baxter equation
on G. We show this directly. We have

1 1[/A -8
A= (R-R*) = ., A=R-R', S=R+R.
2 2\s -A

Substituting this expression in the modified classical Yang—Baxter equation, we find that it is equivalent to

the three conditions
A([AX), Y]+ [X, A(Y)]) — [A(X), A(Y)] = 4[X, Y],

= S([8(X),Y]) = A([X, S(V)]) + [A(X), S(V)] = 0, (23)
S([AX), Y]+ [X, A(Y)]) - [S(X),S(Y)] =0,

which must be satisfied for any X,Y € g. The first of these equations follows from the conditions in the
theorem. Using the definition of the operators A and S, we can easily show that (23) are equivalent to the
three equations

R([R(X),Y] + [XvR(Y)D - [R(X)vR(Y)] = [Xv Y}v (243‘)
R*([R*(X),Y]) - R*([X,R(Y)]) + [R*(X),R(Y)] = [X,Y], (24b)
R([R*(X),Y]+ [X,R*(Y)]) - [R*(X), R*(Y)] = —[X, Y] (24c)

for all XY € g. Equation (24a) is the modified classical Yang—Baxter equation for R. Equation (24b)
is derived using the modified classical Yang—Baxter equation and the condition for the existence of a
nondegenerate invariant form on g. Finally, Eq. (24c) is derived using the modified classical Yang—Baxter
equation for A. The theorem is proved.

Remark 10. Theorem 5.2 means that if a quadratic Poisson structure exists on g, then it can always
be extended to the double G. In particular, such an extension exists for skew-symmetric R-operators on g
because the corresponding operator R on G is also skew-symmetric.
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5.2. Cubic Poisson structure. In this subsection, we describe the cubic Poisson structure on g and
its prolongation to G. We use the following theorem from [20], [21], which holds under the same assumptions
about the Lie algebra g as in the preceding subsection.

Theorem 5.3. Let R be a classical R-operator. Then
1. the formula
{F1(L), Fo(L)}s = (L, [R(LVEL L + LV L), VI3]) —
—(L,[R(LVF,L + LVF,L),VFi]) (25)
defines a Poisson bracket on g,
2. the Casimir functions of g mutually commute with respect to bracket (25),
3. the Hamiltonian equations of motion with respect to the Casimir functions I}, of g and (25) are written

in the Lax form
dL

= LVIL), L
dtk [R(vk)a ]7

and

4. if the skew-symmetric part (R — R*)/2 of R satisfies the modified classical Yang—Baxter equation on
g, then Poisson brackets (25), (21), and (2) are compatible.

A similar statement also holds for the classical double of g.

Corollary 5.1. Let R be a classical R-operator. Then
1. the formula
{FL(L), Fa(L)}s = (L, [RILVFLL + LVFL L), VFy)) —
— (L, [R(LV L + LV F,L), VF]) (26)
defines a Poisson bracket on G,
2. the Casimir functions on G mutually commute with respect to bracket (26).
3. the Hamiltonian equations of motion with respect to the Casimir functions Iy on G and (22) are

written in the Lax form

ac

= V1.
dts [R(LV Ik, L), L],

and

4. if the skew-symmetric part (R — R*)/2 of R satisfies the modified classical Yang—Baxter equation on
g, then Poisson brackets (26), (22), and (4) are compatible.

Remark 11. Lie-Poisson bracket (26) can be written more explicitly in terms of the operators R and
R4 as

{F1(L1, L2), F>(L1,L2)}3 = (L1, [R(L1V1F1L1) — R_(LaVaF1 La), Vi Fy)) +
+ (L2, [R4 (L1 V1 F1 L1) — R(L2V2Fi La), Vo Fh]) —
— (L1, [R(L1V1F>L1) — R_(LaVaFy L), Vi F]) —

— (Lo, [Ry(L1V1F>Ly) — R(LoVaF3Lo), Vo F]).
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Proof of the corollary. We note that using the identification of g and g* as linear spaces and g-
modules, we can also identify the spaces G and G* as linear spaces and G-modules. As explained above,
the double G of an associative algebra g always has the structure of an associative algebra. To prove the
corollary, it only remains to apply Theorem 5.3 to the classical double G and take into account that, as
proved in Theorem 5.2, the antisymmetric part (R — R*)/2 satisfies the modified classical Yang-Baxter
equation on G if (R — R*)/2 satisfies the modified classical Yang-Baxter equation on g.

