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SISSA Mathematial Physis Setor.Entrane examination. Spring Session 2003.The andidate is asked to solve at least one of the following exerises.1 Classial MehanisConsider the motion of a unit mass partile in the plane, with entral attrativefore.1) Briey disuss the onservation laws and the qualitative aspets of theradial motion.2) Let � �4r4 the potential per unit mass. Write the Hamiltonian in polaroordinates. Show that the equation of the orbit r = r(�) for �xed values of theenergy E and angular momentum L is�drd��2 = 2EL2 r4 � r2 + �2L2 :Integrate the equations for the values of the energy E = 0 and E = L44� observingin this latter ase that there is more than one orbit.3) Disuss qualitatively the trajetories in the asesi)E < 0,ii)0 < E < L44� ,iii) E > L44� ,speifying whether the orbit is bounded or unbounded and passes through theentre of attration.
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2 Quantum MehanisConsider a quantum mehanial partile with energy E in the one-dimensionalpotential V (x) whih takes the onstant value V0 for 0 < x < a and vanishesidentially outside this interval.1. Take V0 < E < 0 .a) Disuss the onditions that the wave-funtion has to satisfy at the pointsx = 0 and x = a.b) Determine the quantization ondition for the energy levels.) Determine the minimal number of levels that an be obtained varying theparameters a and V0 (aV0 6= 0).d) Derive from the quantization ondition the energy spetrum in the aseV0 = �1.2. Take 0 < E < V0 and suppose that the partile travels from left to right.e) Determine the transmission amplitude of the partile through the barrier.f) Determine the transmission amplitude orresponding to the limiting aseV (x) = gÆ(x) and interpret its singular point.3 Symmetri Matries and Quadrati FormsLet A = 0BBBB� a11 a12 : : : a1na21 a22 : : : a2n: : : : : : : : : : : :: : : : : : : : : : : :an1 an2 : : : ann
1CCCCAbe a symmetri matrix of the order n with all real entries aji = aij.1. Briey disuss relationships between the eigenvalues and eigenvetors ofthe matrix A and the onstrained extrema of the quadrati formq(x) = 12 nXi;j=1 aijxixj; x = (x1; x2; : : : ; xn)on the unit sphere x21 + x22 + � � �+ x2n = 1: (1)2. Let A, B be two real symmetri matries. Assuming that the eigenvaluesof the matries A and B belong to the intervals [�1; �2℄ and [�1; �2℄ respetively,prove that the eigenvalues of the matrix A + B belong to the interval [�1 +�1; �2 + �2℄. 2



3. Let us onsider the quadrati formq(x) = 2 n�1Xk=1 xkxk+1: (2)a) Find the assoiated n� n symmetri matrix A.b) Prove that the harateristi polynomial of this matrixDn(�) = det(� I � A)an be represented in the formDn(�) = e(n+1)t � e�(n+1)tet � e�tafter the substitution � = et + e�t:Hint: derive the reursion relation for the harateristi polynomialsDn(�)� �Dn�1(�) +Dn�2(�) = 0:) Find the onstrained extrema of the quadrati form (2) on the sphere (1).
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