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CHRONOLOGICAL SERIES AND THE CAUCHY-—KOWALEVSKI THEOREM

A. A. Agrachev and S. A. Vakhrameev UDC 517.955

We consider the Cauchy problem for a system of partial differential equations. We
prove an existence theorem for a solution of this problem which is analytic in the
spatial variable under the assumption of measurability and local integrability of
the right side with respect to time only. The solution is represented in the form
of a chronological series.

In this paper we consider the Cauchy problem for a system of partial differential equa-
tions
()m
WZL (t, )C):

ity (¢, x) )
otk, (ax1)™ ... (9x)""

=f<txﬁﬂhxx“q

of

at! (2, X)le=t, =Q; (x), x6GcR*,

(1)
=01 ..., m—1

with respect to an N-dimensional function u. Here f is some N-dimensional function depend-
ing on t, x, u and all partial derivatives of u of the form

grtlal
Atk (a1 .. (axm)’n

la|+k<m, k<m,

where a=(ai, ..., &), [¢]| =0+ +a,.

The classical Cauchy—¥Kowalevski theorem asserts that if the functions [, @ £=0, 1,...,
m—1, are analytic in all free arguments in the corresponding domains, then there exists a
unique analytic solution of this system, defined in some sufficiently small neighborhood of
an arbitrary initial point (4, %) ERXG.

Despite the fact that this theorem has been known for many years, the subject is suffi-

ciently important that the question of the possibility of strengthening and generalizing it

in various directions is constantly found in the field of view of specialists. We shall not

Translated from Itogi Nauki i Tekhniki, Seriya Problemy Geometrii, Vol. 12, pp. 165-189,
1981.
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give here an account of the history of the question, but we refer the reader for details to
[4, 7]. We note only [6], in which there is proved an abstract CauchyXKowalevski theorem
under the hypothesis only of the continuity of the right side of the equation with respect
to t.

In the present paper, to solve the Cauchy problem (1) we shall use the technique of
chronological series developed in [1, 2].

Representation of the solution in the form of a chronological series gives the possibil-
ities:

1) To prove the existence of a solution of the Cauchy problem (1) under the assumption
only of measurability (and local summability) of the right side in t. This is essential,
for example, for the theory of optimal control.

2) To get relatively explict formulas, expressing a solution in terms of the initial
conditions and the right side.

3) In certain cases to get simple estimates with explicitly calculable constants of the
interval of time t on which there exists a solution, of the norm of the solution of the re-
mainder term of the chronological series.

In the proof we first construct a formal solution of the Cauchy problem in the form of
a chronological series, and then we prove the convergence of this series.

We consider separately the case of a linear system and the case of a scalar quasilinear
equation. This is done for the following reasoms.

In the linear case the chronological series can be calculated especially simply, and
the proof of its convergence is slightly different from the proof of convergence of the
Volterra chronological series, in the case of an ordinary differential equation (cf. [1]).
Here we get convenient explicit estimates for the general term of the series. In the scalar
quasilinear case the formulas are yet more compact, and furthermore the estimates obtained
here are used in the proof of convergence of the general chronological series.

Now we describe the notation used in the present paper.

As usual, by R™ we denote real n-dimensional arithmetic vector space, whose points
we treat as column-vectors and always denote by Latin letters; we denote row-vectors by Greek
letters. We shall write the scalar product of a row-vector by a column-vector of identical

dimensions in the form of matrix multiplication

x! n
E'x:(Elv ---1En)( ‘ ):Z quv‘.
X", =1

The Jacobian matrix of an m-dimensional vector function x—g(x) with respect to the

coordinates of the vector x€ER" we denote by

d
grad g (x) =20 — (5.7 (),

cc=l,...,lil, ﬁ:l,...,n, dﬁ:()a_g'
Xt

By the modulus of the vector XxER" we mean the quantity

[ x|= max | x*{,
l<o<n
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correspondingly,

181=2 1%
fmi
is the modulus of the n-dimensional row-vector &=(%,, ) Bn)
The modulus |A| of the 72Xm -matrix A=(a}).a=1...,np=1,...,m, is, by definition,

m

3
[ A= 2, maxfaz|.
p=1 i<ogn

By Idy we denote the identity mapping of the set X. If it is clear from the context
which set X is involved, then we write simply Id.

In conclusion we express profound thanks to R. V. Gamkrelidze, who suggested applying
the technique of [1] to partial differential equations and for his constant interest with
respect to this work.

1. Preparatory Material

In this section we give the initial concepts and facts from analysis and algebra which
will be used below. Some of them are commonly known and one can become acquainted with the
others in the more detailed account in [1].

1. Differentiations in Algebras. Let ¥ be an arbitrary real algebra, i.e., a real vec~—

tor space in which there is defined a multiplication, satisfying the unique condition of
bilinearity. Thus, an algebra ¥ can be nonassociative and not have a unit.
By Z(¥U) we denote the associative algebra of all linear mappings of the vector space

A into itself. The product of elements Ti, T26% (%) is defined as their composition
T\To=T,°Ty VT, T,€2 ().

