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Abstract

We survey existing work on some topics related with the propagation of waves and
its discrete numerical approximation. We focus on the problem of observability arising
in control theory but relevant also in other contexts like optimal design and inverse
problems. The problem of observability consists in analyzing whether the total energy
of solutions can be estimated by means of partial measurements on a subset of the
domain or of the boundary.

Most of the paper is devoted to analyzing the constant-coefficient, scalar, linear
wave equation. We show that for most numerical schemes, due to high frequency
spurious solutions for which the group velocity is not that of the continuous equation,
observability may be lost under numerical discretizations when the mesh size tends
to zero. We then discuss some possible remedies: Tychonoff regularization, multigrid
methods, mixed finite elements, numerical viscosity and filtering of high frequencies.
As a consequence of the analysis, we conclude that controlling a numerical discretized
model is not a guarantee of computing a good numerical approximation of the control of
the continuous model. In other words, the classical convergence (consistency+stability)
property of a numerical scheme does not suffice to guarantee its suitability for providing
good approximations of the controls. We also briefly discuss the same topics for the

heat and Schrodinger equations and we show that both diffusive and dispersive effects
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may help to retain the observability properties at the discrete level. We conclude with

a list of open problems and future subjects of research.
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1 Introduction

In recent years important progress has been made on problems of observation and con-
trol of wave phenomena. There is now a well established theory for wave equations with
sufficiently smooth coefficients for a number of systems and variants: Lamé and Maxwell
systems, Schrodinger and plate equations, etc. However, when waves propagate in highly
heterogeneous or discrete media much less is known.

These problems of observability and controllability can be stated as follows:

e Observability. Assuming that waves propagate according to a given wave equation and
with suitable boundary conditions, can one guarantee that their whole energy can be
estimated (independently of the solution) in terms of the energy concentrated on a
given subregion of the domain (or its boundary) where propagation occurs in a given

time interval ?

e Controllability. Can solutions be driven to a given state at a given final time by means

of a control acting on the system on that subregion?

It is well known that the two problems are equivalent provided one chooses an appropriate
functional setting, which depends on the equation (see for, instance, [54],(93]). It is also well
known that in order for the observation and/or control property to hold, a Geometric Control
Condition (GCC) should be satisfied [5]. According to the GCC all rays of Geometric Optics
should intersect the observation/control region in the time given to observe/control.

In this work we shall mainly focus on the issue of how these two properties behave under
numerical approximation schemes. More precisely, we shall discuss the problem of whether,
when the continuous wave model under consideration has an observation and/or control
property, it is preserved for numerical approximations, and whether this holds uniformly
with respect to the mesh size so that, in the limit as the mesh size tends to zero, one
recovers the observation/control property of the continuous model.

But, before getting into the matter, let us briefly indicate some of the industrial and/or
applied contexts in which this kind of problems arises. The interested reader on learning
more on this matter is refered to the STAM Report [79], or, for more historical and engi-
neering oriented applications, to [53]. The problem of controllability is classical in the field
of Mathematical Control Theory and Control Engineering. We refer to the books by Lee
and Marcus [51] and Sontag [80] for a classical and more modern, respectively, account of
the theory for finite-dimensional systems with applications. The book by Fattorini [27] pro-
vides an updated account of theory in the context of semigroups which is therefore more

adapted to the models governed by partial differential equations (PDE) and provides also



some interesting examples of applications. Being more especific, the problems of control-
lability and/or observability are in fact only some of those arising in the applications of
control theory nowadays. In fact, an important part of the modelling effort needs to be
devoted to defining the appropriate control problem to be addressed. But, whatever the
control question we address is, the deep mathematical issues that arise when facing these
problems of observability and controllability end up entering in one way or another. Indeed,
understanding the properties of observation and controllability for a given system requires
understanding, first, the fine dynamical properties of the system and, second, the effect of
the controllers on its dynamics. In the context of control for PDE one needs to distinguish,
necessarily, the elliptic, parabolic and hyperbolic ones since their distinguished qualitative
properties make them to behave also very differently from a control point of view. The issue
of controllability being typically of dynamic nature (although it also makes senses for elliptic
or stationary problems) it is natural to address parabolic and hyperbolic equations, and,
in particular, the heat and the wave equation. Most of this article is devoted to the wave
equation (although we shall also discuss briefly the beam equation, the Schrédinger equation
and the heat equation). The wave equation is a simplified hyperbolic problem arising in
many areas of Mechanics, Engineering and Technology. It is indeed, a model for describing
the vibrations of structures, the propagation of acoustic or seismic waves, etc. Therefore,
the control of the wave equation enters in a way or another in problems related with control
mechanisms for structures, buildings in the presence of earthquakes, for noise reduction in
cavities and vehicles, etc. We refer to [2], and [75] for insteresting practical applications in
these areas. But the wave equation, as we said, is also a prototype of infinite-dimensional,
purely conservative dynamical system. As we shall see, most of the theory can be adapted to
deal also with Schrodinger equation which opens the frame of applications to the challenging
areas of Quantum computing and control (see [8]).

It is well known that the interaction of waves with a numerical mesh produces dispersion
phenomena and spurious? high frequency oscillations ([85], [82]). In particular, because of
this nonphysical interaction of waves with the discrete medium, the velocity of propagation
of numerical waves, the so called group velocity, may converge to zero when the wavelength
of solutions is of the order of the size of the mesh and the latter tends to zero. As a
consequence of this fact, the time needed to uniformly (with respect to the mesh size) observe

(or control) the numerical waves from the boundary or from a subset of the medium in which

2The adjective spurious will be used to designate any component of the numerical solution that does not
correspond to a solution of the underlying PDE. In the context of the wave equation, this happens at the
high frequencies and, consequently, these spurious solutions weakly converge to zero as the mesh size tends
to zero. Thus, they are present for any value of the mesh size parameter but vanish in the limit as it tends
to zero. Consequently, the existence of these spurious oscillations is compatible with the convergence (in the

classical sense) of the numerical scheme.



they propagate may tend to infinity as the mesh becomes finer. Thus, the observation and
control properties of the discrete model may eventually disappear.

This effect is compatible and not in contradiction (as one’s first intuition might suggest)
with the convergence of the numerical scheme in the classical sense and with the fact that
the observation and control properties of the continuous model do hold.

The main objectives of this paper are:

e To explain how numerical dispersion and spurious high frequency oscillations occur;
e To describe their consequences for observation/control problems;

e To describe possible remedies for these pathologies;

e To consider to what extent these phenomena occur for other models like plate or heat-

like equations.

The previous discussion can be summarized by saying that discretization and observation or

control do not commute:

Continuous Model + Observation/Control + Numerics

£

Continuous Model + Numerics + Observation/Control.

This fact has important impact when computing the control for the continuous model. Of
course one may approximate the control of the underlying PDE through its corresponding
optimality system or Euler-Lagrange equations, which, depending on the complexity of the
model under consideration can be difficult to compute. In other words, one may apply
numerical algorithms to compute the controls we have obtained for a continuous wave model
by some rigorous analytical derivation. This will certainly provide a convergent algorithm
that will produce good numerical approximations of the true control of the continuous wave
model. But we may also first discretize the continuous model, then compute the control of
the discrete system and use it as a numerical approximation of the continuous one. However,
this second procedure, which is often used in the literature without comment, may diverge.
We shall describe how this divergence may occur and develop some numerical remedies.

Thus, controlling a discrete version of a continuous wave model is often a bad way of
controlling the continuous wave model itself.

It is important to emphasize that this lack of convergence has nothing to do with the
classical notion of convergence (consistency+stability) for numerical schemes. In fact, we
shall only discuss classical and well known convergent semi-discrete and fully discrete ap-
proximations of the wave equation, but we shall see that this failure of convergence occurs at
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the level of observation and control properties. As we said above, this is due to the fact that
most numerical schemes exhibit dispersion dyagrams (we shall give a few examples below)
showing that the group velocity of high frequency numerical solutions tends to zero.

As a consequence of the results we shall present in this paper, it will become clear that
one has to distinguish between the following two problems, which are often confused in the
literature. Each is relevant in its own context, but the conclusions should not be transferred
automatically from one to another since their behavior is often of a very different nature from
the point of view of numerical simulation, and they correspond to two completely different
mathematical questions.

o Computing the control of the continuous model, previously characterized by some min-
imality or optimality criteria.

e Controlling discrete equations resulting from numerical approximations of the contin-

uous models or directly derived by means of discrete or semi-discrete modelling.

Indeed, as mentioned above, our analysis shows that, except for very particular situations
corresponding to carefully chosen numerical schemes, the controls of the discretized models
do not necessarily converge to the control of the continuous one. Note however that the
control of the discrete model may be of independent interest and very efficient in practice
if the discrete model is accurate enough for the application we have in mind. But this, of
course, requires adopting the discrete model itself as a valuable one for the application under
consideration and avoiding passing to the limit in the control as the mesh size tends to zero.

On the contrary, if one considers the continuous model as the appropriate one, one
has then to compute the corresponding continuous control. When doing this, surprisingly,
relaxing the control requirement on the discrete system by taking controls that fulfill weaker
controllability properties at the discrete level, may improve the convergence properties of
the controls. This is due to a simple fact: If the discrete dynamics generates spurious
solutions that do not exist at the continuous level, then in order to control them, the controller
will necessarily need to differ significantly from the control of the continuous model. Thus,
weakening the control requirement at the discrete level allows one to ignore the spurious
oscillations, and this facilitates the convergence of the discrete control to the continuous
one.

Up to now, we have discussed control problems in quite a vague way. In fact, rigorously
speaking, the discussion above concerns the problem of exact controllability in which the
goal is to drive the solution of an evolution problem to a given final state exactly in a given
time. It is in this setting where the pathological numerical high frequency waves may lead
to lack of convergence. But this lack of convergence does not occur if the control problem

is relaxed to an approximate or optimal control problem. In this paper we shall illustrate
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this fact by showing that, although controls may diverge when we impose an exact control
condition requiring the whole solution to vanish at the final time, when relaxing this condition
(by simply requiring the solution to become smaller in norm than a given arbitrarily small
number ¢ (approximate control) or to minimize the norm of the solution within a class of
bounded controls (optimal control)) then the controls are bounded and converge as h — 0
to the corresponding control of the continuous wave equation.

However, even if one is interested on those weakened versions of the control problem,
taking into account that the exact controllability one can be obtained as a suitable limit of
them, the previous discussion indicates the instability and extreme sensitivity of all control
problems for waves under numerical discretizations.

As a consequence of this, computing efficiently the control of the continuous wave model
may be a difficult task, which has has been undertaken in a number of works by Glowinski,
Li, and Lions [36], Glowinski [34], and Asch and Lebeau [1], among others. The effort that
has been carried out in these papers is closely related to the existing work on developing
numerical schemes with suitable dispersion properties ([85], [82]), based on the classical
notion of group wvelocity. But a full understanding of these connections in the context of
control and observation of numerical waves requires an additional effort to which this paper
is devoted.

In this paper, avoiding unnecessary technical difficulties, we shall present the main ad-
vances in this field, explaining the problems under consideration, the existing results and
methods and also some open problems that, in our opinion, are particularly important. We
shall describe some possible alternatives for avoiding these high frequency spurious oscilla-
tions, including Tychonoff regularization, multigrid methods, mixed finite elements, numer-
ical viscosity, and filtering of high frequencies. All these methods, although they may look
very different one from another in a first view, are in fact different ways of taking care of the
spurious high frequency oscillations that common numerical approximation methods intro-
duce. Despite the fact that the proofs of convergence may be lengthy and technically difficult
(and often constitute open problems), once the high frequency numerical pathologies under
consideration are well understood, it is easy to believe that they are indeed appropriate
methods for computing the controls.

Our analysis is mainly based on the Fourier decomposition of solutions and classical
results on the theory of non-harmonic Fourier series. In recent works by F. Macia [59],
[60] tools of discrete Wigner measures (in the spirit of Gérard [32] and Lions and Paul
[57]) have been developed to show that, as in the continuous wave equation, in the absence
of boundary effects, one can characterize the observability property in terms of geometric
properties related to the propagation of bicharacteristic rays. In this respect it is important to

observe that the bicharacteristic rays associated with the discrete model do not obey the same



Hamiltonian system as the continuous ones but have their own dynamics (as was pointed
out before in [82]). As a consequence, numerical solutions develop quite different dynamical
properties at high frequencies since both velocity and direction of propagation of energy
may differ from those of the continuous model. In this way one can for instance check the
existence of rays for the discrete model that do not propagate in space as time evolves. They
correspond to wave packets with vanishing group velocity. These rays propagate solutions
whose energy is concentrated more and more along the ray as the mesh size decreases and
make it impossible for the observability property to hold uniformly with respect to the mesh
size in the natural geometric setting for the wave equation. This ray analysis allows one to
be very precise when filtering the high frequencies and to do this filtering microlocally. In
this article we shall briefly comment on this discrete ray theory but shall mainly focus on the
Fourier point of view, which is sufficient to understand the main issues under consideration.
This ray theory provides a rigorous justification of a fact that can be formally analyzed and
understood through the notion of group velocity of propagation of numerical waves [82].

