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Mathemati
al Physi
s Se
torEntran
e examination 2002/2003 { O
tober SessionThe 
andidate is asked to solve at least one problem among the following.1 Quantum Me
hani
sA Harmoni
 os
illator in an ele
tri
 �eldConsider the one{dimensional quantum harmoni
 os
illator with Hamilto-nian H = p22m + 12m!2x2The parti
le has also a 
harge e. Swit
hing on a 
onstant ele
tri
 �eld E , theHamiltonian gets an additional potential term and be
omesH 0� = p22m + 12m!2x2 � eEx (1.1)1. Using the well-known expression of the energy spe
trum of the har-moni
 os
illator, determine the spe
trum of the new Hamiltonian.2. Prove that the two operators H 0� and H 0+ (obtained by 
hanging E !�E in eq.(1.1) are unitarily equivalent in L2(�1;1).3. Determine the value of E su
h that the energy of the �rst ex
ited statej  01i of H 0� 
oin
ides with the energy of ground state j  0i of H. Whi
hobservable permits to distinguish j  01i from j  0i?



2 Linear algebraLinear operators and matri
esLet A : Rn ! Rn be a linear operator a
ting in the n-dimensional realspa
e Rn . Denote A = 0BB� a11 a12 : : : a1na21 a22 : : : a2n: : : : : : : : : : : :an1 an2 : : : ann1CCAthe matrix of the linear operator with respe
t to some basis e1, e2, . . . , en inthe spa
e Rn , i.e. Aej = nXi=1 aijei; j = 1; 2; : : : ; n:Denote PA(t) the 
hara
teristi
 polynomial of the operator A,PA(t) = det(A� t I):Here I = 0BB� 1 0 : : : 00 1 : : : 0: : : : : : : : : : : :0 0 : : : 1 1CCAis the identity matrix.1. Considering the 
omplex numbers C as the two-dimensional real spa
eR2 , introdu
e the linear operator of multipli
ation by a given 
omplex number�, A z = �z; z 2 C :Compute the 
hara
teristi
 polynomial PA(t).2. Let A;B : R2 ! R2be two linear operators a
ting in the two-dimensional real spa
e satisfyingAB = BA:Prove the existen
e of su
h a basis e1, e2 that the matri
es A, B of the linearoperators take one of the following forms:



A = � a1 00 a2� ; B = � b1 00 b2 � (2.1)or A = � a1 �a2a2 a1 � ; B = � b1 �b2b2 b1 � (2.2)or A = � a1 10 a1� ; B = � b1 b20 b1 � (2.3)for some real numbers a1, a2, b1, b2.3. Let two linear operatorsA;B : R3 ! R3a
ting in three-dimensional real spa
e satisfy the following equationAB � BA = B:Compute the 
hara
teristi
 polynomial PB(t).



3 Classi
al me
hani
sA Classi
al Parti
le in a magneti
 �eldConsider the system de�ned in the Eu
lidean spa
e Rn by the LagrangianLA = m2 _x � _x+ q
 _x �A(x)� V (x); (3.1)where x = (x1; : : : ; xn) are Cartesian 
oordinates, A(x) is the ve
tor poten-tial, V (x) is the s
alar potential, and _x denotes the velo
ity ve
tor.1) Prove that the Euler Lagrange equations asso
iated with LA are invariantunder the gauge transformationA(x)! A0(x) = A(x) + grad�(x) (3.2)2) Prove that, in the Hamiltonian formalism, the transformation (3.2) yieldsa 
anoni
al transformation.3) Consider the 
ase of R3 endowed with Cartesian 
oordinates x; y; z. Usethe above arguments to prove 
omplete integrability (that is, to �nd anintegral of the motion in addition to the obvious two) of the system withLagrangian LB = m2 ( _x2 + _y2 + _z2)� q
By _x� V (�); (3.3)where B is a 
onstant and � =px2 + y2.(Hint: 
ompute �rst the magneti
 �eld asso
iated with the ve
tor potentialA = [�By; 0; 0℄.)4) Consider the Hamiltonian of the system (3.3), written in the appropriategauge, and dis
uss qualitatively the resulting one dimensional radial motion,assuming V (�) = log �, for generi
 values of the 
onstants of the motion.