A linear mapping &86%(¥) is called a differentiation of the algebra ¢ if it satisfies

the formal rule of differentiation of a product

d(ab)=(0a)b-+a(db) Va, beH. a.1;
The set Der(¥) of all differentiations of the algebra ¥ forms a Lie algebra with the
product
{61, 621 = 61062 _62061.
Let 4,Der(¥), j=1,2,...,m, be arbitrary differentiations of the algebra % . It turms

out that one has the formula

8o . .o, (@b) = 2

a+f=m 2GS (o, p)

Oa(myo- + -0z (@t1) (@) Br@yo. - -o0aq1) (B))  Va, bEY, (1.2)

wvhere S{a, ), a+p=m 1is the set of all permutations of the numbers 1, 2, ..., m, preserv-
ing the orders of the first a and separately of the last § numbers.

The proof of (1.2) is based on (1.1) and is done by the obvious induction on m.
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In the special case when §;=6, j=1,...,m , from (1.2) one gets the Leibniz formula

o (ab)= 3 E”l%—!(é“a)(éﬁb) Va, bey,
a-+f=m

where 8°=1Id, 6" 1=8c 62=5ko 4.

2. One-Parameter Families of Functions. We denote by ®(G) the algebra of all in-

finitely differentiable functions, defined in the domain GcR®. By ®ON(G) we shall denote
the Cartesian product of N copies of ®(G).
—>

Let h€R™ . We denote by % the first—-order linear differential operator

— C o . a
h~§1 100, Ou=—

and we set for Voed((Q)

s
1
¢ =Mmax L max|h*p(x)].
I Hs,m XEMkE=0 i 1[ P( )l

Here McG  is compact and s is an integer =0.

It is obvious that with the help of the family of seminorms l:lsx we turn ®(G) into a
Frechet space (completely metrizable and locally convex).

Below we shall see that in those partial differential equations which we consider in
this paper, the variables t and x play completely different roles. Hence we shall be es-
pecially interested in one~parameter families ¢ ?6R , of elements ®(G), to which in the
standard way one carries over all the basic constructions of analysis.

Namely, continuity and differentiability of a family ¢ t€R, of elements ®(G) is de-
fined in the obvious way, by virtue of the fact that ®(G) is a linear topological space.

We shall say that the family ¢: f€R, is measurable if Vx6G the scalar function
9, (x)

is measurable.

One says that the measurable family @, ?€R, is locally integrable if Vi, £,6R, s=0,1,...,

and compact McG
ty
(loelsmdr< oo

y

By the integral of a locally integrable family ¢, #6R, in the given limits from # to

t; we mean the function
ty
x> g (x) dr.
i

One can prove (cf. [1]) that this function belongs to ®(G) and one has the formula

te t,
Z"- . '°7[k 5‘ cpl'd"::j hioo. ohy@dT Vhy, ..., BER",
f £
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from which follows the inequality

<)“(PTHS,MdT Vs>0, Mca.
s, M 1

The family ¢ f€R , is called absolutely continuous if there exists a locally integrable

family v, f6R, such that

t

Qp =@, - jﬂ Podr.

g

It turns out that in this case for almost all {#6R

d
o=
In fact, it is clear that the topology of the space ®(G) can be given with the help of
a countable number of seminorms ”'“s,Mj , where M;cCG 1is compact, j=1, 2,..., s=0, 1, 2,....

It is easy to see that there exists aset T, such thatmes (R\7s)=0 and Vx€M;, ¢eT,,

thAL

V B () dv=Tomp, (x) AE4-Be (AL x, B) A,

where P,(Af; x, /)=0 as Af—>0 uniformly with respect to xeM;, !h!=1. Consequently,

s

1 - Ilt-i;At
o = lim max Z Fimax | i# lA_t > xprdr—q;,“:

At—0 XEM] 2=0 =1

1
Hm || — Qs —
Jim lAt {@irar— @ — P

s

1
= [im max E i
Af=0 XEM] B=0

= limmax Y max|B,(At; x, )

1
AL—0 XGMj oy [h]=1 L

=0.

= ghkwtdl’—iﬁwt
bt

OF] Ts; so mes (R\T)==0 and V{eR %‘:wﬂ which is what had to be proved.
0 /=0

D8

We set 7T =

5

I

All the concepts introduced above (except for absolute continuity) also carry over

naturally to families

Py, ..., T s T,-ER, j:L 21"') m,

m

of elements of ®(G) , depending on m parameters Ti,..., Tm. Moreover, there are defined in
an obvious way corresponding concepts for families @i, {€R, of elements of ®N(G) . Thus, for
example, a family @ !6R | of elements of ®N(G) is called locally integrable if the family
@, teR, j=1, 2,...,N, of elements of ®(G) is locally integrable, and by the integral of the
locally integrable family g, {€R, of elements of ®¥(G) 1is meant the element

s

1
fy }g(pr dr
P dT= € ON(G).
7 L I
Jovan
i
In the m-dimensional space of point ™ —=(1,,..., Tm) by the symbol 24, :(t‘™) we shall

denote the simplex
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Ata:l (T(m)): ),(Tl?‘ (] Tm) ] t0<rm< <Y< t}
If m- is an arbitrary permutation of the numbers 1, 2, ..., m, then by the symbol

Agy s (mTé™} 1is denoted the simplex

Aty e (™) ={(T1- - ) W)l Lo < Ta(m) <+ v STy <)

One has the obvious equality

Ar, e (TO) X Ar, e ()= U Agy ¢ (n7lzlm)
TES (%, )

Yo, p a-tf=m.