All we have said up to now concerning the wave equation can be applied with minor
changes to several other models that are purely conservative. However, many models from
physics and mechanics have some damping mechanism built in. In order to illustrate the
effect of dissipativity on the observation and control properties of the numerical approxima-
tions of continuous models, we shall analyze the 1D heat equation. We shall see that, because
of its intrinsic and strong dissipativity properties, the controls of the simplest numerical ap-
proximation schemes remain bounded and converge as the mesh size tends to zero to the
control of the continuous heat equation, in contrast with the pathological behavior for wave
equations. This fact can be easily understood: the dissipative effect of the 1D heat equation
acts as a filtering mechanism by itself and is strong enough to exclude high frequency spuri-
ous oscillations. However, the situation is more complex in several space dimensions, where
the thermal effects are not enough to guarantee the uniform boundedness of the controls.
We shall discuss this interesting open problem that, in any case, indicates that viscosity
helps to reestablish uniform observation and control properties in numerical approximation
schemes. We shall also see that plate and Schrodinger equations behave better than the wave
equation. This is due to the fact that the dispersive nature of the continuous model also
helps at the discrete level. Indeed, the dispersive nature of the continuous model introduces
some dispersion at the level of numerical schemes and this allows the group velocity of high
frequency numerical waves not to vanish.

Most of the analysis we shall present here has been also developed in the context of a more
difficult problem, related to the behavior of the observation/control properties of the wave
equation in the context of homogenization. There, the coefficients of the wave equation

oscillate rapidly on a scale € that tends to zero, so that the equation homogenizes to a



constant coefficient one. In that framework it was pointed out that the interaction of high
frequency waves with the microstructure produce localized waves at high frequency. These
localized waves are an impediment for the uniform observation/control properties to hold.
This suggests the need for filtering of high frequencies. It has been proved in a number of
situations that this filtering technique suffices to reestablish uniform observation and control
properties ([13] and [49]).

The analogies between both problems (homogenization and numerical approximation)
are clear: the mesh size h in numerical approximation schemes plays the same role as the e
parameter in homogenization (see [95] and [15] for a discussion of the connection between
these problems). Although the analysis of the numerical problem is much easier from a
technical point of view, it was only developed after the problem of homogenization was
understood. This is probably due to the fact that, from a control theoretical point of
view, there was a conceptual difficulty to match the existing finite-dimensional and infinite-
dimensional theories. In this article we illustrate how to do this in the context of the wave
equation, a model of purely conservative dynamics in infinite dimension.

The rest of this paper is organized as follows. Section 2 is devoted to presenting and
discussing the problems of observability and controllability for the constant coefficient wave
equation. In section 3 we briefly discuss some aspects related to the multi-dimensional wave
equation such as the concentration and the lack of propagation of waves. In section 4 we
analyze the variable coefficient 1D case and show that BV-regularity of coefficients is the
least regularity we may require on them for the observability inequality to hold. In section
5 we discuss the finite-difference space semi-discretization of the 1D wave equation and
present the main results on the lack of controllability and observability. We also comment
on how filtering of high frequencies can be used to get uniform controllability results and
on the impact of all this on other relaxed versions of the control problem (approximate
controllability and optimal control). In Section 6 we discuss some other methods for curing
the high frequency pathologies: viscous numerical damping, mixed finite elements, etc. In
Section 7 we briefly analyze full space-time discretizations in 1D. Section 8 is devoted to
analyzing semi-discretizations for the 2D wave equation in a square. As we shall see, in
this case, numerical approximations affect not only the velocity of propagation of energy
but also its direction, and further filtering is needed. More precisely, one has to restrict
the wavelength of solutions in all space directions to get uniform observability and control
properties. Finally, in Section 9 we discuss the finite difference space semi-discretizations
for the heat and beam equations, showing that both viscous and dispersive properties of the
original continuous models may help in the numerical approximation procedure. We close
this paper with some further comments and a list of open problems.

The interested reader is referred to the survey articles [90] and [93] for a more complete



discussion of the state of the art in the controllability of partial differential equations.

Acknowledgements. This work is the outcome of many discussions and joint collaborations
with other colleagues and experts on various topics. Much of it has been developed under
the influence of J.-L. Lions. I must also acknowledge, in particular, R. Glowinski for many
fruitful discussions, D. Arnold for pointing out reference [82], M. Asch and J. Rasmussen
for a careful reading of a preliminary version of the article, and many other colleagues and
collaborators. In particular I should mention C. Castro, R. Dager, L. Ledn, F. Macia,
S. Micu, M. Negreanu, and L. R. Tcheougoué-Tebou, with whom I had the pleasure of
developing some of the material included in this paper and who provided also essential help
in the preparation of the manuscript. Finally, my thanks go to M. Cea, J. Rasmussen and
R. Rodriguez del Rio who helped me with the figures, numerical simulations and some other

technical matters.

2 The constant coefficient wave equation

In order to motivate the problems we have in mind let us first consider the constant coefficient

1D wave equation:

Ut — Ugge = U, O<$<1,0<t<T
u(0,t) = u(1,t) =0, 0<t<T (2.1)
u(z,0) = u’(z), w(x,0) =u(z), 0<z<l.

In (2.1) u = u(z,t) describes the displacement of a vibrating string occupying the interval
(0,1).
The energy of solutions of (2.1) is conserved in time, i.e.

Blt) = ;/01 (s (2, D + iz, )] do = E(0), Y0 <t < T. (2.2)

The problem of boundary observability of (2.1) can be formulated, roughly, as follows:
To give sufficient conditions on the length of the time interval T such that there exists a
constant C(T) > 0 so that the following inequality holds for all solutions of (2.1):

B(0) < C(T) /OT s (1,8 dt. (2.3)

Inequality (2.3), when it holds, guarantees that the total energy of a solution can be
“observed” or estimated from the energy concentrated or measured on the extreme x = 1 of
the string during the time interval (0,7").

Here and in the sequel, the best constant C'(7) in inequality (2.3) will be referred to as
the observability constant.
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Of course, (2.3) is just an example of a variety of similar observability problems. Among
its possible variants, the following are worth mentioning: (a) one could observe the energy
concentrated on the extreme x = 0 or in the two extremes z = 0 and 1 simultaneously;
(b) the L?(0,T)-norm of u,(1,t) could be replaced by some other norm, (c) one could also
observe the energy concentrated in a subinterval («, 3) of the space interval (0, 1) occupied
by the string, etc.

The observability problem above is equivalent to a boundary controllability problem.
More precisely, the observability inequality (2.3) holds, if and only if, for any (y°,y') €
L*(0,1) x H7*(0,1) there exists v € L*(0,T) such that the solution of the controlled wave
equation

Yt — Yo = 0, 0<z<1,0<t<T
y(0,t) = 0; y(1,t) = v(1), 0<t<T (2.4)
y(x,0) =1°(x), yu(z,0) = y'(z), O<z<l
satisfies
y(x,T) =y (x,T) =0, 0<z<1. (2.5)

Needless to say, in this control problem the goal is to drive solutions to equilibrium at
the time t = T'. Once the equilibrium configuration is reached at time ¢t = T', , the solution
remains at rest for all t > T, by taking null control for t > T,1i. e. v=0fort > T.

The exact controllability property of the controlled state equation (2.4) is completely equiv-
alent 3 to the observability inequality for the adjoint system (2.1).

At this respect it is convenient to note that (2.1) is not, strictly speaking, the adjoint of
(2.4). The initial data for the adjoint system should be given at time ¢t = T. But, in view
of the time-irreversibility of the wave equations under consideration this is irrelevant. This
is why we prefer to write the initial conditions both for the state equation at its adjoint at
time t = 0. The same will be done for the time discretizations we shall consider. Obviously,
one has to be more careful about this when dealing with time irreversible systems as the
heat equation in section 9.1.

Let us check first that observability implies controllability. Furthermore, we describe a
constructive method to build the control of minimal norm (L?*(0,7)-norm in the present
situation) by minimizing a convex, continuous and coercive functional in a Hilbert space. In
the present case, given (y°,y') € L*(0,1) x H*(0,1) the control v € L*(0,T) of minimal
norm for which (2.5) holds is of the form

v(t) = u(1,t), (2.6)

3We refer to J.L. Lions [54] for a systematic analysis of the equivalence between controllability and
observability through the so called Hilbert Uniqueness Method (HUM).
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where u* is the solution of the adjoint system (2.1) corresponding to initial data (u®* u'*) €
H;(0,1) x L*(0,1) minimizing the functional

1 (T 1
J(<u07u1)> = 5/0 |ux<1at>’2dt+/0 youldx_ < ylauo >H—1><H57 (27)

in the space Hg(0,1) x L*(0,1). Here and in the sequel < -,- >p 1, g1 denotes the duality
pairing between H~1(0,1) and Hj(0,1).

Note that J is convex. The continuity of J in H}(0,1) x L?*(0, 1) is guaranteed by the fact
that the solutions of (2.1) satisfy the extra regularity property that u,(1,t) € L*(0,T) (a fact
that holds also for the Dirichlet problem for the wave equation in several space dimensions,
see [47], [54], [55]). More, precisely, for all 7' > 0 there exists a constant C,(7") > 0 such
that

/OT (102 0,6) + [ua (1, 0)] dt < C.(T)E(0), (2.8)
for all solution of (2.1).

Thus, in order to guarantee that the functional J achieves its minimum, it is sufficient
to prove that it is coercive. This is guaranteed by the observability inequality (2.3).

Once coercivity is known to hold the Direct Method of the Calculus of Variations (DMCV)
allows showing that the minimum of J over Hj(0,1) x L?(0,1) is achieved. By the strict
convexity of J the minimum is unique and we denote it, as above, by (u®* u'*) € H}(0,1) x
L?(0,1), the corresponding solution of the adjoint system (2.1) being u*.

The functional J is of class C'. Consequently, the gradient of .J at the minimizer vanishes.

This yields the following Euler-Lagrange equations:
T
< DJ((®*,ul)), (@, w') >= / i (1, Hwy(1, £)dt
0
1
—I—/ VP wlde— <yt w’ >t = 0, (2.9)
0

for all (w®, w') € H}(0,1) x L*(0,1), where w stands for the solution of the adjoint equation
with initial data (w®, w'). By choosing the control as in (2.6) this identity yields:

/{)Tv(t)wx(l, t)dt + /01 v wrdr— <yt w’ >pg-1xmy= 0. (2.10)
On the other hand, multiplying in (2.4) by w and integrating by parts we get:
/T (H)w,(1, tdt—l—/ YV w'dr— <yt w’ > g1
—/ T)da+ < yo(T), w(T) > g1 ps= 0. (2.11)
Combining these two identities we get:

/0 L (D)wy(T)dz— < y(T), w(T) >t =0, (2.12)
12



for all (w®, w') € H}(0,1)x L?(0,1), which is equivalent to the exact controllability condition
y(T) =w(T) =0.

This argument shows that observability implies controllability. The reverse is also true. If
controllability holds, then the linear map that to all initial data (y°,y') € L*(0,1)x H~*(0, 1)
of the state equation (2.4) associates the control v of minimal L?(0,7T)-norm is bounded.
Multiplying in the state equation (2.4) with that control by u, solution of the adjoint system,
and using that y(T') = y,(T) = 0 we obtain the identity:

T 1
/ v(t)u,(1,t)dt +/ yuldr— < y' u® > g1y = 0. (2.13)
0 0

Consequently,

T
w00, < el Ol

< CH(@/O, yl)"L2(0,1)><H—1(0,1)Hux(1, t)HLQ(QT); (2.14)

1
/ youtde— <yt u® > H-1xH]
0

for all (y°,y') € L*(0,1) x H71(0,1), which implies the observability inequality (2.3).

Throughout this paper we shall mainly focus on the problem of observability. However,
in view of the equivalence above, all the results we shall present have immediate conse-
quences for controllability. The most important ones will also be stated. Note however that
controllability is not the only application of the observability inequalities, which are also of
systematic use in the context of Inverse Problems (Isakov, [45]). We shall discuss this issue
briefly in Open Problem #10 in Section 10.2.

