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Abstract: We prove that the extended Toda hierarchy of [1] admits a nonabelian Lie
algebra of infinitesimal symmetries isomorphic to half of the Virasoro algebra. The gen-
erators L,,, m > —1 of the Lie algebra act by linear differential operators onto the tau
function of the hierarchy. We also prove that the tau function of a generic solution to the
extended Toda hierarchy is annihilated by a combination of the Virasoro operators and
the flows of the hierarchy. As an application we show that the validity of the Virasoro
constraints for the C P! Gromov-Witten invariants and their descendents implies that
their generating function is the logarithm of a particular tau function of the extended
Toda hierarchy.

1. Introduction

The extended Toda hierarchy was introduced in [30, 16, 1] in an attempt to encode the
recursion relations among the C P! Gromov-Witten invariants into that of a hierarchy
of integrable systems. As it was shown in [1], this hierarchy can be represented in a Lax
pair formalism through the Lax operator

L=A+vx)+e* @A (1.1

The functions v, u serve as the dependent variables for the hierarchy with spatial variable
x and A = ¢¥ is the shift operator, € is a small parameter. We will also introduce a
two-component vector

w = (wl,wz), w! = v, w?i=u

to use in the formulae where many summations enter.
The flows of the hierarchy are defined via Lax representation

oL

€= pq = Apa Lli=ApgL —LAgg, B=12q=0. (12)
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Here the operators Ag , have the expression

2 1
AL, = —[Li(og L — Ay = [L‘l“] , 13
1,9 q! [ ( g Cq)]+ 2,9 (C] T 1)' N ( )
0 g =1y ] (1.4)

CO - £ cq - 2 q .

with the positive part B, of the difference operator B = Y_ By A¥ given by B, =
D k>0 B A¥. The logarithm of the operator L is defined as follows [1]. Let us first
introduce the dressing operators P and Q of the form

P=Y"pA 0= gA" py=1 (1.5)
k>0 k>0
such that
L=PAP '=0oAa 07" (1.6)
Then we define
log L := % (PGBXP_I — QeaxQ—l) . (1.7)

Equations (1.2) for 8 = 2 coincide with the standard flows of the Toda hierarchy. In
particular for ¢ = 0 one obtains the equations of Toda lattice

k
v = l (ell(x+e) _ eu(x)) — Z € 3k+1eu7

2,0 X
ot € =k +1)!
ou 1 ek
3720~ ¢ (wx) —v(x —€)) = kX;(—l)" TEY gy, (1.8)
>

written in the interpolated form. To return to the original discrete setup of [26] one
introduces the lattice variables

U, :=u(ne), v, .= v(ne).

The parameter € plays the role of the mesh of the lattice. Another part, for 8 = 1is a
new one. For ¢ = 0 one obtains just the spatial translations

dv _ v u _ ou (1.9)
arl0  9x’ arl0 T fx’ '

The flow for 8 = 1 and ¢ = 1 is less trivial:

% = vvy + é I:eLt(X+€) B_u(x +¢)—2)— 1) B_u(x —€) — 2)] ’
d 1
= <[00 Beu) =2 = v — ) Boutx — ) = 2)

+Biv(x +¢€) — Byv(x —e)], (1.10)
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where the operators B are defined by

_ By
Byi= (A=) lede =) edn),
k>0

B
B =1 —AYHled, =Zk—"‘(—eax)’<. (1.11)
k>0

Here B; are the Bernoulli numbers.
The flows of the extended Toda hierarchy can be represented as Hamiltonian systems

ow* o _ay SHg 4
81‘/3’(1 = {w ()C), Hﬂ’q}] = U] M (112)
with the Hamiltonian operators
11 22 1 a1 _ 1 -1
Uy =U0;"=0, U ZE(A_I)’ Uj =g(1—A ), (1.13)
and the Hamiltonians
Hpq = /hﬂ,qu’ B=12 q=—1,
with the densities /g , defined by
hig = _2 res [Lq+l(lo L—c )] =res A
l,g = ZEE g q+1) | = Lg+1>»
hyg = res LIt2 = res A . 1.14
2.q DY 2,41 (1.14)
By definition the residue of a difference operator
A= ZakAk
kel
is given by
res A := ay.
Note that
hi,—1 =B_u(x), hy—1=0v(x) (1.15)

are densities of Casimirs of the Poisson bracket, i.e.
{(..H,1th={.,Hy 1}1=0.
Denote A the graded ring of formal power series of the form ) ek Jr(w, wy, ...),
k>0

where f; are polynomials of v, u, e, v 4™ m > 1. The gradation is defined by

degv'™ =1—m, degu™ = —m, form >0, dege" =2, dege =1.  (1.16)
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As it was shown in [1], all the Hamiltonian densities (1.14) as well as the right hand
sides of the flows of the extended Toda hierarchy are homogeneous elements of the ring
A.

Introduce functions Q4 p.g.4 € Aby

1 e p_1 12 res([Apy, LP(logL —cp)]), @ =1,
E(A_I)Qa,p;ﬂ,q:: ap z{ipll ([ B.a p])
€

9184 res [Aﬂ’q, LP'H] , o =2.
(1.17)

(p+1)!

Existence of such functions and an important property of t-symmetry

Qg.qia.p = Lo, p;.g

was established in [1]. These elements of the ring A are uniquely determined by the
above formulae and by the homogeneity condition

deg Qu pipg =P +q+ 1+ o + 1g.

Here
1 1
/’Ll - 27 I’LZ - 2
In this paper we will consider the solutions to the extended Toda hierarchy in the
class of formal series in €

w*(x, t; €) = Zekw,‘f(x, t), a=1,2,
k>0
t= (b0, 20 (L 2. (1.18)

As it follows from the definition (1.3),
Ao = €0y

modulo terms commuting with L. So

910~ ox

’

i.e., the solution depends on x, 1.0 only via the combination x + t1:0 We will therefore
often suppress the explicit dependence on x in the formulae.

As it follows from Proposition 4.1 of [30], after the transformation of dependent
variables u — u, v — 0,

0(x) = Byv(x),
a(x) = ByB_u(x), (1.19)

only even powers of € remain in the e-expansions of the right hand sides of equations
of the hierarchy (1.2).
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Definition ([1]). For any solution v(x, t; €), u(x, t; €) of the extended Toda hierarchy
there exists a function

T =1(x, t; €) = eXpz0C (D)

such that the functions Qg p. g, evaluated on this solution can be represented in the
form

5 8%logt

arerytha (1.20)

Qo,pipg =€

forany o, B =1,2, p,q > 0. It is called the tau function of the solution (1.18) of the
extended Toda hierarchy.

