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Abstract: The Schlesinger equations S, ) describe monodromy preserving deforma-
tions of order m Fuchsian systems with n + 1 poles. They can be considered as a family

of commuting time-dependent Hamiltonian systems on the direct product of n copie

s of

m X m matrix algebras equipped with the standard linear Poisson bracket. In this paper
we present a new canonical Hamiltonian formulation of the general Schlesinger equa-
tions S, ) for all n, m and we compute the action of the symmetries of the Schlesinger

equations in these coordinates.
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1. Introduction

The Schlesinger equations S, m) [52] is the following system of nonlinear differential
equations

0 Ai, A
— A = M, i #J,
Buj Ui —uj
0 Ai, A
_Al:_zu, (1.1)
Bu,- o U —Ltj
J#
for m x m matrix valued functions A{ = A{(u), ..., A, = A,(u), u = (uy,...,uy),
the independent variables u1, . . ., u, must be pairwise distinct. The first non-trivial case

S@3,2) of the Schlesinger equations corresponds to the famous sixth Painlevé equation
[17,52, 18], the most general of all Painlevé equations. In the case of any number n > 3
of 2 x 2 matrices A, the Schlesinger equations reduce to the Garnier systems G, (see
[18, 19, 47]).

The Schlesinger equations S, ) appeared in the theory of isomonodromic deforma-
tions of Fuchsian systems. Namely, the monodromy matrices of the Fuchsian system

dd < Ar(u
—=zﬁq>, ze C\u, ..., un} (1.2)
dz Z— Uk
k=1
donotdependonu = (uy, ..., u,) if the matrices A; () satisfy (1.1). Conversely, under
certain assumptions for the matrices Ay, ..., A, and for the matrix
A =—(A1+---+A,), (1.3)

all isomonodromic deformations of the Fuchsian system (1.2) are given by solutions to
the Schlesinger equations (see, e.g., [54]1.

The solutions to the Schlesinger equations can be parameterized by the monodr-
omy data of the Fuchsian system (1.2) (see the precise definition below in Sect. 2). To
reconstruct the solution starting from given monodromy data one is to solve the classical
Riemann - Hilbert problem of reconstruction of the Fuchsian system from its monodromy
data. The main outcome of this approach says that the solutions A; (1) can be continued
analytically to meromorphic functions on the universal covering of

{(ul,...,un)eC”wi;éujfori;éj}

[38, 44]. This is a generalization of the celebrated Painlevé property of absence of
movable critical singularities (see details in [26, 27]). In certain cases the technique
based on the theory of Riemann—Hilbert problem gives a possibility to compute the

1 Bolibruch constructed non-Schlesinger isomonodromic deformations in [8]. These can occur when the
matrices A; are resonant, i.e. admit pairs of eigenvalues with positive integer differences.
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asymptotic behavior of the solutions to Schlesinger equations near the critical locus
u; = uj for some i # j, although there are still interesting open problems [29, 14, 22,
10].

Itis the Painlevé property that was used by Painlevé and Gambier as the basis for their
classification scheme of nonlinear differential equations. Of the list of some 50 second
order nonlinear differential equations possessing Painlevé property the six (nowadays
known as Painlevé equations) are selected due to the following crucial property: the gen-
eral solutions to these six equations cannot be expressed in terms of classical functions,
i.e., elementary functions, elliptic and other classical transcendental functions (see [57]
for a modern approach to this theory based on a nonlinear version of the differential
Galois theory). In particular, according to these results the general solution to the Schle-
singer system S3 2 corresponding to the Painlevé-VI equation cannot be expressed in
terms of classical functions.

A closely related question is the problem of construction and classification of classi-
cal solutions to the Painlevé equations and their generalizations. This problem remains
open even for the case of Painlevé-VI although there are interesting results based on
the theory of symmetries of the Painlevé equations [50, 49, 2] and on the geometric
approach to studying the space of monodromy data [14, 25, 42, 43].

The above methods do not give any clue to the solution of the following general
problems: are solutions of S¢;+1,) or of S(; m+1) more complicated than those of S(; ) ?
Which solutions to S¢+1,m) Or S(»,m+1) can be expressed via solutions to S, ,)? Fur-
thermore, which of them can ultimately be expressed via classical functions?

Interest in these problems was one of the starting points for our work. We began to
look at the theory of symmetries of Schlesinger equations, i.e., of birational transforma-
tions acting in the space of Fuchsian systems that map solutions to solutions. One class
of symmetries is well known [30, 31]: they are the so-called Schlesinger transformations

nA . dG() ., " = A
ARQ)=) —— > AQ)=——G' () +GRARIG ()= (1.4)
o T dz N

with a rational invertible m x m matrix valued function G(z) preserving the class
of Fuchsian systems. Clearly such transformations preserve the monodromy of the
Fuchsian system.

More general symmetries of the S(32) Schlesinger equations do not preserve the
monodromy. They can be derived from the theory, due to K.Okamoto [48], of canonical
transformations of the Painlevé-VI equation considered as a time-dependent
Hamiltonian system (see also [39, 4] regarding an algebro-geometric approach to some
of the Okamoto symmetries). Some of the Okamoto symmetries were later generalized
to the Schlesinger systems S, ) with arbitrary n > 3 [50, 56] (see also [28]) using the
Hamiltonian formulation of the related Garnier equations. The generalization of these
symmetries to S, ) With arbitrary n, m was one of the motivations for our work.

With this problem in mind, in this paper we present a canonical Hamiltonian formu-
lation of Schlesinger equations S, ) for all n, m.

Recall [32, 40] that Schlesinger equations can be written as Hamiltonian systems on
the Lie algebra

g = 69:1:19((””) 3 (A1, ..., Ap)
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with respect to the standard linear Lie - Poisson bracket on g* ~ g with quadratic
time-dependent Hamiltonians of the form

Hy :=ZM. (1.5)

e
Because of isomonodromicity they can be restricted onto the symplectic leaves
O1x---x0Op€g

obtained by fixation of the conjugacy classes Oy,..., O, of the matrices Ay, ..., A,. The
matrix A given in (1.3) is a common integral of the Schlesinger equations. Applying
the procedure of symplectic reduction [41] we obtain the reduced symplectic space

{A1 € Oy, ..., A, € O, Ax = given diagonal matrix}
modulo simultaneous diagonal conjugations. (1.6)

The dimension of this reduced symplectic leaf in the generic situation is equal to 2g
where

_m(m—l)(n—l)
i ——

Our aim is to introduce “good” canonical Darboux coordinates on the generic reduced
symplectic leaf (1.6).

Actually, there is a natural system of canonical coordinates on (1.6): it is obtained
in [53, 20] within the general framework of algebro-geometric Darboux coordinates
introduced by S.Novikov and A.Veselov [58] (see also [1, 13]). They are given by the
z- and w-projections of the points of the divisor of a suitably normalized eigenvector of
the matrix A(z) considered as a section of a line bundle on the spectral curve

(m—1).

det(A(z) —w1) =0. (1.7)

However, the symplectic reduction (1.6) is time—dependent. This produces a shift in the
Hamiltonian functions that can only be computed by knowing the explicit parameteriza-
tion of the matrices Ay, ..., A, by the spectral coordinates. The same difficulty makes
the computation of the action of the symmetries on the spectral coordinates for m > 2
essentially impossible.

Instead, we construct a new system of the so-called isomonodromic Darboux coordi-
nates qi, ..., qg, P1, --., Pg on generic symplectic manifolds (1.6) and we give the new
Hamiltonians in these coordinates. Let us explain our construction.

The Fuchsian system (1.2) can be reduced to a scalar differential equation of the form

m—1
ym = di@y?. (1.8)
=1

For example, one can eliminate the last m — 1 components of ® to obtain a m™ order
equation for the first component y := ®1. (Observe that the reduction procedure depends
on the choice of the component of ®.) The resulting Fuchsian equation will have regular
singularities at the same points z = uy, ..., Z = u,, z = 00. It will also have other
singularities produced by the reduction procedure. However, they will be apparent sin-
gularities, i.e., the solutions to (1.8) will be analytic in these points. Generically there
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will be exactly g apparent singularities (cf. [46]; a more precise result about the num-
ber of apparent singularities working also in the nongeneric situation was obtained in
[7]1); they will be the first part g1, ..., g, of the canonical coordinates. The conjugated
momenta are defined by

1 .
pi = Res;—, (dm_z(z) + zdn _1(1)2) , i=1,...,g.

Our first result is

Theorem 1.1. Let the eigenvalues of the matrices Ay, ..., Ay, Ao be pairwise distinct.
Then the map

Fuchsian systems with given poles
and given eigenvalues of Ay, ..., Ay, Ao t = (91, ..., g, P1, ..., Pg) (1.9)
modulo diagonal conjugations

gives a system of rational Darboux coordinates on a large Zariski open set® in the generic
reduced symplectic leaf (1.6). The Schlesinger equations S, ) in these coordinates are
written in the canonical Hamiltonian form

36],’ . aHk
du — opi
3p,' N 3Hk
dug  dgi

with the Hamiltonians

1
Hi = Hi(q, p; u) = —Res.—y; (dm—z(z) + zdm—l(z)z) , k=1,....n.

Here rational Darboux coordinates means that the elementary symmetric functions
01(q), ..., 04(g) and 01(p), ..., 04(p) are rational functions of the coefficients of the
system and of the poles uy, ..., u,. Moreover, there exists a section of the map (1.9)
given by rational functions

Ai=Ai(q,p), i=1,...,n, (1.10)
symmetric in (g1, p1), ..., (qg, pg) With coefficients depending on uy, ..., u, and on
the eigenvalues of the matrices A;,i = 1, ..., n, oo. All other Fuchsian systems with
the same poles u1, ..., u,, the same exponents and the same (p1, ..., pg,q1,-..,qg)

are obtained by simultaneous diagonal conjugation
Ai(q,p) — C'Ai(q. p)C, i=1,....n, C=diag(ci,...,cm).

In the course of the proof of Theorem 1.1, we establish that the same parameters
(P1, ..., Pg-q1, - -, qg) are rational coordinates in the space of what we call special
Fuchsian equations, i.e., m™ order Fuchsian equations with n + 1 regular singularities

ZA precise characterization of this large open set is given in Theorem 4.14 and Remark 4.21.
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with given exponents and g apparent singularities with the exponents® 0, 1, ..., m — 2,
m. We then prove that there is a birational map between special Fuchsian equations and
Fuchsian systems. This allows us to conclude that (p1, ..., pg, g1, - - ., q,) are rational
coordinates in the space of Fuchsian systems.

The natural action of the symmetric group S, on the Schlesinger equations is
described in the following

Theorem 1.2. The Schlesinger equations S,y written in the canonical form of
Theorem 1.1 admit a group of birational canonical transformations (S2, ..., Sy, Sco)

Gi=ur+up—qi, i=1...¢g,
S_ pPi = —PDi, i=13-~-7g’
Y

u=uyj+ur—u;, l=1,...,n, (L.1D)
Hy=—-H;, l=1,...,n,
51:%_;”1, i=19"'5g’
_ 2_ .
Di =—p,~qi2—2’"m Lgi, i=1,...3g
ﬁlzﬁ, l=2,...,}’l,
. up = oo,
Soo 00 > U1, (1.12)
Hy =H,
Hy = =M — u)? + (g — u)(do_ (g — up))*—
D2 —m—
— (g — up) =D g0y —uy), 1=2,....n,
where
0w i 1 m(m—l)Z 1
m—1\Uk) = - .
= Uk —gs 2 ik e~

The transformation Sy acts on the monodromy matrices as follows

My =M oM MMy My,
M;j=M;, j+#lk,
My =Mg_y...MoMiM5 ' MY, i=k+1,. .0

The transformation S, acts on the monodromy matrices as follows
~ 2 -1 —1
Moo =€ m CiMo, MM C| -,

My = e C\MaCi,
Mj=C{'M;Ci, j#1, 00,

where C1 is the connection matrix defined in Section 2.

3 As it was discovered by H.Kimura and K.Okamoto [34] these are the exponents at the generic apparent
singularities of the scalar reduction of a Fuchsian system.
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Our approach to the construction of Darboux coordinates seems not to work for non-
generic reduced symplectic leaves. The problem is that, for a nongeneric orbit the number
of apparent singularities of the scalar reduction is bigger than half of the dimension of
the symplectic leaf. The most striking is the example of rigid Fuchsian systems. They
correspond to the extreme nongeneric case where the reduced symplectic leaf is zero
dimensional. One could expect to have no apparent singularities of the scalar reduction;
by no means is this the case (see [33]). The study of reductions of Schlesinger systems on
nongeneric reduced symplectic leaves can reveal new interesting systems of nonlinear
differential equations. Just one example of a nongeneric situation is basic for the analytic
theory of semisimple Frobenius manifolds. In this case m = n, the monodromy group of
the Fuchsian system is generated by n reflections [12]. The dimension of the symplectic
leaves equals

b [

We do not know yet how to construct isomonodromic Darboux coordinates for this case
if the dimension of the Frobenius manifold is greater than 3.

Our next result is the comparison of the isomonodromic Darboux coordinates with
those obtained in the framework of the theory of algebro-geometrically integrable sys-
tems (dubbed here spectral Darboux coordinates). The spectral Darboux coordinates
are constructed as follows. In the generic situation under consideration the genus of the
spectral curve (1.7) equals g. The affine part of the divisor of the eigenvector

AQY =wy, Y=, Y’

of the matrix A(z) has degree g. Denote y1, ..., y, the z-projections of the points of the
divisor and 1, . .., jg their w-projections. These are the spectral Darboux coordinates
in the case under consideration.

Theorem 1.3. Let us consider a family of Fuchsian systems

e% =A@, AR =

i=1

A;
Z—Uu;

depending on a small parameter €. The matrices Ay, ..., A, Aso are assumed to be
independent of €. Then the isomonodromic Darboux coordinates of this Fuchsian system
have the following expansion as € — 0:

Ge=rc+0@©), pr=€m+0M), k=1...g.
Here yyi, i are the spectral Darboux coordinates of the matrix A(z) defined above.

We do not even attempt in this paper to discuss physical applications of our results.
However one of them looks particularly attractive. According to an idea of N.Reshetikhin
[51] (see also [23]) the well known Knizhnik—Zamolodchikov equations in conformal
field theory can be considered as a quantization of Schlesinger equations. We believe
that our isomonodromic canonical coordinates could play an important role in the anal-
ysis of the quantization procedure, somewhat similar to the role played by the spectral
canonical coordinates in the Sklyanin scheme of quantization of integrable systems [55].
We plan to address this problem in subsequent publications.
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The paper is organized as follows. In Sect. 2 we recall the relationship between Schle-
singer equations and isomonodromic deformations of Fuchsian systems. In Sect.3 we
discuss the Hamiltonian formulation of Schlesinger equations. A formula for the sym-
plectic structure of Schlesinger equations recently found by I.Krichever [35] proved to be
useful for subsequent calculations with isomonodromic coordinates; we prove that this
formulais equivalent to the standard one. In Sect. 4 we construct the isomonodromic Dar-
boux coordinates and establish a birational isomorphism between the space of Fuchsian
systems considered modulo conjugations and the space of special Fuchsian differential
equations. In Sect. 5 we express the semiclassical asymptotics of the isomonodromic
Darboux coordinates via spectral Darboux coordinates. The necessary facts from the
theory of spectral Darboux coordinates are collected in the Appendix. Finally we apply
the above results to constructing the nontrivial symmetries of Schlesinger equations.

2. Schlesinger Equations as Monodromy Preserving Deformations of Fuchsian
Systems

In this section we establish our notations, recall a few basic definitions and prove some
technical lemmata that will be useful throughout this paper.
The Schlesinger equations Sy, ;) describe monodromy preserving deformations of

Fuchsian systems (1.2) with n + 1 regular singularities at uy, ..., up, ty+] = 00:
d A
“o= ko, zeC\uy, ..., un}, 2.1)
dz Tk

Ay being m x m matrices independent on z, and uy # u; fork #1L, k,l=1,...,n+1.

Let us explain the precise meaning of this claim.

2.1. Levelt basis near a logarithmic singularity and local monodromy data. A system

do  A(z)
dz  z-—20

® (2.2)

is said to have a logarithmic, or Fuchsian singularity at z = z¢ if the m x m matrix
valued function A(z) is analytic in some neighborhood of z = zg. By definition the local
monodromy data of the system is the class of equivalence of such systems w.r.t. local
gauge transformations

A@) — G (@AR G@) + (2 — 200G (2)0.G(2) (2.3)
analytic near z = z satisfying
det G(z0) # 0.
The parameters of the local monodromy can be obtained by choosing a suitable fun-
damental matrix solution of the system (2.2). The most general construction of such a

fundamental matrix was given by Levelt [37]. We will briefly recall this construction in
the form suggested in [12].
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Without loss of generality one can assume that zop = 0. Expanding the system near
z = 0 one obtains

do Ao
== +A+zA+... | . (2.4)
dz Z

Let us now describe the structure of local monodromy data.
Two linear operators A, R acting in the complex m-dimensional space V,

A, R:V >V,

are said to form an admissible pair if the following conditions are fulfilled:

1. The operator A is semisimple and the operator R is nilpotent.
R commutes with e27i4

TN R — R Q2N 2.5)

Observe that, due to the last condition the operator R satisfies
R(V}) C ®rezVosr for any X € SpecA, (2.6)
where V) C V is the subspace of all eigenvectors of A with the eigenvalue A. The

last condition says that
3. The sum in the r.h.s. of (2.6) contains only non-negative values of k.

A decomposition
R=Ry+Ri+Ry+... 2.7
is defined where
Ri(Vy) C Vigr for any A € Spec A. 2.8)

Clearly this decomposition contains only a finite number of terms. Observe the useful
identity

ARZA=Ro+zRi+72°Ro+.... (2.9)

Theorem 2.1. For a system (2.4) with a logarithmic singularity at 7 = O there exists a
Sfundamental matrix solution of the form

®(z) = W()z 2%, (2.10)
where V(2) is a matrix valued function analytic near z = 0 satisfying
det W (0) #0

and A, R is an admissible pair.
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The formula (2.10) makes sense after fixing a branch of logarithm log z near z = 0.
Note that z® is a polynomial in log z due to nilpotency of R.

The proof can be found in [37] (cf. [12]). Clearly A is the semisimple part of the
matrix Ag; Ro coincides with its nilpotent part. The remaining terms of the expansion
appear only in the resonant case, i.e., if the difference between some eigenvalues of A
is a positive integer. In the important particular case of a diagonalizable matrix Ao,

T 'AoT = A =diag (A1, ..., Am)

with some nondegenerate matrix 7', the matrix function W (z) in the fundamental matrix
solution (2.10) can be obtained in the form

\Il(z)zT(1+z\111+12\112+...).

The matrix coefficients W, Wy, ...of the expansion as well as the matrix components
R1, Ry, ...of the matrix R (see (2.7)) can be found recursively from the equations

k—1
[A, W] — kW = By — R + Z‘lfk—iBi — RV, k>1.
i=1
Here
By =T 'AT, k>1.
If kiax is the maximal integer among the differences A; — A ; then

Ry =0 fork > kpax.

Observe that vanishing of the logarithmic terms in the fundamental matrix solution (2.10)
is a constraint imposed only on the first k.« coefficients Ay, ..., Ay . of the expansion
(2.4).

Itis not difficult to describe the ambiguity in the choice of the admissible pair of matri-
ces A, R describing the local monodromy data of the system (2.4). Namely, the diagonal
matrix A is defined up to permutations of diagonal entries. Assuming the order fixed, the
ambiguity in the choice of R can be described as follows [12]. Denote Co(A) C GL(V)
the subgroup consisting of invertible linear operators G : V — V satisfying

max

PGz A=Go+2G1+%Go+.... 2.11)

The definition of the subgroup can be reformulated [12] in terms of invariance of a

certain flag in V naturally associated with the semisimple operator A. The matrix R
obtained from R by the conjugation of the form

R=G'RG (2.12)

will be called equivalent to R. Multiplying (2.10) on the right by G one obtains another
fundamental matrix solution to the same system of the same structure

d(z) == W ()74 7RG = lI’(Z)z’\zﬁ,

i.e., U(z) is analytic at z = 0 with det W (0) # 0.
The columns of the fundamental matrix (2.10) form a distinguished basis in the space
of solutions to (2.4).
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Definition 2.2. The basis given by the columns of the matrix (2.10) is called the Levelt
basis in the space of solutions to (2.4). The fundamental matrix (2.10) is called the Levelt
fundamental matrix solution.

The monodromy transformation of the Levelt fundamental matrix solution reads
® (z ezni) — DM, M = PTiN2TiR, (2.13)

To conclude this section let us denote C(A, R) the subgroup of invertible transformations
of the form

C(A,R)={G e GL(V)|7"G7z " = Zsz" and[G, R] =0}.  (2.14)
keZ

The subgroups C(A, R) and C(A, R) associated with equivalent matrices R and R are
conjugated. It is easy to see that this subgroup coincides with the centralizer of the
monodromy matrix (2.13),

G € C(A, R) iff Ge¥hMIR = 2miA2TIRG et G # 0. (2.15)
Denote
Co(A, R) C C(A, R) (2.16)

the subgroup consisting of matrices G such that the expansion (2.14) contains only
non-negative powers of z. Multiplying the Levelt fundamental matrix (2.10) by a matrix
G € Co(A, R) one obtains another Levelt solution to (2.4),

V()72 2RG = W ()77 k. (2.17)

In the next section we will see that the quotient C(A, R)/Co(A, R) plays an important
role in the theory of monodromy preserving deformations.

Example 2.3. For

-1 0 O 0 0 O
A=10 0 O0), R=|fa 0 O
0 0 1 c b 0

the quotient C(A, R)/Co(A, R) is trivial iff a b # 0.