The first easy fact to be mentioned is that system (2.1) is observable if 7" > 2. More

precisely, the following can be proved:

Proposition 2.1 For any T > 2, system (2.1) is observable. In other words, for any T > 2
there exists C(T) > 0 such that (2.3) holds for any solution of (2.1). Conversely, if T < 2,
(2.1) is not observable, or, equivalently,

sup
u solution of (2.1)

[ E(ozf

DGO dt] - (2.15)

The proof of observability for T > 2 can be carried out in several ways, including Fourier
series, multipliers (Komornik, [47]; Lions, [54]), Carleman inequalities (Zhang, [87]), and
microlocal tools (Bardos et al., [5]; Burq and Gérard, [10]). Let us explain how it can be

proved using Fourier series. Solutions of (2.1) can be written in the form

u=>y (ak cos(kmt) + Z; sin(kmﬁ)) sin(kmx) (2.16)

k>1
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where ay, by are such that

W(z) =Y apsin(krz), u'(x) = bysin(krz).

k>1 k>1

It follows that .
E0) =3 Y [afk*® + 7] .

k>1

On the other hand,

uz(1,t) = > (=1)F [krag sin(kmt) + by cos(kmt)] .

k>1

Using the orthogonality properties of sin(kwt) and cos(knt) in L*(0,2), it follows that

2
/ (L, 8)2dt = 3 (Pk2ad + B2).
0 E>1

The two identities above show that the observability inequality holds when 7" = 2 and

therefore for any 1" > 2 as well. In fact, in this particular case, we actually have the identity

B(0) = i/j s (1,1 d. (2.17)

On the other hand, for T' < 2 the observability inequality does not hold. Indeed, suppose
that T" < 2 — 20 with § > 0. We solve the wave equation

{utt—um:o, O<or<l,0<t<T (2.18)

uw(0,t) =u(l,t) =0, 0<t<T

with data at time ¢t = T/2 with support in the subinterval (0,d). Note that, in view of
the time reversibility of the wave equation, the solution is determined uniquely for ¢ > T'/2
and t < T'/2.This solution is such that u,(1,t) = 0 for § < t < T — . This can be seen
using the classical fact that the time segment z = 1,¢ € (4,7 — 0) remains outside the
domain of influence of the space segment t = T7'/2, x € (0,0) (see Figure 1 below). This is
a consequence of the fact that the velocity of propagation in this system is one and shows
that the observability inequality fails for any time interval of length less*than 2.
Proposition 2.1 states that a necessary and sufficient condition for the observability to
hold is that T" > 2. We have just seen that the necessity is a consequence of the finite speed

of propagation. The sufficiency, which was proved using Fourier series, is also related to the

4This simple construction provides a 1D motivation of the Geometric Control Condition (GCC) mentioned
in the introduction which is essentially necessary and sufficient for observability to hold in several space

dimensions too.
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finite speed of propagation. Indeed, when developing solutions of (2.1) in Fourier series the

solution is decomposed into the particular solutions
uy = sin(knt) sin(kmx), Uy = cos(knt) sin(kmz).

Observe that both u; and % can be written in the form

cos(km(t — x)) — cos(km(t + x)) i sin(km(z +t)) — sin(kn(t — x))

2 rTk 2

and therefore they are linear combinations of functions of the form f(x + t) and g(z — )

for suitable profiles f and g. This shows that, regardless of the frequency of oscillation of
the initial data of the equation, solutions propagate with velocity 1 in space and therefore
can be observed at the end x = 1 of the string, at the latest, at time T' = 2. Note that the
observability time is twice the length of the string. This is due to the fact that an initial
disturbance concentrated near x = 1 may propagate to the left (in the space variable) as t
increases and only reach the extreme x = 1 of the interval after bouncing at the left extreme
x = 0 (as described in Figure 1). A simple computation shows that this requires the time
interval to be T' > 2 for observability to hold.

L A
I
2 — 34 A 'U'-L"',_.-'
|ﬁl... gk =
¥ o
g
1=-447 I"x{'ﬁ"-‘__-'"': :
Fa
AP Jah W 1
=3\
: ;hi" -
. P
0 5 Y

Figure 1: Wave localized at t = 0 near the endpoint x = 1 that propagates with velocity 1

to the left, bounces at x = 0 and reaches x = 1 again in a time of the order of 2.

As we have seen, in 1D and with constant coefficients, the observability inequality is easy
to understand. The same results are true for sufficiently smooth coefficients (BV-regularity
suffices). However, when the coefficients are simply Holder continuous, these properties may
fail, thereby contradicting a first intuition. This issue will be discussed in Section 4 below.
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3 The multi-dimensional wave equation

In several space dimensions the observability problem for the wave equation is much more
complex and can not be solved using Fourier series. The velocity of propagation is still one
for all solutions but energy propagates along bicharacteristic rays. In order to guarantee that
the observability inequality holds, it is necessary that all rays reach the observation subset
of the boundary in a uniform time and therefore this observation subset has to be selected in
an appropriate way and has to be, in general, large enough. As we mentioned above it has
to fulfill the Geometric Control Condition (see for instance Bardos et al. [5] and Burq and
Gérard, [10]). For instance, when the domain is a ball, the subset of the boundary where the
control is being applied needs to contain a point of each diameter. Otherwise, if a diameter

skips the control region, it may support solutions that are not observed (see Ralston [70]).

Figure 2: Ray that propagates inside the domain €2 following straight lines that are reflected

on the boundary according to the laws of geometrical optics.

Let us formulate the problem and discuss it in some more detail. We shall address here
only the case of smooth domains.?

Let Q be a bounded domain of R"”,n > 1, with boundary I' of class C2. Let w be an
open and non-empty subset of 2 and T > 0.

Consider the linear controlled wave equation in the cylinder @ = 2 x (0,7):

Y — Ay = fl, in Q@
y=0 on X (3.1)

y(@,0) =¢°(x),p(,0) =y'(z) in Q.

“We refer to Grisvard [37] for a discussion of these problems in the context of non-smooth domains.
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In (3.1) X represents the lateral boundary of the cylinder @, i.e. ¥ =T x (0,7), 1, is the
characteristic function of the set w, y = y(z,t) is the state and f = f(z,t) is the control
variable. Since f is multiplied by 1, the action of the control is localized in w.

When (y°,y') € H}(Q) x L*(Q2) and f € L*(Q) the system (3.1) has a unique solution
y € C([0,T]; Hy(2)) N C* ([0, T]; L2().

The problem of controllability, generally speaking, is as follows: Given (y°,y') € H}(Q) x
L3(Q2), find f € L*(Q) such that the solution of system (3.1) satisfies

y(T) = y(T) = 0. (3.2)
Several remarks are in order.

Remark 3.1

(a) Since we are dealing with solutions of the wave equation, for any of these properties
to hold, the control time T has to be sufficiently large due to the finite speed of
propagation, the trivial case w = €2 being excepted. But, as we said above, the time
being large enough does not suffice, since the control subdomain w needs to satisfy the

GCC. Figure 3 provides an example of this fact.

(b) The controllability problem may also be formulated in other function spaces in which

the wave equation is well posed.

(c) Most of the literature on the controllability of the wave equation has been written
in the framework of the boundary control problem discussed in the previous section.
The control problems formulated above for (3.1) are usually referred to as internal
controllability problems since the control acts on the subset w of 2. The latter is
easier to deal with since it avoids considering non-homogeneous boundary conditions,

in which case solutions have to be defined in the sense of transposition [54].
n

Using HUM ¢ and arguing as in section 2, the exact controllability property can be shown

to be equivalent to the following observability inequality:

T
H(uo,ul)‘ ’ < C’/ /quxdt (3.3)
L2(Q)xH~1(Q) 0 Juw
for every solution of
Ut — Au =0 in Q
u=>0 on X (3.4)

u(x,0) = u’(z), us(2,0) =ul(x) in Q.
17



Trapped ray

Caontrol

.

Figure 3: A geometric configuration in which the Geometric Control Condition is not satis-

fied, whatever T' > 0 is. The domain where waves evolve is a square. The control is located
on a subset of two adjacent sides of the boundary, leaving a small vertical subsegment un-
controlled. There is an horizontal line that constitutes a ray that bounces back and forth
for all time perpendicularly on two points of the vertical boundaries where the control does

not act.

This inequality makes it possible to estimate the total energy of the solution of (3.4) by
means of a measurement in the control region w x (0, 7).

When (3.3) holds one can minimize the functional

J (uo,ul) = ;/()T/wuzdxdt + <(u0,u1) , (yl, —y0)> (3.5)

in the space L*(Q2) x H~1(Q2). Indeed, the following is easy to prove: When the observability
inequality (3.3) holds, the functional J has a unique minimizer (u°,a') in L*(Q) x H-1(Q)
for all (u®,u') € H}(Q) x L*(Q). The control f = with U a solution of (3.4) corresponding
to (u°,u') is such that the solution of (3.1) satisfies (3.2).

Consequently, in this way, the exact controllability problem is reduced to the analysis of
the observability inequality (3.3).

Let us now discuss what is known about (3.3):

(a) Using multiplier techniques Ho in [40] proved that if one considers subsets of I' of the
form

Fa%) ={zel:(z—2a" n(z)>0}

SHUM (Hilbert Uniqueness Method) was introduced by J. L. Lions (see [54] and [55] as a systematic
method to address controllability problems for Partial Differential Equations.
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for some z° € R™ (we denote by n(x) the outward unit normal to  in z € T' and
by - the scalar product in R™) and if T' > 0 is large enough, the following boundary
observability inequality holds:

T
H(uo’U1)’ i]é(Q)xLQ(Q) < C/O /F(IO)

for all (u®, u') € HY(Q) x L*(Q).

du

2
t .
o dod (3.6)

This is the observability inequality that is required to solve the boundary controllability
problem mentioned above.

Later inequality (3.6) was proved in [54], for any T' > T'(2°) = 2 || 2 — 2° || (). This
is the optimal observability time that one may derive by means of multipliers. More
recently Osses in [69] introduced a new multiplier which is basically a rotation of the
previous one, making it possible to obtain a larger class of subsets of the boundary for
which observability holds.

Proceeding as in [54], one can easily prove that (3.6) implies (3.3) when w is a neigh-
borhood of T'(x?) in Q, i.e. w = QN O where O is a neighborhood of T'(z°) in R™, with
T2 -2 e

C. Bardos, G. Lebeau and J. Rauch [5] proved that, in the class of C* domains, the
observability inequality (3.3) holds if and only if the pair (w, T") representing the control
subdomain and time satisfies the following geometric control condition (GCC) in Q:
Every ray of geometrical optics that propagates in  and is reflected on its boundary I’

intersects w in time less than T'.

In particular, exact controllability holds when w is a neighborhood of the boundary of

Q.

This result was proved by means of microlocal analysis. Recently the microlocal ap-
proach has been greatly simplified by N. Burq [9] by using the microlocal defect mea-
sures introduced by P. Gérard [32] in the context of homogenization and kinetic equa-
tions. In [9] the GCC was shown to be sufficient for exact controllability for domains
Q of class C? and equations with C? coefficients. The result for variable coefficients
is the same: The observability inequality and, thus, the exact controllability property
holds if and only if all rays of geometrical optics intersect the control region before the
control time. However, it is important to note that, although in the constant coefficient
equation all rays are straight lines, in the variable coefficient case this is no longer the
case. In particular, there are smooth coefficients for which there are periodic rays that
follow closed trajectories. This may happen in the interior of the domain 2. Then, for
instance, there are variable coefficient wave equations that are not exactly controllable
19



when w is a neighborhood of the boundary. Note that this is the typical geometrical
situation in which the constant coefficient wave equation is exactly controllable. In-
deed, in this case, the rays being straight lines, controllability holds when the control
time exceeds the diameter of 2\ w since it guarantees that all rays reach the subdomain
w. But, as we said, this property may fail for variable coefficient wave equations. This

issue will be further discussed below.

In [61] it was proved that one can build variable coefficients (depending only on the space
variable) which are globally Holder continuous and C'*° smooth away from a point of the
domain so that there are infinitely many concentric rays accumulating in this point. In this
case, the only possibility for satisfying the observability inequality is to make observations
around that point. Since Holder continuous coefficients may have this kind of pathological
behavior around an infinite number of points, in those cases the control has to be supported
everywhere in the domain.