In particular, we have

a1
hap = €A = D85 a=1.2 p = —1, (1.21)
dlogrt 0 T(x + €, t;€)

v = ¢ )atz*o E8t2’0 08 T(x,t; €)

T(x +6,te)t(x —€,t;€)
2(x, t; €)

u=(A—-1)1—-A")logr =log (1.22)

Another important property of this hierarchy is that, apart from its Hamiltonian struc-
ture described above, it also possesses a second Hamiltonian structure which is com-
patible with the first one (see (4.15) below). The bihamilonian structure and the tau
symmetry property of the extended Toda hierarchy imply, due to a general theorem of
[9], quasi-triviality of the extended Toda hierarchy. The precise formulation of the quasi-

triviality property in the case of interest is given by the following theorem (cf. Corollary
3.10.23 of [9]):

Theorem 1.1. Any solution v, u of the extended Toda hierarchy is obtained from a solu-
tion vy, ug of the dispersionless extended Toda hierarchy through the quasi-Miura trans-
formation of the form

(3¢-2)
_ 0F,(wg, ..., w )
=g+ ) eI A - D
g=1
u=uo+ Yy ¥ 2A - D1 =AY Fy(wo. ... wg* ), (1.23)
g=1

(cf- (1.19)) and the corresponding tau function of the solution admits the following genus
expansion

logr =€ % log 1% + Zng_ng(wo, . w(()3g72)). (1.24)
g>1
In these formulae the functions Fq(w, wy, ... , w82 do not depend on the choice of

the solution.
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Here tI0 = 00 (x t) is the tau function for the solution vy, ug of the dispersionless
extended Toda hierarchy, i.e., it is related to the leading term of the solution (1.18)

wo = (vo, Uo)

via .t azlogr[ol(x,t)
vx,t) = —,
0 9x9120
92 log (% (x, t
uo(x, 1) = L1088 (1.25)
0x

Recall that the dispersionless extended Toda hierarchy is obtained from the extended
Toda hierarchy by setting ¢ = 0. All the flows of the dispersionless extended Toda hierar-
chy are systems of hydrodynamic type, i.e. systems of two first order quasilinear PDEs.
For B = 1, g = 0 the dispersionless flow still coincides with the spatial translations
(1.9). For B = 2, g = 0 one obtains

ov a
_— = — S
0120 0x

u _ av
9120 "~ x’

Eliminating v yields the so-called long wave limit of the Toda lattice equations
Uy = (eu) Yx

where t = 120, The dispersionless limit of (1.10) reads
ad o [1
P2 |:—v2+(u— l)e“],

arl1 dx | 2
ou 0 )
—— = —(uv).
a1 9x

Changing the sign of time + = —t!-! one identifies these with the equations of motion

of the one-dimensional polytropic gas with the speed v and density « and the equation
of state of the form p = W? = 2u 4 2)e" — 2.

It is time to remind the reader that the theory of dispersionless (extended) Toda hier-
archy can be nicely encoded [5, 4] in terms of a particular two-dimensional Frobenius
manifold MToq,. The latter can be identified with the quantum cohomology of complex
projective line

Mtoda = QH*(CPY).

Alternatively, the Frobenius manifold in question is isomorphic to the orbit space of the
simplest extended affine Weyl group [6]

Mroaa = C*/W (A)).
Denote v, u the coordinates on Mto4a. The potential of the Frobenius manifold reads
1
F= 5v2u + €. (1.26)
The third derivatives of the potential define the multiplication law of tangent vectors at

each point of M such that d/dv is the unity and
a 0 ad

u

— . — = .
ou ou dv
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The flat metric on M reads

<, >=2dudv. (1.27)
The Euler vector field is 5 5
E=v—+2—.
Vou T oo

We will not recall here the universal construction, due to [3] of a “dispersionless” inte-
grable hierarchy valid for an arbitrary Frobenius manifold M. The hierarchy can be
considered as an infinite family of pairwise commuting flows on the loop space L(M).
All these flows are represented by first order quasilinear PDEs; for this reason this hierar-
chy is called dispersionless. The word “hierarchy” means that the systems of integrable
PDE:s are organized by means of the action of a bihamiltonian recursion operator.

In [9] we addressed the problem of extending the correspondence

Frobenius manifolds — hierarchies of integrable PDEs

to an arbitrary Frobenius manifold. We proved that, indeed such a universal correspon-
dence exists for an arbitrary semisimple M provided a suitable completion of the loop
space L(M) is made allowing to work with infinite order PDEs. By definition semi-
simplicity of a Frobenius manifold means that, for a generic point w € M the algebra
on T, M is semisimple. We leave as an exercise to the reader to verify that Mroq, is a
semisimple Frobenius manifold. So, according to the main result of [9], there exists an
integrable hierarchy associated with the Frobenius manifold M1,q,. The main aim of the
present paper is to identify this integrable hierarchy with the extended Toda hierarchy
(1.2).

The crucial role in such identification, apart from the Lax representation and tau
structure obtained in [1], play Virasoro symmetries. According to our paper [8] for an
arbitrary Frobenius manifold there exists a universal construction of second order linear
differential operators

_ a
Ly = L(e lt,ea), m> —1
satisfying the Virasoro commutation relations
[Li,Ljl=(G— j)Liyj, i, j=-—1 (1.28)

For Mt0q, these Virasoro operators are given by the following explicit expressions (cf.

[12]):

0 1
L= Zta,k 410,20,

d—1 T 2
pres or €
il ol il 1 2
Lo=3S "%k [k 42kl 1257k T <[1,0> ’
0 ; ( 971k 972k—1 ]; 972k—1 T 2
m—1 2
0 (m +k)! d
_ 2 _ Lk
Ly=c¢ ];k!(m Ly vy +§ &= D! (t PP
24-1__ 9 1k 0
T et ) 2 > am(k)t s M= (1.29)

k>0
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where
k
(m+k)! 1
o (0) = m!, apk) = mzk; k> 0.
J:

Again, we will not reproduce here the universal construction of the Virasoro operators;
however, we will give below the free field realization of these operator for the MToda
case obtained in Sect. 3.10.2 of our paper [9].

It is the Virasoro invariance property of a hierarchy of integrable PDEs that allows
to reconstruct it uniquely starting from a given semisimple Frobenius manifold, along
with bihamiltonian structure and existence of a tau function. That means that the linear
action of the Virasoro operators onto tau functions defines symmetries of the hierarchy!.

The central result of this paper is the following

Main Theorem. /. The transformations
T—>T1+4+6Lyt, §—0 (1.30)

for any m > —1 are infinitesimal symmetries of the extended Toda hierarchy, i.e.,
given a tau function T = t(t; €) of a solution v(t; €), u(t; €) of the form (1.18), the
functions

0 Lyt

(t; €) = v(t; S(A — 1)—— "~ 82
v(t; €) = v(t; €) + €6( )81‘2’0 - + 0(87),

~ 1\ Lmt 2
ut;e) =u(t;e) +6(A —-1)(1 - A )T + 0(3)

satisfy equations of the extended Toda hierarchy modulo terms of order O (82).
2. For a generic solution (1.18) of the extended Toda hierarchy, the corresponding tau
function satisfies the Virasoro constraints

Lo <6_1(t —¢(e)), e%) =0, m>—1 (1.31)

for some c(€). Here c(€) = (¢*P(€)) is a collection of formal power series in €.

We will describe the class of generic solutions in Sect. 4. Note that in the above
formulae we omit writing explicitly the x-dependence since x enters only through the
combination x 4 719

The above two theorems and the uniqueness result of [9] (see Theorem 3.10.31) imply

Corollary 1.2. The hierarchy of PDEs associated, according to [9], with the Frobenius
manifold Mroqa coincides with (1.2).

According to [9], the functions Fy = Fy(wo; ..., w(()3g 72)) in the genus expansion
(1.24) are uniquely determined by the loop equation that was introduced in Sect. 3.10.7

1 In Sect. 3.10.4 of [9] we called this property linearization of the Virasoro symmetries. The reason for
this name was the following. The dispersionless hierarchy on £(M) constructed in [3] is always invariant
with respect to an action of half of the Virasoro algebra [8]. However, the generators of the Virasoro action
do not act linearly onto the dispersionless tau function 7[00 (t). The full hierarchy constructed in [9] is a
deformation of the dispersionless one that transforms the nonlinear action of the Virasoro symmetries to
the linear one.
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of [9] for any semisimple Frobenius manifold. For Mg, the loop equation will be
discussed in Sect. 5. It will also be explained how one can compute Gromov - Witten
invariants of C P! and their descendents of any genus using the loop equation.