2.2. Monodromy data and isomonodromic deformations of a Fuchsian system.

Denote A;k), j =1,...,m, the eigenvalues of the matrix Ax, k = 1, ..., n, oo, where

the matrix Ao, 1s defined as

n
Ao 1= — ZAk.
k=1

For the sake of technical simplicity let us assume that

WO #E W for i £ k=1.....n 00 (2.18)
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Moreover, it will be assumed that A, is a constant diagonal m x m matrix with eigen-

values A;Oo), j=1,...,m.
Denote A® | R® the local monodromy data of the Fuchsian system near the points
z=ur, k=1,...,n,00. The matrices A® are all diagonal
AW =diagx®, .. a0y k=1,...,n, 00, (2.19)

and under our assumptions
A = Ay,
Recall that the matrix G € G L(m, C) belongs to the group Co(A ) iff

% s G, G
zfA( )GZA( )=G0+—1+—22+.... (2.20)
Z Z
It is easy to see that our assumptions about eigenvalues of A, imply diagonality of the
matrix Go.
Let us also recall that the matrices A®) satisfy

rAD 4.+ A = 0. (2.21)

The numbers A(lk), R Aﬁ,’f ) are called the exponents of the system (1.2) at the singular
point u.

Let us fix a fundamental matrix solution of the form (2.10) near all singular points
uy, ..., Uy, o00. To this end we are to fix branch cuts on the complex plane and choose the
branches of logarithms log(z —u1), . . ., log(z —uy), log z . We will do it in the follow-
ing way: perform parallel branch cuts 3 between co and each of the ux, k =1,...,n
along a given (generic) direction. After this we can fix Levelt fundamental matrices
analytic on

e C\U/_m, (2.22)

D(2) = Tk 1+ 0 — up) =)™ 2 —u®" 2 > up, k=1,....n, (223)

and
D(2) = Pool(z) = (ﬂ + (’)(%)) AR s 7 o (2.24)
Define the connection matrices by
Poo(2) = Pr(2)Ck, (2.25)

where @, (2) is to be analytically continued in a vicinity of the pole u; along the positive
side of the branch cut .

The monodromy matrices My, k = 1, ..., n, oo are defined with respect to a basis
l1,...,1, of loops in the fundamental group

T ((C\{ul, ...u,,},oo).

Choose the basis in the following way. The loop /; arrives from infinity in a vicinity
of uy along one side of the branch cut ;. that will be called positive, then it encircles
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uj going in the anti-clock-wise direction leaving all other poles outside and, finally it
returns to infinity along the opposite side of the branch cut 7y called negative.

Denote l}’.‘ ®, (z) the result of analytic continuation of the fundamental matrix ®,(z)
along the loop /;. The monodromy matrix M is defined by

[ Poo(2) = Poc (M), j=1,....0. (2.26)

The monodromy matrices satisfy

MooM, - My =1, Moo = exp 2mi Ax) EXp (2niR(°°)) 2.27)
if the branch cuts 7y, ..., 7, enter the infinite point according to the order of their labels,
i.e., the positive side of w41 looks at the negative side of mx, k = 1,...,n — 1.

Clearly one has
My = C " exp (2niA(k)) exp (ZniR(k)) Co, k=1,....n. (228

The collection of the local monodromy data A®), R® together with the central
connection matrices Cy will be used in order to uniquely fix the Fuchsian system with
given poles. They will be defined up to an equivalence that we now describe. The eigen-
values of the diagonal matrices A% are defined up to permutations. Fixing the order of
the eigenvalues, we define the class of equivalence of the nilpotent part R®) and of the
connection matrices Cy by factoring out the transformations of the form

Ri > G 'RiGr, Cr> G 'CiGoo, k=1,...,n,

Gr € Co(AWM), Go € Co(A). (2.29)

Observe that the monodromy matrices (2.28) will transform by a simultaneous conju-
gation

My G MGy, k=1,2,...,n,00.

Definition 2.4. The class of equivalence (2.29) of the collection

AW RD A RO ¢y C, (2.30)
is called monodromy data of the Fuchsian system with respect to a fixed ordering of the
eigenvalues of the matrices Ay, ..., A, and a given choice of the branch cuts.

Lemma 2.5. Two Fuchsian systems of the form (1.2) with the same poles uy, ..., u,, 00
and the same matrix A5 coincide, modulo diagonal conjugations if and only if they have
the same monodromy data with respect to the same system of branch cuts w1, . .., ;.
Proof. Let

1 0 0 1 A (00 P (00
() = (n+0(g)) AR 0@ = (1+0(;)) 7 AR

be the fundamental matrices of the form (2.24) of the two Fuchsian systems. Using the
assumption about Ao, we derive that A = A% Multiplying <1>f,%3 (z) if necessary
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on the right by a matrix G € Co(A ), we can obtain another fundamental matrix of
the second system with

R(©) — R0
Consider the following matrix:
Y(2) = @@L @17 2.31)

Y () is an analytic function around infinity:
1

Y(z) =Go+O (—) , asz — 09, (2.32)
b4

where Gy is a diagonal matrix. Since the monodromy matrices coincide, Y (z) is a single
valued function on the punctured Riemann sphere C\{u1, ..., u,}. Let us prove that
Y (z) is analytic also at the points u;. Indeed, having fixed the monodromy data, we can
choose the fundamental matrices <I>,(<l)(z) and @,(3) (z) of the form (2.23) with the same

connection matrices C and the same matrices A® R®) Then near the point uy, Y (z)
is analytic:

-1
Y@ =1 @+ 0@ -u) |1 a+ 0@ —un]| . (2.33)

This proves that ¥ (z) is an analytic function on all C and then, by the Liouville theorem
Y (z) = Gy, which is constant. So the two Fuchsian systems coincide, after conjugation
by the diagonal matrix Go. O

Remark 2.6. The connection matrices are determined, within their equivalence classes
by the monodromy matrices if the quotients C(A®, R®) /Co(A®, R®)) are trivial for
all k = 1, ..., n. In particular this is the case when all the characteristic exponents at
the poles u1, ..., u, are non-resonant.

From the above lemma the following result readily follows.

Theorem 2.7. If the matrices Ax(uy, ..., uy) satisfy Schlesinger equations (1.1) and
the matrix

Ao = —(A1+---+ Ap)

is diagonal then all the characteristic exponents do not depend on uy, ..., u,. The fun-
damental matrix ®,(z) can be chosen in such a way that the nilpotent matrix R()
and also all the monodromy matrices are constant in uy, ..., u,. Moreover, the Levelt
Sfundamental matrices ®y(z) can be chosen in such a way that all the nilpotent matrices
R™ and also all the connection matrices Cy. are constant. Viceversa, if the deformation
Ar = Ar(uy, ..., up) is such that the monodromy data do not depend on uy, ..., u,
then the matrices Ax(uy, ..., un), k =1, ..., n satisfy Schlesinger equations.

At the end of this section we give a criterion that ensures that the “naive” definition
of monodromy preserving deformations still gives rise to the Schlesinger equations.

Theorem 2.8. Let Ay = Ax(uy, ..., uy), k=1,...,nbeadeformation of the Fuchsian
system (1.2) such that the following conditions hold true.
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The matrix Aoo = —A1 — - -+ — Ay, is constant and diagonal.

. The Fuchsian system admits a fundamental matrix solution of the form (2.24) with
the u-independent matrix R©®). Denote ®o(z; u) the fundamental matrix solution
of the family of Fuchsian systems of the form (2.24).

3. The monodromy matrices My, ..., M, defined as in (2.26) with respect to the fun-
damental matrix ®~.(z; u) do not depend on uy, . . ., u,. Note that this implies con-
stancy of the diagonal matrices A® of exponents, k =1,

4. The (class of equivalence of) local monodromy data (A(k) R(k)) does not depend
onut,...,uy

5. The quotlentsC(A(k) R(k))/Co(A(k) R®) are zero dimensionalforallk =1,

D=

Then the deformation satisfies the Schlesinger equations. Moreover, under the assump-
tion of validity of 1 - 4, if Condition 5 does not hold true, then there exist non-Schlesinger
deformations preserving the monodromy matrices.

Proof. The first statement of the theorem easily follows from Remark 2.6 and
Theorem 2.7. To prove the second part, let us assume that the dimension of the quotient
C(A® R®Y 1o (AT, RT)Y is positive for some k. Here A®), R®) are local monodr-
omy data of the Fuchsian system (1.2) with some poles uq, ..., u,, co. Let us choose a
nontrivial family of matrices G (s) € C(A®, R®)Y 1o (AR, R®)) for sufficiently small
s, G(0) = 1. We will now obtain a deformation of the Fuchsian system (1.2) in the
following way. Let us deform the k™ connection matrix Cy by putting

Cr(s) := G(s5)Cy.

To reconstruct the deformation of the Fuchsian system, we are to solve the suitable
Riemann - Hilbert problem. It will be solvable for sufficiently small s because of solv-
ability for s = 0. At this point one can also deform the poles u;(s), u; (0) = u;. This
deformation is obviously isomonodromic but not of the Schlesinger type. The theorem
is proved. O

3. Hamiltonian Structure of the Schlesinger System

3.1. Lie-Poisson brackets for Schlesinger system. The Hamiltonian description of the
Schlesinger system can be derived [24] from the general construction of a Poisson
bracket on the space of flat connections in a principal G-bundle over a surface with
boundary using Atiyah - Bott symplectic structure (see [5]). Explicitly this approach
yields the following well known formalism representing the Schlesinger system S, )
in Hamiltonian form with n time variables u1, . . ., u, and n commuting time—dependent
Hamiltonian flows on the dual space to the direct sum of n copies of the Lie algebra
sl(m),

g:= ®nsl(m) 3 (A1, As, ..., Ap). 3.1

The standard Lie-Poisson bracket on g* reads

{(AP); ; (Aq);(} =dpq (5; (Ap)]; — 8 (Aq);) : (3.2)

(We identify sl(m) with its dual by using the Killing form (A, B) = TrAB, A,B €
sl(m).) The following statement is well-known (see [30, 40]) and can be checked by a
straightforward computation.
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Theorem 3.1. The dependence of the solutions A, k = 1,...,n, of the Schlesinger
system S, ) upon the variables uy, ..., u, is determined by Hamiltonian systems on
(3.1) with time-dependent quadratic Hamiltonians

Tr (A A
H = Z M (3.3)
Up — uy
Ik
d
— A = {A, Hi}. (3.4)
ouy

To arrive from the Hamiltonian systems (3.3), (3.4) to the isomonodromic deforma-
tions one is to impose an additional constraint. Define

Ao :=—(A1+---+ Ay). 3.5)
It can be easily seen that
d ;
—Ax ={Ax, Hi} =0, i=1,...,n. (3.6)
8M,‘

So, the matrix entries of Ay, are integrals of the Schlesinger equations. They generate
the action of the group sl(mm) on g by the diagonal conjugations

Ap— G l'ALG, k=1,....,n, G esl(m). (3.7)

To identify the Hamiltonian equations (3.4) with isomonodromic deformations one is
to apply the Marsden - Weinstein procedure of symplectic reduction [41]. In our setting
this procedure works as follows. Let us choose a particular level surface of the moment
map corresponding to the first integrals (3.6). We will mainly deal with the level surfaces
of the form

A = diag ()\({”), ...,xfn°°>), Sy, (3.8)
for some pairwise distinct numbers AEOO), AL

After restricting the Hamiltonian systems onto the level surface (3.8) there remains
a residual symmetry with respect to conjugations by diagonal matrices

Av—> D'Ay D, k=1,....,n, D=diag(d,...,d,). (3.9)
Denote
Diag ~ [C*]""" ¢ SL(m)
the subgroup of diagonal matrices acting on g by simultaneous conjugations (3.9).

Definition 3.2. The quotient of the restriction of the Hamiltonian system (3.3), (3.4)
onto the level surface of the form (3.8) w.r.t. the transformations (3.9) will be called the
reduced Schlesinger system.

From the above results it readily follows that the reduced Schlesinger system describes
all nontrivial monodromy preserving deformations of the Fuchsian system (1.2).
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3.2. Symplectic structure of the isomonodromic deformations. The symplectic leaves of
the Poisson bracket (3.2) are products of adjoint orbits

(A,..., A €0 x---x0, Cag, (3.10)

where O is the adjoint orbit of A;. The symplectic structure wy induced by (3.2) on
the orbits can be represented in the following form [24]. Given two tangent vectors

81Ax 82 Ax
5‘A:Zz—uk’ 82A=Zm (3.11)
k k

at the given point A(z) the value of the symplectic form can be computed by

w814, 54) = — > Tr(U 8,A0), (3.12)
k

where the matrices U,gl) are such that §; Ay = [Uk(’), Agl.

Actually, the symplectic structure (3.12) was obtained in [24] from the general
Atiyah - Bott Poisson structure [3] on the moduli space of flat SL(m) connections
on the surface X. It is obtained by projecting the gauge invariant symplectic form

1
wap (814, 82A) = —/ Tr (81A A 52A) (3.13)
27 bo)

onto the moduli space. In our case ¥ is the Riemann sphere without small discs around
the poles of A(z).

The eigenvalues of the matrices Ay are Casimirs of the Poisson bracket (3.2). We
will mainly consider the generic case where these eigenvalues are distinct for all k =
1, ..., n. Then the level sets of the Casimirs coincide with the symplectic leaves (3.10).

Denote

(Spec Ay, ..., Spec Ay)

the collection of the eigenvalues of the matrices (Ay, ..., A,) € g. Generically these
are the parameters of the symplectic leaves. Fixing the level surface of the moment
map (3.8) and taking the quotient over the action (3.9) of the group Diag C SL(m) of
diagonal matrices one obtains a manifold that we denote

M (Spec Aq,...,Spec Ay; Aso) - (3.14)
The dimension of this manifold is equal to 2g where

. mm—1)(n —1)

) —(m—1). (3.15)

Indeed, the dimension of a generic adjoint orbit ©; is equal to m? — m. Choosing a level
surface (3.8) of the momentum map
(A1, ..., Ap) > Ao = —(A1+- -+ Ap)

we impose only m? — 1 independent equations, since the trace of the matrix Ao is equal
to the sum of traces of Ay, ..., A,. Finally, subtracting the dimension m — 1 of the
group Diag we arrive at (3.15). The manifold still carries a symplectic structure since
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the action of the Abelian group Diag preserves the Poisson bracket (3.2). One of the
aims of this paper is to construct a system of canonical Darboux coordinates on generic
manifolds of the form (3.14).

For our aims the following approach to the Hamiltonian theory of monodromy
preserving deformations developed recently by Krichever [36]will be useful. He has
obtained a general formula for the symplectic structure on the space of isomonodromic
deformations of a generic linear system of ODEs of the form

d¢—AU¢
dz — Z 9

where z is a variable on a punctured genus g algebraic curve and A(z) is any meromor-
phic matrix function of z with poles of any order at Py, ..., P,. In the case of genus
g = 0 the formula reads

1
ok =—3 Zk:ResZ:kar(éA ASD D, (3.16)

where the variations § A and § @ are independent. The corresponding Hamiltonian function
describing the isomonodromic deformations in the parameter P; is

J

1
Hyg, = —EReszzpjTr(A(z)z). (3.17)

Due to gauge invariants [36] the symplectic form admits a restriction onto the manifold
(3.10). It defines therefore a symplectic structure wg on the product of adjoint orbits.
Let us prove that the symplectic structures wy and wg coincide, up to a sign.

Theorem 3.3. In the setting of isomonodromic deformations of the Fuchsian system
(1.2) the two symplectic forms (3.12) and (3.16) coincide (up to a sign)

WK = —WH. (3.18)

Proof. The variations § A tangent to the orbit are obtained by means of an infinitesimal
gauge transform with G =1 + ¢, i.e.

dG d
SA=GAG '+ G ' — A= —[A, ¢l+—p+ 0.
dz dz

So, representing the tangent vectors (3.11) as
d .
8iA=—[A,¢i]l+—¢i, i=1,2
dz
we obtain
5iA; = — [Ak, U,f“] :
where U, ,fi) is given by the first term of the expansion of ¢; at uy,

$i(2) = UP + Oz — up).
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Because of this
w814, 5A) = — ZTr (Ak [Ulgl), U]EZ)]) '
k
In the formula (3.16) we can take
P =¢, i=1,2.

Indeed, the matrices ¢; and §; o1 satisfy the same equation. This follows from

i&@ =5A D+ A5D.
dz

Thus

1
0k (B1A,54) = 5 Zk‘,Resz:ukTr@lA $2 — p182A)
=S (Ak [U,f”, U,fz)]) — w814, 8 A).
k

The theorem is proved. 0O

One can also prove that the Hamiltonians (3.17) correctly reproduce the formula
(3.3), up to a minus sign (this is not a problem because also the signs of the two sym-
plectic structures are opposite). We shall use the Krichever formula in the next section
in order to compute Poisson brackets for a new set of Darboux coordinates that we call
isomonodromic coordinates.

3.3. Multi-time dependent Hamiltonian systems and their canonical transformations.
Let P be a manifold equipped with a Poisson bracket { , }. A function H = H(x; 1)
depending explicitly on time defines a time dependent Hamiltonian system of the form

x ={x, H}. (3.19)
The total energy
E(t) = H(x(t);1) (3.20)

computed on an arbitrary solution x = x(¢) to (3.19) is not conserved. However, the
following well known identity describes its dependence on time

_ O0H (x;1)
ot

One can recast Egs. (3.19), (3.21) into an (autonomous) Hamiltonian form using the
following standard trick of introducing extended phase space:

E le=x(t)- (3.21)

Pi=P xR,
with a Poisson bracket { , J such that

{.h=101} {xtf={x Ef=0, {E,tf=1. (3.22)
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The Hamiltonian
H:=H(xt)— E (3.23)
yields the dynamics (3.19), (3.21) along with the trivial equation
i=1.

The new Hamiltonian H is a conserved quantity. One returns to the original setting
considering dynamics on the zero level surface

H(x:t,E) =0.

Let us now consider n functions on P depending on n times H; = Hi(x;t), ...,
H, = H,(x;t), where

t:=(t1,...,1t).
Assume that the time dependent Hamiltonian systems
g—i:{x,Hi}, i=1,...,n (3.24)
commute pairwise, i.e.
d dx d ox

——=—— foralli . 3.25
atj dt; at; alj orall # j ( )

Because of commutativity there exist common solutions x = x(t) of the family (3.24)
of differential equations. We want to introduce an analogue of the extended phase space
for these multi-time dependent systems. We begin with the following simple

Lemma 3.4. The Hamiltonian systems (3.24) commute iff the functions
0H; 0H; . .
cij;t) ;= — — —=+{H;, Hj}, i #] (3.26)
atj dt;

are Casimirs of the Poisson bracket, i.e.

{x,cij} =0.
The energy functions
E; =Ei(t):=Hi(x(t);t), i=1,...,n (3.27)
satisfy
E; _ [ﬂ - t)} . (3.28)
0t; ot x=x(t)

In these equations

OH; _ AH;(x; 1)

: 3.29
31‘]' 3tj ( )

are partial derivatives.
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Proof. Spelling out the left-hand side of (3.25) gives

a9
——x—Llea{x H;}

at; ot
= ILieax, H,-] + [x,LieaHi]
01 01
IH;
:{{-vaj}’Hi}-'- xa?"‘{Hl"Hj} .
J

In this calculation we have used that the Hamiltonian vector fields are infinitesimal sym-
metries of the Poisson bracket. Substituting this expression into (3.25) and using the
Jacobi identity we arrive at

[ JdH; 3 H IH;

+{H;,H;}{ =0
atj a1 U ’}]

This proves the first part of the lemma. The second part easily follows from (3.26):

0E; 8H,~ 0H;
{Hl’ H } =

= —— t¢cij.
8[1 81,- dt;

The lemma is proved. 0O

Definition 3.5. The functions Hi(x;t), ..., Hy(x;t) on P x R" define n multi-time
dependent commuting Hamiltonian systems if they satisfy equations

0 H; 3H,'

+{H;,H;}=0, i,j=1,...,n. 3.30
3t/ ot {H; ]} L J n ( )
The energy functions E; = E;(t) of amulti-time dependent commuting family satisfy

IE; OH;
LR P 3.31
3tj 8ti |x_x(t) ( )

Remark 3.6. The evolution equations for the energy functions take more “natural” form

0E; 0H;
b oM 3.32
8tj 3l‘j |x_x(t) ( )

similar to (3.21) under an additional assumption of commutativity of the Hamiltonians
{Hi, Hj} =0, i#]
as functions on the phase space P. Observe that the one-form
w = Hi(x(t))dt; + - -+ H,(x(t))dt, (3.33)
is closed for any solution x(t) if the Hamiltonians commute. The commutativity holds

true in the case of Schlesinger equations (see below). The closeness of the one-form
(3.33) is crucial in the definition of the isomonodromic tau-function.
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Let us now define the extended phase space

P =P x R, (3.34)
where the coordinates on the second factor will be denoted ¢, ..., t,, Ey, ..., E,. The
Poisson bracket { , {on the extended phase space is defined in a way similar to (3.22),

. p=0,), xtI={EJl=0, {E.tjJ=34;. (3.35)

The Hamiltonians on the extended phase space are given by
H =Hxt)—E, i=1,..,n (3.36)

On the extended phase space the multi-time dependent commuting Hamiltonian equa-
tions can be put into a form of autonomous commuting Hamiltonian systems. Namely,
the following statement holds true.

Lemma 3.7. For a multi-time dependent commuting family of Hamiltonian systems the
Hamiltonians (3.36) commute pairwise. The corresponding Hamiltonian equations on
the extended phase space (3.34) read

ax A

B_Ij ={x,H;f={x, Hj},

0E; A 0H;

=AY = L,

atj (Ei j}A dt;

dt; ~

— = {t,',Hj}AZ 3,']'. (3.37)
8lj

Proof is straightforward.
On the common level surface

A =0,...,H,=0

in P, one recovers the original multi-time dependent dynamics.

