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Let  u(x) be a s m o o t h  pe r iod i c  r e a l  funct ion,  and let  L = - ( d 2 / d x  2) + u(x) be the S t u r m - L i o u v i l l e  o p e r -  
a tor .  The s p e c t r u m  of  L on the r e a l  l ine c o n s i s t s  of a co l l ec t ion  of  i n t e rva l s  ca l led  Bloch a d m i s s i b l e  
zones  o r  Lyapunov s tab i l i ty  zones .  It is  the p u r p o s e  of this  pape r  to d e s c r i b e  the c l a s s  of po ten t ia l s  hav ing  
a finite n u m b e r  of  zones .  The fac t  that  this  c l a s s  is non t r iv ia l  can be deduced f r o m  Ince [5]: the po ten-  
t ia l s  of the Lam~ equation u (x) = n (n ÷ I) ~ (x) are n + 1-zoned (here ~ (z) is the Weierstrass function). For 
n = 1, this result was given again by Akhiezer; starting from the Gel'fand-Levitan and Marchenko results 
(see [1] and [2]), he began to solve this problem for certain special spectral densities; the idea of the 
method used inthis paper is essentially that proposed by Akhiezer. Most recently, starting from the non- 
linear Kurteweg-de Vries equation (KV-equation), S. P. Novikov proved the following theorem: ff u(x-ct) 
is a solution of the N-th analog of the KV-equation (see Theorem 2 below), then the potential u(x) is N + 1- 
zoned (see [4]). Novikov conjectured that this theorem gives all finite-zoned potentials. The proof of this 
conjecture follows from Theorems 1 and 2 below. 

To state our result, we introduce the following notation. Let E l .... , E2N+I be the boundaries of the 
2 N ' L  

s p e c t r a l  zones ,  le t  I ~  be the hypere l l ip t i c  R iemann  s u r f a c e  w ,  : l I ( ~ -  z , ) , le t  r :  FN  - -  C be its 
~=I  

canon ica l  p ro j ec t i on  onto the E-p lane ,  let  S N be the N-th  s y m m e t r i c  power ,  and let  J ( r N )  be the J acob ian  
va r i e ty .  T h e r e  ex i s t s  a b i ra t iona l  i s o m o r p h i s m  c~: SNFN - -  J(FN),  and t h e r e f o r e  it is  na tu ra l  to define 

the a l g e b r a i c  funct ion ~,: J ( r , )  - -  s ~ r ,  - ~  s ' c  - c,  w h e r e  the l a s t  mapping  is a summat ion .  Le t  w be  an  
Abel d i f fe ren t ia l  of the second  kind with s e c o n d - o r d e r  po les  at  infinity and z e r o  pe r iods  with r e s p e c t  to 
c y c l e s  a round  the cuts  E2j_ l, E2j; le t  iUj be the con juga te  p e r i o d s  of  co. The v e c t o r  (Uj) g ives  a cons tan t  
v e c t o r  f ield on the t o r u s  J ( r N ) .  

THEOREM 1. Any N + 1 -zoned  potent ia l  u(x) with zone boundar ie s  El,  . . . ,  E~N+l is d e t e r m i n e d  by 
a s s ign ing  a point  Q on J(FN)  and is the r e s t r i c t i o n  of  the funct ion  - 2 a  I + ZEi to the r e c t i l i n e a r  winding 
along the f ield (Uj) w~hich p a s s e s  th rough  Q. 

THEOREM 2. T h e r e  ex i s t  cons tan t s  c and ci which a r e  s y m m e t r i c  funct ions of  E l , . . . ,  EIN+I, such  
that ,  f o r  any potent ia l  u(x) c o n s t r u c t e d  in T h e o r e m  1, the funct ion u ( x - c t )  is a solut ion of  the equat ion (the 
def ini t ion of  the in t eg ra l s  Ik of the KV-equa t ion  is g iven  below) 
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We in t roduce  in the space  of solut ions  of  the equat ion  L¢ = E$ a bas i s  of Bloch funct ions ¢(x, E; x0), 
¢{x, E; x 0) defined by the condi t ions :  f ,  = re. ~; (~, E; x0) = I , where  ~ is the m a t r i x  of  the m o n o d r o m y  (a/b ,  
b/a)  (see [4]). Let  X = i ¢ ' / ¢ .  