In order to see how this phenomenon occurs it is sufficient to consider the wave equation

with a scalar, positive and smooth variable coefficient a = a(z):
uy — div(a(z)Vu) = 0. (3.7)
The bicharacteristic rays are then characterized by the Hamiltonian system

7'(s) = —a(z)¢

t(s)= 1
€(s) = Va(a)¢l? (38)
7'(s) = 0.

This system allows one to describe microlocally how the energy of solutions propagates. The
projections of the bicharacteristic rays in the (z,t) variables are the rays of geometrical optics
that, as we mentioned above, play a fundamental role in the analysis of the observation and
control properties through the Geometric Control Condition. As time evolves the rays move
in the physical space according to the solutions of (3.8). Moreover, the direction in the
Fourier space (£, 7) in which the energy of solutions is concentrated as they propagate is
given precisely by the projection of the bicharacteristic ray in the (£, 7) variables. When
the coefficient a = a(x) is constant the ray is a straight line and carries the energy outward,
which is always concentrated in the same direction in the Fourier space, as expected. This
Hamiltonian system describes the dynamics of rays in the interior of the domain where the
equation is satisfied. When rays reach the boundary they are reflected according to the laws

of Geometric Optics.”

"Note however that tangent rays may be diffractive or even enter the boundary. We refer to [5] for a

deeper discussion of these issues.
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When the coefficient @ = a(x) varies in space, the dynamics of this system may be quite
complex and can lead to some unexpected behaviour. For instance, let us choose a such
that = - Va(x) — a(z) vanishes along the boundary of a ball, the initial point xy being on the
boundary of that ball with centre at # = 0. The initial microlocal direction (&g, 79) is chosen
such that 78 — a(z0)|&]? = 0 and & - 7o = 0. It is then easy to see that £(s) - z(s) remains
identically zero along the whole ray and |x(s)|? is a constant. That means, in particular, that
the ray remains trapped on the surface of the sphere and thus will never reach the boundary

of a domain containing that ball.

Figure 4: Concentric closed rays concentrating around a centre point (see [61]).

The argument in [61] is based in this observation. Reproducing this construction along
surfaces of concentric balls accumulating in its centre, one can indeed show the existence of
variable coefficients (which are globally Holder continuous and C'*° away from the centre)
for which there are solutions that may concentrate the energy as much as one wishes in an
arbitrarily small neighborhood of the centre and for an arbitrarily large time. This example
shows that our first intuition on how rays propagate may fail completely when the coefficients
are not smooth enough.

This example shows that there is a lower limit on the regularity of the coefficients of the
wave equation for which the observability inequality holds. But there is still a lot to be done
to understand observability inequalities for wave equations with variable C1® coefficients.
Indeed, observability may fail for Holder continuous coefficients and holds under the GCC

for coefficients in C** according to [9]. But the issue is to be clarified for C"*-coefficients.
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4 The 1D wave equation with variable coeflicients

Let us now consider the following variable coefficient 1D wave equation:

() Uy — Ugy = 0, 0<ax<l O0<t<T
w(0,8) = u(1,1) = 0, 0<t<T (4.1)
u(x,0) = ul(z), w(z,0) =ul(z), 0<z<1.

We assume that p is measurable and that it is bounded above and below by finite, positive
constants, i.e.,
0<po<pr)<p <ooae ze(01). (4.2)

Under these conditions system (4.1) is well-posed in the sense that for any initial data
(u®,u') € H}(0,1) x L*(0,1) there exists a unique solution

ue C([0,7); Hy(0,1)) nC* ([0,T7; L*(0,1)). (4.3)

Moreover, the energy of solutions

2/ ]utxt)|+|uz(xt)\}d:v (4.4)

is constant in time. When p € BV(0,1), the following observability properties are well
known to hold:

1. Boundary observability: If 7' > 2,/p; there exists C(T") > 0 such that
r 2
0) < c/ o (0, )] di (4.5)
0

for every solution of (4.1).

2. Internal observability: For any subinterval («, 5) C (0, 1), if

T > 2\/pymax(a,1 — ),

there exists C > 0 such that

) < 0/ / )il + 2] dedt, (4.6)

for every solution of (4.1).

These results can be proved using sidewise energy estimates for the wave equation in which
the role of space and time are interchanged (see [96], [20]). We view the differential equation
n (4.1) as
Uge — p(x)uy = 0, (4.7)
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and consider the vertical energy functional
1 T—\/p1x
Then, it can be proved that
dF(x) 1 (T-Vpiz
<

F(z) o)y (2, )2 + | (2, 1) ] dt. (4.8)

d @l it < LN T e, e <

de  — 2 N 2po pia
/
<@y, (4.9)
ol

Consequently, when T > 2,/p1, by Gronwall’s inequality

Jo 1¢(s)lds _ exp(Jo |p'(s)lds/]pol)

F(z) < exp <|p0|> F(0) 9 /OT |u, (0, 1) *dt,

vz e [0,1]. (4.10)

Integrating this inequality for x in [0, 1] we deduce that

/O1 Flz)de < 2 s |p'(25)|ds/yp0\) /OT (0, ) 2dt, Va € [0,1]. (4.11)

Taking into account that 7" > 2,/p; and using conservation of energy we have

ex 01 '(s)|ds/|po T
> (Jo ¢'(s)lds/|pol) [ 0.0 (4.12)

(T~ 2/mE©) < [ ' F(a)dr < >
These observability inequalities hold provided p is in the BV -class.

In [14] it was proved that these inequalities do not hold under the weaker assumption
that the density p is Holder continuous. This shows that the BV assumption is sharp.
The construction in [14] shows that there exist Holder continuous densities p for which the
eigenvalue problem

—w" = Ap(x)w, —o0 <z <00 (4.13)
admits a sequence of solutions for which A\, tends to infinity and the corresponding sequence
of eigenfunctions wy is exponentially concentrated in a neighborhood of a given point. By
separation of variables this allows the building of solutions of the wave equation in the whole
line which are also exponentially concentrated. In particular, the Dirichlet and Neumann
traces at the endpoints = = 0, 1 of the interval (0, 1) are exponentially small compared to the
total energy of solutions. This makes it possible to correct the solutions so that the Dirichlet
traces vanish but still being incompatible with the observability inequalities in the sense that
solutions {uy} of (4.1) obtained in this way satisfy that the ratio between the total energy
and the observed one tends to infinity.

This shows that the situation in 1D is quite clear: Observability holds for BV coefficients
but not under the weaker Hélder reqularity assumption. As we said in the previous section,
the situation is more incomplete in several space dimensions where the case of C1® coefficients
is open.
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5 1D Finite-Difference Semi-Discretizations

In section 2 we showed how the observability problem for the constant coefficient wave
equation can be solved by Fourier series expansions. We now address the problem of the
continuous dependence of the observability constant C'(7) in (2.3) with respect to finite
difference space semi-discretizations as the parameter h of the discretization tends to zero.
This problem arises naturally in the numerical implementation of the controllability and
observability properties of the continuous wave equation but is of independent interest in
the analysis of discrete models for vibrations.

There are several important facts and results that deserve to be underlined and that we

shall discuss below:

e The observability constant for the semi-discrete model tends to infinity for any 7' as
h — 0. This is related to the fact that the velocity of propagation of solutions tends
to zero as h — 0 and the wavelength of solutions is of the same order as the size of the

mesh.

e As a consequence of this fact and of Banach-Steinhaus Theorem, there are initial
data for the wave equation for which the controls of the semi-discrete models diverge.
This proves that one can not simply rely on the classical convergence (consistency
+ stability) analysis of the underlying numerical schemes to design algorithms for

computing the controls.

e The observability constant may be uniform if the high frequencies are filtered in an

appropriate manner.

Let us now formulate these problems and state the corresponding results in a more precise

way.

5.1 Finite-difference approximations

Given N € N we define h = 1/(N + 1) > 0. We consider the mesh
Zlﬁ'():o;[L’j:jh,jzl,...,N;Zlf]\H_l:l, (51)

which divides [0, 1] into N + 1 subintervals [; = [z;,zj+1], 7 =0, ..., N.
Consider the following finite difference approximation of the wave equation (2.1):
W — a5 [ujer +ujor —2u) =0,  0<t<T,j=1,...,N
u;(t) =0, j=0,N+1,0<t<T (5.2)
u;(0) = u?, v (0) = u} j=1,...,N.
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Observe that (5.2) is a coupled system of N linear differential equations of second order.
The function u;(t) provides an approximation of u(x;,t) for all j = 1,..., N, u being the
solution of the continuous wave equation (2.1). The conditions uy = uy41 = 0 take account
of the homogeneous Dirichlet boundary conditions, and the second order differentiation with
respect to x has been replaced by the three-point finite difference [u;41 + u;j—1 — 2u;] /h*.
We shall use a vector notation to simplify the expressions. In particular, the column
vector
u (1)
w(t) = : (5.3)
un(t)

will represent the whole set of unknowns of the system. Introducing the matrix

2 -1 0 0
1 -1 - .0

Ay = — A4
0 0 -1 2

the system (5.2) reads as follows

{ a'(t) + Apu(t) =0, 0<t<T (5.5)

@(0) = @, @(0) = @

Obviously the solution @ of (5.5) depends also on h so that we should actually use the
subindex A in its notation. But, for the sake of simplicity, we shall only use it when strictly
needed.

The energy of the solutions of (5.2) is as follows:
[

and it is constant in time. Obviously (5.6) is a natural discretization of the continuous energy
(2.2).

The problem of observability of system (5.2) can be formulated as follows: To find T' > 0
and Cy(T) > 0 such that

2
4| Yt T Yy

_h
2 : h

] : (5.6)

T |un(t)
7 ’dt (5.7)

E(0) < Cu(T) [

0

holds for all solutions of (5.2).

Observe that | uy/h |? is a natural approximation 8 of | u,(1,¢) |?

for the solution of the

8Here and in the sequel uy refers to the N-th component of the solution of the semidiscrete system 1,
which obvioulsy depends also on h. This dependence is not made explicit in the notation not to make it

more complex.
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continuous system (2.1). Indeed wu,(1,t) ~ [un,1(t) —un(t)]/h and, taking into account that
un+1 = 0, it follows that u,(1,t) ~ —upy(t)/h.

System (5.2) is finite-dimensional. Therefore, if observability holds for some 7" > 0,
then it holds for all 7' > 0. This is an immediate consequence of the classical result by
Kalman (see [51]) characterizing the observability/controllability properties of linear, time-
independent, finite-dimensional systems, in algebraic terms, involving the matrix governing
the state equation and the controller. This algebraic characterization is independent of
time and, consequently, finite-dimensional systems are either observable for all time or non
observable whatever the observation time is. For the sake of completeness let us recall the
basic ingredients of Kalman’s result and its precise statement. Consider a linear, constant-
coefficient, finite-dimensional system 2’4+ Ax = Bv, of dimension IV, where x is the state, v is
the control, with M < N components, A € My is the matrix governing the dynamics of
the state equation and B € My stands for the control operator indicating how the control
v affects the various components of the state. The Kalman necessary and sufficient condition
for controllability is of algebraic nature and reads: rank[B, AB, ..., AN"1B] = N. When this
rank condition is satisfied the system is controllable for all 7. When this condition fails and
the rank is, for instance, N —m with m > 1, for all T' the hyperplane of reachable states at
time T from any initial state is of dimension N — m and therefore controllability does not
hold. From the point of view of observability the Kalman condition can be interpreted as
follows. Consider the adjoint system —¢’ + A*p = 0. The observability problem is now as
follows: Does condition B*p(t) =0 for all 0 <t <T imply that ¢ = 07 The answer is once
again that observability holds if and only if the Kalman algebraic condition is satisfied.

It is easy to see that, for all h > 0, (5.7) does indeed hold. But we are interested mainly
in the uniformity of the constant C(T") as h — 0. If Cy(7T) remains bounded as h — 0
we say that system (5.2) is uniformly (with respect to h) observable as h — 0. Taking into
account that the observability of the limit system (2.1) only holds for 7" > 2, it might seem
natural to expect 7' > 2 to be a necessary condition for the uniform observability of (5.2).
This is indeed the case but, as we shall see, the condition T" > 2 is far from being sufficient.
In fact, uniform observability fails for all T' > 0. In order to explain this fact it is convenient
to analyze the spectrum of (5.2).

Let us consider the eigenvalue problem

—[wjﬂ—i—wj,l—ij]/hz:)\wj,j:1,...,N

Wy = WN+1 = 0.