Let us now consider the particular case of a symplectic phase space P of the dimen-
sion 2g. Introduce canonical Darboux coordinates g1, ..., gg, P1, - - ., Pg, such that the
symplectic form w on P becomes

g
w = de,' Adg;.
i=1

Then the extended phase space carries a natural symplectic structure

n
H=w— ZdE,» Adt. (3.38)
i=l1

The canonical transformations of a multi-time dependent commuting Hamiltonian fam-

ily are defined as symplectomorphisms of the extended phase space P equipped with
the symplectic structure (3.38).
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Example 3.8. A multi-time dependent generating function S = S(q, q, t) satisfying

2
S
det — #0
0gi0q
defines a canonical transformation of the form
~‘_E)S o oS B E S
Di = aql s, Pi= aql s k = Lk atk

Usually in textbooks the last equation is written as the transformation law of the
Hamiltonians, i.e., the new Hamiltonians Hj are given by
~ as
H.=H,——, k=1,...,n
oty
We will stick to this tradition.

Let us come back to Schlesinger equations. In this case the position of the poles
ui,...,u, play the role of the (complexified) time variables. It is straightforward to
prove that the Schlesinger equations on g* can be considered as a multi-time dependent
commuting Hamiltonian family.

Theorem 3.9. The Hamiltonians Hy of the form (3.3) on g* Poisson commute
{Hy, H} =0, Vk,Il=1,...n
They also satisfy
Jd Hy, JH,;
B oup

We end this section with the following simple observations about the Hamiltonians (3.3).
First, these Hamiltonians are not independent. Indeed,

> H;=0. (3.39)

Therefore the solutions to the Schlesinger equations depend only on the differences
u; — uj. Moreover,

Zu Hy =) trAA; = —tr( ZAZ) (3.40)

l<]

So, for a solution to the Schlesinger equations

n

a
D iz —Ar = [Ar, Axl. (3:41)
i Oui

Thus the Hamiltonian (3.40) generates trivial dynamics on the reduced symplectic leaves.
This implies that the solutions to the Schlesinger equations depend only on n — 2 com-
binations of the variables u1, ..., u, invariant w.r.t. the action of one-dimensional affine

group
uj—>auij+b, i=1,...,n, a#0.

Due to this invariance it is sometimes convenient to normalize the position of the poles
of the Fuchsian systems by

=0, up=1. (3.42)
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4. Scalar Reductions of Fuchsian Systems

In this section we establish a birational transformation, that we call scalar reduction,
between the space of all m x m Fuchsian systems of the form (1.2) considered modulo
diagonal conjugations and the space of special Fuchsian differential equations, that we
describe in the next sub-section.

4.1. Special Fuchsian differential equations. Recall [9] that a scalar linear differential
equation of order m with rational coefficients is called Fuchsian if it has only regular
singularities. Writing the differential equation in the form

Y™ = a1 @)y D+ an(2)y, (4.1

one spells out the condition of regularity of a point z = z¢ in the form of existence of
the limits

bi(z0) = — lim (z — z0)'ax(2), k=1,....m.
=20
The infinite point z = oo is regular if there exist the limits
br(00) := — lim ZXar(z), k=1,...,m.
7—>0

All the solutions to Eq. (4.1) are analytic at the points of analyticity of the coefficients.
Let z = zg be a pole of the coefficients of the Fuchsian equation. The indicial equation
at the point z = z¢ reads

MA—=1D---A—m+1)+b1zp)r(A—=1)---(A—m+2)
+- o+ bp—1(z0)A + b (z0) = 0. 4.2)
If the roots A1 = A1(20), - .., Am = Am(20) of this equation are non-resonant, i.e. none

of the differences A; — A; is a positive integer, then there exists a fundamental system
of solutions of the form

y]‘(Z)Z(Z_Z()))\j(l+Zaj[(Z—Z0)l), j=1....m, z—>2z0. (43)
>0

Therefore the roots of the indicial equation coincide with the exponents at the regular
singularity z = zo. Similarly, the indicial equation at z = oo reads

AM=A—1) (A —m+ 1)+ b (A=A — 1)+ (A —m +2)
+- v+ b1 (00)A — by (00) = 0. (4.4)

The roots of this equation give the exponents A; = X;(0c0) at z = oo. The corresponding
fundamental system of solutions, in the non-resonant case is given by

yj(z)zz_)‘f(1+2aﬂz_l), j=1,...,m. ,z— oo. 4.5)

>0
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Remark 4.1. For a Fuchsian differential equation with non-resonant roots of (4.4) there
exists a unique canonical, up to a permutation of the roots, basis of solutions (4.5).
Therefore there exists a unique canonical normalization of the monodromy matrices, for
a given choice of a basis in the fundamental group of the punctured plane.

If the Fuchsian equation has N + 1 poles including infinity then the exponents satisfy
the following Fuchs relation:

m _ l
> > ueow - n""= (4.6)

all poles zg i=1

In the resonant case logarithmic terms are to be added. They can be obtained by a
method similar to the one described above for the case of Fuchsian systems. See [9] for
the details.

Remark 4.2. If A is a root of the indicial equation (4.2) and A + n is not a root for any
positive integer n then there exists a solution

y@) = (- Zo)k(l +> el zo)l), 2 2.

>0

Definition 4.3. A pole z = zo of the coefficients of the Fuchsian equation is called
apparent singularity if all solutions y(z) are analytic at z = zo.

A necessary condition for the pole z = z( to be an apparent singularity is that all the
roots Aq, ..., Ay of the indicial equation (4.2) must be non-negative integers. Absence
of logarithmic terms impose additional constraints onto the coefficients of the Fuchsian
equation. Let M be the maximum of the roots. Then the full set of constraints can be
obtained by plugging into the equation the expansions (4.3) truncated at the term of
order M and requiring compatibility of the resulting linear system for the coefficients
aj, j=1,....m,I=1,..., M.

Definition 4.4. A Fuchsian differential equation of order m is called special if it has
n+ 1 regular singularities at the points z = uy, ...,z = u,, z = o0 and also g apparent
singularities 7 = q1, . . ., 2 = qg, where g is given by the formula (3.15) with the indices
01,....,m—2 m.

Observe that, due to Fuchs relation [3] for a special Fuchsian equation the sum of the
indices at the points z = uy, ..., 2 = Uy, z = oo is equal to m — 1. For this reason we
will denote, as above

2O
the indices at z = u; and
M A 0

the indices at infinity. These numbers have zero sum (cf. (2.21)

n

> i ,\;") + i AE.OO) = 0. 4.7
j=1

i=1 j=1

We now describe in more details the behavior of the coefficients of the special
Fuchsian equation near an apparent singularity.
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Lemma 4.5. Near an apparent singularity 7 = q; there exist m linear independent
solutions y1(z), . .., ym(2) to the special Fuchsian equation (4.1) having expansions at
z = q; of the following form:

(t)

=1+ m(z —g)" '+ 0@ — g™,
N0
v»=(C—q)+ m(z —g)" '+ 0@z — gi)™!
......... 4.8)
(i)
_ — a2 4 Yn—1 N . et
Ym—1 = (m—Z)Y(Z qi) - 1),(z g+ 0@ —g)",

@
(m+ D!

are some constant coeﬁ‘iczents

1
ym =z =q)" + (z—g)" + Oz — q))"*,

where oz(l) .. (l)

The proof is obvious.
Denote

m m—1

d
L= —ﬁ +a1(Z)dzm_l

the differential operator in the L.h.s. of (4.1).

+otap(z)

Lemma 4.6. The point z = q; is an apparent singularity of the special Fuchsian equa-
tion Ly = 0 if and only if the following conditions are satisfied.

1. The coefficients a1(z), a2(z), - . ., a,(z) have at most simple poles at z = q; and
Res;—a1(z) = —1. 4.9)
2. There exist coefficients ozfi), ceey (l) | such that, after the substitution of the expan-

sions (4.8) into the differential equatlon one obtains

Lyj=0z—-q), j=1,....m—1, z—gq. (4.10)
Proof. Suppose that z = ¢; is an apparent singularity. The indicial equation (4.2) for
Zo = ¢; by assumption must have the roots 0, 1, ..., m —2, m. Because of it b1 (z9) = —1
and by (zg) = 0 fork > 1. So

c
@) = ———— (1+0G@—q)). z—q. k=2,....m,

(z—qi)

for some constants cy, . . ., ¢;;. Letus prove thatc3 = - - - = ¢, = 0 (only the non-trivial

case m > 3 is to be studied). Indeed substituting the solution y;(z) from (4.8) into the
equation one obtains that the L.h.s. behaves as

Cm
(z—g)m "

Hence ¢,, = 0. Similarly, substituting y>(z) one proves that, for m > 4 ¢,,—; = 0.
Continuing this procedure we prove that all the poles are at most simple.

Ly ~ 7> qi-
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Validity of (4.10) means that the solutions y{(z), ..., ym—1(z) corresponding to the
roots 0, 1, ..., m — 2 of the indicial equation at z = ¢g; contain no logarithmic terms up
to the order O(z — ¢;)™. As it was explained in the previous page, this implies absence
of logarithmic terms also in the higher orders since the order of resonance by assumption
is equal to m. It remains to observe that the holomorphic solution y,, (z) corresponding
to the maximal root m always exists (see Remark 4.2). The vice—versa is obvious. 0O

The main result of this section is a coordinate description of the space of all special
Fuchsian equations with given indices. Denote

ps = — ,(;)1+8(S) s=1,...g.,
(5) h m(m—1)
=3 oy [ b,
t;és i1 Is !
m .
) — ZAE’). “4.11)
j=1

Theorem 4.7. Any special Fuchsian equation of order m with given indices )»y),
j=1,....m, i =1,...,n, oo satisfying (4.7) must have the form

Y =a@y™ 4+ an @)y, (4.12)

where the coefficients are given by

s=1 CIA‘ i=1 LT
8 C(S)_ (q )k 1 ﬁ(l)
ak(Z)=|:—ka+l —— + (- 1)“2 LR )]
s=1 LT s
(00) _kn—n—k 1
+B; z + Pen—n—k—-1(2) W,
k=2,...,m. (4.13)

Here R(z) = Hk l(Z_Mk) Py3(2), Pou—4(2), ..., Pun—m—n—1(z) are some poly-
() (s)

nomials labeled by their degrees, ¢\, ..., c, | are some numbers. The coefficients

,BI(k), el ﬁ,(,{{), k=1,...,n,00 depend only on the indices. They are determined from
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the identities

AA=1) . Go=—m+1) = BPAO —1) ... (b —m+2) +
+BAA =) o—m+3) = — D =H(x—,\§.")), (4.14)
j=1
1+z,\§.°°) AA+D) . (h+m—2) —
j=1
—BRO A L m =3 4+ (=) B

m(m+1)
AA+D ... A+m—1)— [ ——— —

=2 ] - x§°°’ - 1. (4.15)
j=2

The coefficients of the polynomials P,,—3(2), P2y—4(2), ..., Punn—m-n—1() and the

parameterscis), . c,(r‘:)_l are rational functions ofqi, ..., qg, p1, ..., pganduy, ..., uy.
Proof of the Theorem. The ansatz (4.13) follows from the definition of a Fuchsian equa-
tion and from the first of the claims of Lemma 4.6. The expressions (4.14), (4.15) via
indices is nothing but the spelling of the indicial equations (4.2), (4.4). Let us now use
the second statement of Lemma 4.6 in order to show that all the remaining coefficients

are uniquely determined by ¢ and p;.

Denote SIES) the constant term in the Laurent expansion of ai(z) near the apparent
singularity z = g5, s = 1,..., g,

+8% 4 0z —qy),

a1(z) =

N
(©)
(& .
ak(Z)=—Zm_;k;1 +87+0G@—q). k=2,....m. (4.16)

N

]

Lemma 4.8. 1. The coefficients c;.S) in (4.13) coincide with aﬁs) in (4.8).
2. Equation (4.1) with coefficients given by (4.13) is special Fuchsian iff the following
equations hold valid foralls =1, ..., g:

psais) + 8,(;) =0,

)+, —a? =0

psafrf)_z + Sés) — afrf)_3 =0,
psal 488 —al¥ ) =0, (4.17)
where

Ps ‘= _ar(rf)_1+8§S)’ S:L'--vg' (418)
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Proof. Substituting the solution y;(z) for 1 <1 < m — 2 into (4.1), by using (4.13),
one obtains, modulo terms of order O (z — ¢;) the nontrivial contributions only from the
terms

-1 m—2) ()

! -2
+ am—i+1(2)y; =,

al(z)yl(m +a2(2)y, +am—1+2(2)y,

According to Lemma 4.6 this expression must be of the order O(z — ¢g;) for z — ¢;.
Spelling this out gives

()
1
[ +8(Y)} o + |:— m—1 +5(Y):| ¥z = g5)
Z— (s Z—ds

(s) m—1 (5)
! ®) ) (2 —4s) Al ()
+[_z—q +om ”1} [Hal (m —1)! ]J{_z—qs Pmetiz | (2 4)

= 0(z —qs). 4.19)

Expanding these equations for/ = 1, ..., m — 2 yields

Cl(.s) — al(S)
and also the first m — 2 equations of (4.17). Analogously for / = m — 1 the nontrivial
contributions in (4.13) arise only in the terms

3
al(z)ym1 +az(z)ym1 +a3(z)y(m )

Again, imposing that this expression must be of the order O (z — g5) , one obtains

and also the last equation of (4.17).

Due to Lemma 4.6 the equations (4.19) for/ = 1, ..., m — 1 are necessary and suffi-
cient for the points z = g, to be apparent singularities of a special Fuchsian equation.
The lemma is proved. 0O

End of the proof of Theorem 4.7. We have derived a system of linear equations (4.17)

for the parameters oz(g) . r(,; ) 1, s = 1,..., g and for the coefficients of the poly-
nomials P,_3(z), Pz,, 4(Z) o Pon—m—n— 1(z) It is easy to see that the number of
equations is equal to the number of unknowns. It remains to prove that the determinant

of this linear system is not an identical zero.

Let us first eliminate the «’s. To this end we need to spell out the terms 8(‘0, e, 55,‘: )
of order zero in the expansions of az, ..., a, at z = g;:
59 = (k— 1) R'(g5) o® Z Xy k+1R(‘1t)k ' + fulg) + Prn—n—k—1(gs)
¢ R(gy) " mk+! = (@5 — a)R(g)*! Y R@@T

where

@)
(=1)k—! Z?:l %[R/(”i)]k_l +’3]£00)an—n—k

fi(2) = R
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The rational functions fi(z), ..., fim(z) depend only on the positions of the poles u;
and the indices. Using these notations we rewrite Equations (4.17) as follows:

o 1 M= DR (@) 0 _3 o Rig)""!

ps@ o + fn(qs)
' Rg) ' &g —anRgymt T
Pon—m—n—1(gs) -0
R(gs)"! ’
(1) m—2
o) 4 M DRG) o oy R(gr)
psey” + = — + fn-1(g5)
' Rigs) %(qs—qzm(qs)m—z B
Pon—m—2n(qs) (s)
oo m—2 . 9
R(q.s)m 2
(1)
' R'(g5) o, 1 R(q:) Py—3(gs)
a® s) (9 m—1 (A)
Pstty + =0 + f2(gs)+ 2-(4.20)
Tl R(gs) ! Zs(qs—qz)R(qs) 7 R(gy)

Let us introduce the following vector notations. Denote

qz(417--~’51g), pz(p]9""pg)-

For any function f(z) introduce vector

f@ = (f@qu),..., f(ge).
Similar notations will be used for functions of p. For example,

2 2
p- = (pl,...,pg).
We also introduce g-component vectors «; with the coordinates a ) and § 1 with the

coordinates 85”. The last ingredient will be the ¢ x g matrices M (1) = (Mi(]l.)), I =
1,..., m — 1 with the matrix entries

R’ m—I
R'(gi) R(g)" (1 = &;j)
MY = (pl +(m =14 ) e LA i 4.21)
R(qi) R(qi)" " (qi —q/)
Using these notations we can rewrite Egs. (4.20) as follows:
- Pu3(q)
2 =M™ G —p)+ g+
R(q)
_ Prn—4(q)
3=M"Da, 5+ +
O3 am—2+ [3(@) + — @?
Pin—1y(ni—n—n—1(q)
a1 =MD+ fu_i(q) + 2 11)-;2 )121;; =L,
0= M(l)O{] +fm(q) m(n 1)—n— I(Q) (4.22)

R( )ml
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Substituting the first equation into the second equation we obtain

_ _ Pn— (q) P2n—4(q)
_ pym=2) (m—1) 3\ Zen—4
a3 =M (M am—1+ fo(q) + R@) ) + f3(q) + R@?

Continuing this process we express all a’s Via the known functions and the coefficients
of the polynomials P,_3(z), P2p—4(2), ..., Pmn—m—n—1(2). On the last step we arrive
at a linear equation for these coefﬁments.

Pointyn—1(@) + MY Pi_tyty—n1(@) + -+ MO M@ ... M2 B, 5(q)
= MOy .. M(m—l)[p — 81— MDDy ... M(m_z)fz(q)
o= MY fr1 (@ = fa (@), (4.23)
where we denote
Prn—k—n-1(2)
R(Z)k—l

It remains to prove that the determinant of the linear operator in the left-hand side of
this system does not identically vanish.

Indeed, this determinant is a polynomial in py, ..., pg. Let us compute the terms of
highest degree in these variables. It is easy to see that those terms can be written down
explicitly

Iskn—k—n—l(Z) = s k= 2,...,m.

Wm,l‘l(qls L ’qg’ ]31, cee ﬁg)
[R(q1) ... R(g))" !

where the polynomial W, , in 2g variables is defined in (A.21),

’

Ps = psR(gs).
Clearly it is not an identical zero. This proves the theorem. O

Corollary 4.9. The positions qy, ..., qg of the apparent singularities along with the
auxiliary parameters pi, ..., pg are coordinates on a Zariski open subset in the space
of all special Fuchsian equations with given indices and given Fuchsian singularities
Uly ..., Un, OQ.

Observe that, in terms of the special Fuchsian equation the auxiliary parameters p;
are defined by

1
pPi = Resz=qi I:QZ(Z) + Eal(z)zil ) i = 17 s 8 (4'24)

They are related to pg := (x _, by the shift 8(5) (see (4.11)) of the form

05(q, u)
Py = —ps + %, (4.25)
qs
(l) m(m 1)
S@m=1%HH%HH@—w
SsFEt i=1s=1

We will see below that the coordinates g; and py are canonically conjugated variables
for the Schlesinger equations. The shift (4.25) is a canonical transformation. So, the
variables gy and —p; are also canonically conjugated.
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Remark 4.10. The linear system (4.23) to be solved in order to reconstruct the special
Fuchsian equation with given indices and poles and g given pairs (g;, p;) is very similar
to the linear equation (A.20) used in the Appendix below in order to reconstruct the

spectral curve (A.4) starting from its behavior over z = uy, ...,z = u,, z = oo and a
given divisor (y1, u1) +- - -+ (¥g, pg) of the degree g. The essential difference is that, in
matrix notations in (A.20)the powers of the diagonal matrix (i1, ..., ig) enter while in

(4.23) this is to be replaced by the matrix M of the form (4.21). It is a surprise that the
matrix M for | = m coincides with the Lax matrix for the Calogero - Moser system
[45]! At the moment we do not have an explanation of this coincidence.

4.2. Transformation of Fuchsian systems into special Fuchsian differential equations.
In this section we will assign to a Fuchsian system (1.2) a special Fuchsian differential
equation of the form

m—1

Y = di2)y?. (4.26)
=0

Note a change of notations with respect to (4.1):
d(@) =am(2), I=1,...,m.

The reduction of a system of differential equations to a scalar equation is given by the
following well known classical construction. Denote by ¢1, ¢2, . . ., ¢, the components
of the vector function ®. The m'™ order linear differential equation for the scalar function
y := ¢ can be written in the determinant form

YoVl e Im
det | 1 o Im 2o,
Yy
Here y1, ..., ¥ is the first row of a fundamental matrix solution for the system (1.2).

Expanding the determinant one obtains the needed differential equation in the form

W@y™ =W @y" 4+ Wua@y" ™ 4+ Wo(2)y, 4.27)
where
Y1 s Ym
W) =det [ ° i_ Y '/" (4.28)
e

is the Wronskian of the functions y{(z), ..., Y (z), the functions W; are certain deter-

minants with the rows constructed from (yy, ..., y,) and their derivatives. Therefore
dn—1(2) = % di(z) = VVI‘/][—((ZZ)) <m-—2. (4.29)

It readily follows that the coefficients of the scalar differential equation can have poles
only at zeroes of the Wronskian and at the points u1, ..., u,. Let us call the Fuchsian
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equation (4.27) the /-associated with the Fuchsian system (1.2). In a similar way one can
obtain for any j = 1, ..., m the j-associated Fuchsian equation for the j™ component
of .

We will now give a more precise description of the poles of the scalar Fuchsian equa-
tion and the corresponding exponents. Let us begin with the poles that come from zeroes
of the Wronskian. They are so-called apparent singularities of the Fuchsian differential
equation (4.27). That is, the coefficients of the differential equation have poles at zeroes
of W(z) but all solutions are analytic at these poles. Let us first compute exponents at
the apparent singularities.