PROPOSITION 1. The funct ion )~ = X(x, E) does  not  depend on the cho ice  of  the point  x 0 and is p e r i o "  

k ~rl -- a~ and f o r  k ~ ~o we have the a sympto t i c  expansion xR (~. E)~ k + dic~ in x; ff xr = 1/2(×R/ZR), ~r~ a x + 0~ 

X~+~ (~)/(2k) 2~+' (k'=E), then tv,+~ : I z~,., (r) d~ a r e  po lynomia l  in t eg ra l s  of  the KV-equat ion  (see [4]). 
n-=0 T 
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PROPOSITION 2. For a finite-zoned potential, XR(X, E) has the form 

/ '-,,,,+, . 

i : i  i = l  

where the poles "/i(x} are  rea l  and lie one-by-one in prohibited zones for  any x. 

PROPOSITION 3. The function ~(x, E; x 0) can he extended to a meromorphic  function on r,~ \ ~ ,  
which function has,  for  x ~ x 0, N poles E =yt(x0), N zeros  E = Yi(x), and an essent ia l  s ingulari ty at infinity, 
where we have asymptot ical ly,  ~ ~ e ~(x-x,~ 

As Akhiezer  has noted, analytic proper t ies  of a function on a surface  FN s imi la r  to those descr ibed 
above allow one to recons t ruc t  its zeros  f rom its poles,  thus solving the inversion problem of Jacobi (see 
[3]), More precise ly :  we choose a basis of holomorphic differentials co l, . . . ,  WN on FN, normed by the 

condition ,~ %, -~ 2~ibs~. 
E.._* • ~.l lEl .1 

PROPOSITION 4. The zeros  ~l(x) . . . .  , YN(X) of the function ¢(x, E; x 0) are  determined by the equa- 
tion on the Jacobian var ie ty  

"~i(x) ~, NfX) 

I" % + . .  - ! -  

vi(~) 'r,~-fXo) 

Now the express ion in Theorem 1 can be obtained f rom Proposi t ion 4 and the asymptotic  express ion 
for  XR- 

PROPOSITION 5. We have ~ - xRdx: -~.R" 

Hence, it follows in the f ini te-zoned case that there  are  l inear  r ecu r r ence  relations for  the coefficient 
in the se r i e s  on the left-hand side, which proves  Theorem 2. 

Remark  1. F rom Proposi t ion 3 it follows that the poles yj of the function X are eigenvalues in the 
d iscre te  spec t rum of the opera tor  L for  one of two problems:  on the half-l ine ( - %  x0] o r  Ix 0, ~o) with zero 
boundary conditions, i.e., they are  conditional eigenvalues in the terminology of Shabat [6]. It is not diffi- 
cult to wri te  a sys tem of differential equations with conditional eigenvalues yj, generalizing the equations 
of [6]: 

, : : : , , ;  H < , , - , > ,  ; : ,  . . . . . .  ,-. 
I " #  

2. It turns out that the dependence on t ime of the potential u(x), by virtue of the above KV-equations, 
is also given by var ious  rec t i l inear  windings on the torus J(FN). F r o m  this it follows immediately that the 
tor i  J(FN) are  identical with the tori  const ructed in [4] as the level surfaces  of the commuting collection 
of integral s of the s ta t ionary problem for  the above KV-equations. For  the original  KV-equation ~ = 6 u u ' -  
u m, the derivatives with respec t  to t ime of the yj have the form 

l 

We will give fur ther  applications to the theory  of the KV-equation in a subsequent work. 

The author wishes to acknowledge the interest  of S. P. Novikov in this work. 
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