(5.8)

The spectrum can be computed explicitly in this case (Isaacson and Keller [44]). The eigen-

values

0 < A(h) <Xa(h) <...<An(h)
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are

4 kmh
)\Z = ﬁ Sln2 <2> (59)
and the corresponding eigenvectors are
0 = (Wea, - - - ,wk,N)T twy; = sin(kmwjh), k,j=1,...,N, (5.10)

Obviously,
A= N\ = k?7? as h — 0 (5.11)

for each k > 1, A\, = k*m% being the k—th eigenvalue of the continuous wave equation (2.1).
On the other hand we see that the eigenvectors @l of the discrete system (5.8) coincide with

the eigenfunctions wy,(z) = sin(kmx) of the continuous wave equation (2.1). °

2 kmh
i 1)

and therefore, in a first approximation, we have

RS
SN ‘N . 12
‘ BTRT 24 (5.12)

This indicates that the convergence in (5.11) is only uniform in the range & < h=%/3. Thus,

According to (5.9) we have

one can not expect to solve completely the problem of uniform observability for the semi-
discrete system (5.2) as a consequence of the observability property of the continuous wave
equation and a perturbation argument with respect to h. A more careful analysis of the

behavior of the eigenvalues and eigenvectors at high frequencies is needed.

5.2 Non uniform observability

The following identity holds:
Lemma 5.1 For any h > 0 and any eigenvector of (5.8) associated with the eigenvalue X,

2 2 2

N
Wj1 — W; wn
h ) = — 5.13
JZ:% h T2 | h (5.13)
We now observe that the largest eigenvalue A% of (5.8) is such that
Mh? — 4 as h — 0. (5.14)

Indeed

Myh? = 4sin® <7T];]h> = 4 sin? <W<12_ h>>

= 4cos?*(nh/2) — 4 as h — 0.

Combining (5.13) and (5.14) we get the following result on non-uniform observability:

9This is a non-generic fact that only occurs for the constant coefficient 1D problem with uniform meshes.
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Theorem 5.1 For any T > 0 it follows that

sup [ _ Ey(0) . ] — 50 (5.15)
u solution of (5.2) Lo | un/h |? dt

as h — 0.

Proof of Theorem 5.1. We consider solutions of (5.2) of the form
" = cos ( A%t) wh

where M\ and % are the N—th eigenvalue and eigenvector of (5.8) respectively. We have

h ho|2
WNj+1 — W

B (0) =

o | S

(5.16)

N
)3
j=0

and
h

h 2 2
di — ’wN,N

Un

h

/OT /OT cos? ( Aﬁ(,t) dt. (5.17)

Taking into account that A% — oo as h — 0 it follows that

T
/ cos” ( )\fji,t) dt = T/2 as h—0. (5.18)
0
By combining (5.13), (5.16), (5.17) and (5.18), (5.15) follows immediately.

Remark 5.1 Note that the construction above applies to any sequence of eigenvalues )\?(h)
such that
WXy — 4 as h— 0, (5.19)

aﬁ(mgm>e1

which is equivalent to

or, in other words, to

j(h)h — 1. (5.20)
|

However, the solution we have used in the proof of this theorem is not the only impediment
for the uniform observability inequality to hold.

Indeed, let us consider the following solution of the semi-discrete system (5.2), constituted
by the last two eigenvectors, which illustrates the relevance of the lack of uniform gap in the

spectrum:
1

VA

U=

{exp(i Ant)wWn — exp(i AN_lt)@UN_l]. (5.21)
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This solution is a simple superposition of two monochromatic semi-discrete waves corre-
sponding to the last two eigenfrequencies of the system. The total energy of this solution is
of the order 1 (because each of both components has been normalized in the energy norm
and the eigenvectors are orthogonal one to each other). However, the trace of its discrete

normal derivative is of the order of i in L*(0,T). This is due to two facts.

e First, the trace of the discrete normal derivative of each eigenvector is very small

compared to its total energy, as Lemma 5.1 shows.

e Second and more important, the gap between /Ay and y/An_; is of the order of h, as
it is shown in Figure 5.

WA

Nat

Contingms problem

e l—— ———

Disrrete prohlenm

Figure 5: Square roots of the eigenvalues in the continuous and discrete case. The gaps
between these numbers are clearly independent of k in the continuous case and of order A

for large £ in the discrete one.

Thus, by Taylor expansion, the difference between the two time-dependent complex
exponentials exp(iv/Ant) and exp(iy/Ay_1t) is of the order Th. Thus, in order for it
to be of the order of 1 in L?(0,T), we need a time T of the order of 1/h. In fact,
by drawing the graph of the function in (5.21) above one can immediately see that it

corresponds to a wave propagating at a velocity of the order of h (Figure 6).

This construction makes it possible to show that, whatever the time T is, the observability
constant Cj,(T") in the semi-discrete system is at least of order 1/h. In fact, this idea can be
used to show that the observability constant has to blow-up at infinite order. To do this it is
sufficient to proceed as above but combining an increasing number of eigenfrequencies. This
argument allows one to show that the observability constant has to blow-up as an arbitrary
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negative power of h. Actually, S. Micu in [64] proved that the constant Cy(7") blows up
exponentially'? by means of a careful analysis of the biorthogonal sequences to the family of
exponentials {exp(i\/)Tjt)}j:l,__W as h — 0.

All these high frequency pathologies are in fact very closely related with the notion of
group velocity (see [85], [82] for an in depth analysis of this notion).

On the other hand, according to the fact that the eigenvector w; is a sinusoidal function
(see (5.10)) we see that these functions can also be written as linear combinations of complex

exponentials (in space-time):
VA
exp[j: zyﬂ{,t — x”
g
In view of this, we see that each monochromatic wave propagates at a speed

Aj sin(jm Wh
VA asinGrh/2) _ wn(6) .

j jh 3 ‘{$=j7rh} B

‘ , (5.22)
{e=jmh}
with

wn(§) = 2sin(§/2).

This is the so called phase velocity. The velocity of propagation of monochromatic semi-
discrete waves (5.22) turns out to be bounded above and below by positive constants, inde-

pendently of h, i. e.
O<a<§) <f<oo, Vh>0,VEe]0,n]

Note that [0, 7] is the relevant range of frequencies. Indeed, £ = jmh and j = 1,..., N and
Nh=1-—h.

However, it is well known that, even though the velocity of propagation of each eigenmode
is bounded above and below, wave packets may travel at a different speed because of the
cancellation phenomena we have exhibited above (see (5.21)). The corresponding speed for
those semi-discrete wave packets accumulating is given by the derivative of wy(-) (see [82]).
At the high frequencies (j ~ N) the derivative of wy(£) at £ = Nwh = 7(1 — h), is of the
order of h and therefore the wave packet (5.21) propagates with velocity of the order of h.

Note that the fact that this group velocity is of the order of h is equivalent to the fact
that the gap between /Ay_; and /Ay is of order h.

Indeed, the definition of group velocity as the derivative of wy, is a natural consequence of
the classical properties of the superposition of linear harmonic oscillators with close but not

identical phases (see [19]). The group velocity is thus, simply, the derivative of the curve in

10 According to [64] we know that the observability constant C},(T') necessarily blows-up exponentially as
h — 0. On the other hand, it is known that the observability inequality is true if Cp,(7T') is large enough.

The problem of obtaining sharp asymptotic (as h — 0) estimates on the observability constant is open.
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Figure 6: Time evolution of solution (5.21) for h = 1/61 (N = 60) and 0 < ¢ < 120. It is
clear that, according to the figure, the solution seems to exhibit a time-periodicity property
with period 7 of the order of 7 ~ 50. Note however that all solutions of the wave equation
are time-periodic of period 2. In the figure it also clear that fronts propagate in space at
velocity of the order of 1/50. This is in agreement with the prediction of the theory in the

sense that high frequency wave packets travel at a group velocity of the order of h.

the dispersion dyagram of Figure 5 describing the velocity of propagation of monocromatic
waves, as a function of frequency. Taking into account that this curve is constituted by the
square roots of the eigenvalues of the numerical scheme, we see that there is a one-to-one
correspondence between group velocity and spectral gap. In particular, the group velocity
decreases when the gap between consecutive eigenvalues does it.

Consequently, we see that the group velocity is indeed related to the separation of the
spectrum. Thus, building numerical schemes for which the group velocity remains uniformly
bounded below, which is a necessary condition for the observability inequality to hold uni-
formly with respect to h, turns out to be equivalent to constructing numerical schemes for
which the sepectrum is uniformly separated, with respect to the frequency and the mesh-size
h.

This well-known fact is relevant when analyzing the adequacy of numerical approxima-
tion methods for wave-like equations, since they arise independently of whether the schemes

converge or not (see [82]). In fact, the convergence of the numerical scheme only guarantees
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Figure 7: 3D view of the solution of Figure 6.

that the group velocity is correct for low frequency wave packets.!! Consequently, the neg-
ative results we have mentioned above are simply a new reading of well-known pathologies
of finite difference scheme for the wave equation.

However, the careful analysis of this negative example is extremely useful when designing
possible remedies, i.e., to determine how one could modify the numerical scheme in order to
reestablish the uniform observability inequality, since we have only found two obstacles and
both happen at high frequencies. The remedy is very natural: To cut off the high frequencies
or, in other words, to ignore the high frequency components of the numerical solutions. As
we shall see in section 5.3, this method works and, as soon as we deal with solutions where
the only Fourier components are those corresponding to the eigenvalues A\ < vyh=2 with
0 < v < 4 or with indices 0 < j < dh™! with 0 < § < 1, the observability inequality
becomes uniform. Note that these classes of solutions correspond to taking projections of
the complete solutions by cutting off all frequencies with yh=2 < A < 4h~2.

All this might seem surprising in a first approach to the problem but it is in fact very
natural. The numerical scheme, which converges in the classical sense, reproduces, at low

frequencies, as h — 0, the whole dynamics of the continuous wave equation. But, it also

"Note that in Figure 5 the semidiscrete and continuous curves are tangent. This is in agreement with the
convergence property of the numerical algorithm under consideration and with the fact that low frequency

wave packets travel essentially with the velocity of the continuous model.
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introduces a lot of high frequency spurious solutions. The scheme then becomes more accu-
rate if we ignore that part of the solutions and, at the same time, makes the observability
inequality uniform provided the time is taken to be large enough.'?

It is also important to observe that the high frequency pathologies we have described
can not be avoided by simply taking, for instance, a different approximation of the discrete
normal derivative as one might think in view of Lemma 5.1. Indeed, the fact that high
frequency wave packets propagate at velocity h is due to the scheme itself and, therefore,
can not be compensated by suitable boundary measurements. More precisely, even if we have
had the right uniform observability inequality for each individual eigenvector, the uniform
observability inequality would still be false for the semi-discrete wave equation.

Up to now, no estimate was given on the size of Cp,(T"). This can be done as follows.
One can proceed by the sidewise energy method described in section 4 but this time applied
to the semi-discrete system. This provides a very rough estimate. But, in fact, the estimate
turns out to be basically sharp since we know from [64] that Cj,(T") blows up exponentially
as h — 0. To do that we recall that solutions of the semi-discrete system vanish at the
boundary point x = 1 of the boundary, i.e., uyy; = 0. On the other hand, the right hand
side of the observability inequality provides an estimate of uy in L*(0,7). Now, we can read

the semi-discrete equation at the node 7 = N as follows:
uy_1 = P2 +2uy, 0<t<T. (5.23)

This provides an estimate of uy_; in L?(0,T). Indeed, in principle, in view of (5.23), one
should lose two time derivatives when doing this. However, this can be compensated by the
fact that we are dealing with a finite-dimensional model in which two time derivatives are
of the order of Ayu where A is the matrix in (5.4), which is of norm 4/h?. Tterating this
argument we can end up getting an estimate in L?(0,7) for all u; with j = 1,..., N. But,
taking into account that N ~ 1/h, the constant in the bound will necessarily be exponential
in 1/h.

In the following section we show how, by a suitable filtering of the high frequencies, the

uniform observability inequality can be proved.

5.3 Uniform observability for filtered solutions

In this section we prove the main uniform observability result for system (5.2). In addition
to the sharp spectral results of the previous section we shall use a classical result due to

Ingham in the theory of non-harmonic Fourier series (see Ingham [43] and Young [86]).

12 As we will see below, computing the right optimal time for the observability inequality to hold requires
taking again into account the notion of group velocity. The minimal time for uniform observability turns

out to depend on the cutoff parameter ~.
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Ingham’s Theorem. Let {ji;}, .4 be a sequence of real numbers such that
Me+1 — e > 7 > 0, Vk € Z. (5.24)

Then, for any T > 2w/~ there exists a positive constant C(T,~) > 0 such that

Z| k:|2</

kEZ

5 o]

keZ

dt <C(T,7)Y |ax |? (5.25)

keZ

for all sequences of complex numbers {a;} € (*.