Lemma 4.11. Let z = g be a zero of the Wronskian W (z) of the multiplicity k. Then, if
k < m — 1 the exponents of solutions to the Fuchsian equation are

0,1,....m—k—1, m—k+j,m—k+1+j1+j,....m—1+ji+ -+ jr, (4.30)
where ji, ..., i are nonnegative integers satisfying
kjip+k—1Djp+ -+ jx =k; 4.31)

if k > m, then the exponents are

0, 1+ /1, 2+ ji+jo,....m—=1+j1+ -+ jm_1, (4.32)
where ji, ..., jm—1 are nonnegative integers satisfying
m—-Dj+m—=2jp+ -+ jm_1 =k. (4.33)

Proof. All the exponents at an apparent singularity must be nonnegative integers 0 <
ny < --- < ny. The corresponding basis of solutions must have the form

1@ =C="1+0z=q).....ym@@) =(—q) "1+ 0@ —q).

Therefore all the exponents are pairwise distinct: in the opposite case the difference of
two basic solutions would have a higher exponent. Besides, necessarily n1 = 0. Indeed,
otherwise all elements of the first line of the fundamental matrix & would vanish at
z = q. This contradicts non-degeneracy of the determinant det ®(z) of the fundamental
matrix solution to the Fuchsian system.

Let us now spell out the indicial equation (4.2) at z = ¢,

AMA=D..d—m+D)—-bir(A=-1D...d—m+2)—---—b,, =0,
where

bp_i = lim(z —¢)"'di(z), i=0,1,....,m—1.
—q

Because of (4.29) we always have
by =k,

where k is the multiplicity of z = ¢ as a zero of the Wronskian. Besides, if k <m — 1
then

bk+1:"':bm=O-
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So the indicial equation factorizes

AA=1)...0—m+k+1)
x[h=m+k) .. h—m+1)—k(A—m+k)...(h—m+2) — - —bg] =0.

The sum of the k roots of the second factor is equal to
m—-k+m—-k+1)+---+(m—1)+k.
As these roots must be pairwise distinct positive integers different from zeroes of
A(A—1)... (A —m+k+ 1), they can be represented in the form (4.30), (4.31).
Let us now consider the case of multiplicity & > m. Since A = 0 must be a root of
the indicial equation, one has by = 0. Hence the indicial equation reads

Af=D...0—m+D)—k(—1D...a=m+2)— - —by_1] =0.

Again, the (m — 1) roots of the second factor are pairwise distinct positive integers with
the sum equal to

1+24---+(m—1)+k.
So, they can be represented in the form (4.32), (4.33). The lemma is proved. 0O

Corollary 4.12. If z = q is a simple root of the Wronskian W (z), then the exponents of
the Fuchsian differential equation (4.27) are

0,1,....,m—2, m.

Remark 4.13. In [34] Kimura and Okamoto claimed that, for an apparent singularity of
multiplicity k the exponents are

0,1,....m—2, m+k—1.
We were unable to reproduce the proof of this statement for £ > 1.

Theorem 4.14. Take a Fuchsian system of the form (1.2) with pairwise distinct

nonresonant exponents at 0o Agoo), i =1,...,m. Denote A(lk), R )\,(,]f) the exponents
atug, k =1, ..., n. Suppose that for some j =1, ..., m,
n
D A #£0, Yi=1....m. i#j. (4.34)
k=1

Then the scalar differential equation for the j®™ component

yi=9;

of the solution ® of the deformed system (1.2) possesses the following properties.
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1. The coefficients of the equation depend rationally on the matrix elements of Ay,

k=1,...,n. They can be represented in the form
1(2)
di(z) = fite
[Tzt @ — u)™ ' TIE (2 — 4i)
where
-1 —1
_ @ >n;(m ) m— 1,

the functions f1(z) are polynomials of degree

deg fi(z) =(n— D(m —1) + g,

and q1, ..., qg are zeroes of the Wronskian (4.28). They are apparent singularities
of the Fuchsian equation.

2. This differential equation has regular singularities atuy, . . ., u, with the exponents
)»l(k), i =1,...,m,atuy and also at co with the exponents Agoo), )»éoo) +1,..., )\5,100)
+1.

3. Ifthe numbers qy, ..., qq are pairwise distinct then the exponents at each apparent
singularity are 0, 1, ..., m — 2, m.

Proof. Without loss of generality we may assume j = 1. The above construction gives a
Fuchsian equation with regular singularities at u1, . . ., u,, 0o and apparent singularities
at the zeroes of the Wronskian. Denote XY), el ):,(fl) the exponents of the solutions to
the scalar equation at the point z = u; forevery i = 1, ..., n. From the construction it
immediately follows that for j =1, ..., m,

iy) = A;.i) + ny), for some n;i) eN, (4.35)

after a suitable labelling of the exponents. Let us now consider the exponents XEOO), ey
anoo). They satisfy modified equalities

)\(oc) A(oo) 7.000) _5(0) 45,0

;A . . forsome n'™ eN,j=2,...,m. (4.36)
J J J J
Indeed, because of diagonality of the matrix Ay, there exists a fundamental matrix

solution of the Fuchsian system of the form

1 .
® = (1 +0 (—)) g A R
Z

Looking at the first row of this matrix yields the above estimates.

We will prove below that, doing if necessary a small monodromy preserving defor-
mation the above equalities are satisfied with n?) =O0forali=1,...,n,00, ] =
1,...,m. To this end we now proceed to considering the apparent singularities.

We already know from Corollary 4.12 that, if z = g is a simple zero of the Wronskian
then the exponents at the apparent singularity are 0, 1, ..., m — 2, m. Let us now prove
that, under the assumption (4.34) the Wronskian has exactly g zeroes (counted with their
multiplicities).
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Denote

R(z) = H(Z — ui).

k=1

Differentiating the linear system

$/() =D Aij(2)$;(2).

4.37)
j=1
where
n
Ag.:
A — v
ij (2) Z 7 —ug
k=1
and using Leibnitz rule we have foreach =1, ..., m,
1 AR -1 I-1—k k
¢ =>>" ( f ) AT @6 (). (4.38)
j=1k=0
Denoting y = ¢, we rewrite the system in the form
m -1
Y@ =D P j@6;@ + D Qaik@y ) (4.39)
j=2 k=0
for/ =1, ..., m. The coefficients P;.1 j(z) and Q41— (z) are rational functions of z

such that R(z)l731+1,j (z)isapolynomialin z of degree nl — I — 1and R (z)**! Qr+1.1-k(2)
is a polynomial in z of degree (k + 1)(n — 1). They can be computed from the following

recursion relations starting with

D12 =A@, Pk =A1;).

The recursion reads

P2, j (@) = Plyy ;@D + D Pris@A () j=2,...

s=2

Qr2,141-k(2) = Q;+1,l—(k—l)(z) + Qre1,1-k(2), k=1,...

Q112,1+1(2) = Q141,1(2),
Q12,1() = Qyy 1R + D Prat s (D) Agi (2).
s=2

Observe that Qj111(z) = Aj1(z) forall /.
The system (4.39) can be written in the form

?1 y
Pl% =2 ¥ .
Pm y

(4.40)
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where
1 o ... 0
D 0 Pp@) ... P ’
0 Pm,Z(Z) Pm,m(z)
1 0 . . 0
-1 (2) 1 0 ... 0
Q=] —231(@) —9xn( 1 e 0 1. (4.41)
_Qm,l(z) _Qm,m—l(z) 1
Let us prove invertibility of the m x m matrix P.
Lemma 4.15.
A
det (P) +Z(3H) (4.42)
R(z) 7

where A(2) is a polynomial of degree g = w — (m—1) with leading coefficient

- 11 (,\,?"o)—x;“)) ﬁiumku . (4.43)

2<i<j<m j=2k=1

Proof. First of all we prove that, if pj41 ;2" ~'~! is the leading term in R(z)'Pp1 ;,

then the leading term in R(Z)l+1'P]+2’j is p1+2,jz"(l+l)_(l+l)_1 with pjyo ; = (—)\;oo) —
(I + 1)) pi41, . In fact, from the above recursion relations one obtains

R(@"™ Praj() = R@M'PL, () + R D P s(2) Ay (2)
s=2

~ (= L= D) pra j=nlpra P2+ R Prar (A5 (2)
n
~ (Z Ag; () — (L + 1)) prap D@D
k=1
Thus we have
piat = (A =Dy = (A =D (A = D

with py ; = > Aj, juk because P2 j(z) = Ayj(z). Substituting these leading terms
in the entries P;;(z) we obtain that the leading term of P is RMP where

P = diagonal (1, D22, s pz,m) )

2 Ln=DG=D-1 L(=Dn=D—1
R = diagonal | 1, —— 7 )
R(z) R(2)'~ R(z)m—
1 0 .. 0
0 1 .. 1
M=| 0 -2 ... @22 ,

0 115 a5 =) o TS —a® = )



326 B. Dubrovin, M. Mazzocco

and computing the determinant we obtain (4.42), (4.43). The lemma is proved. O

Observe that the leading coefficient of the polynomial A(z) cannot be zero, thanks
to our hypothesis (4.34).

Continuing the procedure used in the proof of the lemma it is easy to obtain explicit
formulae for the coefficients of the scalar equation. Let Z be the inverse matrix of P. Its
leading term equals

_ R(z)/~!

o o (M1 -
Lij@) (M ),;; P22 DG-D-1
that is,

D,‘j(Z)R(Z)j71

Zij(z) = AG)

where D;; (2) is a polynomial in z of degree @220 _ Gy — 1) —((j —)(n—1)—1)
with coefficients depending on i, j. Solving the system (4.40) we obtain for i > 1,

m

6 => [- D L@@ +T;@) | yU V. (4.44)

j=1 2<s<j

Substituting (4.44) in (4.38) with [ = m, we obtain

m m Jj—1
Y@ =D D P @ | Tij@) = D Tis@ Qi @) | + Q@) | ¥V (@)
j=11i=2 s=2

that is the requested differential equation

m—1
Y (@) =D di@)yP @),
=0
with
I+1

d =" Pu1i(2) (Ii,1+1(Z) —~ ZLS(Z)Qs,m(Z)) + Qme1.141(2)
(=2

s=2

f1.1(2)
AR

where f](z) are polynomials of degree (n — 1)(m — 1) + g.

It remains to prove the statement about the exponents of the scalar Fuchsian equation
at the poles z = u;, z = oo. Let us assume for simplicity that all the apparent singulari-
ties are pairwise distinct (the general case can be considered in a similar way). Taking
the sum of the equalities (4.35), (4.36) we obtain the following estimate:

m n
2@ 300 ) _ (i)
Z( P )_m—l+an.
] ij

j=1

i=
The sum of exponents at the apparent singularity z = ¢, is equal to

m(m — 1) N

14244+ (m—=2)+m = 5

m.
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So the total sum of exponents of the Fuchsian equation satisfies

m(m — 1)
Zexponents:m—1+g T+m
0] m(m — 1) 0]
+an (g+n—l)T+an .
ij

i.j
But, according to the Fuchs relation (4.6) the total sum of exponents over all g + n
+ 1 regular singularities must be equal just to (g +n — 1)M Therefore all non-

negative integers n appearlng in the equalities (4.35), (4.36) must be zero. The theorem
is proved.

Remark 4.16. The above construction of the Fuchsian equation (4.26) for a given
Fuchsian system is clearly invariant w.r.t. simultaneous diagonal conjugations of the
coefficients of the latter.

To make sure that (4.26) is a special Fuchsian equation for a generic Fuchsian system,
we are to prove that, in the generic case all the roots of the polynomial A(z) are pairwise
distinct. This will follow from Theorem 4.7 claiming that, in the space of all special
Fuchsian equations, the positions of the apparent singularities are independent variables
and from the result of the next section that says that under a certain genericity assumption
the Fuchsian system can be reconstructed from the special Fuchsian equation uniquely
up to a conjugation by constant diagonal matrices.

4.3. Inverse transformation

Theorem 4.17. Consider an m™ order special Fuchsian equation of the form

m—1
m (. i@ o
y (Z)_,; AR @ (4.45)

where R(z) = [T} (z — up), A@) = [15_,(z — q), g = 222020 G — 1) and
f1(2) are polynomials of degree (n — 1)(m — ) + g. Let the exponents of the pole uy,

k=1,...,n, bek?k), i=1,...,m, andtheonesofoobekgoo), )Lg)o)+1, el )Lﬁ,,oo)+1 and
letqy, ..., qg be pairwise distinct apparent singularities of exponents0, 1, ..., m—2, m.

If the monodromy group of the Fuchsian equation (4.45) is irreducible, then there exists
am x m Fuchsian system of the form

d 2L Ay

—d = D

dz ok
with exponents kgoo), e, A,(,loo) at oo and kﬁk), e, )»,(,]f) at ug, and no apparent singu-
larities, such that the first row of its fundamental matrix satisfies the given m"™ order
Fuchsian equation. The matrix entries of the matrices Ax, k = 1, ..., n, depend ratio-
nally on the coefficients of the polynomials fi andon qu, ..., qg, u1, ..., u,. Moreover,

if

_z"‘k~

T — Uk
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is another Fuchsian system corresponding to the given special Fuchsian equation, then
there exists a diagonal matrix D such that

Ar=D"'A¢D, k=1,...,n.

Proof. This proof follows essentially the proof due to Bolibruch of reconstruction of a
Fuchsian system from a given Fuchsian equation [3, 7]. We need some extra machinery
in our case to eliminate the apparent singularities q1, . . ., g,.

Lemma 4.18. The system

dYy

— =F()Y

i (2)
constructed from (4.45) by the transformation

Jj—1

. . ,d
Y =[A@QR@Y ', j=1,....m,
dz/—!
is Fuchsian at uy, ..., uy, q1,...,qg with the same exponents of (4.45) and has a

regular singularity at oco.

The proof is straightforward and can be found in [3, 7].

First of all we want to eliminate the apparent singularities ¢1, ..., g,. By Lemma
4.5, near the point z = ¢; we can choose a basis of solutions yi, ..., Y, such that
dl—lyk 1 e
= =g+ 0@ =g, I<k<m,
dz-1 (k—l)!( qi) ( qi) =
- 2—g)" P+ Oz —g)™* !, I>k k<m,
a7l 1 (m — l)!( qi) ( qi)

dlil)’m 1 m—I+1 m+2—I
o =(m_l+1),(z—qz') +0(z —qi) . k=m, I <m.

To eliminate all apparent singularities qi,...,q,, we apply the following gauge
transformation:

Y =T()A) My,

where M = diag (0, 1,...,m —2,m) and I'(z) is a lower triangular matrix with all
diagonal elements equal to 1 and all off-diagonal elements equal to zero apart from the
last row which is given by

R(z)"~!

F'(2)m = TTAG)

gl(Z), l=1,..',m_1.

where g;(z) is a degree g polynomial in % such that g;(g;) = oz[(i) and g;(z) ~ z7% as

z — 0. Let us show that the new matrix Y is holomorphic and invertible at z = ¢;.
In fact near z = ¢;, we have

0 __ o Ra@)"!

= TID o,
! (z—qi)A'(qi) + O
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and A@) MY = diag (1., 1. 515 ) diag (L, R@), ..., R@)" ") G(2), where

G@u =0@—q), l#km,

GQu=1+0@zZ—q), l#m
C@mk =) +O(z —q), k#m,
G@mm = (2 —qi) + Oz — qi)*.

This gives

Y(z) = Yo+ Oz — qi),

m(m—1)

where det(f’o) = —R("Z), (qj # 0, as we wanted to prove.
1
We now need to study infinity. First, in the non-resonant case, we can choose a basis

Y1, ..., Ym of solutions for the differential equation of the form

00 1
Y1) = ajz ™ (1 +0 (E)) ,
(@) = az ! (1 +0 (l)) . k=2,....m,
z

for some arbitrary non-zero coefficients ay, . .., a,,. As a consequence we obtain that

00 1
Vi = (=D aa P 08 4 1) P 41— ) D oA (1 +0 (—)) ,
Z

. 1
Yie = (D' a0+ D +2) - (W 41— 1) D AT (1 +0 (-))
Z

k=2,...,m,

that gives

Y(z) =z6G™ (z)z_(")(oc) ,

where ©() = diagonal(A{°, A5°+1, ..., A5’ +1), C = diagonal(0, (g+n—1), ..., (g+
n — 1)(m — 1)) and G (z) is holomorphicly invertible at infinity such that G* (c0)
has all minors not equal to zero. In particular the arbitrary choice of the parameters
ai, ..., ay, implies freedom of multiplication of Y by a diagonal matrix, diagonal(a,
..., Qp), from the right.

In the resonant case, in a similar way one obtains

_@(0) _ p)
Y(2) =256 ()79 R,

To estimate the indices at infinity of our I}(z) =T (2)A(R) MG (Z)Z_@(OO)Z_R(OO)
we want to use the following lemma proved in [3, 7] (see Lemma 4.1.2 in both refer-
ences).
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Lemma 4.19. Let U (z) be a matrix holomorphicly invertible at oo and let all the prin-
cipal minors of U(00) be non-zero. Then for any integers ki < ky < --- < ky, there
exists a lower triangular matrix T'° (z) with elements on the principal diagonal equal
to 1, T (z) polynomial in z, and a matrix V©(z) holomorphicly invertible in a
neighborhood of oo such that

r'@zXvu ) = v™ (o)X,
where K = diag (k1, ko, ..., kn).

We add that V*(z) and I'¥)(z) depend only on the first S := k,, — k| terms of the
series expansion of U (z) = Z;’il U,z% near oo.
To apply the above lemma, we first observe that

F(Z)Z—Mg+c — Z—Mg+cfw(z),

where I'(z) is a lower triangular matrix with all diagonal elements equal to 1 and all
off-diagonal elements equal to zero apart from the last row which is given by

C @y ~ " DEm=¢ =1, . m—1.

To apply Lemma4.19 we need to introduce a permutation P such that Pz=M¢+C p—1 —

zX where, in the case m > 3,

K = diagonal (m — 1)(n —1) —g,0,(n —1),2(n = 1),...,(m = 2)(n — 1)),

and in the case m = 2, K = diagonal(0, 1) and P = 1. Moreover, in the case m > 2,
we need to show that PT(00)G (co)P~! has all principal minors different from
zero. This is a straightforward consequence of the fact that I'(co) = 1 and G =

PG (00) P~ is given by
Gi= D" a @00+ 1) .00 +m - 2),
Gu=D""q P+ ). AW +m—1), k#1,
Gn=D"lapn o vy 0P —2), 1£1,m,
G = (=D"q0 X+ ). 00+ =1, £ Lm, k#1,
Gmk =ar, k=1,...,m.

We can then apply Lemma 4.19 to

—_@(0) _R(c0)
© Z

A _ ~ ~ _ _®0) _ p(x)
PY = Pz M8*CT ()G (2)z =K Pl ()G ()P P79 =R,

We obtain a gauge transformation with the matrix I'(®®(z) polynomial in z, such that
the new fundamental matrix

¥ =T @) PF =1 @)K PG @) P~ PO K,
factors as
~ _@0) _ p(o) 1 — _@©0) _ p(x)
Y(2) = VO (g)zK P07 78 = v () plp=MerC O™ =R

with the matrix V) (z) holomorphicly invertible in a neighborhood of co. The new
exponents at 0o are AEOO), 2 — %) L 1 v mg — (m — D(n + g — 1), and, for
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j=2,...,m—1, i;o") - )\3.‘”) +1— (j — 1)(n — 1). Their sum is zero, therefore co
is a Fuchsian singularity (see [AB]).
So we have constructed a m x m Fuchsian system of the form

n

d - Ar -
V= Ly
Z =1 T — Uk
with exponents )Lgoo), 5»(200), R ):fnoo) at oo and )Lgk), R Af,f) at uy, and no apparent sin-
gularities. We now want to map this system to a m x m Fuchsian system with exponents
A(loo), A% gt 00 and Agk), A% at uy. We need the following:

Lemma 4.20. Given a Fuchsian system of the form (1.2), let )»ik), .. .)\,ﬁ’,‘) be the eigen-
values of the matrix Ay fork =1, ..., n, 0o and let Gy be its diagonalizing matrix,

;! AcGy = diag (,\§k), N .A;f)) .

Assume that there are two eigenvalues, say )L(lk) and )»,(jf) such that A,(,]f) * A(lk) +1,
a2 w2 and forall 1 # 1,m, 2P £ 00 — 1 and 1Y # 20 + 1. If not all
entries in position m1 of the matrices gk‘lAlgk, [ =1,...,n, are zero, then there exists
a gauge transformation Gr(z; A1 ..., Ay, ui, ..., uy), rational in all arguments, such
that the new matrices Al, Il =1,...,n, I # k have the same eigenvalues as the old
ones A; and the new matrix Ak has eigenvalues )\gk) +1, A;k) e, A0 )»,(,If) — 1. More-

m—1°
over the gauge transformation Gy(z; A1 ..., Ap, Ui, ..., Uy) preserves the Schlesinger

equations.

Proof. We give here the gauge transformation G »,(z) giving rise to the change A(loo) —
k(loo) +1, 299 5 2% 1 50 we assume that Xgoo) and 2% are such that A\°° #
A1 ASY £ 4 42, and forall 1 # 1, m, A7 # 4% — Tand a5y # 2% +1,
and if not all entries in position m1 of the matrices A;, [ = 1, ..., n, are zero.