Let A=A("™), B=R(r(™) be locally integrable functions with values in ®(G).
Then Va, B, a+p=m we have:

A (1) d T 5 B(T®) dri®) —
Ag, (%) Ay, (2 )

— [ 4 BE®)drogde® = D [ A e es Ta) B @iy o Tagmy) T
Ary, (@) xay, (2 E) RSB a,, (c(m)

Whence follows the important relation

14 To—1 t Ta—1
Var... § droan. . wydee Var.. § aeo@ ... 1) drd =

tg to ty £,

3 Tm-1
= 2 dTl.. . j dTmﬂ (Tn(l),---’ Tn((l)) %(Tn(a+1),...,T,‘(m))dr(”‘). (1.3)
nGS(a,f) o £

2. Existence of a Solution of the Cauchy Problem

In this section we shall prove the stronger existence theorem for a solution of the
Cauchy problem already mentioned in the introduction. We note, first of all, that it suf-
fices to consider systems of first-order partial differential equations, whose right sides

do not contain the spatial variable x, i.e., systems of the form

ou on ou
G -ty
u(tp x)=1,(x), x€GR" (2.1)

The reduction of a general system of partial differential equations (1) to such a form is
carried out in the usual way, by the introduction of supplementary unknown functions, and
subsequent differentiation (cf. e.g., [3]). We shall also have to dealwith asystemof the
form (2) later.

We turn first to the consideration of the special case of a linear system.

1. Case of a Linear System. We consider a first-order linear partial differential sys-

tem

P a
%:Bo(t, x) v+ B (¢ x) 79‘:7“’&‘ cos T Balts X) T)}g"_’
0 (tg X)=1Uo(x), xEG=R"
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Below we shall see that the variables x and t play completely different roles in this

system. Hence it will be convenient for us to treat the N?-valued functions
Bi:RXR*~R"

as families

B,={A{"; teR}

of infinitely differentiable mappings
AP =B(t, ): R—RY.

We shall assume that the families A", f€R, are locally integrable families in O (G) .

In accord with this we shall write the Cauchy problem we are studying in the form

% U= > A}k)dlzut’ w1, = 1,607 (G), (2.2)
k=

where ak~—32— 0yp=1d , and consider it as an equation relative to a family u,;, f6R, of in-

finitely smooth N-dimensional functions. More precisely, by a solution of (2.2) we shall
understand an absolutely continuous family u;, {6/, of elements of @O¥(G’) , where J is an
interval of the real axis containing the point f;,, and G' is a subdomain of the domain G such

that for almost all teJ

n

d P

o = Ao,
k=0

and u;,=u, in @ (@)
By virtue of the assumption about absolute continuity, the problem (2.2) is equivalent

to the integral equation

nof
t=to+ 3 [ AP oudr. (2.3)

2=01%,
We shall solve (2.3) by successive substitutions:
n
Uy = tto E y B pttedt =y -+ 2 j A*0, ndr + Z 2 falr1 ‘f dt, A0, AL 0, 1., —
k=0 t, ky=0 to k=0 k2=0 lo

The formal series which arises

jd nAYIG, A"‘m’ak) (2.4)
H

0

is called the chromological series of the Cauchy problem (2.3) or (2.2).
Let V be a complex extension of the domain Gc<R®». We denote by Q(V) the Banach space

of all functions ¢:V—C, bounded and analytic in the domain V, with norm

lollf =sup|@(2)].
zEV
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Let Q#(V) be the Cartesian product of k copies of Q(V) . TFor vERQ*(V) we set

[ 'Uilv —maxllvkuv
<i<k

PROPOSITION 2.1. If AWMeQY(V), 2,69V (V) and the functions

i I . 1t
t—l AV, a=0,1,...,n
are locally integrable, then for any subdomain V', the distance from the boundary of which

to the boundary of the domain V is greater than some &>0, there exists a 0>0, such that

the series

Fee (uo( z))—( Z 2:‘ }::

t
j d‘L’l AP j. dTmAE:]f‘) (Z) a/h N (k )(Z) 0k ) iy (Z)
!

converges absolutely and uniformly for [{—#|<p, 2EV".

Proof. TFor any 26V’ , by virtue of the Cauchy integral formula

ko 1 ¢ )
A‘Ta(z):(gm)né iAfy (EO)H (z)

1 n

1 i (E)
ZL()(Z)Z'('Q—J_”—)ESSH ) d§,
c C §

! n

where 0 —(g,—2')...(86—2") , and Cy is a circle of radius & with center at the point 2=

Consequently, we have

{7) (#2) () _ 1 : (f2)
AU (2) 9, AYD (2) ... AL (2) 04 1o (2) #WS\SS& E&)...