Remark 5.2 Ingham’s inequality can be viewed as a generalization of the orthogonality

property of trigonometric functions. Indeed, assume that p, = kv, k € Z for some v > 0.
Then (5.24) holds with equality for all k. We set "= 27 /~. Then

/27r/7
0

Note that under the weaker gap condition (5.24) we obtain upper and lower bounds instead

2

Z ag ei'yk:t

keZ

il Z L |2 (5.26)

keZ

of identity (5.26). Observe also that Ingham’s inequality does not apply at the minimal time
27 /7. This fact is also sharp [86].

In the previous section we have seen that, in the absence of spectral gap (or, when
the group velocity vanishes) the uniform observability inequality fails. Ingham’s inequality
provides the positive counterpart, showing that, as soon as the gap condition is satisfied,
there is uniform observability provided the time is large enough. Note that the observability
time is inversely proportional to the gap, and this is once more in agreement with the
interpretation of the previous section.

All these facts confirm that a suitable cutoff or filtering of the spurious numerical high
frequencies may be a cure for these pathologies.

Let us now describe the basic Fourier filtering mechanism.

We recall that solutions of (5.2) can be developed in Fourier series as follows:

= 3 (onon () f$4fg) (51

where ay, by, are the Fourier coefficients of the initial data, i.e.,

N N
Z akwk, 2—[1 = Z bkﬂ)}]z
k=1 k=1
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Given 0 < § < 1, we introduce the following classes of solutions of (5.2):

[6/h]

Cs(h) = {U sol. of (5.2) s.t. u = kz::l (ak cos (Mt) + \/b;%z sin (Mt)) w’,};} . (5.28)

Note that in the class Cs(h) the high frequencies corresponding to the indices j > [0(N +1)]

have been cut off. We have the following result:

Theorem 5.2 ([41], [42]) For any 6 > 0 there exists T'(0) > 0 such that for all T > T'(6)
there exists C'= C(T,6) > 0 such that

éEh(o) < /0 ' “Nh(t)‘ dt < CE(0) (5.29)

for every solution u of (5.2) in the class Cs(h), and for all h > 0. Moreover, the minimal
time T'(8) for which (5.29) holds is such that T'(0) — 2 as § — 0 and T(d) — oo as § — 1.

Remark 5.3 Theorem 5.2 guarantees the uniform observability in each class Cs(h), for all
0 < 0 < 1, provided the time 7" is larger than 7'(9).

The last statement in Theorem 5.2 shows that when the filtering parameter § tends
to zero, i.e. when the solutions under consideration contain fewer and fewer frequencies,
the time for uniform observability converges to 1" = 2, which is the corresponding for the
continuous equation. This is in agreement with the observation that the group velocity
of the low frequency semi-discrete waves coincides with the velocity of propagation in the
continuous model.

By contrast, when the filtering parameter increases, i.e. when the solutions under consid-
eration contain more and more frequencies, the time of uniform control tends to infinity. This
is in agreement and explains further the negative result in Theorem 5.1 showing that, if the
absence of filtering, there is no finite time 7" for which the uniform observability inequality
holds.

The proof of Theorem 5.2 below provides an explicit estimate on the minimal observability
time in the class Cs(h): T'(0) = 2/ cos(md/2).

Remark 5.4 In the context of the numerical computation of the boundary control for the
wave equation the need of an appropriate filtering of the high frequencies was observed by R.
Glowinski [34]. This issue was further investigated numerically by M. Asch and G. Lebeau
in [1]. There, finite difference schemes were used to test the Geometric Control Condition in

various geometrical situations and to analyze the cost of the control as a function of time.

|
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Proof of Theorem 5.2. The statement in Theorem 5.2 is a consequence of Ingham’s
inequality and the gap properties of the semi-discrete spectra. Let us analyze the gap

between consecutive eigenvalues. We have

s - () - (252)

B w(k—1+n)h
= oS <2>

for some 0 < n < 1. Observe that

k—1 h kh
cos <7T(2—H7)> > cos <7T2> .

M— VAL > 7 cos <7Tl;h> :

Therefore

It follows that 5
Ao — /A > mcos (g) , for k <671 (5.30)

We are now in the conditions for applying Ingham’s Theorem. We rewrite the solution
@ € Cs(h) of (5.2) as

i= Y Cee Rt (5.31)
k|<6/h
k#£0
where / .
. - ay — tby, .
Pl = =gy g = A Wop = Wy o = — Bec =
Then,
UN(t) = Z Cr€ i Wk N
k|<6/h
k0
Therefore )
T e
/ ”N()‘ dt:/ S et LN gy (5.32)
0 h 0 | izam h
k0

In view of the gap property (5.30) and, according to Ingham’s inequality, it follows that if
T > T(6) with
T(0) =2/ cos(md/2) (5.33)

there exists a constant C' = C(T,§) > 0 such that

2
- Z e |2 wkN' </ un(t ‘ it<CY |o | w’;N’ (5.34)
|k\<6/h \k\k;éo/h
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for every solution of (5.2) in the class Cs(h). On the other hand, we observe that

A'h? = 4 sin® <7T2kh> < 4sin? (7?) (5.35)

for all £ < §/h. Therefore, according to Lemma 5.1, it follows that

|2 2
Wj+1 — Wj

h

. (5.36)

1‘11]]\[

<1 ‘wfv
~ 2cos?(md/2) | h

2 N
<h)
j=0

for all eigenvalues with index k < §/h.
Combining (5.34) and (5.36) we deduce that for all 7' > T'(9) there exists C' > 0 such
that

1 o [T un(®)[ )

62|ck|§/0 Slasc Y Jal (5.37)
k|<8/h Ik|<6/h
k#0 k#0

Finally we observe that

Z | C ’2N Eh(O)
|k|<é/h
k=0

This concludes the proof of Theorem 5.2.

5.4 Conclusion and controllability results

We have shown that the uniform observability property of the finite difference approximations
(5.2) fails for any 7" > 0. On the other hand, we have proved that by filtering the high
frequencies or, in other words, considering solutions in the classes Cs(h) with 0 < § < 1, the

uniform observability holds in a minimal time 7'(9) that satisfies
e T(0) 00 as § — 1;
o I'(§) =2 asd — 0.

Observe that, as 6 — 0, we recover the minimal observability time T" = 2 of the continuous
wave equation (2.1). This allows us to obtain, for all 7' > 2, the observability property of
the continuous wave equation (2.1) as the limit A — 0 of uniform observability inequalities
for the semi-discrete systems (5.2). Indeed, given any 7" > 2 there exists § > 0 such that
T > T(§) and, consequently, by filtering the high frequencies corresponding to the indices
k > 0N, the uniform observability in time T is guaranteed. As we mentioned above, this
confirms that the semi-discrete scheme provides a better approximation of the wave equation
when the high frequencies are filtered.

On the other hand, we have seen that when A\ ~ 4/h? or, equivalently, k ~ 1/h, the gap
between consecutive eigenvalues vanishes. This allows the construction of high-frequency
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wave-packets that travel at a group velocity of the order of h and it forces the uniform
observability time 7'(§) in the classes Cs(h) to tend to infinity as § — 1.

Note that, for any fixed h > 0, (5.2) is a linear system of dimension N. Therefore, in
view of Lemma 5.1 and the fact that the eigenvalues A, ... A% are all distinct, it follows
that (5.2) is observable for all 7' > 0. But a singular phenomenon arises when letting h — 0
since the limit wave equation (2.1) is only observable when 7" > 2. The analysis we have
carried out in this section explains this fact: To obtain uniform observability inequalities as
h — 0, high frequencies have to be filtered out and the time T needs to be larger than T(0),
which depends on the filtering parameter 6. The time T'(§) converges to the optimal time
T = 2 when the filtering parameter  tends to zero.

Here we have used Inghman’s inequality and spectral analysis. These results may also
be obtained using discrete multiplier techniques ([41] and [42]).

In this sub-section we explain the consequences of these results in the context of control-
lability. Before doing this, it is important to distinguish two notions of the controllability of

any evolution system, regardless of whether it is finite or infinite-dimensional:

e To control exactly to zero the whole solution for initial data in a given subspace.

e To control the projection of the solution over a given subspace for all initial data.

Before discussing these issues in detail it is necessary to write down the control problem

we are analyzing. The state equation is as follows:

y;’—%[ijrl—l—yj_l—Qyj]:O, 0<t<T,j=1,...,N
y0(0,t) = 0; yna1(1,t) = v(t), 0<t<T (5.38)
y;(0) =43, ¥;(0) = yj, j=1,...,N,
and the question we consider is whether, for a given 7' > 0 and given initial data (7°, ¢*),
there exists a control v, € L*(0,T) such that

y(T) =y (T) =0. (5.39)

As we shall see below, the answer to this question is positive. It is then natural to address the
issue of the convergence of the controls v, as h — 0, towards the controls of the continuous
wave equation (2.4).

We have the following main results:

e For all "> 0 and all A > 0 the semi-discrete system (5.38) is controllable. In other
words, for all T > 0, h > 0 and initial data (¢°, 4'), there exists v € L?(0,T) such that
the solution ¢ of (5.38) satisfies (5.39). Moreover, the control v of minimal L?(0,T)-

norm can be built as in section 2. It suffices to minimize the functional

In(( 2/ thJ 0 (5.40)

UN
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over the space of all initial data (@°, u') for the adjoint semi-discrete system (5.2).

Of course, this strictly convex and continuous functional is coercive and, consequently,
has a unique minimizer. The coercivity of the functional is a consequence of the ob-
servability inequality (5.7) that does indeed hold for all 7" > 0 and h > 0. To check
that (5.7) holds one can argue in two different ways: a) By using the classical Kalman
rank condition (see [51]) for the controllability/observability of finite-dimensional lin-
ear time-independent systems; b) proceeding as in the previous section by sidewise
energy estimates. Propagating the information provided by the right hand side of the
observability inequality (5.7) from the last node j = N to the first one j = 1 in a

recurrent way, one can indeed deduce (5.7).

Once we know that the minimum of .J, is achieved, the control is easy to compute. It

suffices to take .

un(t) = “Nh(t), 0<t<T, (5.41)

where @* is the solution of the semi-discrete adjoint system (5.2), corresponding to the
initial data (@*,

(5.39) holds.

=1 ,%

@"*) that minimize the functional J,, as control to guarantee that

The control we obtain in this way is optimal in the sense that it is the one of minimal
L?(0,T)-norm. We can also get an upper bound on its size. Indeed, using the fact
that J, < 0 at the minimum (which is a trivial fact since J,((0,0)) < 0), and the
observability inequality (5.7), we deduce that

llonllz201) < 40Kyl (5.42)
where || - ||, denotes the norm
N N "
1 1 1 1
(RIS S R D S e US| I X
uGHU;)j=1,...,N ji= J=

It is easy to see that this norm converges as h — 0 to the norm in L*(0,1) x H~1(0,1).
This norm can also be written in terms of the Fourier coefficients. It becomes a
weighted euclidean norm whose weights are uniformly (with respect to h) equivalent

to those of the continuous L? x H '-norm.

Remark 5.5 In [41] and [42], in one space dimension, similar results were proved for

the finite element space semi-discretization of the wave equation (2.1) as well. More

precisely, it was proved that the uniform observability and controllability properties

fail as the mesh size tends to zero. It was also proved that these properties can be

reestablished if the high frequencies are filtered and the control time is taken to be large
39



enough. In Figure 9 below we plot the dispersion dyagram for the piecewise linear finite
element space semi-discretization. This time the discrete spectrum and, consequently,
the dispersion dyagram lies above the one corresponding to the continuous wave equa-
tion. But, the group velocity high frequency numerical solutions vanishes again. This

is easily seen on the slope of the discrete dispersion curve.
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Figure 8: Dispersion dyagram for the piecewise linear finite element space semi-discretization

versus the continuous wave equation.

e The estimate (5.42) is sharp. On the other hand, according to Theorem 5.1, for all
T > 0 the constant C(T") diverges as h — 0. This shows that there are initial data for
the wave equation in L?*(0,1) x H~'(0,1) such that the controls of the semi-discrete
systems v, = v,(t) diverge as h — 0. There are different ways of making this result
precise. For instance, given initial data (y°, y*) € L?(0,1)x H~1(0,1) for the continuous
system, we can consider in the semi-discrete control system (5.38) the initial data that
take the same Fourier coefficients as (y°, ') for the indices j = 1,..., N. It then follows
by the Banach-Steinhaus Theorem that, because of the divergence of the observability
constant Cy,(T), there is necessarily some initial data (y°,y') € L*(0,1) x H~*(0,1)
for the continuous system such that the corresponding controls vy, for the semi-discrete
system diverge in L?*(0,T) as h — 0. Indeed, assume that for any initial data (y°,y') €
L?(0,1) x H~'(0,1), the controls v;, remain uniformly bounded in L?*(0,7) as h — 0.