Let us fix a fundamental matrix & normalized at infinity

v |\ 1 00
Py = (1 +—+ —22 +0 (—3)) g A R
z oz z

where

A=Asx, R =R +Ry+...,
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_ B, Ai=2+1
(Ry); j = { 0, otherwise ’
By = - A,
k
(B1); j

_MTjil’ )xi ;ﬁ )xj +1
P, ;= ,

arbitrary, otherwise

_ | Ba=WiRI+ BiW); i, Ai = Aj+2,
(R2); j = [ 0, otherwise (4.46)
B, = — Z Aku%,
k
(=Ba+Vi R —B1Vy);
2 Lodi #EAj+2
(W2); j = .
arbitrary, otherwise
Consider the following gauge transformation ®(z) = (/(z) + G)®(z) where
I(z) := Diagonal (z,0,...,0),
and
G =W Gim = !
ml = 1ml7 im = Gn117
if p;«él,m, G[Jp: 1, Glp:lylmpGlm, Gpl :q"lp]a (447)

if pq#1, p#q, Gpg=0,
Gi1 =Gin¥,, +V¥,,, and Gum = 0.

ml

In order to see that this gauge transformation is always well defined it is enough to
observe that Wy, (1) is never identically equal to zero if at least one of the (m, 1) matrix

entries of the matrices A{(u), ..., A,(u) is different from identical zero. Indeed, this
follows from the linear equations
W = —A;, (4.48)
8,~\IJ2 = —Ai\lfl — Ltl'Al', (449)

which are a straightforward consequence of the equation

A.
3 Poo(zu) = ———— Doo(zzu), i=1,...,n,
7 —uj

describing the u-dependence of the fundamental matrix @, (z; u).
Let us prove that this transformation maps the matrices Ay, ..., A, to new matrices
Ay, ..., A, given by

A = (I u) + G) A (up) + G),
such that

n
Ao == 2" Ay =diagonal (A + 1,277, . 409209 — 1) 450)
k=1
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In fact (I (z) + G)~! = J(2) + G~!, where
J(z2) := Diagonal (0, ...,0,2),
therefore
Ap = G VAT (up) + GV ARG + T (i) Ard (ug) + J (ui) ArG.

Multiplying by G from the left and summing on all k we get that the condition (4.50) is
satisfied if and only if

g1 (Aﬁ"o) — /\§’°)) g1z ...
() PR
0
R L 0
. (Agm) - )L,(noi)l) glm-1 (?»500) — A5+ 1) Sim
. 0 _
0
0
2k Akyuic 0...0 Sim g Az 0... 0
ZkAkmlukO~-.0 00
81m Zs Zk Ak,mukgsl co- 8lm ZS Zk Akmukgsm
+ 0 0 . 4.51)
0 0

Observe that in our assumptions on the eigenvalues Aioo) and Xf,?o ) , these formulae are

clearly satisfied thanks to the fact that ¥, W, and R are given by formulae (4.46).
Let us prove that this gauge transformation preserves the Schlesinger equations.

Differentiating Ay w.r.t. u j»with j # k and using the Schlesinger equations for Ay, ..., A,
we get:
dA - 3G (I(ux) +G)'A;(I(up) + G
=t [Ak,(l(uk)+c>—1—+( () + G AT ) )} -
ou j ouj U — Uj
[ 4. 4)]
- U —Uj
~ 0G A —I(uj))— ByjAil(uj)+G
" |:Ak» (I (uy) +G)7] (_ + j( (uy) (”/)) kj /( (MJ) )):| ,
ou U —uj
where
0 0 &
: 8m1
0O... 0 O
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Given the formulae (4.47), it is straightforward to prove that the equation

G N Aj(I(ug) — I(uj)) — BjAj(I(uj) + G)

=0,
ouj Ui —Uj

is equivalent to Eqgs. (4.48), (4.49). This proves that also Al, R An satisfy the Schle-
singer equations.

Analogous formulae can be derived for the transformation k(k) (k) +1, k(k)

kﬁ,’f) — 1, fork = 1,...,n. In fact, suppose up = 0and k # 1. We can simply apply

the conformal transformatlon z = # — 1 The new residue matrices are A; = A; for

[l #1,00, /L = — 21 Al /{oo = Apg. We then need to diagonalize Aoo and apply the
above gauge transformation to the new system. O

We show that it is possible to make a finite sequence of gauge transformations de-
scribed in Lemma 4.20 in such a way that the final Fuchsian system has exponents
A(loo), -, A% gt infinity and A(OO), ..,)»,EOO) atug, k=1,...n

By means of a permutation, we choose the following ordering of the parameters )\,(COO)
o (5 (00) 2 [ (00) 2 (4 (00)
A0E) 206 2 () = ().

m—1

We start with Xg’o) — Xg’o) +1and A% — A% _ 1. We want to apply such gauge

s = A% — 3 times. To do this we need to check that forall p =0, 1,...,s — 1 and
forall/ =1, ..., m the following conditions are satisfied:
2o 35 £ op+1,2p+2, (4.52)
WD A L prl, VIE2,m, (4.53)
2o L prl, Vi#E2,m (4.54)

To prove (4.52) we observe that since % ()L,(noo)) > N (Aéoo)), N ()Anfnoo) — ):éoo) ) >

max(2p + 2) = 2s. To prove (4.53) we observe that % (il(oo) — 359 ) is a negative
number. To prove (4.54) we observe that N (ifnoo) — i(loo)) > 5. Therefore all condi-
tions (4.52), (4.53), (4.54) are satisfied and thanks to the hypothesis that the monodromy
group of the Fuchsian equation (4.45) is irreducible (which implies that at each step at
least one residue matrix has m1 entry non-identically 0) there exists a gauge transfor-
mation G, (z) such that the new Fuchsian system has exponents ):goo) +5, )A\,(noo) — s, and
A(oo)forallj:13 ,m— 1.

At the j" step of this procedure the parameters are A

o = A5 = 4 j—2) (n — 1) —2]. We want to apply a gauge transformation

)»(OO) S 7 (00) A(OO)

(00) ] A(oo) k(oo) i(OO)

P R
G j+1(z) that maps A(+1 — +1,

2 (c0)
)“/+l

— 1, anumber j(n — 1) — 1 =

A(+1 of times. As above we need to verify thatforall p =0, 1,..., j(n—1)—2
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foralll=1,...,j,j+2,...,m — 1 the following conditions are satisfied:
W =3 #Fop+2.2p+1, (4.55)
M) xﬁ‘fﬁ £p+l, (4.56)
2o A L p i, (4.57)
A 300 £y, (4.58)

The proof that these conditions are fulfilled at each step is straightforward. Again we
can use the hypothesis that the monodromy group of the Fuchsian equation (4.45) is
irreducible to prove that at each step at least one residue matrix has mj entry non-

identically 0.
Therefore we have obtained a gauge transformation G, (2)G;—1(2) - - - G2(z) such
that the new Fuchsian system has exponents )LEOO) e, )\5,100) atinfinity and )»,(Coo) e, )L,(Coo)

atuy, k =1, ...n. The new fundamental matrix at infinity is
m—1 o)
~ . ~
(DOO = H Gj+1(Z)V(OO)(Z)Z M5+CZ® ZR-
j=1
In order to normalize it at infinity we need to perform one last gauge transform:

-1
m—1

[]Gisi(c)V™(o0)| .
j=1

The final new Fuchsian system

n

q>—z Ak

=1 ”k
has exponents k(loo), % gt o0 and A%, A% at uy, and no apparent singu-
larities. The matrix entries of the matrices Ay, k = 1,...,n, depend rationally on
the coefficients of the polynomials ﬁ and on ¢y, ..., qg. This concludes the proof of

existence. Due to the ambiguity H 1 e j+1(x) = DI, 'G j+1(2), where D is any
constant diagonal matrix with non- zero entries, we have t{lat from the differential equa-
tion (4.45) we have constructed not one Fuchsian system, but a family of them, all related
by diagonal conjugation.

We now prove the last statement of the theorem. Let us start from another Fuchsian
system

DI

with exponents A(loo), e, )\5,100) at oo and )»ik), e, Aﬁ,’f) at ug, and no apparent singular-

(4.59)
Z — uk

ities. Let us normalize its fundamental matrix W as usual,

v 1 o0 o0
D) .~ (1 +0 (—)) z_A( )Z_R( '
Z
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Let us apply the reduction procedure described in Theorem 4.14. This means that we
construct a gauge transformation G(z) = Q~!P,
Q7 'Pd=v,
where Y is the Wronskian matrix of the differential equations (4.45). Now from such an
equation we constructed a Fuchsian system
n

_Z Ak

Z—Mk

with the same exponents as (4.59). By the above construction, & is also related to Y by a
gauge, ® = G(2)Y. Therefore ® = G(z)G(z)®. This gauge transformation preserves
the normalization at infinity by construction. All monodromy data are preserved and by
the uniqueness Lemma 2.5 we conclude that G(2)G(z) must be diagonal and constant
in z.

In particular this proves that the first row of the fundamental matrix ® satisfies the
given m'™ order Fuchsian equation. 0O

4.4. Darboux coordinates for Schlesinger system. According to Corollary 4.9, the param-
eters g;, pi, i = 1,..., g are coordinates on a Zariski open subset in the space of all
special Fuchsian equations with given indices and given uy, ..., u,.

Due to Theorems 4.14 and 4.45, the parameters g;, p;,i = 1, ..., g can be used as
coordinates on a Zariski open subset in the space of all Fuchsian systems with given
ui, ..., Uy and given exponents, considered modulo diagonal conjugations. Indeed, for
fixed uy, ..., u,, the condition (4.34) defines a Zariski open set in the space of all
Fuchsian systems with given exponents.

In this section we will prove that these coordinates are canonically conjugated with
respect to the isomonodromic symplectic structure wg (see (3.16)) on (3.14).

Remark 4.21. In order to apply our coordinates to the description of solutions to the
Schlesinger equations, one has to make sure that the Zariski closed subset where the
map

Fuchsian systems with given poles
and given eigenvalues of Ay, ..., Ay, Aco t = (q1, ..., G5, P15+ Pg)
modulo diagonal conjugations

becomes singular, or equivalently condition (4.34) is violated, is never invariant under
the monodromy preserving deformation.* This can be proved under the following two
assumptions:

i) If Ay has a resonance of order one then the corresponding logarithmic correction
R is not zero (see (2.9)).

ii) For at least one j, the entries of the jth row of the matrices Ay, ..., A, satisfy the
following condition:

for every i # j there exists k such that Ay ;; # 0. (4.60)

4 In the theory of iso-spectral deformations an analogous problem arises. In this case one needs to check
that the dynamics on the Jacobian of the spectral curve is never tangent to the Theta-divisor.
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Under these assumptions, by performing a small monodromy preserving deformation,
condition (4.34) is satisfied.

In fact suppose by contradiction that >, uiAy;,; (u) = 0 for some i, j. A simple
differentiation using the Schlesinger equations gives

8 n
Gur DAy = (14259 =309) Ay, =o0. (4.61)

Now if 1 + )LE.OO) — )L;OO) = 0 then A, has a resonance of order one and since Ry =

D Ui ;i must be zero, assumption i) is contradicted. Therefore Ay ;; = 0, but this
contradicts assumption ii).

Clearly the two assumptions are satisfied in a large Zariski open set in the space of
solutions of the Schlesinger equations.

Let us rewrite Eq. (4.45) in the matrix form

d
— ¥ = BV, (4.62)
dz

where

01 0 0
Y 00 1 0 ..
v=| 7 . Bo=|lo..01 o [, (4.63)
(m—l) e . N
Y dy di ... ... dp—1
withd; () := %, R(z) = [lio(z—ur), Az) = }gzl(z—q,-) and deg fi(z) =

(n — 1)(m — ) + g. Recall that the system (4.63) is obtained from the original Fuchsian
system by a gauge transformation.

Lemma 4.22. If the apparent singularities q;, i = 1, ..., g in Eq. (4.45) are distinct,
foreachi = 1,...,g, the matrix B(z) has one and only one eigenvalue p;(z) with a
simple pole at g;. For eachi =1, ..., g, we define

i = IResZ g p’_(Z) for gqi Fup, Vk=1,.
l Res; q,,o,(z) for qi = uy.

Then
) fm Z(Qt)f 1(qz _ A”(Qt)
Y fumi@) A S-1@) 3 A'(gi)
= Reszzqi (dm—2(z) + Edm—l(Z)z) , (4.64)

where forl =0,...,m — 1,

fi1(2)
R/(Z)m—l ’

fiQ) - for g £ ug, Vk =1 n
~ ) Ry T° qi k> =1,...,
i@ { for gq; = uy.
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Observe that as an immediate consequence of the second part of Eq. (4.64), one
obtains that the momenta p; coincide with those defined in (4.11).

Proof. The characteristic equation of B is

m—1
AP =Y %p(z)’.
[=0

Let us define p(z) = R(z)p(z). Since the polynomials f;(z) are regular at z = ¢;, there
is only one eigenvalue p;(z) that has a pole at ¢;. If ¢; # uy forallk = 1,..., n, this
pole is simple. Let us expand p; at z = ¢g; and compare the left and right-hand sides of
the characteristic equation. We obtain

A m— i m— i fy,y]_ (gi

P = Wy + 0+ iy — F1(a) g + O — a0,
Therefore p; (z)% +pi +O(z — gj), where f; = e )m —IL_ This proves (4.64) for
gi # uy forallk =1,..., n. Analogously if g; = uy for one value of k =0, ..., 0o,

then p; (z) has a double pole at g; and p; (z) = {;) (lz(q’q 2 + = ’q ;

obtain (4.64) as we wanted to prove. The second part of formula (4.64) is immediately
obtained from the formula (4.13) for a1(z) = d,,_1(z). O

+ O(1) and again we

Definition 4.23. We call the set (q1, ..., qg, p1, ..., pg) the isomonodromic coordi-
nates of the Schlesinger equations.

Theorem 4.24. On a generic reduced symplectic leaf Oy x --- x O,/Diag the quan-

tities (41, ..., qg, P1, - - - » Pg) are canonical coordinates. The Schlesinger equations in
these coordinates are written in the canonical form

dqi Mk

dur  pi

dpi  OHk

due — 0q;

where the Hamiltonians in canonical coordinates are given by the formula

1
Hi = —Res;—y, (dm—Z(Z) + zdm—l(z)z) s (4.65)

where d,,—2(2) and d,—1(2) are defined in Theorem 4.14.

Corollary 4.25. The Hamiltonians (4.65) are given by

g o(s) (i) (k) prr

5 —p By R'(ui) By R"(ui)

M= | DAl o RO R _poorpa_p
o owk—ds i w—wi
@) (m—1)

1 . Zg: 1 z Z’;l:l )\’] = Wzl
Riue) |5 m—a Uk = Ui

m

@) m (m — 1)
x z)‘j - ) ’
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where the coefficients of the polynomial P, _3(z) are rational functions of p1, ..., pg,
q1, - .., qg uniquely determined by (4.23).

Example 4.26. In the 2 x 2 case the polynomial A(z) coincides with the (1, 2)-matrix
entry of A(z) = >, Ax/(z — ug),

A(z) = R(2)A12(2).

So the isomonodromic coordinates g; coincide with the spectral coordinates (see below).
Our piy, ..., pg are slightly different from the usual momenta Dlye-ns ﬁg defined for
Garnier systems (see [28]). In fact in our case we imposed the trace of all matrices Ay
to be zero, while in [28], the determinant is zero. The relation between our coordinates
and [28] is given by

na®

—_pz+zq

Keeping track of this time-dependent canonical transformation, it is not difficult to verify
that our Hamiltonian functions (4.65) coincide with the one given in [28].

% 2 Zk 1 Uk — nCIl) + Zl<k<l<n ukul
i~ “k Hk 1(% — Ug)

Proof of the theorem. Since the system (4.63) is gauge equivalent to the original Fuch-
sian system (1.2), it suffices to perform all computations with (4.63). First of all formula
(4.65) is obtained by straightforward computation applying formula (3.17) to the matrix
(4.63). We want to show that g;, p; are canonical coordinates on the reduced symplectic
leaf (3.14) and that in those coordinates the Hamiltonian is indeed (4.65). To this aim
observe that we can always put equations of the form (4.45) in the matrix form (4.62),
(4.63). The apparent singularities are poles of the eigenvectors of the matrix B(z).

In this way the proof reduces to proving the following

Lemma 4.27. If ¢; # uy,...,u,, 00 foralli = 1,...,g, the symplectic structure
(3.16) on the space of monodromy data of the linear system of ODEs of the form (4.62),
(4.63) is

8
wg = Zdl’i A dg;.
i=1

Proof. Due to gauge invariance of the form wg we have to compute

1 < 1<
wg =3 ZReszzukTr(SB AU W — 5 ZResZ:q,Tr(SB ASW W,
k=1 i=1

Observe that §B;; is zero for all i # m and §B,,; = §d;—; so that wg depends only on
the m™ column of the matrix ¥, i.e.

m

l < 1
K = ) ZRCSZZW Z ddj—1 N8y (‘-IJ )jm —

1,j=0

__ZRes,Z a Z sy n oWy (W™ ),-m'

1,j=0
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Let us deal with the apparent singularities first. We have to compute the expansion
of B(z) and ¥ (z) at g;.

Choose m linear independent solutions yy, . . ., y,, having expansions at z = ¢; of the
form described in Lemma 4.5 where the constants «; are determined by the differential
equation (4.62) and are

o) = —Res,—y,di(z), 1=0,...,m—2,

, dm—
all = Res,—, (2 m-1(2) +dm2(z)). (4.66)
Z—di
. . o' —ay) | m—1(2)
Comparing these with (4.64) we have p; = ——"= = Res;—, ( =g tdm- 2(2))

Observe that the fundamental matrix W of the scalar equation (4.45) has matrix
elements given by

dl—l ¥
dzi-1°
We can show that in the computation of the residue in (3.16) at g;, one can neglect
O(z —g;))™in y1, ..., ¥ and in the coefficient d;,—; and O(1) in dy, . .., d;;—>. This
follows by straightforward computations based on a list of observations:

1. (‘-IJ_l)jm =0 —q)" I forj=1,...,m—1and (\If_l)mm O —qg) L

2. From (4.11) and (4.66) we have that

v =

() (i) (k) m(m—1)
S o) _ Z +z —1A =T
2 perk kT — ug
3. Forl=1,...,.m—1,
ddj—1 = _all)S% Sal(l) +O(1)
- z—a)? (z—aq) '
and
8qi 1 ) o
b1 = 4 (5%; +8am_l) +O(Msgi + Oz — qi).

4, Forl<j<m—1landl <j—1:

(@)

5 80{

#(Z_Ch)] iy

(—1=D! ( - D!
(l)aql

_<m—z 1)!

Sy = — ymt—

(z—qi

(z—g)" T +8q:0(z — g)" T + Oz — g™,

forl <j<m-—1landl > j:

Sor (i) (z)

8q;
(S\Ij . —q; m—I _ —q; m—Il—1
0= l),(z q:) —(m T (z—ai) +

+8qi0(z — g)" " + O(z — gi)" 2,
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and for j = m:

Sw = —L(Z — q.)m_l + 80{5’;) (Z _ q,)m—l+2 _
" =D ’ (m —1+2)! :
@)
Oy 6q;
_m—CIt(Z _ qi)m7171 +8¢;i0(z — qi)mfl+2 +0(z — qi)mfl+3'
m—1—1)!

From 1) and 3) we immediately see that only the terms with j = m — 1, m can contribute
to the residue. From 1), 2), 3) and 4) we have

g

71 _
Z;Reszzq,. ;(Sdl_l NSV 1 (‘I’ )m—l,m -
1=

g
1 .
= E Res;—y;8dp—1 AWy m—1 (\Ilfl) —801,(:1)_1 A bqi,
0 m—1,m 2

and

8
> Res.—y, > 8di-1 ASWp, (qu) -
mm
i=1 l

éResZ:qi (-1 A 8% (Vl)mm + 8y A SWp_1m (xy”)mm) =

(@)

) !
= —da,’ Adq; + E&xmil Aéqi,

thus we obtain

1$ _
—3 D Resig > diy AW (\p 1)jm -
i=1 1j

g
= Z 8pi Nqi.
i=1

Let us now show that

8
2. (“;(2)4 - afé)) Abqi =

i=1

N =

Res;_u, D 8dj—1 AWy, (\p—l)]_m —0, Vk=1,....n
I

-1

Let us expand d;—; at ux. We have dj_| = r+O(z — up)! =™, where ¢;_; are

(Z—uk)m’H
uniquely determined by the indicial equation, thus by the exponents. As a consequence
. d—ly; . .
8di_1 = O(z — up)l—m. Analogously to estimate W;; = Wf{, we can again normalize

(k) (k)

the solutions y; at uy in such a way that y; = (z —uk)k-f +(’)(z—uk))‘i *1 o that dy; =
(k) (k) (k)

O(z—u)" ~ . Thusdd;_1 A8y = O(z—ug)™ T " Now (v, = O(z—up)" i

so that near uy we have > ; 8dj—1 A 89y (\I/_l)jm = O(1) and the pole u; does not
contribute to the residue. 0O
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The above lemma proves that g;, p; are canonical coordinates on the reduced sym-
plectic leaf (3.14). We now want to prove that in those coordinates the Hamiltonians are
indeed given by formula (4.65). To this aim we need to extend the phase space.

Let us consider the space of all matrices B of the form (4.63) with coefficients
do, ..., dm—1,

8

=3 A3 S —’”“”;”

s=1 j=1

A C)) m—k—1 (l)

s=1 <

+,3,(nof)kz(m7k)("7l)7" + Pin—ty(n—1)—n—1 (Z)]

R(Z)’”_k_l ’
k=0,....,m—2
We recall that this means that Eq. (4.45) has n + 1 Fuchsian poles at uy, ..., u,, co with
indices 2", ... A% for k = 1,...,n, 00 given by Egs. (4.14) and (4.15) and it has

simple poles at the points g1, ..., gg.
Near each simple pole gy, the matrix B can be expanded as

B(S)
B= +B(S) +0(z — qy),

Z_qV
where
0 0 0
(S)_ PR PP PP PP
By'=| o o ... ol
RO
0 1 0...0
0 0 1 0 ...
BY =10 o1 0 |,
o) 8w 5

where 8?), el 8,(,‘5) are given in Egs. (4.11). If we do not impose Eqgs. (4.17), that is if
we do not assume the singularities g1, . . ., g, to be apparent, there exists a fundamental
solution of the form

V=G0 — g0z — g0k, (4.67)

where G®)(2) = G +G\ (2 — ¢5) + O(z — ¢,)?, A = diagonal (0, ..., 0, 1), R®) isan
off-diagonal matrix with all entries equal to zero, apart from the last row. The matrices
R®, G and G are determined by the following equations:

B(S)G(S) G(S)A B(()S)GES) B(S)G(S) G(S) G(()S)R(S) + GES)A
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This fact is a simple consequence of the gauge formula applied to the gauge W =
G (2)W that maps B to -2~ + R®.