Due to the uniqueness of solution of the loop equation and the validity of the Virasoro
constraints for C P! Gromov-Witten invariants [20], we have the following

Corollary 1.3. The generating function of the C P! Gromov-Witten invariants and their
descendents is uniquely determined by the system of Virasoro constraints. It coincides
with the logarithm of the tau function of a particular solution of the extended Toda
hierarchy.

This particular solution for the C P! Gromov-Witten invariants will be described in
Sect. 5.

Summarizing, we can say that, in the theory of Gromov - Witten invariants of C P!
and their descendents the extended Toda hierarchy (1.2) plays the role similar to one
played by the KdV hierarchy in the Kontsevich - Witten formulation [28, 21, 29] of the
intersection theory of the tautological classes on the Deligne - Mumford moduli spaces
of stable punctured curves.

2. Some Formulae for the Functions 2, ,.5 4

We present in this section some important identities for the functions Q2 p.g 4, defined
in (1.17) and for the Hamiltonians Hy .

Let us first recall the definitions of [1] of the logarithmic x-derivatives of the dressing
operators P and Q. Let us look for these logarithmic derivatives in the form

eP, P = "biA,
izl
€0,07' =) cjA). @2.1)
j=0
Lemma 2.1. There exist unique elements b;, c; € A homogeneous of the degrees
degbj =j, degcj=—j
such that the operators (2.1) satisfy the following system of equations:
res ([ePXP_l, LM — eame) = res <[eQxQ_l, LM — eE)XL’") =0, m>1.
Proof. See [1]. For example,
by=-Byv, co=B-u, c1= e TR Y.
O

Lemma 2.2. The following identities hold true

02, .
#’“ = Qup1:pg + L pipgt + Ca.18p.2 + 8028510850800 (2.2)
0 0
(m) 9 _
m=>0

=(P+q+ 1+ o+ 1p)Qu,pipg + REQy p-1:8.4 + REQapiyg-1
+234,188,185,0084,0- (2.3)



170 B. Dubrovin, Y. Zhang

Here the numbers [, and a 2 x 2 matrix R = (Rg) are defined by

1
Hi=—p2=—7, Rg =2838p.1,
and we assume that Q. p—1,8,¢ = 28,q;0,p—1 = 0 when p = 0.

Proof. Let us consider the difference operators

ob
B:=—Ped P ' ==Y LA,
v €0 Z dv
j=1
0 ac
= — 03,0 =N "L AJ
ane 0 Z av
Jj=0

The coefficients b; € A, c; € A were defined in (2.1). We want to show that
LB=1, LC=-1.
Indeed, differentiating the identity
[Ped, P!, L1=0
with respect to v we derive that the operators B and L commute. Therefore
[B—PA'P L™ =0, m=>1

Since by = —B; v,
b

— =—1.
ov

(2.4)

2.5)

So the expansion of the difference operator B — PA~! P~! begins with A~2. From the

equations
restB— PAT'P71 L™ =0 foranym > 1,

we prove that the coefficient of A~ of the operator B — PA~' P~! is a constant. Since

ob;

v

deg =j—1,

the degree of this coefficient, as an element of .4, is equal to 1. So, the coefficient must

be equal to zero. Continuing this process we prove that
B=PA'Pl=A"T1+ 017D
In a similar way we can prove that
C=—-0AQ ' = —e"0HIN 1 O(A?).

Now, using the definition (1.7) of log L we obtain

9 1 | .
ZlogL=~(B—C)=~(PA~'P7'+ 0AQ™").
v 2 2
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Therefore

dlogL
v

From the last equation it readily follows that

9 3LP(1ogL—c) =—— P YlogL —cp_y), p=1
v | p! P (p—1! P =

0 ;LP-H =iLP, p=>0.
v L (p+ 1! p! -

These two equations yield, together with

L1 Li—1, (2.6)

hi 1 =0—-AY"Yedu, ho_1=v

and the definition (1.17), the formula (2.2).

To prove the second formula of the lemma, let us introduce the operators H and £
that act on the space of difference operators of the form Y by A¥ with coefficients in A
as follows:

HY b A* =) kbl (2.7)
oby, by,
k _ (m) k
EY Ak =" X%U’" oy T2 | A% (2.8)
m=

It is easy to see that these operators satisfy the Leibnitz rule

P [(Z ahb (Y blAl)] - (P ZakAk) Y b AT+ Y apat (73 Zb;Al) .

(2.9)
Here P = H or P = £. By our definition it follows that
H+&EL=L. (2.10)
Due to Lemma 2.1
(H+&)logL =1. (2.11)
Now by using (2.10) and (2.11) we obtain
(A = DERy p1g = —— Eres [ALC,, LP“]
(p+ D!
= Gr (H+ &) res [Al,q, LP“]
= ﬁ res [qu,q +2A2,4-1, L”H] + %res [Al,q, LPH]

=(P+g+DA =D pi1qg+2(A —1DQ p2g1. (2.12)
So, from the homogeneity condition for 2, ;g , We arrive at
EQpi1g=P+q+ DR pig+2 p2g-1.

Other cases of the formula (2.3) can be proved in a similar way. The lemma is proved.
O
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Lemma 2.3. The variational derivatives of the Hamiltonians Hg 4 are given by the fol-
lowing formulae

SHg 4 dlogt

o) = hpq-1=€(A = Do, (2.13)
8Hg 4 , d%logt

9 = Qg = €. 2.14
Su(x) | RUPa T € 5058 @.14)

Proof. From the Hamiltonian representation (1.12) of the extended Toda hierarchy we
have

v 1 SHp,  ou 1 1\ SHp
(A1) 2B =—<1—A )— 2.15
atba ¢ ( ) Su atba € Sv 215

On the other hand, the formulae (1.21) and (1.22) imply that

ov
ath.a

ou 1

1 _
=~ (A= DRoipgs 5y == (1 —A 1) hgg 1. (2.16)

So, due to the homogeneity property of the densities of the Hamiltonians we arrive at
the expressions (2.13) and (2.14). The lemma is proved. O

3. Virasoro Operators for the Frobenius Manifold M4,

Recall that, according to the general algorithm of [9] the Virasoro operators associated
with a given Frobenius manifold are obtained by the following free field realization®
that we now present for the example of Mryqa. Let ay,p, a2 p, p € Z be free bosonic

operators satisfying the following commutation relation’
la1,p, a2,4] = (=DP8pig41.0- (3.1
Introduce vectors of operators
a, :=(a,p,a2,p), pEeEL. (3.2)
Consider the generating function
P 1 0
f(2) .= lgapz”“‘z’? = léal’ <2ZP+% log z z”H) . o)

Here the diagonal matrix p and nilpotent matrix R correspond to the spectrum at the
origin of the Frobenius manifold Mtyda,

_%0

w= , R=<gg). (3.4)

1
U

2 In [8] we used a different free field realization of the Virasoro operators inspired by [10].
3 Note change of notations: in [9] we used half integer labels.
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The current ¢ (1) for any non-integer v is defined by a (suitably defined) Laplace-type
transform

00 = [ e

Z2
Z 'p—v) 0
- ez“ v E[MM(p—v+ D) —loghil(p—v+ D] iT(p—v+D )"
p
(3.5)