Then, according to the uniform boundedness principle, we would deduce that the maps
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that associate the controls v, to the initial data are also uniformly bounded. But this

implies the uniform boundedness of the observability constant.

Consequently, we should not use the control vy, of the semi-discrete system (5.38) as an
approximation of the control v for the continuous wave equation since we know that,

m some cases, it diverges.

This lack of convergence is in fact easy to understand. As we have shown above,
the semi-discrete system generates a lot of spurious high frequency oscillations. The
control of the semi-discrete system has to take these into account. When doing this it

gets further and further away from the true control of the continuous wave equation.
At this respect it is important to note that the following alternative holds:

a) Either the controls v;, of the numerical approximation schemes are not bounded in
L*(0,T) as h — 0;

or

b) If the controls are bounded, they converge in L*(0,7T) to the control v of the con-
tinuous wave equation. Indeed, once the controls are bounded a classical argument
of weak convergence and passing to the limit on the semi-discrete controlled systems
shows that the limit of the controls is a control for the limit system. A I'-convergence
argument allows showing that it is the control of minimal L?(0;T) obtained by mini-
mizing the functional J in (2.7). Finally, the convergence of the norms of the controls
together with their weak convergence yileds the strong convergence result (see [52] for

details of the proofs in the case of beam equations.)

As shown in Theorem 5.2 above, the observability inequality is uniform in the class of
filtered solutions Cs(h), for T' > T'(0). As a consequence of this, one can control uni-
formly the projection of the solutions of the semi-discretized systems over subspaces in
which the high frequencies have been filtered. More precisely, if the control requirement
(5.39) is weakened to

m5y(T') = 755" (T) = 0, (5.44)

where 75 denotes the projection of the solution of the semi-discrete system (5.38)
over the subspace of the eigenfrequencies involved in the filtered space Cs(h), then
the corresponding control remains uniformly bounded as h — 0 provided 7" > T'(6).
The control that produces (5.44) can be obtained by minimizing the functional .J, in
(5.40) over the subspace Cs(h). Note that the uniform (with respect to h) coercivity of
this functional and, consequently, the uniform bound on the controls is an immediate

consequence of Theorem 5.2.
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We underline the fact that Theorem 5.2 guarantees the uniform control of the pro-
jections my for all initial data, but does not yield any result on the uniform complete

controllability of any particular initial data.

Note however that one may recover the controllability property of the continuous wave
equation as a limit of this partial controllability results since, as h — 0, the projections

ms end up covering the whole range of frequencies.

It is important to underline that the time of control depends on the filtering parameter
J in the projections ms. But, as we mentioned above, for any T' > 2 there is a 6 € (0, 1)
for which 7" > T'(§) and so that the uniform (with respect to h) results apply.

However, although the divergence of the controls occurs for some data, it is hard to
observe in numerical simulations. This fact has been recently explained by an important
result by S. Micu [64]. According to [64], if the initial data of the wave equation has only a
finite number of non vanishing Fourier components, the controls of the semi-discrete models
are bounded as h — 0 and converge to the control of the continuous wave equation.!?
The proof consists in writing the control problem as a moment problem and then getting
estimates on its solutions by means of sharp and quite technical estimates of the family of
biorthogonals to the family of complex exponentials {exp(j:i\//\ijt)}jzly._,7 ~. The interested
reader will find an introduction to these techniques, based on moment problem theory, in
the survey paper by D. Russell [76].

The result in [64], in terms of the observability inequality, is equivalent to proving that for
T > 0 large enough, and for any finite M > 0, there exists a constant Cj; > 0, independent
of h, such that
u (1)

h

for any solution of the semi-discrete adjoint system. Here 7, denotes the projection over the

Eh(ﬂ'M(uO,ul)) < Cuy /OT ‘ dt (545)

subspace generated by the first M eigenvectors. The inequality (5.45) provides an estimate of
7o (u®, ut) for any solution, regardless of the number of Fourier components it involves, rather
than an estimate for the solutions involving only those M components. We do not know if
this type of estimate can be obtained by multiplier methods or Ingham type inequalities.
Very likely the celebrated Beurling-Malliavin Theorem can be of some use when doing this,

but this issue remains to be clarified.!

13Tn fact, the result in [64] is much more precise since it indicates that, as h — 0, one can control uniformly

a space of initial data in which the number of Fourier component increases and tends to infinity.
14See [39] and [25] for applications of the Beurling-Malliavin Theorem in the control of plates and networks

of vibrating strings.
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5.5 Numerical experiments

In this section we briefly illustrate by some simple but convincing numerical experiments
the theory developed along this section. These experiments have been developed by J.
Rasmussen [70] using MatLab.

We consider the wave equation in the space interval (0, 1) with control time 7' = 4.

We address the case of continuous and piecewise constant initial data of the form in
Figure 9 below . In Figure 9 we only draw the initial state y° to be controlled but not the
initial velocity y! since it is taken to be identically zero. In this simple situation and when
the control time 7" = 4 the control can be computed explicitly. This can be done using
Fourier series and the time periodicity of solutions of the adjoint system (with time period
=2).

15 T T T T

Figure 9: Plot of the initial datum to be controlled for the string occupying the space interval
0<z<l.

Obviously the time 7' = 4 is sufficient for exact controllability to hold, the minimal

control time being T = 2.
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Figure 10: Plot of the time evolution of the exact control for the wave equation in time

T = 4 with initial data as in Figure 9 above.

We see that the exact explicit control in Figure 10 looks very much like the initial datum
to be controlled itslef. This can be easily understood by applying the d’Alembert formula
for the explicit representation of solutions of the wave equation in 1D.

We now consider the finite-difference semi-discrete approximation of the wave equation
by finite-differences. First of all, we ignore all the discussion of the present section about
the need of filtering. Thus, we merely compute the exact control of the semi-discrete system
(5.38), asuming that, as h — 0 that will yield a good approximation of the control of the
wave equation (a fact that we know by now it is false). This is done, as described in section
5.4, by minimizing the functional J, in (5.40) over the space of all solutions of the adjoint
equation (2.1). Of course, in practice, we do not deal with the continuous adjoint equation
but rather with a fully discrete approximation. We simply take the centered discretization
in time with time-step At = 0.99 Ax, Ax = h, which, of course, guarantees the converegnce
of the scheme and the fact that our computations yield results which are very close to the
semi-discrete case.

In Figure 11 below we draw the evolution on the error of the control as the number of
mesh-points N increases. The solid line describes the evolution of the error when simply
doing as indicated above, i. e. ignoring all the previous results about the need of filtering.
This solid line diverges very fast as N increasing as a clear evidence of the lack of convergence

of the control of the discrete system towards the control of the continuous one as h — 0.
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In the dotted line of Figure 11 we describe the evolution of the error when the filtering
parameter is taken to be v = 0.6. This filtering parameter has been chosen in order to
guarantee the uniform observability of the filtered solutions of the adjoint semi-discrete and
fully discrete (with At = 0.99Axz) schemes in time 7" = 4 and, concequently, the convergence
of controls as h — 0 as well. The evolution of the error as the number of mesh-points N
increases, or, equivalently, when h — 0, is obvious in the figure.

In the following sequence of figures (Figure 12) we show the evolution of the control of
the discrete problem as the number of mesh-points NV icreases, or, equivalently, when the
mesh-size h tends to zero. We see that ,when N = 20, a low number of mesh-points, the
control captures essentially the form of the continuous control in Figure 10 but with some
extra unwanted oscillations. The situation is very similar when N = 40. But when N = 100
we see that these oscillations become wild and for N = 160 the dynamics of the control is
completely chaotic. This is a good example of lack of convergence in the absence of filtering.

The evolution of the control as the number of mesh-points increases confirms the pre-
dictions of the theory. The dimension of the state space N increases with the number of
mesh-points, N as well. The number of pathological spurious numerical high frequency oscil-
lations increases as well. Of course, to control the finite-dimensional system the control has
to take all these unwanted oscillations into account. As a consequence of this, the control
gets further and further from the exact control of the continuous wave equation in Figure
10, as h — 0.

0 50 1 go 150 200

Figure 11: Plot, in solid line, of the evolution of the error in the computation of the control
without filtering, versus the error (in dotted line) for the discrete case with filtering parameter
0.6.
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Figure 12: Divergent evolution of the control,

in the absence of filtering, when the number
N of mesh-points increases.
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Figure 13: Convergent evolution of the control, with filtering parameter = 0.6, when the
number N of mesh-points increases.
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We now do the same experiment but now with filtering parameter = 0.6. Theory predicts
convergence of controls. The numerical experiments we draw below (Figure 13) confirm this
fact.

The evolution of the control as IV increases is this time the appropriate one. The filtering
parameter acts efficiently and the controller focuses on the low relevant frequencies, ignoring
pathological high frequencies. As a consequence of this, the quality of the approximation of

the numerical control towards the continuous one in Figure 10 improves as h — 0.

5.6 Robustness of the optimal and approximate control problems

In the previous sections we have shown that the exact controllability property behaves badly
under most classical finite difference approximations. It is natural to analyze to what extend
the high frequency spurious pathologies do affect other control problems and properties. The

following two are worth considering:

o Approrimate controllability.

Approximate controllability is a relaxed version of the exact controllability property.
The goal this time is to drive the solution of the controlled wave equation (2.4) not

exactly to the equilibrium as in (2.5) but rather to an e-state such that
(D)2 0,1) + [|we(T)| [ -1(01) < & (5.46)

When for all initial data (y°,y') in L*(0,1) x H~*(0,1) and for all € there is a control
v such that (5.46) holds, we say that the system (2.5) is approximately controllable.
Obviously, approximate controllability is a weaker notion than exact controllability.
Whenever the wave equation is exactly controllable, it is approximately controllable
too.

However, the approximate controllability property holds in a much more general geo-
metric setting. For instance, even in several space dimensions, approximate controlla-
bility does not require the GCC to hold. In fact, approximate controllability holds for
controls acting on any open subset of the domain where the equation holds (or from

its boundary) if the time is large enough.

To be more precise, although exact controllability requires an observability inequality of
the form of (2.3) to hold, for approximate controllability one only requires the following
uniqueness property: u = 0 whenever the solution u of (2.1) is such that u,(1,t) = 0,
in (0,7). This uniqueness property holds for " > 2 as well. Its multidimensional
version holds as well as an immediate consequence of Holmgren’s Uniqueness Theorem

(see [54]) in a much more general setting than the observability inequality. Indeed,
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the uniqueness or unique continuation property holds for general wave equations with
analytic coefficients and without geometric conditions, other than the time being large
enough. In 1D, because of the trivial geometry, both uniqueness and observability

inequality hold simultaneously for 7" > 2.

Of course, the approximate controllability property by itself, as stated, does not provide
any information of what the cost of controlling to an e-state as in (5.46) is. Roughly
speaking, when exact controllability does not hold (for instance, in several space di-
mensions, when the GCC is not fulfilled), the cost of controlling blows up exponentially

as € tends to zero (see [74]).> But this issue will not be addressed here.

Thus, let us fix some € > 0 and continue our discussion. Once ¢ is fixed, we know that
when T' > 2, for all initial data (y°,4') in L?(0,1) x H~1(0,1), there exists a control
v. € L*(0,T) such that (5.46) holds.

The question we are interested in is the behavior of this property under numerical

discretization.

Thus, let us consider the semi-discrete controlled version of the wave equation (5.38).
We also fix the initial data in (5.38) “independently of A” (roughly, by taking a pro-
jection over the mesh of a fixed initial data (y°,y') for the continuous wave equation

or by truncating the Fourier series of the continuous data).

Of course, (5.38) is also approximately controllable.!® The question we address is as
follows : Given initial data which are “independent of h”, with € fized, and given also
the control time T > 2, is the control vy, of the semi-discrete system (5.38) (such that
the discrete version of (5.46) holds) uniformly bounded as h — 07

In the previous sections we have shown that the answer to this question in the context
of the exact controllability is negative. However, here, in the context of approximate
controllability the controls v, do remain uniformly bounded as h — 0. Moreover, it is
not hard to prove that they can be chosen such that they converge to a limit control

v for which (5.46) is realized for the continuous wave equation.