Observe that the m — 1 equations (4.17) imposing that the simple pole gy is apparent,
coincide with the m — 1 equations R*®) = 0.

We consider now the symplectic structure on the extended space of isomonodromic
deformations of systems of the form (4.62), (4.63) where the entries of the matrices R®,
s =1,..., g are not necessarily null.

The following lemma concludes the proof of Theorem 4.24, by proving that the
Hamiltonians in the isomonodromic coordinates are indeed given by (4.65).

Lemma 4.28. On the extended space S x X, where S are the symplectic leaves and
X, = C"\ {diagonals} is the configuration space of n points, the symplectic structure
(3.16) becomes

8 n
wk = »_dp; Adg; — ) dHi A duy.
i=1 k=1

Proof. There are two main differences with the previous proof. The first one is that now
we have to take into account the variations duy, k = 1, ..., n, the second one is that
now the entries of the matrices R®) are not necessarily zero. Let’s first look at the term
W A W1 near the point g,. Using formula (4.67) we obtain
—1 A -1
sV =569 (6V @) - GV — (6“@) o4 -
Z = (s

R®)

Z_qs

—~GY() (G(z)m) - 8qs

because all resonances are of order one and (z — g;)*R® (z — ¢;)™* = RY.
Therefore, when computing the residue at g, of Tr(888 A §W W~!) we just need to

add the contribution of the term —Tr ((SB AG(z2)® % (G(z)(s)) _1) 8q, todpy Adgs.
We are now going to prove that this extra contribution is zero.

In fact
(s) (5)y—1
GE) R® (G(Z)(S))7] _ GYROGY) _ I:G(S)R(s)(G(s))—l’G(s)(G(s))—l] 4
T~ 4 T =4 0 0 1 (Lo
+0(z — gs).

Only the last column contributes to the trace. It is not difficult to see that the last
column of GE)S)R(S)G(()S) is zero and that the only non—zero element of the last col-
umn of [G(()S)R“)(G(()S))’] , Gﬁs)(Gés))’l] is the last one. Since 8d,, = Z‘S_% +0O(1), the

residue is zero.
Let us now show that

Res;—, > 8dj—1 A8y (qu)jm =26Hi ASux,  Yk=1,....n.
L

The contribution of the matrices R‘®) does not play any role here because we are expand-
ing at uy. On the other side, this time we need to take into account the variations
Sui, ..., 0uy.
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Let us expand d;_1 at ux. We have

ﬂ(k) m(m 1) @
dp1=——2—+ D)) +O0(z—wp),
Z U
_I ok k
"Bl DI

di_y = +O(z — up)*t=m, (4.68)

(Z _ uk)m*l*'l (Z _ Mk)mfl

where (cfr. (4.13) with d;_1(z) = apm—1+1(2))

m

*) @ _m@m—1)
D = A - 1
Zuk_% Zuk_u, 2. 5
s=1 j=1
(k) :B(l)l 1 (c0) ( D(m—I+1)
) + (] n—1)(m—Il+1)—n
D2y = | (=D"" Z - [R( D) K
z;ék
1
+Pn—141)(n—1)—n—1(Uk) W, [=0,....m—=2

‘We need to introduce some notation:
[Alo :=1, A1 = A, A =2 —=1...(0—n+1),Yn=2,3,....
The indicial equations (4.14) read

m—1
—1
(101, (ﬂ(k) m('"2 ))[M")]m_l+Z(—l)’"‘lﬂ,‘,f)zﬂ[x(“]z_l. (4.69)

=1

To start with, we perform our computation in the case when the exponents Agk) cee Aﬁ,]f) of
the pole uy are non-resonant. Thanks to (4.3), there exists a basis of solutions yy, ..., yi
of the form

Vi@ = (2 — up)™ (1+r)lk)(z u) + 0z —up)?), i=1,...,m.

Therefore we have

-1

Yi k W _ k k w_
Wi(@) = =7 = @ — a0 e @ -t
®
+O(Z _ I/tk))\i —l+2’
where the constants ngk), ey r),(,lf ) are determined by the following equations:

H[Al(k) +1], — (ﬂ(k) m(mz— 1)) [Agk) 1y —

m—1 m—1
1,k k k k
=B }n,“ > D . @70

=1 =1
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As above, only the last column of the inverse matrix W~! enters in the computation of
the symplectic structure w,

(k)
u )m_l_)‘i

(\Ij_l)im B IE[,,-# 0.0 20y

)
+O(z —up)™ i .

Proceeding in a similar way as in the first part of this proof, we arrive at the formula

m m—1
RESZ =uy Z(Sdl 1N 5\11[1 Z ﬁ IZI:)»EI{)]I (SD](E)] A Suk+
L,i i=1 j;éz ()“ J ) =1
1
+ ,BI(k) mim — 1) [}fk)+1] sn A Suy +
2 ! m—1 !
m—1
+(Z(—1)m—l(m —1+ 10, 0 4 1]1_1)5;7}") A auk] . @71
=1

Now using the indicial equation (4.69), we get
m(m — 1) fy
@@———7—)M@+mn+§]4W”w—knwﬁmu®+m1=
=1
m(m — 1)
@W_m+n[wwﬂh_(¢“ 5 )M®+H%r
- Z( N K RS} ] 4.72)

Observe that the right-hand-side of Eq. (4.72) is ()Lgk) — m + 1) times the coefficient of
7™ in (4.70). Using this in Eq. (4.71), we get

m
_ -1 k k
Res.—u, D 8di—1 A8 (\y 1), => - 1201 8D | A su+
- im .00 20
L, i=1 L1j#i Vi J

m—1
+ > Oy @A 42—m—-1)s D) A Suk].
=1

4.73)

To conclude we observe that

i[/\] 20 —m+2—1 Z": " 2p—m—1+2
il k 0. = 2 teSh=nl Al T
i=1 Hj;éz ()‘( ) — )‘E' )) i=1 Hj:]()\’ )\])
4] 20 —m—1+2

= —res;= = =

T 0=

_ |0, forl=0,1,...,m =3,
12, forl=m-—2.
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Analogously

i % e mm—1)

® _ 0y P :
i=1 Hj;éi()‘i —A;0) 2
Using these in (4.73), we get finally

_ m(m — 1)
Resc—y, > 8di—1 A oWy (W 1)im =2 (,31(") - T) 5D A suy —
i

—28DM A Sup = 2dHy A dug,

as we wanted to prove.

To conclude, we observe that if some of the exponents k(lk) e, )»%( ) of the pole uy
are resonant, then by Theorem 2.1 there exists a fundamental solution

v =Gg® (2)(z — uk)A(k> (z = uk)R(k),

where G (2) = 372, G(jk) (z—ug),and RO =3 ng) is a finite sum of off-diagonal
matrices such that ' ‘

(k) _ A
c—u)* RO —up) ™ = RP + RV 2 =)+ .

By applying enough iterates of Lemma 4.20 we can increase the order of the resonances
arbitrarily, i.e. we can always assume that

(k) —_A® k
@—up® ROC—u)™ =RY @ —un)” + Rﬁ,fl (z—u)P e
with p large enough. Then the extra term in sWW~! due to R®) is given by

~GOQERP G —u) ™ + 0~ ) (GO0 buy

which does not contribute to the residue. 0O

4.5. An example. As we already know, for m = 2 the isomonodromic coordinates
coincide with the spectral ones. Starting from m = 3 they are different.

In this subsection we give an explicit parametrization of special Fuchsian equations
(4.26) in the first non-trivial case m = 3 and n = 3, in terms of our isomonodromic
coordinates qi, ..., qg, P1, ..., pg and compute the Hamiltonians of the Schlesinger
equations in the canonical coordinates. Note that g = 4 form = 3 and n = 3.

Starting from a Fuchsian system

dYy A A A3
— =AQ@Y, A@®)= + + ,
dz Z—Uuy Z—upy Z—Uuj3

where A; are 3 x 3 matrices with the eigenvalues Agi), )\g), kgi), i =1, 2, 3 satisfying

(A1 + Ar + A3) = Ano = diag(A{™, 25 20
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we arrive at a third order Fuchsian equation with eight regular singularities with the
following Riemann scheme:

00wl U2 U3 q1q243q4
A AP0 00 0
AW 1P 1 1
W10 aP A 33 3 3

satisfying the additional constraint of absence of logarithmic terms at the points ¢, ...,
qa. From the previous considerations it follows that the Fuchsian equation must have
the form

L S
mo_ _3 i
' [zz—% Zz—ul}y
s=1 i=1
4
+ CEX)R(%) Z B> OR (u;) +,3(OO) y' +
= 14 = i R(z)

4 () p2 (@) pr2
¢y R(qy) By R (u;) (00) 3 2 y
|-y ——— B BB valtrbzce| ——.
[ Zl 74 ; c—ui R2(z)

(4.74)

Let us spell out the notations. The polynomial R(z) is given by

R(z) = (z —u1)(z —u2)(z — u3).
The coefficients ﬂ(') ﬂ,goo) are given by the following formulae:
B =2 a0 4 a0 5, B =), =1, 2,3,

(4.75)

In this example we assume all the matrices A; to be traceless:

trA; =0, i=1,2,3. (4.76)
We also put
c(s) = _—p,—3 R'(gs) + l A"(gqs)
? R(gs) 2 AN'(gs)

as in Eq. (4.11). We introduce the following quantities:

R/(C]s)

— 2 k=0,1,2,3 s=1,....,4 4.77)
R(qs)

pEk] =ps+k

and

~[k] k] _ lA”(%')

o= Py 4.78
SRR PN 7
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where, as above the monic polynomial A(z) is defined by
AR =@—q1)...c—q) =7* —01 +nz* —o3z+04. (4.79)

Here o1, ..., o4 are just the elementary symmetric functions of g1, ..., gs4. In these

notations, CS) = [3?].

The coefficients A, a, b, ¢ and cgs) = ar), s =1,...,4 are to be expressed in terms

of the canonical coordinates q1, ..., g4, p1, ..., p4 and uy, us, uz from the assumption
of absence of logarithmic terms at the apparent singularities. This assumption yields a
linear 8 x 8 system for the above unknowns. Eliminating the unknowns c%s) one arrives

at the following system:

agi+bgs+c+h- Y My OR@) =ws, s=1.....4, (480
t

where the 4 x 4 matrix M (p, q) = (Mg (p, q)) is defined by

Ps» r=s
MSt(pv C]) == ]
qf_‘Is’ t ?é §
and
wy = > My (p", @) Rig)Mir (P, ) R(gr) I —
tr
> Ma (PP DR fla) — f3(a), s=1.....4 (48]
t
and
3
__ O R'Wi)  o0)
h(@) = |:Z:32 . + 5, Z:|,
f3(2) = Zﬂ‘”R_(”) B3,
Denote
4
121 R(gs)
D=D(p.q.u) =2 b= 4.82
(p.g.uw) = p ) (4.82)

s=1

the determinant of the linear system (4.80). Then

W —ai, R
_ E =S E k.1 [2]R s
s=1 b ]lelgn(s , )p ( J) W(q) A/z(CIs)

4
1 » R(gj)

DUYVEERN s / - 5 _ - S_3 / )

+A,(qs)j§:1(q q;) A/z(qj)(al q q;)
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4 2
Wy 2] —q;  R(gs)(o1 — 2q5)
= — sign(s, j, k, l)p R(g ) + +
Z D Z Wi A" (gs)
( )
Z(qs . q’ (0} — 00 — 01¢5 — 2019 +245q)) | ,

A’( s’ q)?

4
ws | 1 . . 2] qk — qi
23 EZSIgn(s,J,k,l)pj R(gj)qrqi W T
s=1 Jik,l
1 (‘Ij) ( )
+——— > (g5 — q; oy —40y —3q; +20195 +3 +
A/(Cls)jzz; 45 = 4;)" IR AN “ L
R
+ z(q‘) (g% — 201 +202)i|
A" (gs)
1 4 w
h=—>)» ——, (4.83)
D ; A'(gs)
where
W) =[] —ap (4.84)
i<j
sign(s, j, k, ) is the sign of the permutation (; 3 li ‘;

Using (4.65) one obtains the following expression for the Hamiltonians of Schlesinger
equations S3 3):

4 )
1 .31 R(gy) By
Hy = = | B i h = D 0 s R'(uj)
(ui) P Ui — (s [ Ui —Uj
1 o R'wi) - Aw) 9 R
Lo RGui) | o A i) W) 23 (4.85)

2"2 Ry T Aw) 2 Rup)’

where the rational function & = h(p, q, u) was defined in (4.83). Clearly of these three
Hamiltonians only one is independent: the solutions depend only on the combination
(uz —ur)/(uz — uy).

5. Comparison of Spectral and Isomonodromic Coordinates
5.1. Spectral coordinates. We recall the construction of the algebro-geometric Darboux

coordinates on the generic reduced symplectic leaves (3.14) following the scheme of [58,
1, 13, 20]. We call these algebro-geometric Darboux coordinates spectral coordinates.
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The spectral coordinates are defined as follows. Let us assume that all the matrices A;
have pairwise distinct nonzero eigenvalues A('), e, )L,(,i), and that the diagonal matrix

Aco = —(A| +---+ A,) = diag (Aim)’ _..,AﬁnOO))

has distinct nonzero diagonal entries. Consider the characteristic polynomial of the
matrix A(z) of the form

n

Aj

A(z) :,;z—ui (5.1)

with constant matrices Ay, ..., A, satisfying the following properties. Denote
Rz, w) = det(w — A(2)) = w" + a1 (Dw" "+ +am(2) (5.2)

the characteristic polynomial of the matrix A(z). Denote by
n m(m—1)
D(z) := [H(z - ui)} [ Jwi@) — w2 (5.3)
i=1 i#]

the discriminant of the polynomial R(z, w). In this formula w;(2),...,w,, (z) are roots of
the equation R(z, w) = 0. The resulting expression is a polynomial in the coefficients

®1(2), ..., o (2). Under the assumption that the matrix A, has simple spectrum, the
degree of the discriminant is equal to
N=mm—-—1)n-1). 5.4)

Assumption 1. The N roots of the discriminant are simple and pairwise distinct. Also
we require that

D) #0, i=1,...,n. (5.5)

Due to this assumption the spectral curve
Rz, w) =0 (5.6)
of the matrix A(z) is smooth outside the lines z = uy, ...,z = u,, z = oo. These lines

intersect the spectral curve in singular points of multiplicity m.
Let us introduce the row vectors by, b1(z), b2(2), ...by

bo = (1,0, ...,0), br(z) = boA*"1(2), k > 0. (5.7)
Denote B(z) the m x m matrix with the rows by, b1(2), ..., bu—1(2),
bo
bi(2)
B(z) = : ) (5.8)
bin—1(2)

Put

m(m—1)
n

Ao(z) = [H(z - Mi)j| det B(2). (5.9)

i=1
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Assumption 2. All the roots yi, ..., y, of the polynomial Ay(z) are pairwise distinct
and the degree of Ag(z) is equal to the maximal value

1
g:degA()(z)zEm(mn—m—n—1)+1. (5.10)

We also assume that the roots y1, ..., ¥, do not coincide with the poles z = u; of the
Fuchsian system neither with the zeroes of the discriminant D(z). Under this assumption
there exists, forany i = 1, ..., g, a unique, up to normalization, eigenvector ¥’ of the
matrix B(y;) with zero eigenvalue. The first component of the eigenvector vanishes. It
is also an eigenvector of the matrix A(y;) with some eigenvalue u;,

Byny' =0, Ay’ = w', v v DT wi =0, i=1,.. ..

Observe that the genus of the Riemann surface (5.6) is equal to g. The spectral curve
(5.6) together with the divisor

8
D= (i ) (5.11)
i=1

determines the matrix A(z) uniquely up to a conjugation by a constant diagonal matrix.
Moreover, the matrices A(z) satisfying the above assumptions form a Zariski open sub-
set in the space of all matrices of the form (5.1). All these facts are rather standard for
the theory of algebraically completely integrable systems. We give a sketch of proofs of
these statements in the Appendix.

Definition 5.1. We call the set (y1, ..., Vg, 41, .., lg) the spectral coordinates on
(3.14).

Example 5.2. For the m = 3 case the polynomial A(z) determining the isomonodromic
coordinates reads

AR = R [AnArs (An — As) — Az + Al A — AnAls + s

where, as usual R(z) = [[;(z —u;) and A;j = A;j(z) are the entries of the 3 x 3 matrix
A(z) = >°; Ai/(z—u;). The positions of the spectral coordinates are determined by the
polynomial

Ap(z) = R(2) [A12A13 (A — A33) — AT Axs + A%gAaz] .

We see that, unlike the case m = 2 (see above Eg. 4.26) starting from m = 3 the spectral
and isomonodromic coordinates do not coincide.

5.2. Spectral coordinates versus isomonodromic coordinates. In this subsection we
prove that in a certain semi—classical limit the isomonodromic coordinates g1, ..., gg,
D1, - - -, Dg converge to the algebro—geometric Darboux coordinates.

Let us consider the following family of Fuchsian systems depending on a small
parameter €.

do
o= ARQ®, ©=($12),..., n(). (5.12)
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Theorem 5.3. Under the assumptions of Theorem 4.14 the apparent singularities of the
scalar reduction of the Fuchsian system admit the following expansion

Gk =vk+0(), e>0, k=1,...,g. (5.13)

Moreover, the scalar reduction can be written in the following form

€y 4 e gz, )y "™V 4t ay(z, €)y =0, (5.14)
where the functions ai(z, €), ..., an(z, €) are analytic in (z, €) for z # u;, 2 # yj,
le] << 1 and
ax(z, €) = ax(z) — € Pr(D) + O, k=1,...,m, (5.15)
where
Br(2) = [ il 2 v ]+ 0 2 e (516)

=Y
In particular, the parameters p; defined in (4.64) have the following expansion
pj= e_l[uj +ai(yp)]+01), e—>0, j=1,...,g. 5.17)
Here yx, ui are the spectral coordinates of the matrix A(z).

Lemma 5.4. The following formula holds true for any k > 0,
e y® = [b(2) + € br(z) + O(€D)] @, (5.18)

where the row vectors by (z) were defined in (5.7) and the row vectors bi(z) are defined
by the following recursive procedure:

bo =0, bi1(2) = br(2)A(z) +b}.(z), k = 0. (5.19)

Here and below it will be understood that the product of the row vector by the column
vector is a scalar.

Proof. Fork = 0(5.18) is obvious. Since the first row of A(z) is b1 (z), the first equation
of the Fuchsian system can be recast into the form

€y =bi(2) ®.

This proves (5.18) for k = 1. Let us now assume (5.18) for k and prove it for k + 1.
Differentiating both sides of (5.18) in z and multiplying by € yields

My D — (bl (2) + €b) () + O(€2)] D (2) + [br(2) + € b (2) + O ()]
A(R)D(2) = [bis1(2) + € (e (2)A2) + br(2)) + 0(eH)] @(2).

The proof of the lemma is completed by induction. O
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Cor?llary 5.5. Define an m x m matrix valued function B (z) with the rows 50 (2), 51 (2),
vy by—1(2). Then the scalar reduction of the Fuchsian system reads

N - -1
€Y = [by(2) + b (@) + 0D [B@) +eB@) + 0] 5, (520

where

Ji=(y, ey, ..., e ym=yT (5.21)

Proof. From (5.18) we obtain
= (B+eB+ 0(%)) .

This proves (5.20). 0O

From the corollary the claim of the theorem about expansions (5.13) of the apparent
singularities, readily follows. Analyticity of the coefficients

(am(z, €), am-1(z,€),...,a1(z,€)) =
= b2+ ebu(0) + 01 [B@) +cBy + 0] =
=bn(2)B'(2) +¢ [Em (2B~ (2) = bu(2)B™'(2)B(2) B_l(z)] +0(e) (5.22)
also follows for small € and for z away from the poles z = u; and z = y;.
Let us now simplify the r.h.s. of the formula (5.22).
Lemma 5.6. The leading term in the r.h.s. of (5.22) reads
bn(2) B7(2) = —(@m(2). em—1(2), . ... @1 (2)). (5.23)

Proof. Using the Cayley - Hamilton theorem we obtain

bn(2) B~'(2) = boA™ (2)B~ ' (2)

—by (Otm @) +ou_1()AR)+---+ al(Z)Am_l(z)) B1(2)
= — [Olm )by +aym—1(2)b1(2) + -+ + al(Z)bm_l(Z)] B! )
= — (o (2), pp—1(2), ..., a1(2)).

In the last line we use the definition of the inverse matrix B~!(z). The lemma is proved.
O

We will now simplify the linear in € term. We need the following simple

Lemma 5.7. Let us introduce matrix T (z) by

0 1 0... 0
0 0 1... 0
T(z) = . (5.24)
0 0 1
—m(2) —am-1(2) ... —o1(2)

Then
T(z)B(z) = B(2)A(2). (5.25)
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Proof. Use the definition of the matrix B(z) and the Cayley - Hamilton theorem. O

Lemma 5.8. The following identity holds true
bn()B™'(2) = bu(2)B~'(2)B(2) B~ (2)
m
=> aB'@)B () [T’"—k(z) +a1@QT" @)+ + o (z)] . (5.26)
k=1
Here ey, . .., e, are row vectors of the standard basis in C™*, (ex); = 8; k.