&, & ¢

Aem B g () 16es i1 (2) dE, ... dE, d,

n

where
. BRI 5. 1
E,,....E g(z) H (z) kll‘[ (z) s Yk, HE(Z),
0
0p, = TR 0y=1d.
For [tf—z*|>e, |E*—2*|>e k=1,2,...,m, a=1,2,...,n, one has the inequality
P oMl
Xe,, ., g,’,’f.g(z)KW’

where 8-=min{l, e}. This estimate is proved by direct induction on m (cf. the analogous esti-
mate in [1]).

Consequently, VzelV’, m=1,2, ..., wehave

n n t Tm—1
S D | dnARY @)0,A80 @) L AR (2) 0 (2) | <
Fre0  Ep=0 o A "
2mml t e
<ty (an o § deal Aalg - 1A 187 aofg",

ty y
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where

| Acy "= max || A% 5.

Since

L.’)N

;fdrl... jmmh I | A 116" = (

2y

‘”dr) R

E|_.
“
s

we have the estimate

.3 not Tm—1 4 m
- . " 2 nm n
oo fdy j Ay ALY 0p AW AR G, ¢ <[__%1”_j_)} (j” A S dr) [ 015,
ky=0 k=0 £y f4 to

from which follows the assertion of Proposition 2.1.

Using the absolute and uniform convergence of the series

Ft-tn (uo (Z))‘-‘:ZLO (2)+ \Sl dr 20 A-f:k) (2) akuo (Z)+ [T

we get, if the hypotheses of Proposition 2.1 hold,
Tm‘—l
2 Fr(6(2) Z AP (2) 04 {11 (2) +2 E 2 jdrl oo | an,x
m==1 k=0 =01, o
ALY () On, - AL (2) 00 (2)) = EA M (2) 0cF 1.1, (U (2))s
F’oy’o (uO (Z)):uO(Z),
but this also means that the series F. . () is a solution of (2.2).
Thus, we have proved the following theorem.

THEOREM 2.1. Let A{Y, {GR, be a locally integrable family in oM'(@) and

ufQY (V), APV (V) k=0,1,2, ...,

where the functions
i~ AP )C, B—=0,1, ..., n

are locally Lebesgue integrable. Here Vc—C" is some domain containing GcR™

Then for any subdomain V’cV' , the distance from the boundary of which to the boundary

of the domain V is greater than some e>0, the series

F i1, (2 (2)) ——uo(z)—l—E 2 2 jdn o dthT“f‘) (2) O, - A%™ (2) 0, 1y (2)

m=1 k=0 Rp=0 I, to

converges absolutely and uniformly for all 26V’ and those t for which

<p<l1,

6n+1

t
2G5 filAcggar
to

where

8=min(l, e}, |A,[f =max| AP [’
0<ign
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and is a solution of the Cauchy problem

Here one has the estimate

n g IE"
| Fe@) i < -7

2(n+1)

| ——fa—

t

n
S Il 4, lig a
tn

2. Formal Solution of the Cauchy Problem (General Case). We turn to the consideration

of a general system of partial differential equations of type (2.1)

%:g(t, T, 010, ..., 0,0),
O (ty X)=1y(x), xEGR". (2.5)

As in the linear case too, the right side g of this equation is convenient for us to

consider as a family
g=1{f:; R}
of smooth mappings
fi=g(t, -) : RP>RYN, where p=(n+1)N.

Hence we shall write (2.5) in the form

du
E‘t—:ft (14, 0itty, . - .5 Opity),

P (2.6)

and say that an absolutely continuous family u,, {6/, is a solution of (2.6) if for almost all

teJ
d
%:ft (g Oy, .., Onity)

and u;,=u, in OV (@)

Here J is an interval of the real axis containing the point #4, , and G' is a subdomain
of the domain G, possibly coinciding with it.

Our basic assumptions are that u,¢®~(G), and the family f;,, f{6R , can be expanded in a

MacLaurin series®

Fi(u, 0yt .« .y Optt) = Z @ ™ (32 (90D (@™, j=1,2,..., N,
al®,. ., o

whose radius of convergence R;>R>0. Here

ok =(alf), ..., al®),

alh) 1 ’*Yz) N a%z)
(Oku) (()ku ) aae (Oku ) .

*1t is obvious that by change of the unknown function one can reduce to this case the case
of an arbitrary system whose right side is analytic in all arguments except t.
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We construct a formal solution of the Cauchy problem (2.6). To this end we consider

the real algebra ¥ , whose elements are formal power series with real coefficients in the
g

independent variables e, u!, ..., u%, ..., 0%" ..., where a=/(ay,...,Qn) is an arbitrary multi-
index with nonnegative components, k = 1, 2, ..., N. For example,
; i
a:alvlv .y ’Uql:A E Qiy,..., iq ({Ul)l1 L rquegh
ig,.0.05 zq>0
where ov€le, ul,..., uV,..., 0%t ...}. Addition and multiplication of series is defined in the

usual way. An arbitrary linear transformation & of the algebra ¥ is called continuous if it

can be brought under the sign of an infinite sum, for example,

04(“[@1,--”"04]):. 2 CLil,,.A,iq-/i(’Ui‘...‘Z)iq)'

11,~-~:iq>/0

We shall be interested in continuous differentiations of the algebra % , the collection of
which we denote by Der.(¥) . A differentiation De€Der.(¥) is uniquely determined by its values
on the generators g, 0*u* , by virtue of the Leibniz rule and the condition of continuity. On
the other hand, the values of 2 on the generators can be arbitrary.