The generating function of the regularized Virasoro operators Lf,f) is defined by the
following quadratic combination of the derivatives of the currents

T ()
_ Z Ly
- m+2
meZ A
= 1 . 3)L¢(_U)G(U) [a)\(p(‘))il +Ltr 1 Mz
2 4227 \4
1
=2 a3 - arMpg(v. A) al ;. where (3.6)
p.q€L
Mpg(v, 1)
0 SIIZI;VF(P+V+1)F(¢]—V+2)

— IV (g — v+ DO(p + v +2) 19, [$22T(p+ v+ 2)T(g — v +2)]

In this formula the Gram matrix G (v) reads

GWv) = % [eniReni(u+v) + e—niRe—ni(,H-u)] 77_1
1 0 sinmv
- P (— sinv 27w cos nv) ’ 3.7)

n is the Gram matrix of the metric (1.27), i.e., in our case

_ -1 _ (01},
7]—’7 - 107

the term with the trace in (3.6) does not contribute since u? = %. The normal ordering
in (3.6) is defined in such a way that all the operators a1, and a; , with nonnegative p
are to be written on the right. So

sin T v
LY = Z ;az,paz,q:au[ F(p+v+2)F(q—v+2)]
p+g=m-—2

sin ;v
: . — [ DI'(g — 2
+ Y capay 5 TP +v+DI(g—v+2)
p+qg=m—1
—I'(p—v+1DI'(g+v+2)].
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Using the standard identities of the theory of gamma-functions

Fr’e+1D)=xI'x), TWrad-x)=

sinzx’

we finally obtain the following expression for the regularized Virasoro operators

Trb—p+m+1) T(—v—p+m+1)
Ly = Z( 1)’7“[ . ; L@ p@r et

Fv-p ['(=v—p)
'm—v—p)
—_1\P . S B .
+ }p (=Dra, |:1_,(_v e 1)] a2 p2 m—p-2 - - (3.8)

The operators

LY Z( D ay parpoa

and
L) =3 (=1"p aipar—p1 43 (=D ar par s
14 14

do not depend on v. The operators (3.8) with m > 0 depend polynomially on v; those
with m < —1 depend rationally on v. Therefore there exist limits

L, = 11r%L(”) m> —1.

To arrive at the Virasoro operators given above in the Introduction one use the fol-
lowing realization of the bosonic operators ay, p:

9
€5iap> p=0

Qo,p = . (3.9)
e ' ="y _p, p<0
Here we use the matrix 1 for lowering the indices
ta,p = Napt™?.

In the next section we will prove that the linear action of the Virasoro operators L,
with m > —1 defines infinitesimal symmetries of the extended Toda hierarchy.

4. Proof of the Main Theorem

We first consider the following system of Euler-Lagrange equations:

Y or el
Sv(x)

p=0
oy SHo pe

S ger ZPTl g 4.1)

=0 Su(x)

with

P = (9P — ¢¥P(€) 4+ 895, 0 x 4.2)
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for some formal power series ¢*? (¢). Here and henceforth summations with respect to

the repeated Greek indices are assumed. We assume that only finitely many of them are

nonzero. The series must satisfy the condition of genericity that we shall now formulate.
Let us expand the Hamiltonian densities (1.14) in powers of €,

hap = Oup1 (v.10) + O(€). 43)

The explicit formulae for the functions 6y, , (v, u) can be found in [9] (see also the for-
mulae (A.12), (A.13) below). Let us impose the following assumptions for the leading
terms of the series ¢*? (¢).

1. There exist values v, u such that

o 00y, p (v, u)
TR

p=0

s 360 (v, 10)
> et

p=0
(4.4)

and
2. The operator of multiplication by the vector

VY P (0),p-1 (0. D) (4.5)
p=1
is invertible element of the Frobenius algebra T3 ; MToda.

Under these assumptions the following lemma holds true (cf. Lemma 3.8.2 of [9]).

Lemma 4.1. There exists a unique solution to the Euler - Lagrange equations (4.1) in
the class of formal series

k>0
w=ux,t,€) =bo(€) + O buy pprcogpp (1P 1% e 10 04y, (4.6)
k>0
where
ap(0) =v, bo(0) =u. “4.7)

Proof. In the leading order in € the Euler - Lagrange equations (4.1) become just equa-
tions for the critical points of the function

ST — P 0) + x5 58, p (0., 1),
p=0

The above two assumptions imply that there exists a unique critical point

vo = vo(x,t,€), uo=up(x,t, e)



176 B. Dubrovin, Y. Zhang

of the function
D P — P (€) + x8585)0u, p (v, 1)
p=0

in the class of formal power series of the structure similar to (4.6) with
v0(0,0,0) = v, up(0,0,0) =u.

It is easy to see that these functions can be uniquely extended to a solution to the full
Euler - Lagrange equations (4.1). The lemma is proved. 0O

Lemma 4.2. The space of solutions of the Euler-Lagrange equation (4.1) is invariant
with respect to the flows of the extended Toda hierarchy.

Proof. Let us represent the difference operators Ag , defined in (1.3) by

Aﬂ’q = Zaﬁvq;k[\k’ ﬁ = 17 2$ q = 0. (48)
k>0

Then by using Lemma 2.3 we obtain

8110"[7 (SHW»P u(x)
— = =ag p0(x), — =ay p1(x —e€)e" .
50 (x) (x,p,O( ) Su(x) C\l,p,l( )

The Lax pair representation (1.2) of the extended Toda hierarchy yields
0Aa,p 0Agy

atha e
de"

b

4.9)

= [Aﬁ,qv Aa,p],

= [aﬂ,q;o(x) —agqg.0(x — 6)] P

These equations together with (4.8) imply

0 [ 8Hy, 9 ( 8Hp,
p ) _ 9 ) 4 By=12 pg>0 (410
1P <8wV(x)) YN (Swy(x) o B,y p-q (4.10)

So, under the flows of the extended Toda hierarchy we have

d . 0Ho p—1\ SHp,—1 d (SHg .y OWE
Fop P — q q o Fop )
ath.a 17Z>0 sw” (x) sw” (x) + Z dwsm \sw” (x) ) * Z gro-p—l

m=>0 p>1

@11

Here and below we use the following notations for the x-derivatives of the functions u

and v ;
am

wim =LY e 12 m>o.
axm

So

1,m (m) 2,m

whm = y2m — g, ),

By using (4.12) that we will prove in Lemma 4.4 below we know that the r.h.s. of (4.11)
can be rewritten as
dHg 41 d < 8Hg 4 )

SwY (x) dv \ Sw” (x)

which equals zero due to (4.9), (2.6) and the identity %—ﬁ = 1. The lemmais proved. O
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Due to the uniqueness of solutions of the initial value problem for the Euler-Lagrange
equation (4.1) and the above theorem, we have

Theorem 4.3. Any solution of Eq. (4.1) gives a solution to the extended Toda hierarchy.

Using quasitriviality it can be shown that the class of solutions of the extended Toda
hierarchy that is given by the above theorem forms a dense subset of the class of its
analytic solutions w*(x,t,€), « = 1,2 (see Theorem 3.6.15 and 3.10.31 in [9]). We
call this class of solutions the generic class of solutions of the extended Toda hierarchy,
and we will restrict ourselves to it henceforth.