Proof. Using arguments of Lemma 5.6 we replace b,,(z)B~'(z) by —(an(2), ...,
a1(z)). Next, using induction we derive the following formula for the row vectors (5.19):

br(z) = 2B () A 2 (2) + 3B () AF 3 () + - -+ e B'(2), k > 2.

Using identity (5.25) the last formula can be recast into the form
b2 = [2B' @B OT 2@ + esB' B QT ()
o +ekB/(z)B_1(z)] B(z), k=>2.

This implies formula (5.26) with the summation in the r.h.s. starting from k = 2. Since
the first row of the matrix B’(z) identically vanishes, adding the term with k = 1 does
not change the sum. O

We now want to compute the Laurent expansion of the coefficients of the scalar
reduction (5.14) at the points z = y; = g + O(e). Let y be one of the zeroes of
Ap(z), n the eigenvalue of the matrix A(y) such that the corresponding eigenvector

V=¥, Ym) T
AW =p

satisfies

Y =0.

According to our assumptions the eigenvector is defined uniquely up to a scalar factor.
As we know, ¥ is also an eigenvector of the matrix B(y) with zero eigenvalue,

B(y)y =0.

Moreover, there exists an analytic function A(z) defined for |z — | << 1 being an
eigenvalue of B(z) s.t. A(z) has a simple zero at z = y, and A(z) does not coincide with
other eigenvalues of B(z). Denote ¥ (z) = (¥1(2), ..., ¥m(2))T the analytic vector
valued function s.t.

B()y(2) =r2)¥(2), lz—yl<<1,
AMy)=0, ¥()=v.

We also introduce a left eigenvector ¥*(z) = (Y1 (2), ..., ¥ (2)),

v (@)B(@) =r¥ @), lz—yl <<l (5.27)

Denote

U=yt (y).
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Lemma 5.9. ¢* is a left eigenvector of T (y) with the eigenvalue [,
YT (y) = ny™. (5.28)
In particular, it can be chosen in the form

m—k—1

v =" () +ot ok (y), k=1,...,m. (5.29)

Proof. From (5.27) for z = y it follows
Yv*B(y) =0. (5.30)

Let us prove that *T(y) is again a left eigenvector of B(y) with zero eigenvalue.
Indeed, using (5.25) we obtain

VT (y)B(y) =y B(y)A(y) =0.

The eigenvector of 7' (y) with the eigenvalue p can be written in the form (5.29). Let
us prove that this eigenvector satisfies (5.30).

According to our assumptions all the eigenvalues of the matrix A(y) are pairwise
distinct. Of course, they coincide with the eigenvalues of the matrix 7 (y). Therefore it
suffices to prove that

v By =0
for an arbitrary eigenvector v’ of the matrix A(y),

AP =y’
Indeed, from (5.29) we obtain

VBV = bot’ R(u, 1/, y),

where
A R(z, w) — R(z, w')
R(u, /~’L/7 y) = w—w |z=y, w=u, w=u
for u’ # wu and
A 0R(z, w)
R(,u's M, V) = T'ZZV, w=p-

It is clear that R(u, ', y) = 0 for i’ # . So ¥*B(y)y’ = 0. For &/ =  we have
R(w, i, y) # 0 (since y is not a zero of the discriminant D(z)) but bg ¥y = 0 since
Y1 = 0. The lemma is proved. O

We will now compute the leading term of the Laurent expansion of the logarithmic
derivative B'(z)B~!(z) atz — y.

Lemma 5.10. For z — y,

BB () = L BV OV 0, (5.31)

—q V*B'(n)¥
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Proof. Let
V(z2) ® y*(2)

I1 =T - 5.32
&= ove ©-32)

be the projector of C™ onto the direction of the eigenvector v (z) parallel to the (m — 1)-
dimensional subspace spanned by other eigenvectors. Denote I1>(z) = id — I1;(z) the
complementary projector and put

B> (2) := B(2)112(2).
We have
B(z) = AM(2)I11(2) + B2(2).

All these matrix valued functions are analytic for z sufficiently close to y and since B(z)
has a unique zero eigenvalue,

rank (B2(y)) =m — 1,
and the image of B, (z) is transverse to that of I1;. So
B'(2)B~!(z) = (log A(z))'T11(z) + ™' (2) B5(2) 11 (z) + regular terms.
Since B>(z)I11(z) = 0, we obtain

/ k
BN = - BT () =~ DB,
_ _BV@eVE@
a V@V () '
In the last equation dots denote terms analytic at z = y. We obtain
vyey* 1 By ®y”
vy A(y) vy
Using the well-known formula of the “perturbation theory”

VB ()Y
Wy) = —
vy
(observe that the formula implies ¥ *B’(y )y # 0) and the identity

B()Y'(r) + B )y =2 (),

we complete the proof of the lemma. O
End of the proof of the Theorem 5.3. We are to compute the sum

B'(2)B () = Z_ly [ ]+0(1).

Sab @B @[ F@ra@m @+ v @)
k=1
m

! By @y
= E O
s, By ey
=y VB
I i Vi (B'oy)
-y o VWY

where the left eigenvector ¥* is chosen in the form (5.29). The theorem is proved. O

[T @+ a4 |+ 0

[um*k va (k4 +Olm—k()/)] +0()

Il
—

o

D

Ey* s o) = ——y*+ o),
-V
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5.3. Canonical transformations. Let us consider the isomonodromic coordinates
(q1,---.4g, P1, ..., pg) obtained from the scalar reduction w.r.t. the first row of (1.2).

Proposition 5.11. For every k = 2, ..., n, the following transformation

Gi=w+uk—qi, i=1...¢g,
pl=_p17 l=17"'5g5

ft1=u1+uk—uz, | = cee,n,
Sk : i("):x(jl), j=1,....m, (5.33)

; m
7 _ (k) . __

)‘J _Aj, j=1,...,m,
Hi=-H;, 1=1,...,n,

is a birational canonical transformation of the Schlesinger systems. This transformation
acts on the monodromy matrices as follows:

]\;I] = Ml_l o Mk__lleMk,] .My,
Mj=M;, j#lKk, (5.34)
My =My ... MoMiMy M7 i=k+ 1,0
Proof. The transformation (5.33) is obviously birational. To show that (5.33) is a canon-
ical transformation of the Schlesinger systems, we just observe that it is obtained by the

conformal transformation ¢ = u + uy — z of the scalar reduction (4.45). In fact (4.45)
is transformed to

dgm Z (;) g,,

=0

where dj(§) = (= 1)!~"d) (w1 +up = ) 58D with RE©) = [Ty (6 =), AQ) =

[15_,(¢ =G and fi(¢) = (=1)™=DO=D*8 £ (uy +uy —¢). To obtain j; we use formula
(4.64):

~ 3 d—
Bi = Res—g, (dn2(0) + 220 =
dm— ¢
= Res;—g; dp—2(uy +ux —¢) — %) = —Di.
To obtain the formulae for the exponents, just observe that the conformal transformation
¢ =uy +up — z permutes u| with ug.

Let us now prove the formula (5.34). The involution i : u; <> uj changes the basis
in the fundamental group 7r1 (C\{uy, ..., u,, 0o}). In fact, as explained in Sect. 2.2, the
cuts w1, ..., m, along which we take our basis /1, ..., I, are ordered according to the
order of the poles. Applying the transformation iy we then arrive at the new basis of
loops

Io=lly bl - 7N
l} =1, j#Lk,
l]/{ = lk_fll .. -12_11112 Y

from these formulae we immediately obtain (5.34). O
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Proposition 5.12. The following transformation:

~ 1 .
qi:qi—_ul’ l:1,...,g,

{3i=—€)iqi2—2m;71qi, i=1,...,¢g,
Mlzm, l=2,...,n,
ui — oQ,
X Ui,
5\%00) =A§1)+mr;1’
St 1 2010 o0 m, (5.35)
e
=0 +Llj=2m,
Hy =H,y,
Hy = —Hi(u — ur)* + (g — u)(dO_ (g — up))>—
_(ul—ul)wdo l(ul—ul) [=2,...,n

where

0 (u)_zg: 1 _m(m—l)Z 1
m—1 k) = k 2 Up — uj

=1 Uk = s Ik
is a birational canonical transformation of the Schlesinger systems. This transformation
acts on the monodromy matrices M| and Moo as follows:
Moo = e CLMg MyMooCy
My = e CiMoCy, (5.36)
Mj=C{'M;Cy, j#1, 00,

Proof. The fact that the above transformation is birational is trivial. To show that it is a
canonical transformation of the Schlesin%er systems, we just observe that it is obtained
by a conformal transformation ¢ = and a gauge transformation y = g(¢)y,

i—uy
g(¢) = ;m771 of the scalar reduction (4.45). In fact (4.45) is transformed to
dmy 1 drgdn—ry 'S 1 drgd=ry
_y:_z(m)__g y+zdz( ) ag y
g P ) g(&)dgpdgm=r g(¢) dgr dgs—r’

p:l p:

do = (=1)"¢"do (¢ +u),
dAs =(_1)m+l m+1§-v my (—1)m Zm 1§-l+v —2m i‘j—lldl(g +up),

2 i
it is a straightforward computation to obtain the formulae for g;, p; and H; in (5.35).
The transformation law of the exponents is obtained in two stages: first the conformal
transformation { = % + 11 maps

and clj = (—1)1'—1(1' —1)! ({ : 2) (] : ll ) Using the above formula and (4.64)

Aﬁoo) — Aﬁl), Afoo) +1 > ?»51), i=2,...,m,

D 0 W L =2,

’
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then the gauge transformation y = g(¢)y, g(¢) = g“% adds '”T*] to all exponents at
infinity and subtracts the same quantity to all exponents at 0. To show (5.36) we proceed
as in the previous proof: the involution ix,:u; <> 00 changes the base point of the
fundamental group (this is obtained by conjugating all monodromy matrices with the
connection matrix Cy of M), and it changes the basis of loops as in the previous proof
with k replaced by oo and k — 1 by n. This implies immediately (5.36).

Remark 5.13. Obviously we can obtain analogous birational canonical transformations
acting on the isomonodromic coordinates obtained from the scalar reduction w.r.t. any
row of (1.2).

Remark 5.14. Apart from the above symmetries, there are other birational canonical
transformations. In fact let us denote by (qf]), . qg(,]), pi”, . pé,”) the isomono-

dromic coordinates obtained from the scalar reduction w.r.t. the j™ row. The trans-

formation that maps (ql(‘i ), e, qé‘i ), pij ), el pi;i )) to the isomonodromic coordinates

obtained from the scalar reduction w.r.t. the i row(ql(i), el qé(,i), pii), cee pg)) is by
construction a birational canonical transformation. These transformations are the ana-

logues of Okamoto’s w3 for the Painlevé sixth equation (see [48]).
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Appendix: Algebro-Geometric Darboux Coordinates

Here we outline the construction of the so-called algebro-geometric Darboux coordi-
nates. Our presentation follows [13]. However, the idea of constructing canonical coor-
dinates for integrable systems by using the projections of the points in the divisor of a
suitable normalized line—bundle on the spectral curve appeared for the first time in a paper
by H. Flaschka and D.W. McLaughlin [16] where the special cases of the Toda system
and KdV equation were dealt with. Later S.P.Novikov and A.P.Veselov [58] generalized
the construction to any hyperelliptic spectral curve and introduced a general class of
finite-and infinite-dimensional Poisson brackets. The Flaschka—McLaughlin construc-
tion was then generalized to generic rational Lax pairs by M.R. Adams, J. Harnad and
J. Hurtubise [1]. A quantum version of this method was initiated by E.Sklyanin [55].

A construction of the polynomial Ag(z) equivalent to ours was given in [53, 20].
Our Theorem A.2 that enables to construct rational Darboux coordinates on the reduced
symplectic leaves seems to be new (cf. however the recent paper [6] where a similar
approach to constructing the Darboux coordinates was developed).

Let us rewrite the characteristic polynomial (5.2) of the matrix

n

B A A®)
A(z)—zz_ui == (A1)

i=1

AR = —A" 1+ 0E"Y), 7> (A2)
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in the form
n m n
R(z, w) = det (ﬁ) — detA(z)) = (H(z — u,-)) Rz, w), w=w H(Z —u;).
i=1 i=1
(A.3)
Expanding the determinant one obtains a polynomial
Rz ) =" + &1 (0" ++ -+ (2) = > ayddd, (A4
i+(n—1)j<m(n—1)
where
aij = ai(Ar, ... Agiur, .. uy) (A5)
are some polynomials in the entries of the matrices A, and in uy,
s(n—1)
aom = 1, &S(Z) = Z ai,m—szla s=0,1,...,m.
=0
It is well known that for a Zariski open subset in the projective space P¥~!,
m(m+1)
M:(n—l)T+m+l (A.6)
with the homogeneous coordinates
ajj, i+(n—10j<mmn-1),
the affine algebraic curve
Rz, ) = > @I =0 (A7)

i+(n—1)j<m(n—1)

is smooth. Indeed, it suffices to check smoothness of one of the curves of the above
family, e.g. of

" = Zm(n—l) —1.

Under the smoothness assumption the standard compactification of (A.7) gives a com-
pact Riemann surface I' of the genus

m(m — 1)
g=(n—1)T—m+1 (A.8)

(cfr. the formula (5.10)). The infinite part of I is a divisor D, of the degree m. If the
normal Jordan form of the matrix A, contains k& Jordan blocks of the multiplicities
mi, ..., mg then the divisor Dy, has the form

Doo = mo0) + -+ -+ + mpooy. (A.9)
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Here co1, ..., 00 € I' are the points added at infinity. In particular, if the spectrum of
Ao 1s simple then the divisor Dy, is a sum of m distinct points 00y, ..., 0O:
. w (00)
ook:z{z—>oo,w—>oo,ﬁ—>—kk L, k=1,...,m. (A.10)
Here Agm)’ oy A0 are the eigenvalues of the matrix Aoc.

Let us give an intrinsic characterization of algebraic curves of the form (A.7).

The coordinate functions z and @ have poles at the divisors Do, and (n — 1) Do
respectively. Conversely, the following simple statement can be proved by using stan-
dard arguments based on the Riemann - Roch theorem.

Lemma A.1. Let T be a Riemann surface of the genus (A.8). Let Do be a divisor of the
degree m on I" such that

dim H)(T', O(Ds)) =2, dim HO(T, O((n — 1)Dso)) = n + 1.
Then the Riemann surface can be represented in the form (A.7).

Proof. The first of the assumptions implies existence of a non-constant meromorphic
function z with poles at the points of the divisor D,. The second one yields existence of
another function w with poles at (n — 1) D, that cannot be represented as a polynomial
in z. Let us now consider the space HOQT, 0 (m(n — 1)Dy)). The M monomials

1

Fdwl, i+ (m—1)j<mn—1) (A.11)

belong to this space. Let us prove that these monomials are linearly dependent. To this
end let us compute the dimension

dim H(T', O (m(n — 1) Dwo)).
First of all, the degree of the divisor D := m(n — 1) Dy, equals
degD=m’n—1)=2g—-2+mmn+1)>2g—2.
So the Riemann - Roch theorem gives
dim H(I, O (m(n — 1)Dsy)) =degD —g+1=M — 1.

This proves linear dependence of M functions of the form (A.11). The lemma is proved.
O

Observe thatforn > 1 the eigenvalues A(loo) RS ,(noo) are determined by the Riemann
surface uniquely up to permutations and common affine transformations

W arn™ b, =1, m

We will say that our Riemann surface I" is Dyo-generic if the eigenvalues are pairwise
distinct,

(00) (c0) . .
)“j 7& )"/ s 1 # .]

Instead of using the coefficients g;; as the homogeneous coordinates in the space
of algebraic curves (A.7) we will construct another system of coordinates on a Zariski
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open subspace in PM—1 Let us choose n + g pairwise distinct numbers uq, ..., uy,

Y1, ..., ¥¢ and also n + 1 m-tuples of pairwise distinct numbers )»Y), e )»f,i,) for every
i=1,...,n, 00,

AD £ A0 gLy i=1,2,...,m, oo,
satisfying the constraint

ZZW +Zx<°°> =0. (A.12)

i=1r=1

Finally, choose arbitrary g numbers p1, ..., itg. Denote

=T —upa® r=1,.m, i=1.n, (A.13)
J#i
n
s =H(ys —ujps, s=1,...,¢. (A.14)

Theorem A.2. For generic values of the parameters
UL, ..., Uy, Ag’),...,kf,?, i=1,...,n,00, Vi,ooo,Vgs Uis-eesibg (A.15)

satisfying the constraint (A.12) there exists a unique curve ﬁ(z, w) = 0 of the form
(A.7) with ap, = 1 passing through the points

Wi, A, r=1,....m, i=1,...,n, (A.16)

2= 00, = — =A™, r=1,....m, (A.17)
Z

(Vs:l’)«s): S=17~~-,g- (AIS)

Proof. Let us denote
00 = 0, A K=,

the value of the kth elementary symmetric function of A(Z) e, )Lf,i), i=1,...,n,00.
The equation of the algebraic curve must have the form
n (l)
— R(z )Z (A.19)

(l)

+R(Z)Z|:( 1 z

Here, as above

[R (ui )]k 1 (OO) kn nk +pkn—n—k—l(z):| ﬁ)mszo'

R@) =[] —un,

i=1
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the polynomials p,_3(z), p2,—4(2), ..., Pmn—m—n—1(2) labeled by their degrees are to
be determined later. Such a curve will pass through the points (A.16), (A.17). To have it
passing also through (A.18) the following system of equations must be satisfied:

m
> Pkt R 4 O ) =0, s=1.....g.  (A20)
k=2
where
o o m R .
Z, W) (= —— — L 1 [R ]
Q(z. ) R(z).z—u, Z()Z (u7)
i=1 k=2 i= 1
+O.]§OO)anfnfk:| A m—k

This is a linear system for the g coefficients of the polynomials p,_3(z), p2n—4(2), ...,
Pmn—m—n—1(z). Let us prove that the determinant of this linear system does not vanish
identically. Indeed, this determinant is equal to the following polynomial in y1, ..., yg,

1&’15 [RRS] /lg$

Winn(V1s -, ng,&ly ---»,ag)

= Z(_])lnl(ﬁil . 'ﬁ“i"*)miz('ail o ‘ﬂj2n74)m73(ﬁk1 x -lA’vkzn—s)m74 e
b3
XV Wi oo Vi) VWi Vi)V Wiy o Vi)V Vs - - Vi)
(A.21)

Here the summation is over the partitions

I {1,27,8} = {ila'~-7in—3}|—|{jls'-"jzn—4}|—|
X{k], . ,k3n_5} - {11, . ,lmn—m—n—l}ﬁ (A.22)

|7r | stands for the parity of the permutation 7w € S,

Vxi,...,xx) = H (x; —xj)

1<i<j<k

is the Vandermonde determinant. It is clear that this polynomial is not an identical zero.
The theorem is proved. 0O

We want now to show that the same data used in Theorem A.2 determine the matrix
valued polynomial A(z) in the determinant representation (A.3). We will now prove
that any generic curve of the form (A.7) can be represented in the determinant form
(A.3). Actually, this can be done in many ways; we will describe the parameters of all
determinant representations of I".

Let I" be the spectral curve (A.4) of a matrix A(z). Assuming smoothness of the
spectral curve, we will associate with the determinant representation a degree g divisor
D on T'. Let us first consider the eigenvector line bundle £ on T,

Ay = wy, (A.23)
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v = (Y1, ..., Um)T. Define the divisor
D :={y; =0} (A.24)

In other words, D is the divisor of poles of the meromorphic functions ¥ /vy, Y3 /1,

oo YU /Y1
Lemma A.3. The degree of the divisor D is equal to
deg D= g+m—1.

See [21] for a simple proof.
Denote

D=DNT\ Dg. (A.25)
Lemma A.4. The point (2, wo) € D only if
Ao(z9) = 0.

Here the polynomial Ag(z) was defined in (5.9). Conversely, for any root zg of the
polynomial Ay (z) there exists a point (zg, wo) € D.

Proof. For the convenience of the reader we will give here the proof. Rewriting the
equation of the divisor in the form

< b(), 1// >=0
(here < , > stands for the natural pairing between row- and column-vectors, the
row-vector by was defined in (5.7)) we also derive that, fork =1,...,m — 1,
k k wo
< bi(z0), ¥ >=< by, A" (20)¥ >=wy < bo, ¥ >=0, wo = R0
0

The determinant of this linear homogeneous system must be equal to 0. This gives
Ao(z0) = 0.

Conversely, let zg be a zero of Ap . Using the identity (5.25) we derive that the sub-
space Ker B(zg) of the m-dimensional space is invariant w.r.t. the linear operator A(zp).
Here the matrix B(z) was defined in the line after the formula (5.7). Therefore there
exists an eigenvector ¥ € Ker B(zp),

A(zo) ¥ = wo¥, <bo, ¥ >=1y1 =0.
By definition the point (zo, wo) belongs to the divisor D € I'. The lemma is proved.
Let us now compute the degree of the polynomial A(z). Let
A@) = — A"+ C"E+ 0.

Explicitly, the matrix C = (C;;) reads

n n
C=Aooﬁ+zu,-A,-, ﬁ:Zui. (A.26)
i=1 i=1
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Lemma A.5. The polynomial Ay(z) has the form

Ao(2) = (=1)"'C1aCrz... Cim [ 3™ =252+ 02D,

2<i<j
where g is given by the formula (A.8).
Proof. For the j™ coordinate of the row-vector
by := boA*~(2)
(cf. (5.7) one obtains

(0K _ (5 (0K
A k B A=) o

oy =1 [(A(loo)) b1y 5 )wi» Crj D |
LT

where dots stand for the terms of lower order in z. Computing the determinant of this
matrix we obtain the proof of the needed formula. O

Corollary A.6. If the eigenvalues of the matrix A are pairwise distinct and all the
elements of the first row of the matrix (A.26) are not equal to zero then the degree of the
divisor D is equal to g. The remaining points of the divisor D are at infinity,

D—D=00+003+:::+00y.