In the algebra ¥ there are natural differentiations 0,..., 0,€6Der (%) , which are given
on the generators by the formulas:

0,6=0, 9, (O“zt’“)za(a“”"c/"Jr1 """ N g

for any a={(a,...,an), k=1,... N, i=1,..., N

Further, each component of the right side of (2.6) can be considered as an element of

the algebra U

fi(u, 0, ..., 0put)=
ZELZ{’ 50, ..., + (1) (u)a(o) . (0nu)°‘(”)631 ViER, j=1,...,N.

We introduce a one-parameter family of differentiations fﬂﬂ)en(%) s, giving its action on
the generators with the help of the formulas
?t8=01
Fi0%uk—=0"f% (u, 0ut, . . ., Op12),

Fat= fi(u, 0, ..., 0pt),
LER, k=1,...,N, o=(0 ..., 0).

The most important property for us of the differentiations ji,teR, is that all of them

commute with Jy ..., 0,
[0s fi]:dioft__fthi:O VIR, i=1, ..., n.

In fact, the commutator [d,, ﬁ] is a continuous differentiation, i.e., [J; ﬁ]EDeQ(%).
On the other hand, by virtue of the definitions, k%,fd vanishes on the generators. Conse-
quently, [dhfﬂ is identically zero.

We construct the way the family of differentiations f, f6R, we have defined acts on

elements of the algebra ¥
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Suppose, for example, a=ale, &', ...,uV, oul, ouuls ..., 0,u¥]¢%. Then obviously

- 0 y ,...,d 0 » 7"')0{[ !
fta__.l_[ﬂgu_n”]ft(u, Oty .oy Olt) +_ﬂ’°’__gm_ﬂ_01ft(u, 0, ..., 0 )+ ...

(2.7)

0 L u, O, .., 0y
BRI ud w:u) D G f s (s Orts - Onii).

We shall use this formula below for the "determination" of the chronological series cor-
responding to a quasilinear equation.

Below we shall constantly have to do with one-parameter families of elements of the al-
gebra9 . We say that such a family a, is measurable, absolutely continuous, etc., if all
the coefficients of the corresponding formal series are measurable, absolutely continuous,
etc. in t. Integration and differentiation of formal series with respect to t is always done
term by term.

Suppose b=b[vy,..., v,]€¥%. . If a,...,a, are some elements of ¥ , where the correspond-
ing power series have no free terms, then there is defined the composition bfa;, ..., aJé¥ . In
what follows, in all formulas where a composition of formal series occurs, one should assume
that the "inner" series have no free term.

By a formal solution of the Cauchy problem (2.6) is meant an absolutely continuous one-
parameter family a, of elements of the algebra %, such that for almost all t one has the

equation
—a,= a d,.a
at @ efi (@ - -1 0naty)

and a;=u.

If in the power series corresponding to some formal solution of the Cauchy problem one

substitutes in place of the variables u!,...,u%,...,0%%* ... smooth functions u}(X), ...,u"(x),
ie4

.,fg;ug(xy... and sets e—1 , then one gets some series of smooth functions. It is clear
ox

that in this case when such a series converges uniformly its sum is a solution (not formal)
of the Cauchy problem (2.6).

Proposition 2.2. The series

t Tm—1

eden.n S w%f%m.»f;fhm,mq

1 ¢

Fo (@) =0+
m= [ %o
is a formal solution of the Cauchy problem (2.6).
Proof. We note firstly that the series Fy (%) contains only a finite number of terms

of each degree, so its '"sum" is a well-defined element of the algebra ¥ . Analogously, the

series

U1

=) f
Py s =1d+ D &m S gty .. \ dtpfoo. ..o,

m=1

SteoR

gives a continuous linear transformation of the algebra ¥.

We note that by the definition itself

Pi,00p=0pP1 1,
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Moreover, we see that

Pr 1= Fy 1 ().

An important fact is that the series ﬁ%Jc has the following multiplicative property:

Pty (@b) =P, 1, (@) Pr, 1, (b),
Va, be¥Y.

In fact, we have on the basis of (1.2} that

-~

meO . '°f11 (a‘b)= 2 2 (}T“(m)° e O}-Tﬂ(a_H) (a)) (?Tn(a)o' . °an(1) (b))’

atf=m xGS(x,B)
Va, be¥.

Consequently, using (1.3), we have:

I3 T

Sdrp..

Z,

-1

33

dipfe,o ofe (ab)=

.

¢

To—1

— 2 (jdrl-... J'drafmo...o]?n(a))(fdrl.-_}Tldrﬁﬁﬂo_,,oﬁl(b)),
a+p=m 1 f,

1y to

but this means that
jbt,to (db) 29‘3:,10 (LZ) gst,to (b)

From this multiplicative property it also follows that the series F,,(u) is a formal

solution of the Cauchy problem.

