
Entrance Examination 1989-901-. A Lie group G acts as a transformation group on the con�guration space of a mechanical system.Extending this action to the phase space, show that the (Poisson) algebra of the generating functions ofthe in�nitesimal action is isomorphic to the Lie algebra of G. Give examples of Hamiltonians such that thealgebra of constants of the motion is isomorphic to the Lie algebra of some subgroup of the euclidean groupSO(3) �R3.2-. A particle P of unit mass is gravitationally attracted by a �xed particle Q of mass 2. Use units in whichthe gravitational constant is one. The initial conditions are: the particle P is at unit distance from Q and itsvelocity is of unit length and orthogonal to the line PQ. Show that the motion is periodic. Give a numericalestimate of the period, either from above or below, and compare it with the exact result.3-. Show that, as an operator on L2(R3), the domain of each component of the angular momentum Jcontains the domain of the HamiltonianH0 of the harmonic oscillator. Give an explicit computation of thefollowing expressionslimT!1 1T ( a; Z T0 eiJ3tdt a); limT!1 1T ( a; Z T0 eiH0tdt a)where  a(x) = e� 12x2(a � x+ x2); a 2 R3; x 2 R3.4-. Let � be the 2�N lattice as in the picture below, with interaction energyE(�; �0) = � NX1 �i�0i � NX1 (�i�i+1 + �0i�0i+1)with � = f�ig; �N+1 = �1; �0N+1 = �01; �i = �1.Show that the partition function Z =P�;�0 exp(��E(�; �0)) is given by Z = Tr(AN ), whereA = 0B@ e3� 1 1 e��1 e� e�3� 11 e�3� e� 1e�� 1 1 e3� 1CA
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