Lemma 4.4. Any solution (v, u) of the Euler-Lagrange equation (4.1) satisfies the equa-
tions

- av
Z £r atoz,pfl +1= O’

p=>1
- 0
Zta,p u__ 0, 4.12)
arep—1
p=1
1, OV av - av
1,9 2,g—1 1,9 _
{; [q (t arta T 8t2’4—1> A ath—l} v =0,
-, OU ou - ou
1, 22,q—1 1, _
Z[q (r gt W) +2i qazlq—l} +2=0. (.13
q=1

Proof. Equation (4.12) is the result of the application of the operators % and %(A -1

on the Euler-Lagrange equation (4.1). To prove Equation (4.13), we need to use the fol-
lowing bihamiltonian recursion relation of the extended Toda hierarchy [1]:

UO[V SHﬂ’q_l

1 SHy §Hy o 1
2 Tawr (q+u,s+§)Uf‘Vﬂ+Rg yos el (4.14)

swY Swé
Here the first Hamiltonian structure U f‘ P is defined in (1.13) and the second one is given
by

Ul = 1 (eéaxeu(x) _ eu(x)e—éax> . U= lv(x) (eeax _ 1) ’
€ €
1 1

U == (1—e o), UP = (e o). (4.15)
€ €

The matrices R and u are defined by (2.4) (see also (3.4)). Then Eq. (4.13) is obtained
by applying the operator U; ¥ to both sides of the Euler-Lagrange equation (4.1) and by
using the bihamiltonian recursion relation (4.14). The lemma is proved. O

Let v, u be any solution of the Euler-Lagrange equation (4.1) specified by a choice
of the series ¢*'”(¢€) and of the leading term v, u in (4.4). Due to Theorem 1.1 and
Theorem 4.3 this solution can be obtained from a solution vg, ug of the dispersionless
Toda hierarchy. Denote by 7[% and 7 the corresponding tau functions with the relation

logt =€ 2 log ¥ + Y €22 Fy(wo, ..., wi* ). (4.16)
g>1
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Note that the genus zero tau function 719 is defined up to multiplication by a function

0 ap . . - .
of the form e2-«r'“" with constants cg?]p. We now fix this ambiguity by taking

1
0 - (o1 Fo.p 7B
log™ = 3 D Qg (00, ug)IP P, 4.17)
where
[0]
Qo pipg = Lepibalemo - (4.18)

The validity of this definition for the tau function of the solution vy, ug of the disper-
sionless extended Toda hierarchy is based on the fact that vo, ug satisfy the genus zero
Euler-Lagrange equation

OntY | (vo. uo) ant | (vo. uo)
jop ep= I T g, jop P12 T 4.19
2 ™ 2 0 (4.19)
with h‘[){o’]pf1 = hg p-1 |6=0. From this equation it readily follows that
921 (0]
o =08 (4.20)
apibd T frapehia
and that the genus zero tau function satisfies the string equation
o, o 0logzl0l
wa,p” o 1,022,0 __
i e+ =0, (4.21)

p=1

The proof of the above statement can be found in [5]. It was proved in [8] that such
a tau function also satisfies the genus zero Virasoro constraints given by the Virasoro
operators (1.29). The action of these operators on tau functions of the form (4.16) can
be expressed as

- 0
-1 E 282
Lm(E t, Ga)t = g>OE 8 Zg T, m = —1. (422)

The genus zero Virasoro constraints are given by Zy = 0. We are to prove below that the
tau function of a generic solution to the extended Toda hierarchy satisfies the full genera
Virasoro constraints Z, = 0, g > 0. Let us begin with the L | and L constraints.
Lemma 4.5. The tau function (4.16) satisfies the constraints
L_i(e7 't ei)r =0. Lo(e 't ei)r = cole) = Y X2l (4.23)
B ot ' ot 0 '

g=1

with a certain constant co(€).
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Proof. Let us apply the operator -7 to the Lh.s. of the first equation of (4.23).
Using the definition (1.20) for the tau taunctlon and Eq. (4.12) we get

92 o dlogTr 1 .
2 o, p — 71,022,0
€ Srokgrel hN g1 T2l
02 k:p,1
= Qok—1;p,0 + Qo k;p,i-1 + Zt‘”’% (86,18p.2 4 85.285.1) 80810
p=1
o 00k p dwt
— o, p K P am
= Qok—1:p.0 + Lo k;pi-1 +;t wEm Ox (ara,pl
+ (85,180.2 + 85,28.,1) 8k,001,0
00 k:p.l
= Qo k—1;p,0 T Lo k;p,i—1 — g—vp + (86,180.2 + 85,285.1) 8%,031,0
=0. (4.24)

Here the last equality is due to (2.2). On the other hand, the Euler-Lagrange equation

(4.1) implies that the Lh.s. of the first formula of (4.23) does not depend on 71:? and 720,

so there exist constants c[gl], c([fl,, a=1,2, p>0, g > 1suchthat

-~ o, 0logT 1. -
o, p — 71,022,0 _ 2¢—2 lgl o, p 2¢—2 lgl
P s LA A D DR ML) Dt M C)
p=1 p=1l.g>1 g=1

Here the vanishing of the € =2 term in the r.h.s. of the above identity is due to (4.21).
Thus if we modify the tau function by

~2 8] =
T 7= 1o Lpxogz €8 el

) (4.26)

then we obtain

L_y(e! e—)t_c o= X2z, (4.27)

g=1

We will prove the vanishing of the constants cgf 1,, c_1(€) in a moment.

By using the formula (2.3) and a similar argument as that given in the proof of (4.24),
we can prove the validity of the following identity:

32 Lot
— | — ) =0. 4.28
armkaw< 7 > (4.28)
Here

Lo=1L (e_lf ei)

0 - 0 ) Bt .
So there exist constants co(€) and by, ,(€) such that
Lot

—= = Zba,p(e)f‘”»l’ + co(e). (4.29)
a,p
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By using the commutation relation [L_j, Lo] = —L_; we obtain

L_, [(Z ba,p(e)1%P + co(e)) f] — Lo (c_1(e) T) = —c_1(e)T. (4.30)

The Lh.s. of the above equality reads

> bapti®? | E (32 bupi™? + c0(©) Lot F = co1(e) Lo

p=1

> ba i | £

p=l

So from (4.30) it follows that

—c-1(e) 7,

«~|z
I

Z ba,p_lfa‘p

p=1

from which we obtain c¢_1(€) = by p(€) = 0.

Now we proceed to proving the vanishing of the constants c
argument we already have the identity

Lfl(E_li, 6%) (l’ e Zgz] ek%&%f%ﬁ) —0.

At the genus one level we have

p OF1(w, wy) a,p [1]
Zt 9re.p— T oiap—1 Zt capfl_

p>1 p>1

431

(4.32)

. From the above

(4.33)

Starting from this formula till the end of the proof of the lemma we will redenote for
the sake of brevity the arguments wo = (vg, uo) and wo, = (voy, 4o,) of the function

Fi(wo, woy) by w = (v, ) and wy = (vy, uy).

Since 719 satisfies the genus zero Virasoro constraints, we can use the vanishing of
the genus zero Virasoro symmetries to obtain, as we did in [8, 9], the following formula:

grep—l T gy’

S o 210000 __BF:

=1

Thus the identity (4.33) can be rewritten as

— 3 erl] _9f
= Olp 1 — v

By applying the operator szo Zpaz% to the above identity we get

(4.34)

(4.35)
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[1]
- Z Cop12”

pzl
_Z 3*F 00ap+1\ 3*F) 52 ((30ars1] »
dvowY 0 dw,, dvdwl *\ dw, '

82 32 F 32 F
yo P YO P ya o1 O
I:avawy C, wy + 31)311};/ 3X(Cp wi) +z 509 )7: ) Tw?! .