In fact, Fy, . (u)=u and

t 4 Ty
;? Ft,f.,(ll)ZEdg' {u+85‘fr(u, Oitty. .., O,u) da +s?§dr1jd12fnfn (w, 0y4,...,0,)+ ...
ty to to

— e, i fr (s Orlly. o, Optt) =

—e @ m Y G L 0uP )™ = e (F oty (@) 01F 0, (8)r- 1 OuF 1o (1),
ald), ..., aln)
where
1,0, aln)
aftz(O) ,,,,, ) ’:
N0, (V)

If in the formal series Fy: one substitutes in place of ul,...,u?, ..., 0%u% ... smooth
functions ué(xL...,uN(xL oeey é§;44(xy... and sets =1 , then we get a series consisting of
smooth vector~functions

o  f Tt
Firooy (o) = tig+ D) tjdrl oV dva oo o fr e (00). (2.8)
m=1t, iy

Such a series we call a chronological series for the Cauchy problem (2.6). We shall prove

the convergence of the series (2.8) in the case when up is an analytic function. First we

deal with the scalar quasilinear case.

3. Case of a One-Dimensional Quasilinear Equation. We consider a one-dimensional quasi-

linear first-order partial differential equation
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du =a @) o+ ... +al () ou=f,(u, ou) =fi(u, o, ..., 0u),

1, = w60 (@), (2.9)
It turns out that one has the following formula for the integrand of the (mtl)-st term

of the series (2.8)

frm°- o f e f e (o, 0”0):frm°- o f e e, (s Oty s D) =

:Z e 2 djo-v-00; (ayl}) (o) - - .a.(;jn”_ll"l) (o) [, (tos duo):). (2.10)
A~

Ji=1

We shall prove this formula by induction on the number m. For m = 1 it is obvious.

Let (2.10) be true for m<p ., Then for m= p + 1,

~

VAR FEWEN(7 0u0)~ffp+12 Z g0 v w00, 1( ald (wy) . . ( p ) (1) 1 e, (2, 0“0))

J1=1

- Z 2 djpon e Jp 1f pE1 (aﬁ{l) (o) ... a&i)l:l)(uo) ftp (o, 0”'0)) Z 0o+ -

Ji=1 11—1

.cdl.p_l ((;i (le,];‘) (LLO) . p) (llo)) fI (Llo, all()) —} a (uo) ( p l) (uo) 2 a(a u) fr (u(J’ 0“0))

A n

n P . .
= 2 . ) Z 0/‘10 PR Cajp - (a; (agjll) (uo) . e ag;p) (uo)) 0]pll0f—5p‘u (ZLO’ duo) +
Ji=1 Jp_1=1 I y=1
+a‘$/;1) (l{,o) v p) (llo) 0 fTﬂ+l (uO, 0u0)> 2 2 011 oo (d(ll) (LLO) agf’) (Llo) ff,p+1 (LZQ, allo)).

(2.10) is proved.
Just as in Paragraph 1 Section 2, we shall use the Cauchy integral formula to prove the

convergence of the chronological series obtained

t Ty n
R

t t
Fin, (u0)=u0+j Felaty, Oug) e+ § dry § Attty )+ = s+ [ ) @l (o) 9ot +
ty to f J=1
T 1

¢ m-
—{-S drljn dt, 2 2 9y, a(m(uo)awz (uo)d,zuo)—l ..—{—j dre, ... j drmz 2 0,1

Ji=1 ja=1 o to Ji=1

.00, (ag‘l) (o) . - - agn'") (tLo) djmuo)—{— cee (2.11)

Im-1
corresponding to the Cauchy problem (2.9) in the analytic case. Namely, one has the follow-
ing

Proposition 2.3, If V is a complex extension of the domain GcR™ and u6Q(V),

ald (ug) €R (V) VEER, j=1,2,..., n,

and the functions f+~ |la,”(u)ll+°" are locally integrable, then for any subdomain V' of the
domain V, the distance from the boundary of which to the boundary of the domain V is greater
than some &>0 , there exists a p>0, such that (2.11) converges absolutely and uniformly
in V' for |t—t|<p.

Proof. We have yz€V’
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) 01 Lo (ﬁ)

{aal
\_/

@il (us (2))-a? (2 (2))- . allm (@ (2)) 0,00 (2) = gz \ - § @ (o 8- . al/m) (o
C

where C, is a circle of radius ¢ with center 2%,

Consequently, VzeV/, m=1, 2,...