4 Statisti
al Me
hani
sOne-dimensional random walkAt dis
rete units of time (t = 1; 2; 3; � � �), a parti
le moves along a one dimen-sional latti
e. Suppose it starts at the origin and that at ea
h step it moveseither one latti
e site to the right or to the left, ea
h with probability 1=2.For n � 1, let un be the probability that the parti
le returns to the originat time t = n and pn the probability that the �rst return to the origin o

ursat t = n. For 
onvenien
e we take p0 = 0 and u0 = 1. Clearly pn = un = 0whenever n is odd.1. Show that for n � 1, the two probabilities are related asun = p0un + p1un�1 + p2un�2 + � � �+ pnu0 (4.1)2. Prove that u2n = 122n � 2nn � = 1 � 3 � 5 � � � (2n� 1)2 � 4 � 6 � � �2n (4.2)3. Show that the parti
le will sooner or later return to its initial position,i.e. p2 + p4 + p6 + � � � = 1Hint. Introdu
e the generating fun
tionsF (x) = 1Xn=0 pnxn; U(x) = 1Xn=0 unxnand show that eq.(4.1) leads to the relation U(x) = 1 + F (x)U(x). Usethis relation and the u2n given by eq.(4.2) to determine F (x). It is useful toremind that(1 + x)q = 1 + qx+ q(q � 1)2! x2 + � � �+ q(q � 1) : : : (q � k + 1)k! xk + � � �



5 GeometryProje
tive spa
esLet Pn(C ) be the n-dimensional 
omplex proje
tive spa
e (n � 1).1. Prove that P1(C ) is homeomorphi
 to the real 2-dimensional sphere S2.2. Show that Pn(C ) 
ontains a 
opy of C n in a su
h a way that the 
om-plement is isomorphi
 to Pn�1(C ).3. Compute the homology groups Hk(P1(C );Z) for k 2 N .4. Compute the homology groups Hk(P2(C );Z) for k 2 N .5. Embed P1(C ) into P2(C ) as a line and show that the asso
iated naturalmap H2(P1(C );Z) ! H2(P2(C );Z) is an isomorphism.6. Let C be a smooth (i.e., nonsingular) 
oni
 in P2(C ). Show that C ishomeomorphi
 to S2. (Hint: proje
t C onto a line from a point in C.)7. Compute the image of H2(C;Z) into H2(P2(C );Z) under the naturalmap.



6 Di�erential EquationsThe nonlinear S
hr�odinger equationConsider the nonlinear S
hr�odinger equationiut + uxx + 2juj2u = 0; (6.1)where u(x; t) is a 
omplex fun
tion of the two real variables x; t, rapidlyde
reasing at in�nity, that is, limjxj!1xnu(x; t) = 0, 8n � 0.1. Show that, for a solution u = u(x; t) of eq. (6.1), the Hamiltonian andthe momentumH = Z +1�1 (juxj2 � juj4)dx; P = i2 Z +1�1 (u�ux � uu�x)dxare independent of time. Here, u� is the 
omplex 
onjugate of u(x; t).(Hint: use integration by parts).2. Show that the equation is invariant under the following Galilean trans-formation � = x + vts = tw(�; s) = u(x; t)e iv2 (x+ v2 t);that is, the fun
tion w(�; s) satis�es the equationiws + w�� + 2jwj2w = 0of the same form. Here v is an arbitrary real number.3. Prove the existen
e of a solution rapidly de
reasing at in�nity of theform u(x; t) = 
(x)ei�t; � real positive 
onstant, 
(x) real; (6.2)observing that the equation for 
(x) is a one-dimensional motion in aquarti
 potential.4. Che
k that the solution of the form (6.2) has momentum P = 0. Usingthe Galilean invarian
e, write the 
orresponding solution having P 6= 0.