Here the functions 6y, = 0y, (W), cepy = capy (W) are given by

60(,[7 = hot,p—l le=0, 0Ou(z) = Z eoz,pzpy
p=0

33 1
(= v2u + "),

By = e awPowr 2

and the raising of indices in c4g, is done by the metric (1.27), i.e. ! =

181

ow?
(4.36)

} 004 (2)

(4.37)

20, 2 =

n?! = 1. In the above computation we used the horizontality of the differentials of the
functions 6y (w; z) w.r.t. the deformed flat connection on MTo4,, i.€. the equations

%04 (2) I 1)
dwhowy — AV guwt

So from (4.36) we get
32F1 82F1
oW + 3 (e’ wP) =0,
dvawr P dvdwy x(cp7 )
3’ F
lIJ
(W Cpr W' €5y W1 ) Mo = ~Cg0:

and together with (4.36) these formulae in turn yield

(El],,z” = c“] 97604 (2).

p=0
By differentiating both sides of the above equation w.r.t. x we get
0= CE/{]O cgg w? 3%04(2)
which implies

So from (4.40) we obtain
cmp =0, p=>1.

In a completely similar way we can prove that
Fp=0 p=z0 g=2

The lemma is proved. O

(4.38)

(4.39)

(4.40)

(4.41)
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The following lemma represents the bihamiltonian recursion relation for the extended
Toda hierarchy in terms of its tau functions:

Lemma 4.6. The following recursion relations hold true for any q > 1 for the tau
functions of generic solutions to the extended Toda hierarchy:

dlogt dlogt dlogt

qg(A—=1) orla Rth 7 2(A—1)82q T (4.42)
D (A lalogr_RE)logr 443
(CI+ )( - ) atz,q - 8t2"1*1’ ( )

where the operator R is defined by

0
R=v@)(A =D +ed+Dams. (4.44)
Proof. Denote
. dlogt Blogt y dlogt

Weg=Ropg 7~ @+us+ )(A— ) Sgg ~ (M- DRy (449)

We are to prove that Wg , = O for 8 =1, 2, g > 1. From Lemma 2.3 and from the
bihamiltonian recursion relation (4.14) with o = 2 we obtain by a direct calculation that

(A—DWg, =0. (4.46)

We note that e Wg , can be expressed as homogeneous differential polynomials in wh™,

et i =1,2,m > 0 of degree ¢ + % + ug. Recall that the degree of such differential
polynomials is defined in (1.16). So the lemma follows from the above equation (4.46).
The lemma is proved. O

Proof of the Main Theorem. Let us first prove that the following recursion relation holds
true:

L1t

Ly,
R— . =A-1)—— (4.47)

Here and below
4~ 0
Ly = L1, ea).
From the definition of the operator R we have

m—1

| | 3%t
Rzk(’" k! 3t2k Tg;2m—1—k

m—1
a dlogt dlogt dlogrt
= Kim — k! |:3t2,k—1R3t2,m—l—k + (Ratz,k—1> A Tmix
k=1
dlogt dlogt }

m > 1.

atZ,k—l 3t2,m—l—k
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So by using the recursion relations (4.42), (4.43) we can deduce the relation (4.47) for
m > 1 as follows:

92t

Lyt
R—r = (A—I)Zk'(m+1—k) ~ SEFTaEE

k=1

3% logt | dlogrt dlogrt
sz igzo M €A D—ag e+ Do

(m +k)! ALk dlogt 1 dlogT
+Z 1)y (A - 1) (m +k+ l) ot 1,m+k+1 +1 atz,m-i-k

—Zml(A = 1)

21k810g DICA + 1 logt
et 9f2.m+k +€(m+)(+)32m
dlogt
+2) (m + k4 D (W7 F(A — Dot Zik
k>0
a1 3% logt
2ean(OvA B 12 am(O)AaM_—lgatu)
Lm+1 2 32 IOg‘L’
dlogt
—m! [G(A — 1) 5720 } (A + )—a Tl
dlogt
Fe(m + g DIA 3:2%"
81 82 logt
2ean (VA B 12 am(O)AwTau)
L 1‘L’ 8 T dlogt
—(A— 1)% MR e+ DIA—1) arf}ﬂ
= (A — Im1T (4.48)
T
It can be easily checked that the recursion relation (4.47) is also true for m = —1, 0.
From (4.23) and the recursion relation (4.47) we know that
Lt
(A-1) < > =0. (4.49)
T

Since the function t[% satisfies the genus zero Virasoro constraints, it follows from (4.16)
that

L]‘L’

= > 2 W, (wo, wh, ... wy" ). (4.50)
T

g=1
Thus from (4.49) we arrive at the formula

L
i —ci() = Y 2l 4.51)

g=1

for some constants ng].
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On the other hand, by using the the commutation relation (1.28) and Eqgs. (4.23) we
obtain

L_y(Lyt)y=—m+ 1)Lyp—17, Lo(Lyut) = (co(€) —m)LyT. (4.52)

These formulae can be rewritten as

L (%) =—m+1) (L’”t”> oI (%) ——m (%) . (453)

Here L.y = L_; — —tl 0720 and Lo = Lo — i (f 1’0)2. By putting m = 1 into the
above two relations we get

i <£) = —2coe), Lo (L”> - <£) (4.54)
T T T

So from (4.51) we have co(€) = c1(€) = 0, and we proved the vanishing of Lot and
L] T.
By using the recursion relation (4.47) with m = 1 we obtain

L
(A —1) < N) —0. (4.55)
T
Due to the same reason as the one we used to derive (4.51) we have
L
i — () = Y282 (4.56)
gzl

for some constants c2 So by using the second formula in (4.53) we get Lot = 0.
Now, the Virasoro commutation relation (1.28) implies the validity of all the Virasoro

constraints 5
L, e_lf,e— T=0, m>—1.
ot

It remains to prove that linear action of the Virasoro operators (1.29) defines infini-
tesimal symmetries of the extended Toda hierarchy. To this end we observe that

_ a -~ 0 9
m (E 1(t —c(e)),ea> =L, (6 lt’ea> _q%P ar —ba,pla’p —e,

where a®?, by, and ¢ are some series in € that may also depend on m. Note that the
a series contains only nonnegative powers of €. From the already proven Virasoro con-
straints it follows that, for any generic solution to the extended Toda hierarchy the action
of the Virasoro operators on the tau function can be recast as

0 0
1 _
L, (6 t,e—8t> T = (a“ Srap + by, pt*? —i—c)

So, for a small parameter &

8 o, . o, 0
T+8Ly (elt, ea) = et +0 S mEm L L 0(52), (4.57)
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The operator

a,p_0
eéa TP

is nothing but the shift along trajectories of the hierarchy. Note that such a shift leaves
invariant the class of generic solutions. Multiplication by the exponential of a linear
function in the times for obvious reasons maps a tau function to another one for the
same solution to the hierarchy. This proves that (4.57) is again a tau function of some
solution of the extended Toda hierarchy. The theorem is proved. O

5. The Topological Solution of the Extended Toda Hierarchy

Let us briefly recall the definition of Gromov - Witten invariants and their descendents
and the construction of Witten’s generating function (physicists call it the free energy
of the two-dimensional C P! topological sigma model). Denote ¢p; = 1 € HO(CcPh,
¢ = w € H>(CP') the basis in the cohomology space H*(C P!). The 2-form w is
assumed to be normalized by the condition

/ w=1.
cp!