Remark 12. The second- and third-degree Poisson structures exist and are compatible with the linear
Poisson structure (when R and (R — R*)/2 satisfy the modified classical Yang-Baxter equation). They
produce commuting Hamiltonian flows written in the Lax form. Nevertheless, their use in soliton theory
is not as straightforward and universal as the use of the linear Poisson bracket. Indeed, to obtain the
phase space of a soliton equation, as explained above, we must restrict ourself to certain linear subspaces
coinciding with the quotient algebras of the corresponding linear R-bracket. On the other hand, these linear
subspaces, generally speaking, are not quotient spaces by the ideals of the quadratic and cubic brackets. To
restrict these brackets to the corresponding subspaces, we must apply an additional Dirac reduction. This
procedure was considered in [16] for the infinite-component Toda system.

At the end of this section, we explain why the second- and third-order Poisson structures exist and
are compatible with the linear Poisson structure in the case of an infinite-component Toda system before
the restriction to the quotient spaces of the linear bracket. Because the infinite-component Toda system is
connected with the double of gl((cc)), we must prove the following proposition.

Proposition 5.1. On the double of gl((0)) equipped with the AKS R-operator R = PT — P~ where
PT and P~ are projection operators on the subalgebras of upper triangular and strictly lower triangular
matrices, there exist quadratic and cubic Poisson structures compatible with the linear Poisson bracket and
given by the respective formulas (22) and (26).

Proof. We note that the double of gl((c0)) is obviously an associative algebra. Hence, to apply
Theorem 5.2 and Corollary 5.1 to the considered case, it suffices to show that (R — R*)/2 satisfies the
modified classical Yang-Baxter equation on gl((00)). In our case, R = P* — P~ where PT and P~ are
projection operators on the respective subalgebras of upper triangular and strictly lower triangular matrices
We also note that this R-operator can be written as R = P, + Py — P_, where P, is the projection operator
on the Lie subalgebra of strictly upper triangular matrices, P, is the projection on the Lie subalgebra of
diagonal matrices, and P- = P~. Using the explicit form of the invariant pairing, i.e., the bilinear form on
gl((00)), we can easily show that Pf = Py, P; = Py, and consequently (R — R*)/2 = Py — P_. 1t follows
from the results in [22] (also see [9]) that if g = g4 + go + g— is a triangular decomposition of a Lie algebra
g, i.e., g+ and go are closed Lie subalgebras and gg-modules, then any operator of the form P, + Ry — P,
where PL are projection operators on g4, is a solution of the modified classical Yang-Baxter equation on
g if Ry is a solution of the modified classical Yang—Baxter equation on gyg. Moreover, if the subalgebra
go is Abelian, then any operator Ry (including the trivial one) is a solution of the modified Yang-Baxter
equation on gg. The operator P, — P_ in this case is therefore a solution of the modified Yang—Baxter
equation on g.

On the other hand, it is obvious that the decomposition of the algebra g = gl((c0)) into the strictly
upper-triangular, strictly lower-triangular, and diagonal parts is a triangular decomposition with an Abelian
(diagonal) part go. Hence, the considered R-operator (R — R*)/2 = P, — P_ is indeed a solution of the
modified Yang-Baxter equation on gl((o0)), and by Theorem 5.2 and Corollary 5.1, there exist quadratic
and cubic Poisson structures on gl((co0)) and its double. The proposition is proved.
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