Froviofrufe (Uo(2), Omg(2)= (QT,)HZ Z\ Sa“ﬂ(uo(ﬁ callm) (o (B) 7 m (2) di

Pp=1¢, C,
where
F1reens 7 3 1
Xg n (Z)'———d/xO a]m_1 HI; (2)7
01—06—.4'
o0zj,
For all |g*—2%|>»¢g,a=1,...,n , it is obvious that one has the estimate
l.j ~~~~~ j (”l_'l)'
e () <

from which it follows that Vz&V’

B

| Fryooofefe @@, om@)< X B ¥ ol Suagf; @ - @l (o) 5" 101,14 P e L9

n
Ji=0 Im_1=1 ]rﬁ=1 o

<O S ) e (oS N grad o G

where
| @ lIS" = max || afy) (uo)l|g" = max max | al}) (i, (2))],
I<ri<n 1</<n zE

n n
0
I gradu, | Z 00l = X max|0,u(2)), 0;=—=.
=1 =1 26V 0z

Consequently, whence we get that for all

-1

{ar ... Jf ATz o o, o (to(2), 0ty (2)

o

1

S jdrl. 'jd lag 5 ...

[

Ma, [ lgrad g [T =2l e L (f laclé df) lgrad g asz d‘) lgrad ao "

Thus, we have proved the inequality

-1

¢ Tm
” 5‘ dvy ... j‘ drmfrm" v o feuSe (tho, Ot
% 7

0

Cﬂ ?, m
Vfgjn(%SWNgﬂ)me%W,

t

from which follows the absolute and uniform convergence of the series (2.11) for all z&V’
and t sufficiently close to 4 .

The proposition is proved.
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From Proposition 2.3 and the arguments of Section 2 Paragraph 2 we get the following
theorem.

THEOREM 2.2, Let the hypotheses of Paragraph 2 Section 2 hold and
(%) c”
uOEQ (V)’ [22] (uo)EQ (V)’ HuOHV <Rt’ k= 1, PR (4

and the functions

tell ) @) lE, k=1,2,...,n,

be locally summable. Here VcC* is a domain containing G<R™
Then for any subdomain V'V the distance from whose boundary to the boundary of the
domain V is greater than >0, the series (2.11) converges absolutely and uniformly in the

domain V' for those t for which

t
2l ac| <0<

ty

and is a solution of the Cauchy problem (2.9). Here one has the estimate

§ llax [ dv

oo i m
[]F,,t,(uo)||‘C,7<_;_|]graduo|]$ (1—1—2‘:1%(—2—;[[@[15 dr) )-———%ngaduo[]g (1—}—1n[1—% ])

We note in a series of cases one can collapse the series (2.11) and get a solution of
the Cauchy problem in closed form. We demonstrate this in the simplest example. Suppose,

for example, we consider the Cauchy problem

du Ju

'073“’67’ s, (x)==XER.

Then according to the account above we get that a solution of this problem is the series

¢
F“Axy=x+jx5%xdr+..J=x+m%ﬁ—m)+q%ﬁ—hy+..m:T:€izT,lt~tﬂ<p<1,
ti)

which is verified directly.

To conclude this Paragraph we note that the formula (2.7), used for "determining" the
chronological series corresponding to the Cauchy problem, can be reduced to a concrete for-
mula for solving this problem in certain other cases too.

4, Convergence of the General Chronological Series. In this paragraph we give the proof

of the convergence of the chronological series corresponding to the quasilinear system
Lh— AP @) Oyt - A AP (@) Opt = (0, Ow)=F, (8, Outty -, Opt), Wi, =1ho

in the case when the initial function u, is analytic in the domain G. For our goals it suf-
fices to consider only this case, because, as is known (cf. [3]), one can reduce to this case
an arbitrary system of partial differential equations of the form (2.5).

We shall prove convergence of the chronological series corresponding to this quasilinear

system in the neighborhood of an arbitrary initial point (¢o, X0) ER X G.
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Since, by assumption, the function ue is analytic in G, at the point x¢ it can be ex~-

panded in a Taylor series

()= X0V (T —xhy L (r— e, =12, N,

Rk,

converging for all x sufficiently close to xo¢.

We set

/ & 3
Vg (X) = 2 max fbf(e{?,kn i(xl—x(,) P (.XZ”—,’CS) n,
1</<n
Bi,....k
n
Then the function v, is defined and analytic close to the point x, and is a majorant for the
initial functions uy' (i=1, 2,...,N)in a neighborhbod of this point,.
We recall that an analytic function f, representable by a convergent power series, is
a majorant of an analytic function g, if the coefficients of the expansion of g in a power
series are in modulus less than or equal to the corresponding coefficients of the expansion

of £ (assuming that the coefficients of the expansion of f are greater than or equal to zero).

We denote by e the N-dimensional vector

1

and we set

'U():'Uo'e.

By our assumptions (cf. Sec. 2 Para. 2), the right side of the system can be expanded

in a MacLaurin series, i.e., the components a’ .(f, #) of the matrices AP (), k=1, 2,....N,
i, j=1,2,...,N , are representable in the form of a series
{ i A o
Gt = 2 ah @) )
Oy slpy N

converging for |u|< R,
We get

@, (1)== 2 max max |a} (B)j(@h)™ ... (M),

‘ -2 PP 4
e VR R R B A

Then the function q,(#) is defined for all t and all u sufficiently small in absolute

value. Let E be the N2 matrix consisting of ones:

Lot
Eoll1..1

We set

n

b=

&Wd%“nmmz&wﬁm=wﬂ@E2®mwmwe oul.
i=1

=1 f=1

|
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By the definition itself, the function
(0, Oty .., Oty gelu, Oy, - .., Optt) =g, (&, du)

majorizes (componentwise) the function

n

@y Oty oy Optt) f (s O)=F, (1, Ortt, .-y Optt) = 2 AV (1) Oyt

b=

Since the function ve defined above componentwise majorizes the initial function u,

in the neighborhood of the point x,6G , the function
gy (U (), 0109 (%)s - - -, 0,74 (X))
majorizes componentwise the function

X fi (g (X)y 01120(X), « . .y Ontto(X)).