The free energy of the C P! topological sigma-model is a function of infinite number
of coupling parameters
t= (10, 20 (L1 20

and of € defined by the following genus expansion form:
Ft;e) =Y S 2F,(t). (5.1)
¢=0
The parameter € is called here the string coupling constant, and the function F, = F,(t)
is called the genus g free energy which is given by

I
Fo= Dt PTGy - Ty (B (5.2)

where 7, (¢, ) are the gravitational descendents of the primary fields ¢, t*? is the cor-
responding coupling constants, and the rational numbers (7, (¢¢,) . . . Tp,, (@q,, )¢ are
given by the following intersection numbers on the moduli spaces of C P!-valued stable
curves of genus g:

(Tpl (¢011) o Tpy (¢am)>g

=>4’ f o eVige A YPUA A eV ba, AU (5.3)
8 [Mg,m(CPL, BT

Here M ¢.m(C P!, B) is the moduli space of stable curves of genus g with m markings
of the given degree § € Hz(CPl; Z), ev; is the evaluation map

evi : Mg w(CP', B) — CP!

corresponding to the i ™ marking, v, is the first Chern class of the tautological line bundle
over the moduli space corresponding to the i marking. According to the divisor axiom
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[22] the dependence of the Gromov - Witten potential on the indeterminate g appears

only through the combination g e’ ** 'We will therefore omit the dependence on ¢ in the
formulae.

Let us clarify the relationship between our theory of Virasoro symmetries of the ex-
tended Toda hierarchy and the Virasoro conjecture of T.Eguchi, K.Hori, and C.-S.Xiong
[12, 13] extended by S.Katz. Denote

Zepi(t; €) = 7 O

the partition function of the C P! topological sigma-model. Here F (t; €) is the gener-
ating function of the C P! Gromov - Witten invariants and their descendents defined
above. According to the results of A.Givental [19, 20] this partition function satisfies the
following infinite sequence of linear Virasoro constraints:

L_lchl == chpl,

d d
Lmchl :(m+l)'|:atl’—m+1+2Kij| ZCPI’ m >0, 54
where
m+1
1
Km = .
J

Here L,, are just the Virasoro operators defined in (1.29). For the particular case of
C P! (5.4) coincide with the Virasoro constraints conjectured in [12]. However, in their
papers Eguchi, Hori and Xiong formulated a somewhat bolder conjecture that says that
all g > 1 Gromov - Witten invariants and their descendents of a smooth projective
variety can be uniquely determined by solving recursively the linear system of Virasoro
constraints. Although this conjecture seems to be too nice to be true in general (Calabi
- Yau manifolds give counterexamples to uniqueness, see [2]), in certain cases it can be
justified.

Let us give our version of the Eguchi - Hori - Xiong Virasoro constraints programme
adapted to computing Gromov - Witten invariants of C P!.

Step 1. Computation of the genus zero Gromov - Witten potential F(t). This can be done
in terms of the Frobenius manifold Mro4, as in [3, 4]. For the reader’s convenience we
recall the algorithm of computation of Fy(t) in the Appendix below. Introduce functions

82 Fo(t)
vy = vo(t) := W,

32 Fo(t)
ug = up(t) := —8t1*03t1*0'

We will denote u, vy, ug, v etc. the derivatives of these functions along 10,

Step 2. Eguchi - Hori - Xiong (3g — 2)-ansatz for the higher genus corrections. Look
for the g > 1 terms in the genus expansion (5.1) in the form

Fo(t) = Fo(uo(t), uo(t), vh(t), ufp(®), ..., v5 820, uls (1), g=1. (55

The ansatz (5.5) was proved by E. Getzler in [18]. In the setup of our theory [9] of inte-
grable systems the (3g —2)-ansatz is a consequence of a deep result about quasitriviality
of tau-symmetric deformations of Poisson pencils (see Theorem 3.9.5 in [9]).
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Step 3. Virasoro Conjecture.

Part 1. The series (5.1), where Fy(t) is the genus zero Gromov - Witten potential and
the terms of positive genera have the form (5.5), satisfies the Virasoro constraints (5.4).
(Clearly the (3g — 2)-ansatz is of no importance so far.)
Part 2. The degree 2¢g — 2 homogeneous functions F, on the (3g — 2) jet space of Mtoda
for all g > 1 are uniquely determined from the Virasoro constraints (5.4) by solving
recursively systems of linear equations.

Part 1 of the Virasoro Conjecture was proved by A. Givental [19, 20]. Part 2 was
proved in the much more general framework of an arbitrary semisimple Frobenius man-
ifold in Theorem 3.10.20 of [9]. Combining these results we arrive at

Theorem 5.1. 1. The partition function Z - p1 (t; €) of the C P! topological sigma-model
is uniquely determined by the Virasoro Conjecture equations.

2. It coincides with the tau function Tt p1 of a particular solution to the extended Toda
hierarchy (1.2)

Zepi(te) =10pi(t;€) 5.6)

specified by the following choice of the shift parameters ¢*? (€) and the initial point
v, U

c*P(e) =8Y8", v=i=0. (5.7
The choice (5.7) selects the solution satisfying the string equation

aF 1 oF
> awr + 5020 = (5.8)

ore-p—1 © g2 atl0”

p=1

Proof. As it was shown in Sect. 3.10.7 of [9], from validity of the Virasoro constraints
for the sum AF of all g > 1 corrections to the Gromov - Witten potential represented
via the (3g — 2)-ansatz,

AF = Zengg(v, w; Uy, thy, ..., 03872 3872,
g=1

the loop equation below (cf. Example 3.10.27 in [9]) follows:

IAF _v—Ar _IAF_, 1
Z(avma" D _28u<r>3"5>

r>0
-
1 AAF v—A 0AF 1
2 :2 : ry ok—1 r—k+1 _ r—k+1
+ (k) 0x D <av(r) 9 D 2au(r) 9 «/_D>

r>1 k=1

=D 3" (4 e+ (v— )\)2)
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+Z£ [_ ( PAF 8A]—"8A]—") e
&) gp® (k) 54, x X
i 4 dv'® v av®) Ju VD JD
4 ’AF N IAF OAFYN ;v _)‘alHL
wHau® " 3® u® ) X /D JD
CAr +8A]:8A]: k+1Lal+1L
< > { OAF i e 0 = hu' — [0 = 1) 4V

2 e lam > D3
IAF i1 04 =20 = [(v— 1) +4e" ]
e i : (5.9)

where
D= (v—A)?*—4e.

Here A is an arbitrary complex parameter. Expanding the loop equation near A = oo
reproduces the Virasoro constraints for AF. The proof of existence and uniqueness of
the solution to this equation is based on expanding the loop equation near zeroes

Uy = v+ 2e4?

of D (these are the canonical coordinates on the Frobenius manifold Mt,4,). The unique-
ness of the solution to the loop equation proves the first part of the theorem.

To prove the second part we use the following arguments. From [4, 15, 11, 14] we
already know that

01ty == Fo(t)

is the tau function of the dispersionless extended Toda hierarchy. This solution is speci-
fied by the shift parameters and the leading term (5.7).
The transformation

log [0 log 0 AF = 6210g‘l,' (5.10)

maps dispersionless tau functions to tau functions of the full hierarchy associated with
the semisimple Frobenius manifold Mtyg,. The full hierarchy is uniquely determined
for the given semisimple Frobenius manifold by the following properties:

— bihamiltonian structure satisfying certain nondegeneracy conditions;

— tau symmetry that provides existence of a tau function for a generic solution;

— invariance with respect to the linear action of the Virasoro operators L,,, m > —1
onto the tau functions.

