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Proposal duration: 60 months

Proposal summary:

We shall study non-equilibrium many-body quantum systems, considering local interactions in one
or two spatial dimensions in situations in which the generator of time evolution in the bulk of the
system is unitary whereas the incoherent processes are limited to the system’s boundaries. We foresee
a mathematical theory of dynamical quantum phases of matter with applications in the theory of
quantum transport and nanoscale devices that manipulate heat, information, charge or magnetization.

Our steady-state setup represents a fundamental paradigm of mathematical statistical physics,
which has been pioneered by the PI, who gave the first explicit solution [Phys. Rev. Lett. 106,
217206 (2011); ibid. 107, 137201 (2011)] for boundary-driven/dissipative strongly interacting many-
body problem (XXZ spin 1/2 chain), which answered a long debated question on the strict positivity
of the spin Drude weight at high temperature.

The focus of OMNES will be centered on exploring the following three interconnected pathways:
Most importantly, we shall develop a general framework for exact solutions of non-equilibrium inte-
grable quantum many-body models, in particular the steady states and relaxation modes, and develop
quantum integrability methods for non-equilibrium many-body density operators. Fundamentally new
concepts, which are expected to emerge from these studies, relevant beyond the context of boundary-
driven/dissipative systems, are novel quasilocal conservation laws of the bulk Hamiltonian dynamics.
Secondly, we shall investigate relevance of exact solutions in physics of generic systems which are small
perturbations of integrable models and explore the problem of stability of local and quasilocal con-
served quantities under generic integrability-breaking perturbations. Thirdly, we shall formulate and
study the problem of quantum chaos in clean lattice systems, in particular to establish a link between
random matrix theory of level statistics and kinematic and dynamical features of lattice models with
su�ciently strong integrability breaking.

Tomaž Prosen Open Many-body Nonequilibrium Systems



0

1

2

3

4

1�2+

3�2+

5�2+

7�2+

1�2-

3�2-

5�2-

7�2-

Σ+Τ+
Σ+Τz

ΣzΤ-

Σ0Τ0

Σ+Τ+

Σ+Τz

Σ0Τ-

Σ0Τz

TP, Phys. Rev. Lett. 112, 030603 (2014)
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The main result on which OMNES is being built:
Strict fractal lower bound on ballistic transport at high temperatures
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TP, Phys. Rev. Lett. 106 (2011);
Ilievski and TP, Commun. Math. Phys. 318 (2013);
TP and Ilievski, Phys. Rev. Lett. 111 (2013)
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such as boundary-driven non-equilibrium quantum phase transitions, ‘first order’ transitions between
states with long-ranged to states with short-ranged correlations, negative di�erential conductance,
etc.5 However, we are firmly convinced that most exciting new discoveries in connection with this
mathematical physics paradigm are still about to come.

In a series of very recent publications6,7,8 the PI has demonstrated the intimate connection between
steady states of boundary-driven dissipative systems and rigorous bounds on quantum transport co-
e�cients and quasi-local conserved operators in the corresponding closed systems. These preliminary
investigations gave birth to a simple intuitive idea, which represents the cornerstone of OMNES:

Fundamental hypothesis and the guideline of OMNES
In equilibrium quantum physics the observables are characterized by Hermitian operators. In inte-
grable situations of exactly solvable systems, this implies functional relations among the spectra of
large sets of mutually commuting operators. However, in far-from-equilibrium physics, such as in the
boundary-driven steady state paradigm, one naturally encounters operators that are non-Hermitian,
non-normal, and most importantly, non-diagonalizable. Important examples of this kind, discovered
by PI 7,8, are the quasi-local almost-conserved operators of anisotropic Heisenberg spin chains. This
is a fundamental reason why integrable non-equilibrium quantum systems are much more challenging:
Namely, non-diagonalizable commuting transfer operators contain important physical information be-
yond specifying the dependence of their eigenvalues on the so-called spectral parameter. Moreover,
this distinction goes beyond the context of integrability. We shall develop new methods for precise
the characterisation of commuting families of non-diagonalizable many-body operators and focus on
fundamental non-equilibrium physical contexts in which they can be applied.

We describe the proposed line of research on the common theme of non-equilibrium quantum lat-
tice systems around the following three main pillars.

Pillar I: Exact solutions in boundary driven quantum many-body systems and non-
equilibrium integrability
A distinguished cornerstone of the mathematical physics of strongly interacting systems in one di-
mension is the algebraic Bethe ansatz (ABA), a fine machinery for reducing certain interacting one-
dimensional problems to exact and explicit solutions. However, in the realm of quantum chains or
quantized fields in one dimension ABA has thus far been limited to equilibrium physics, i.e. ground
state or finite temperature properties. All attempts to generalize ABA to non-equilbrium problems,
for instance, to describe physical states with currents, have either been unsuccessful, or have been
limited to a special class of problems (e.g. in the context of quantum impurity problems9).

In contrast, in 2011 the PI published two papers6 in which an exact solution for the non-equilibrium
steady state (NESS) of the boundary-driven anisotropic Heisenberg (XXZ) spin 1/2 chain has been
put forward. The key new general concept that appears here is an infinite rank matrix product operator
(infMPO) ansatz for the many body density operator of NESS for an open spin chain of length n,
boundary driven by noise strength Á:

flNESS Ã �n(Á)�†
n(Á), with �n(Á) = È0|L1L2 · · · Ln|0Í, (1)

where Lj = A0‡z
j + A≠‡+ + A+‡≠

j is a 2 ◊ 2 matrix in the local space of j≠th spin with elements

A0 =
Œÿ

r=0
a0
r(Á)|rÍÈr|, A+ =

Œÿ

r=0
a+
r (Á)|rÍÈr+1|, A≠ =

Œÿ

r=0
a≠
r (Á)|r + 1ÍÈr| (2)

5Prosen and Pižorn, Phys. Rev. Lett. 101, 105701 (2008); Prosen and Žnidarič, ibid. 105, 060603 (2010)
6Prosen, Phys. Rev. Lett. 106, 217206 (2011); ibid. 107, 137201 (2011)
7Prosen and Ilievski, Phys. Rev. Lett. 111, 057203 (2013); Prosen, Nucl. Phys. B 886, 1177 (2014)
8Prosen, Phys. Rev. Lett. 112, 030603 (2014); Phys. Rev. E 89, 012142 (2014)
9Mehta and Andrei, Phys. Rev. Lett. 96, 216802 (2006)
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Three interconnected pillars:

Pillar I: Exact solutions out of equilibrium – integrability of open quantum
many-body systems

Pillar II: Stability/robustness of quantum integrability –
– towards quantum analogue of Kolmogorov-Arnold-Moser theorem

Pillar III: Quantum chaos in clean many-body systems
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