In exactly the same way the function

X gy - o8, g (T (X)s 0,0 (£): - - -, 00y (X))
majorizes componentwise the function

x> fopon o oy fey (o (X)s 02 (X), - - vy Oty (),

because in the construction of these functions one uses the same rules which include only
differentiation with respect to corresponding arguments, addition, multiplication, and sub-
stitution of a series in a series, in one word, rational operations which preserve the rela-
tion of majorizing analytic functionms.

Everything said above means that the series (2.8), constructed for a quasilinear sys-~

tem

n
d
%—: (ut, 6ut)=~'fi (ut, 0111,, vy anut) :2 Agk) (u) oku7 u’ozu()’
k=1

converges, at least in that (sufficiently small) neighborhood of the initial point x,6Q ,

in which the series

H Tm—1

!
G:,r.,(50(96))-—-50(x)+fgr (Vo (%), 0 (x)) dv 4 ...+ (v, ... f Ao - 081,80 (Vo(X)y 006 (X) ... (2.12)

J
to to

converges.
The convergence of the series (2.12) is easy to prove. Namely it turns out that one

has the formula

Br o« -o8u e (Uo(X), 37 (X)) = Nme 2 2 07,0 00, @, (Vo(X)) - -+ @, (Vo(%)) 0,00 (x). (2.13)

J1=1 J =1
The proof of (2.13) is done by induction and is hardly different from the proof of (2.10},

so we shall not dwell on it.
Let S be a small enough neighborhood of the initial point x6G, , that in this neighbor-

hood the series for v, converges and let V be a complex extension of this neighborhood such that
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0,62 (V) a,(09)eQ (V).
Analogous to Proposition 2.2, one has

Proposition 2.4. For any subdomain V’'cV , the distance from whose boundary to the

boundary of V is greater than some e&>0 , there exists a p>0 , such that the series
G:,1,(V(2))  converges absolutely and uniformly for [t—to| < pr 26V,
The proof follows from the estimate

| €epmo- - +o8r.8r, (Tor 000 [IE <%——(m*1)llldv,ﬂ!i$n co llae 15" T grad vo [

!larHS"==§gglar(5o(z»l,

which is proved just like the corresponding estimate from Proposition 2.2.

Summarizing everything said above, we assert that one has the following theorem.

THEOREM 2.3. Let the hypotheses of Sec. 2 Para. 2 hold and let u,2"(N), A (u)ee™ (),
luoll§" <R; , where the function ¢—la,(v,)[¢" is locally summable. Here V is some sufficient-
ly small complex neighborhood of an arbitrary point x U, R; is the radius of convergence of
the Maclaurin series constructed for the right side (cf. Sec. 2 Para. 2), and a, v, are the
functions constructed above.

Then for any subdomain V'V, the distance from whose boundary to the boundary of the
domain V is greater than some >0, there exists a p>0 , such that the series (2.8) con-

verges absolutely and uniformly for |f—f|<p, 26V’ and is a solution of the Cauchy problem

n
du b3
T2 AP @ ow, =,
k=1

5. Uniqueness of the Solution and Comparison Theorem. One has the following

THEOREM 2.4. Let the hypotheses of Sec. 2 Para. 2 hold and

ue€QN(V), |luoll f/n <R,

where the function

t=>lfe (o, Ouo) |

is locally summable. Here V< C™ is some domain containing G. Then, if u;, v, are two solu-
tions of the Cauchy problem (2.6), belonging to Q¥(V), then wu;=v, din QV (V) for those t
for which they are both defined.

For the proof, we consider the series

"~ - o ¢ H - -
Qf.fo='?tj}lo=ld+ ¥ (———l)m'g d’Ex' ' -‘; d?l’mf;l“' N '°f{'m .

m=1

Direct verification (cf. with [1]) shows that
d
E?QL% u,=0

in a neighborhood of each point (4, %)E6RXV . Consequently,
Qi tti=u, i Q¥(V) and #=Py1,0Qu s, w—=Py 4, 1.

Whence also follows the assertion of the theorem.
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A direct consequence of the chronological representation of the solution and the preced-
ing theorem is the following result, which can be called the comparison theorem.
THEOREM 2.5. Let the conditions guaranteeing the existence and uniqueness of solutions

of the Cauchy problem (2.6) and the Cauchy problem

du
5?¥=gdvh dﬂﬁ,

VtOZUOEQN(V), (2.14)

with which we were concerned above, hold. Then if the functions g, and v, are componentwise
majorized by the functions f; and up, then the solution v; of the Cauchy problem (2.14) is
componentwise majorized by the solution u; of the Cauchy problem (2.6) for all t for which

they are defined.
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