As we explained in the Introduction, the first two properties are met by the extended
Toda hierarchy due to results of [1]. The last property of Virasoro invariance is established
in the present paper. This implies that the full hierarchy associated with the Frobenius
manifold Mtyg, coincides with the extended Toda hierarchy. Therefore the transfor-
mation (5.10) maps the tau function !9 of an arbitrary solution of the dispersionless
hierarchy to the tau function t of a solution of the full extended Toda hierarchy. Taking
1% = 7 one obtains T = Z p1. The theorem is proved. O
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Clearly the theorem covers Corollaries 1.2 and 1.3 formulated in the Introduction.

To illustrate the algorithm of computation of the genus expansion (5.1) for C P! let
us write down the first two terms of the expansion. The formulae become simpler when
written in the canonical coordinates

1470
Uy =v9x22e2.

Genus 1:
F 110 " 1lo i
= — u,u - —=
R U R
Genus 2:
S L et W LA U I W il
2= 4 4 )
5ul, 5u’ du’y u
3u’l 1 7
4u’+3 3 ulpu — 3 ulf (uy — M)]
+
3u” T1 7
232 ’Lu’++§ui’(u —14)]
u’_
1 33 ,, 9 1
uy

1
+4 10 —I—Ou/_”uﬁr+ﬁulu/i—ul_v(u+—u_)i|
u ~ L

1 17 " 1 " 1 17 m 1 ”

4”/+(SM++2M_  \5 T
1 u/+3 ML3 1 72 11 ro ;2
_m(u’fu; e ()

u? —u” (u u’
+—+ ( — 4+ — +1>. (5.11)
uy —u_ \Sul, Su_

Remark 1. In [16], Getzler proved that, under the assumption of the recursion relation
(4.43), validity of the Virasoro constraints for 7 p1 is equivalent to (4.42). In his proof a
recursion relation of the form (4.47) was used. The recursion (4.43) for - p1 was proved
in [24] on the subspace {r'"* = 0, k > 1} of the large phase space of all couplings. Using
this result Getzler also proved (4.42) and (4.43) under the assumption of the Virasoro
constraints for 7~ p1. He did not consider connections between recursion relations and
Virasoro constraints for other solutions to the extended Toda hierarchy. Our Corollary
1.3 shows that the recursion relations (4.42), (4.43) for 7 p1 follow directly from validity
of the Virasoro constraints.

Remark 2. In [25] A. Okounkov and R. Pandharipande proved that the Gromov - Witten
potential of the equivariant GW invariants of C P! and their descendents is the loga-
rithm of the tau function of the 2D Toda hierarchy of K. Ueno and K. Takasaki [27]. The
tau function of [25] depends on an additional small parameter ¢. The non-equivariant
limit corresponds to t — 0. It would be interesting to derive the Lax representation of
the extended Toda lattice by applying a suitable limiting procedure to that of the 2D
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Toda hierarchy of [27]. An interesting construction, due to Getzler [17] of a nontrivial
reduction of the 2D Toda hierarchy depending on the parameter ¢ (it was called the equi-
variant Toda lattice) could give a clue to such a limiting procedure. We plan to study the
relationships between 2D and extended Toda hierarchies in a subsequent publication.

Appendix. Genus Zero Gromov-Witten Potential of C P!

To compute the genus zero Gromov-Witten potential Fo(t) according to the general
scheme of [3, 4] one is to perform the following computations (cf. Sects. 3.6.2, 3.6.10
of [9]).

1. Compute the functions 6y, , (v, u) as the coefficients of expansion of the following
series:

01(v,u;z) = Z 61,p(v, u)z?

p=0

= —2¢% (Ko(2ze7") + (log z + y)lo(2ze "))

1 Z2m
J— ya mu
= —2¢ Z(y—§u+1ﬂ(m+l))e e (A.12)
m=>0
Or(v,u;2) = Y 62 p(v, u)z”
p=0
-1 zv Lu —1 —1 mu+zv sz
=z e I(2ze?") =z =77 Y e W—l . (A13)

m=>0

Here y denotes Euler’s constant, 1 (z) stands for the digamma function, Ko(x) and
Ip(x) are modified Bessel functions.

2. Compute the functions Qo (v, u) as the coefficients of the following generating

) o.p:B.q
series
[0]
Z Q(x,p;ﬂ,q(v’ w)zPw?
P,q=0
. 1 00y (v, u; z) 008 (v, u; w) n 004 (v, u; 7) 308 (v, u; w)
T z4w v au ou v Nap
(A.14)
3. Define the functions v(t), u(t) as the unique solution of the system
a0
_ B.q VB4
= t _—,
v Z ou
20
_ B.q B4
= P4 ——L A.15
u=y 1= (A.15)

having the expansion

v(t) = 10+ o(r),
u(t) =120 + o(1).
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4. The genus zero Gromov - Witten potential of C P! is given by

1 =
— ,p5B.9 ol0]
Fo(t) = > E t* Pt Qa’p;ﬁ’q(v(t),u(t)). (A.16)
Here
~ tl’l — 1 o = 1 p = 1
o,p __ 5 )
= { %P, otherwise. (A.17)

Let us write the first few terms of the expansion of the resulting genus zero Gromov -
Witten potential. For simplicity we denote

— +Lp .— ¢2,p
ty =100, sp =170, p>0.

The potential is expanded in powers of ¢, 5, and in e*0. The powers of the exponential
separate the intersection numbers on the moduli spaces Mo,m (CP1, B) for different S.
Thus, the terms without exponential correspond to 8 = 0 etc. In our expansion we
collect the intersection numbers up to degree 8 = 3 and up to m < 4 punctures. We
also restrict the potential onto the subspace of couplings 1*? with p < 3. The maximal
number of descendents is restricted to three.

2 2 3 3 4 242
_ ] Iy 11 50 Iy 1 Iy 12 50 Iy 52 Iy 11 S0

Fo=3 2! 31 31 4! 2!
3 4 5 3 4 4
Iy 1181 Iy 13 50 Iy 83 Iy 11 1250 Iy 1281 Ip 152
+2 3! 4! 5! +3 3! +3 4! +3 4!
2 2
t fo~ t
4% |:1 —2h +22—1' — 2oty + 1150 + toS] — 2%
2 2 2 2
11°so 0”82 "1 13 o 13 50
T T TR L T
2.2 2 2.2 2 3
11°so 10" 12 851 1o~ s1 0" 11 52 1o~ $3
+2 a2 T + 1ot 5051 + o T 3 :|
BT PR SO LU PYPISTID ARG MR .
e - =S -+ = —1350 — —h S -
43T T TR R TR T
1 1 3t22S() 3
——t —1 20ty 13 — — — =1t — 21t
41S2+4OS3+ 0R M= 5= 213S0 01351
+1t fot +1t + 1 +2tttt—|—4t02t32
—Ih S0 S1 — ) —I1 8508 S1 8
5125051 = 101282+ 115052 + 10 5152 o123 21)2
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120138 _2% + tz;—‘” + %tg,sosz —tysis+ sl; — 1013 53
+%12 s 4 %to 655 4t0 t;!t32 tﬂ; 50 1 t;? 50 %tz;s)ozz
+8% — 312135051 +%+3f0t2t352_2t22;—?sz

—2t1 135052 —5tot351 52 + 125051 52 — 2t0 I;SZZ * - 53'822

3 fo SZI!S22 N to t;? 53 fot1 1353 — %,1 1 50 83 + %fo 13 50 §3
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