The statement of the corollary is a formalization of the following asymptotic behavior

of the eigenvectors ¥ = (1, ..., ¥,,)T of the matrix A(z) atz — o0
Iﬂk = 5](] + 0 (Z) , T — 0Q, Z”*I — _Aj .

Such a normalized eigenvector will have g + m — 1 poles on I' \ Do. Under the above
assumptions the first component v has simple zeroes at the points 00», ..., 00,.

Remark A.7. We observe that, as it was shown in the proof of Lemma 4.20, the element
Ci;j of the matrix (A.26) is identically equal to zero for an isomonodromic deformation
ArAx(uy, ..., up), if and only if

(1 =22 A, = — A,
that is either 1 — 2% + )»5.00) =0or Ay,; = 0forall k.

Denote

VSZYS(A)v HSZMS(A)’ S:L-o-,g, (A27)

the coordinates of the points of the divisor D,

n
D=y, i)+ + (Ve g)s s = s [ (v — i), (A.28)
i=1
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We want to show that, given the generic values of the functions ys(A), us(A), s =

1,..., g together with the numbers u1, ..., u, and the pairwise distinct eigenvalues A(i),
e )»,(1;), i =1,...,n, oo satisfying the constraint (A.12), one can uniquely determine
the conjugacy class of the n-tuple of matrices A = (Ay, ..., A;) modulo diagonal con-

jugations and permutations. To this end we will prove, essentially using the technique of
[11] the converse statement that shows that, for a Zariski open subset in the space PY !
of algebraic curves of the form (A.7), the curve can be represented in the determinant
form. We will also describe parameters of such determinant representations of a given
curve.

Let D be a divisor of the degree g on the Riemann surface I'. We will say that the
divisor is Deo-non-special if

dim HO(T,O(D +00; —co1) =1, i=1,...,m. (A.29)

Theorem A.8. Any smooth affine curve ﬁ(z, w) = 0 of the form (A.7) can be rep-
resented in the determinant form (A.4) for a matrix A(z) of the form (A.2). For a
Doo-generic curve such representations, considered modulo diagonal conjugations

Ay~ K 'A() K, K =diagky, ..., kn)
and permutations of coordinates
A PT'A@Q P, PeSu

preserving the vector (1,0, ..., 0) are in one-to-one correspondence with the degree g
Doo-non-special divisors D on T.

Proof. Let us order the infinite points of I' and choose nonzero sections
Yr € HYT, O(D + o0 — 001)), k=2,...,m. (A.30)

They are determined uniquely up to constant factors. Introduce a vector valued mero-
morphic function on I" putting

U=, %2 Ym)

Introduce the m x m matrix W(z) = (Vg j(z)) of Laurent series in 1/z expanding the

functions v near the infinite points co; € I'. Let W (z) = diag(W1(2), ..., Wy (2)) be
the diagonal matrix obtained by taking the Laurent series of the function @ on I' near
001, . .., OOn. Define a matrix of polynomials
i@ = (vow@v' ) . (A3D)
+

Here ( )+ means the polynomial part in z of the expansion. By construction
A(z) = —z'"("_l)diag()»goo), AN 4 o= h=,
Let us prove that the vector function i on I' satisfies

ARy = by
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This can be done using the standard arguments of Krichever’s scheme [35]. Indeed, by
construction all the components of the difference

Wy — AQR)Y
are analytic at the infinite points ooy, ..., 00,,. Therefore they have poles only at the
points of the divisor D. Due to nonspeciality of D the difference is equal to zero.
We have proved that I" coincides with the spectral curve of the polynomial matrix
A2). By construction the divisor D we started with coincides with the one defined
above. It remains to observe that, choosing another basic section

Vi € H(T', O(D + oo — 001)),
Y = ek, k=2,...,m,
yields the diagonal conjugation of the polynomial matrix A(z),
A(R) > CA(z)C™', C =diag(l,ca,...,cm).

Moreover, changing the order of the infinite points preserving oo implies a permutation.
The theorem is proved. O

Corollary A.9. The map
[A(z)] — Spec (A.32)
is a birational isomorphism of the space of classes of equivalence of rational matrix-

valued functions of the form

n

A.
A(z)zzz_lu_, Aco = —(A1+---+4A,)
i=1" !

with diagonal A~ considered modulo diagonal conjugations and the space of spectral
data with the coordinates

(1, ..., un, Spec Ay, ..., Spec Ay, Spec Aco, V1, [h1, - - -, Vg, Ig) € Spec. (A33)

In particular, (y1, L1, . .., Vg, ILg) are coordinates on the reduced symplectic leaves of
the Poisson bracket (3.2).

We will now prove that y; = y;(A), ui = pni(A),i = 1,..., g are canonical coordi-
nates on the reduced symplectic leaves of the Poisson bracket. It will be convenient to
represent the Poisson bracket (3.2) in the following well known r-matrix form (see [15]
regarding the definitions and notations).

Lemma A.10. The Poisson bracket (3.2) can be represented in the form

[A(Zl) ®A(Zz)] =[A(z1) @1+ 1® A(z2), r(z1 — 22)], (A.34)

where r(2) is a classical r-matrix, i.e. a solution of the linearized Yang — Baxter equation,
given by
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Equivalently, (A.34) reads

[of (4520 = Afce)) = (e - AjGe) o5
(A.35)

{Ajen. At =

Proof. By the definition

ik Aphsi — Apish
[A(Z1)®A(z2)] > byt TP
: jo S @ —up) (@ —up)
So
ksi i ok
> LS (s LY (- i)
» (z1 —up)(z2 —up) (22 —2z1) ~\zi—up  22—up Pjul P

= -z (Al} (18] — Aj(z1)85 + Aj(z2)85 — A’;(zm;)
=[A(z1) ®1+1® A(z2), r(z1 — Zz)]"j]j .

This concludes the proof. 0O

Theorem A.11. The functions )\Ek) = Algk)(A), i=1,....mk=1,...,n,00 v =
Vi(A), wi = ni(A), g =1,..., g onthe space of m x m matrices (A1, ..., Ay) = A
have the following canonical Poisson brackets w.r.t. the structure (A.35):

{vi, i} = 8ij,
all other Poisson brackets vanish.

Proof. We already know that the eigenvalues )\l(k) of the matrices Ay are Casimirs of the
Poisson bracket. It remains to compute the Poisson brackets of the functions u; (A) and
yi(A).

Let us introduce the following notations. Let z not be a ramification point for the
Riemann surface I'. Let us fix some ordering of the sheets of the Riemann surface.
Denote

la>, a=1,...,m
the basis of eigenvectors of the matrix A = A(z),
Ala >= wyla > (A.36)
normalized by the condition
<bgla>=1, bp=(1,0,...,0). (A.37)
Here

We =we(z), a=1,...,m
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are the roots of the characteristic equation det(w — A(z)) = 0. Denote < a| the dual
basis of row-vectors

< alb >=6g4p. (A.38)
Due to (A.37) one has
m
bo= Y <al (A.39)
a=1
O

Lemma A.12. The following formulae for the Poisson brackets hold true:

{log Ao(2), log Ag(z")} = 0, (A.40)

{wa(2), wp(z)} =0, (A.41)

{log Ag(2), we(2)} = ! Z <ald ><cb>. (A42)
(Z - Z/) a#b

In this formulae the primes mean that the corresponding function is computed at the
S
point z°, 1.e.

A@)| >=wl|c" > where w. = w.(z).

Proof. The following well known variational formulae will be useful in the computations
of the Poisson brackets

Swa =< alsAla >, (A.43)
bISA
< blda >= ﬂ, b#a, (A.44)
a — Wph
bISA
<alja>=> = bloAla > (A.45)
Wp — Wq
b#a

Here |§a > is the variation of the eigenvector |a >. In the derivation of the last formula
we have used the normalization (A.37).

Denote W (z) the matrix with the columns |1 >, ..., |m >. The rows of the inverse
matrix W~ ! coincide with the bra-vectors < 1], ..., < m|. From (A.39) it easily follows
that the matrix B(z) is equal to the product of the Vandermonde matrix of the pairwise
distinct numbers wy, ..., w,, by ¥~!(z). So

det B(z) = H(wi — w.,')detfl\ll(z).
i<j

Using the Liouville formula

m
Slog(det W) = tr U 'sw = Z <alda >

a=1

yields

1 < alSAla > — < b|6A|b > — < a|SA|b >
dlog Ap(2) = 5 > - . (A46)
azb Wq — Wh
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It is understood that the values of the variables u; are fixed during the variation. From
the above formulae for § Ay (z), Sw,(z’) we derive, by a straightforward calculation, the
brackets (A.40) — (A.42). The lemma is proved. O

Proof of the theorem. From (A.40) and from the representation

dlog Ap(z) = — i di + regular terms
i LT
it easily follows that
{vi.vj} =0.
The commutation rule
{mi, uj} =0

follows from (A.41). Let us compute the brackets {y;, i ;}. Due to Theorem A.8 we may
assume that the projections z = y; of the points of the divisor D onto the z-plane are
all pairwise distinct, they are distinct from u; and from the ramification points of the
Riemann surface (cf. Assumption 2 above). Consider first the case j # i. Assume that
the numeration of the sheets of the Riemann surface at the neighborhoods of the points
z = y; and z’ = y; is done in such a way that the pole of the eigenvector ¥ of the matrix
A(z) belongs to the sheet labeled by c. That means that the ket-vector |c¢ > has a simple
pole at z — y;,
|c >
lc >=

+0(), z— . (A.47)
=Y

All other ket- and bra-vectors are analytic in z near this point and the corresponding
bra-vector < ¢ | has a simple zero

<cl=G-m<a+0(c-mw?). (A48)
From the already proven commutation rule of the coordinates y; it follows that

{yi.nj} = — lim lim (z — y;){log Ag(2), we(z)}

Vi =y

1
=———— lim lim (z —¥) <ald ><c|b>.
2(pi —yj) vt =y l ;

Due to (A.47), (A.48) the r.h.s. is analytic at the point z = y;. The singularity at z = y;
can come only from the terms with b = c. So, the singular part in the sum equals

Z <ald >< b >= Z < a|c >< c'|c > +regular.
az#b ac
Using the z-independent normalization (A.37) we rewrite the singular term in the form

Z <ald ><lc>=—<c|d ><|c>.
azc
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Using again (A.47), (A.48) we establish analyticity of the last expression also at z = y;.
Therefore {y;, u;} = 0fori # j.
To compute {y;, u;} we will first calculate the limit

lim {log Ag(2), we(2)}.
=z

Observe that, for z/ = z the numerator of formula (A.42) vanishes

Z<a|c’>< b > :Z<a|c ><clb >=Z5ac5cb=0-
a#b , a#b a#b

=z

So the needed limit is equal to the derivative

d
lim {log Ao(z), we (2N} = — | — Z <ald >< b >
-z dz’
azb 7=z
Let us denote
. d . d ,
¢ >:= d_Z"c > |py=z <= d_z’ <c|ly=;-

We obtain, using again the z’-independent normalization (A.37),

d
27 Z<a|c/><c’|b> =Z<a|é>+2<é|b>
a#b 2=z a#c b#c
=—<c|c'>+Z<é|b>.
b#c
Therefore

iowiy=lim (z—y) | — <clé >+> <élb>
=Y bz

The last term in the brackets is analytic at the point z = y;. For the first one we obtain,
using (A.47), (A.48),

< Clc >

<cl¢ >=— + regular terms.

=Y
The last step is to use the normalization
<cle>=1

to derive that

Hence
{vi» wi} = 1.

The theorem is proved.



372 B. Dubrovin, M. Mazzocco

References

1. Adams, M.R., Harnad, J., Hurtubise, J.: Darboux coordinates and Liouville—Arnold integration in loop
algebras. Commun. Math. Phys. 155, 385-413 (1933)

2. Andreev, EV,, Kitaev, A.V.: Transformations RS%(3) of the ranks < 4 and algebraic solutions of the
sixth Painlevé equation. Commun. Math. Phys. 228(1), 151-176 (2002)

3. Anosov, D.V,, Bolibruch, A.A.: The Riemann-Hilbert Problem. Volume E 22, Aspects of Mathematics,
Braunsdiweig: Friedrich Vieweg & Sohn Verlag (1994)

4. Arinkin, D., Lysenko, S.: On the moduli of SL(2)-bundles with connections on P! \ {x1,...,x4}. Int.
Math. Res. Not. 1997(19), 983-999 (1977)

5. Audin, M.: Lectures on gauge theory and integrable systems. NATO Adv. Sci. Inst. Ser. C Math. Phys.
Sci. 488, Dordrecht: Kluwer, 1997

6. Babelon, O., Talon, M.: Riemann surfaces, separation of variables and classical and quantum integrabil-
ity. Phys.Lett. A 312, 71-77 (2003)

7. Bolibruch, A.A.: The 21-st Hilbert problem for linear Fuchsian systems. In: Developments in mathemat-
ics: the Moscow school. London: Chapman and Hall, 1993

8. Bolibruch, A.A.: On isomonodromic deformations of Fuchsian systems. J. Dynam. Control Systems 3,
589-604 (1997)

9. Coddington, E.A., Levinson, N.: Theory of ordinary differential equations. New York-Toronto-London:
McGraw-Hill Book Company, Inc., 1955

10. Costin, O., Costin, R.D.: Asymptotic properties of a family of solutions of the Painlevé equation VI. Int.
Math. Res. Not. 22, 1167-1182 (2002)

11. Dubrovin, B.: Matrix finite-gap operators. J. Soviet Math. 28, 20-50 (1985)

12. Dubrovin, B.: Geometry of 2D topological field theories. Volume 1620 of Springer Lecture Notes in
Math. Integrable Systems and Quantum Groups, M. Francaviglia, S. Greco, eds. Berlin-Heidelberg-
New York:Springer 1996

13. Dubrovin, B., Diener, P.: Algebro-geometrical Darboux coordinates in R-matrix formalism. Preprint
88/94/FM, 1994

14. Dubrovin, B., Mazzocco, M.: Monodromy of certain Painlevé-VI transcendents and reflection groups. In-
vent. Math. 141, 55-147 (2000)

15. Faddeev, L.D., Takhtajan, L.A.: Hamiltonian methods in the theory of solitons. Springer Series in Soviet
Mathematics, Berlin: Springer-Verlag, 1987

16. Flaschka, H., McLaughlin, D.W.: Cononically conjugate variables for the Korteweg—de Vries equation
and the Toda lattice with periodic boundary conditions. Progr. Theor. Phys. 55, 438-456 (1976)

17. Fuchs, R.: Lineare homogene Differentialgleichungen zweiter Ordnung mit drei im Endlichen gelegenen
wesentlich singuldren Stellen. Math. Ann. 63, 301-321 (1907)

18. Garnier, R.: Sur des équations différentielles du troisiéme ordre dont I’intégrale générale est uniforme
et sur une classe d’équations nouvelles d’ordre supérieur dont I’intégrale générale a ses points critiques
fixes. Ann. Sci. Ecole Norm. Sup. 29(3), 1-126 (1912)

19. Garnier, R.: Solution du probleme de Riemann pour les systemes différentielles linéaires du second
ordre. Ann. Sci. Ecole Norm. Sup. 43, 239-352 (1926)

20. Gekhtman, M.: Separation of variables in the classical SL(N) magnetic chains. Commun. Math.
Phys. 167, 593-605 (1995)

21. Griffiths, P.A.: Linearizing flows and a cohomological interpretation of Lax equations. Math. Sci. Res.
Inst. Publ. 2, 36-46 (1984)

22. Guzzetti, D.: The elliptic representation of the general Painlevé VI equation. Comm. Pure Appl.
Math. 55(10), 1280-1363 (2002)

23. Harnad, J.: Quantum isomonodromic deformations and the Knizhnik—Zamolodchikov equations.
In: Symmetries and integrability of difference equations (Esttrel, PQ, 1994), CRM Lecture Notes 9,
Providence, RI: Amer. Math.Soc., 1996

24. Hitchin, N.: Frobenius manifolds (with notes by David Calderbank). NATO Adyv. Sci. Inst. Ser. C Math.
Phys. Sci. 488, 69-112 (1997)

25. Hitchin, N.: A lecture on the octahedron. Bull. London Math. Soc. 35(5), 577-600 (2003)

26. Ince, E.L.: Ordinary differential equations. New York: Dover Publications INC., 1956

27. Its, A.R., Novokshenov, V.Yu.:The isomonodromic deformation method in the theory of Painlevé equa-
tions, volume 1191 of Lecture notes in mathematics. Berlin-Heidelberg-New York: Springer, 1980

28. Iwasaki, K., Kimura, H., Shimomura, S., Yoshida, M.: From Gauss to Painlevé, a Modern Theory of
Special Functions. Volume E 16, Aspects of Mathematics, Branschweig: Friedrich Vieweg # sohn, 1991

29. Jimbo, M.: Monodromy problem and the boundary condition for some Painlevé equations. Publ. Res.
Inst. Math. Sci. 18, 1137-1161 (1982)

30. Jimbo, M., Miwa, T.:Monodromy preserving deformations of linear ordinary differential equations with
rational coefficients II. Physica 2D, 2(3), 407-448 (1981)



Canonical Structure and Symmetries of the Schlesinger Equations 373

31.

32.

33.

34.

35.

36.

37.
38.

39.

40.

41.

42.
43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.
56.

57.

58.

Jimbo, M., Miwa, T.: Monodromy preserving deformations of linear ordinary differential equations with
rational coefficients III. Physica 2D 4(1), 26-46 (1982)

Jimbo, M., Miwa, T., Ueno, K.: Monodromy preserving deformations of linear ordinary differential
equations with rational coefficients I. Physica 2D 2(2), 306-352 (1981)

Katz, N.: Rigid Local Systems. Volume 139 of Ann. Math. Studies. Princeton, NJ: Princeton University
Press, 1996

Kimura, H., Okamoto, K.: On the isomonodromic deformation of linear ordinary differential equations
of higher order. Funkcial. Ekvac. 26(1), 37-50 (1983)

Krichever, .M.: Methods of algebraic geometry in the theory of non-linear equations. Russ. Math.
Surv. 32, 185-213 (1977)

Krichever, I.M.: Isomonodromy equations on algebraic curves, canonical transformations and Whitham
equations. Mosc. Math. J. 2(4), 717-806 (2002)

Levelt, A.H.M.:Hypergeometric functions. Doctoral thesis, University of Amsterdam, 1961
Malgrange, B.: Sur les déformations isomonodromiques I. Singularités régulieres. Volume 37 of Math-
ematics and Physics. Progr. Math. Boston: Birkhauser 1983

Manin, Yu.l: Sixth Painlevé equation, universal elliptic curve, and mirror of P2. Amer Math Soc Transl.
Ser. 2, 186, 131-151 (1998)

Manin, Yu.L: Frobenius manifolds, quantum cohomology and moduli spaces. Colloquium Publ. Volume
47, Providence, RI: Amer. Math. Soc. (1999)

Marsden, J., Weinstein, A.: Reduction of symplectic manifolds with symmetry. Rep. Mathematical
Phys. 5(1), 121-130 (1974)

Mazzocco, M.: Picard and Chazy solutions to the PVI equation. Math. Ann. 321(1), 131-169 (2001)
Mazzocco M.: Rational solutions of the Painlevé VI equation. J. Phys. A: Math. Gen. 34, 2281-
2294 (2001)

Miwa, T.: Painlevé property of monodromy preserving equations and the analyticity of t-functions. Publ.
RIMS 17, 703-721 (1981)

Moser, J.: Three integrable Hamiltonian systems connected with isospectral deformations. Adv.
Math. 16, 197-220 (1975)

Ohtsuki, M.: On the number of apparent singularities of a linear differential equation. Tokyo
J. Math. 5, 23-29 (1982)

Okamoto, K.: Isomonodromic deformations, Painlevé equations and the Garnier system. J. Fac. Sci. Univ.
Tokyo, Sect. 1A, Math. 33, 576-618 (1986)

Okamoto, K.: Studies on the Painlevé equations I, sixth Painlevé equation. Ann. Mat. Pura Appl. 146, 337—
381 (1987)

Okamoto, K.: Painlevé equations and Dynkin diagrams. In: Painlevé Transcendents, London: Plenum,
1992, pp. 299-313

Okamoto, K., Kimura, H.: On Particular solutions of the Garnier system and the hypergeometric functions
of several variables. Quart. J. Math. Oxford 37, 61-80 (1986)

Reshetikhin, N.: The Knizhnik—Zamolodchikov system as a deformation of the isomonodromy prob-
lem. Lett. Math. Phys. 26, 167-177 (1992)

Schlesinger, L.: Ueber eine Klasse von Differentsial System Beliebliger Ordnung mit Festen Kritischer
Punkten. J. Fur Math. 141, 96-145 (1912)

Scott, D.R.D.: Classical functional Bethe ansatz for SL(N): separation of variables for the magnetic
chain. J. Math. Phys. 35, 5831-5843 (1994)

Sibuya, Y.: Linear Differential Equations in the Complex Domain: Problems of Analytic Continuation,
Volume 82 of Trans. of math. Monographs. Providence, RI: Amer Math. Soc., 1990

Sklyanin, E.K.: Separation of variables in Gaudin model. J.Soviet Math. 47, 2473-2488 (1989)

Tsuda, T.: Universal characters and integrable systems. PhD thesis, Tokyo Graduate School of Mathe-
matics, 2003

Umemura, H.: Irreducibility of the first differential equation of Painlevé. Nagoya Math. J. 117,
231-252 (1990)

Veselov, A.P., Novikov, S.P.: Poisson brackets and complex tori. Trudy Mat. Inst. Steklov. 165,
49-61 (1984)

Communicated by L. Takhtajan




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