This positive result on the uniformity of the approximate controllability property un-
der numerical approximation does not contradict the fact that the controls blow up for
exact controllability. These are two complementary facts. For approximate controlla-
bility, one is allowed to concentrate an € amount of energy on the solution at the final

time ¢ = T'. For the semi-discrete problem this is done precisely in the high frequency

15This type of result has been also proved in the context of the heat equation in [29]. But there the

difficulty does not come from the geometry but rather from the regularizing effect of the heat equation.
16T fact, in finite dimensions, exact and approximate controllability are equivalent notions.
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components that are badly controllable as h — 0, and this makes it possible to keep

the control bounded as h — 0.

The proof of the uniform boundedness of the controls can be carried out easily. We
refer the reader to [94] for the details in the context of the homogenization of heat

equations.

In the present case, the approximate control of the semi-discrete system can be obtained

by minimizing the functional

T, 2/

over the space of all initial data (@°,u') for the adjoint semi-discrete system (5.2). In
J5 || |31 xe2 stands for the discrete energy norm, i.e. ||-|| = v/2E},. Note that there is
an extra term g||(@°, @")||31x¢2 in this new functional compared with the one we used
to obtain the exact control (see (5.40)). Thanks to this term, the functional J; satisfies

an extra coercivity property that can be proved to be uniform as h — 0:
Jr(u®, ut
lim h( )

(@) |1 g2 —o0 | (@05 TH)| g1 g2

N
(a° )\|H1Xg2+h2yj i hzy;ug? (5.47)
j=1

> e, (5.48)

uniformly in h, provided T' > 2.
Note that, at this level, the fact that T" > 2 is essential. Indeed, in order to show that

the coercivity property above is uniform in 0 < h < 1 we have to argue by contradiction
as in [94]. In particular, we have to consider the case where h — 0 and solutions of
the adjoint semi-discrete system (5.2) converge to a solution of the continuous adjoint
wave equation (2.18) such that wu,(1,¢£) = 0 in (0,7). Of course, if this happens with
T > 2 we can immediately deduce that v = 0, which yields the desired contradiction.

Once the uniform coercivity of the functional is proved, their minimizers are uniformly
bounded and in particular, the controls, which are once again given by the formula
(2.18), turn out to be uniformly bounded in L?(0,7T'). Once this is known it is not hard
to prove by a I'-convergence argument that these controls converge in L?(0,T) to the
control v € L?(0,T) for the continuous wave equation that one gets by minimizing the

functional
J* 0 1 _ 1 T 1 2d 0 1
(u',u') = 2 Jo |u (1, ) dt + €| (u”, u )HHl(o,l)xLQ(o,l))Jr
1
[ yulde = (' )y (5.49)

in the space HJ(0,1) x L*(0, 1) for the solutions of the continuous adjoint wave equation
(2.18). This control v is once again obtained as in (2.5) where u* is the solution of (2.5)
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with the initial data minimizing the functional J* and it turns out to be the function

of minimal L?(0, T)-norm among all admissible controls satisfying (5.46).

This shows that the approximate controllability property is well-behaved under the
semi-discrete finite difference discretization of the wave equation. But the argument is
in fact much more general and can be applied in several space dimensions too, and for

other numerical approximation schemes.

e Optimal control.

The optimal control problem can also be viewed as a relaxed version of the exact
controllability problem. This time the goal is to drive the solution at time ¢t = T" as
closely as possible to the desired equilibrium state but penalizing the use of the control.
In the continuous context the problem can be simply formulated as that of minimizing

the functional

k 1
LF(v) = §H(y(T)>?/t(T))H%Z’(o,an—l(o,n + §HU||%2(0,T) (5.50)

over v € L?(0,T). This functional is continuous, convex and coercive in the Hilbert
space L?(0,T). Thus it admits a unique minimizer that we denote by v,. The cor-
responding optimal state is denoted by 3. The penalization parameter establishes a
balance between reaching the distance to the target and the use of the control. As k
increases, the need of getting close to the target (the (0,0) state) is emphasized and

the penalization on the use of control is relaxed.

When exact controllability holds, i.e. when T" > 2, it is not hard to see that the control
one obtains by minimizing L* converges, as k — 00, to an exact control for the wave

equation.

Of course, once k > 0 is fixed, the optimal control vy does not guarantee that the
target is achieved in an exact way. One can then measure the rate of convergence
of the optimal solution (yx(7'), yx+(T")) towards (0,0) as k — co. When approximate
controllability holds but exact controllability does not (a typical situation in several
space dimensions when the GCC is not satisfied), the convergence of (yx(T'), yr+(T))
to (0,0) in L?*(0,1) x H71(0,1) as k — oo is very slow.!”

But here, once again, we fix any k£ > 0 and we discuss the behavior of the optimal

control problem for the semi-discrete equation as h — 0.

1"We should mention the works of Lebeau [48] and L. Robbiano [74] where the cost of approximate
controllability is analyzed for the wave equation when the GCC fails. On the other hand, in [29] a logarithmic

convergence rate was proved in the context of the heat equation.
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It is easy to write the semi-discrete version of the problem of minimizing the functional
LE. Tt is sufficient to introduce the corresponding semi-discrete functional Lf and for
this it suffices to replace the L? x H~!'-norm in the definition of L* by the discrete
norm introduced in (5.43). It is also easy to prove that, as h — 0, the control v} that
minimizes L¥ in L?*(0,T) converges to the minimizer of the functional L*. Once this
is done, the optimal solutions yF of the semi-discrete system converge to the optimal

solution 4/* of the continuous wave equation in the appropriate topology'® too.

This shows that the optimal control problem is also well-behaved with respect to

numerical approximation schemes, like the approximate control problem.

The reason for this is basically the same: In the optimal control problem the target
is not required to be achieved exactly and, therefore, the pathological high frequency

spurious numerical components are not required to be controlled.
[ |

In view of this discussion it becomes clear that the source of divergence in the limit pro-
cess as h — 0 in the exact controllability problem is the requirement of driving the high
frequency components of the numerical solution exactly to zero. As we mentioned in the
introduction, taking into account that optimal and approximate controllability problems are
relaxed versions of the exact controllability one, this negative result should be considered as

a warning about the limit process as h — 0 in general control problems.

6 Space discretizations of the 2D wave equations

In this section we briefly discuss the results in [91] on the space finite difference semi-

discretizations of the 2D wave equation in the square = (0,7) x (0,7) of R?:

utt—Au:O in Q:QX<O,T)
u=0 on X =00x(0,T) (6.1)
u(z,0) = u(z), w(z,0) =u'(z) in Q.
Given (u°,u!') € H}(Q)x L*(2), system (6.1) admits a unique solution u € C ([0, T]; H} (2))N
C ([0, T); L*(©)). Moreover, the energy

o 1 2 2
E(t) = 5/9 [l wle,t) P+ | Vule,t) ] da (6.2)
remains constant, i.e.
E(t)=E0), Yo<t<T. (6.3)

BRoughly, in C([0,T]; L?(0,1)) N C[0,T]; H~1(0,1)).
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Let I'y denote a subset of the boundary of €2 constituted by two consecutive sides, for instance,
Lo =A{(z1,7) 21 € (0,m)} U{(m,22) : 2 € (0,7)}. (6.4)

It is well known (see [54]) that for T > 2v/27 there exists C(T) > 0 such that

2
dodt (6.5)

) o

holds for every finite-energy solution of (6.1). In (6.5), n denotes the outward unit normal

to Q, 0+ /On the normal derivative and do the surface measure.

Remark 6.1 The lower bound 2v/27 on the minimal observability time is sharp.

On the other hand inequality (6.5) fails if in the right-hand side, instead of T'y, we only
consider the energy concentrated on a strict subset of I'y. Assume for instance that the
segment {(z1,7) : 71 € (0,a)} does not belong to the control subset I'y for some 0 < o < 7.
In this case, every segment {(z9,75) : 0 < zy < 7} with 2} € (0,) constitutes a ray
of geometrical optics that propagates in the domain €2 and bounces on its boundary for all
time without ever reaching the control subset. Thus, the Geometric Control Condition is not
satisfied and the observability inequality fails. This situation is similar to the one described

in Figure 3.
|

Let us now introduce the standard 5-point finite difference space semi-discretization

scheme for the 2D wave equation. Given N € N we set

. T
N+ 1

(6.6)

We denote by w;x(t) the approximation of the solution u of (6.1) at the point x;, = (jh, kh).

The finite difference semi-discretization of (6.1) is as follows:

" 1
uly — 57 Wik + w1k — AU+ Ujper + ujgp—a] =0,

O<t<T,j,k=1,....N
ujr =0, 0<t<T,j=0,N+1;k=0,N+1
u;k(0) :Ug,mug,k(()) :Ujl',k; g, k=1,...,N.

(6.7)

This is a coupled system of N? linear differential equations of second order.

It is well known that this semi-discrete scheme provides a convergent numerical scheme for
the approximation of the wave equation. Let us now introduce the discrete energy associated
with (6.7):

h2 N N

7=0 k=0

n Uj ey () — wjn(t)

h
02

2
Ui k(t) — wjn(t) ‘




that remains constant in time, i.e.,
Eh(t) = Eh(0>, VO<t<T (69)

for every solution of (6.7).

Note that the discrete version of the energy observed on the boundary is given by

N7

The discrete version of (6.5) is then an inequality of the form

2
uj N (1)

N
" dodt ~ / Ky
j=1

N
+h>
k=1

uni(t) [
}’Z ’ ] dt. (6.10)

2

En(0) < Cu(T / [ZN:

h i Uun k(t)

2] dt. (6.11)

This inequality holds for any 7" > 0 and -~ > 0 as in (5.7), for a suitable constant Cy,(7") > 0.
As in the 1D case this can be proved in two different ways: a) Using the characterization of
observability /controllability by means of Kalman’s rank condition [51]; b) Using a propaga-
tion argument. Indeed, using the information that the right side of (6.11) provides and the
semi-discrete system, this information can be propagated to all the nodes j,k = 1,... N
and an inequality of the form (6.11) can be obtained. This argument was developed at the
end of subsection 5.2 in 1D. Of course, in 2D one has to be much more careful, since one has
to take into account also the direction of propagation on the numerical mesh. However, as
proved in [17], this argument can be successfully applied if one uses the information on the
nodes in the neighborhood of one of the sides of the square to get a global estimate of the
energy.

The problem we discuss here is the 2D version of the 1D one we analyzed in section 5
and can be formulated as follows: Assuming T > 2v/2w, is the constant Cy(T) in (6.11)
uniformly bounded as h — 07 In other words, can we recover the observability inequality
(6.5) as the limit as h — 0 of the inequalities (6.11) for the semi-discrete systems (6.7)7

As in the 1D case the constants Cj (7)) in (6.11) necessarily blow up as h — 0, for all
T > 0.

Theorem 6.1 For any T > 0 we have

E3(0)
O

sup — 00 as h — 0. (6.12)

u solution of (6.7) | [

uNk

hZ] 1

}dt

The proof of this negative result can be carried out as in the 1D case, analyzing the

solutions in separated variables corresponding to the eigenvector with largest eigenvalue.
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In order to prove the positive counterpart of Theorem 6.1 we have to filter the high

frequencies. To do this we consider the eigenvalue problem associated with (6.7):

(6.13)

_% [¢j+1,k + Pi—1,k — 490]7'19 + P k+1 + Spj,k:—l] = /\SDj,k:a ja k= 1a s 7N
ik =0, j=0,N+1;k=0, N+ 1.

This system admits N? eigenvalues that can be computed explicitly (see [44], p. 459):

7 1 . 5 (ph 1 . 5 (qh
)\pq(h):él[hzsm <2>+h28m <5 )| p,gq=1,...,N (6.14)

with corresponding eigenvectors

Pl = ((pi’g) ©ip = sin(jph) sin(kqh). (6.15)

1<j k<N’

The following is a sharp upper bound for the eigenvalues of (6.13):

1 1 1

Let us also recall what the spectrum of the continuous system is. The eigenvalue problem
associated with (6.1) is
—Ap = Ap in Q; ¢ = 0 on 012, (6.17)

and its eigenvalues are
NT=p*+q°, pg>1 (6.18)

with corresponding eigenfunctions
©P(xy, x9) = sin (pxy) sin (gxa) . (6.19)

Once again the discrete eigenvalues and eigenvectors converge as h — 0 to those of the
continuous Laplacean. Moreover, in the particular case under consideration, the discrete
eigenvectors are actually the restriction to the mesh of the eigenfunctions of the continuous
Laplacean. But, again, this is a non-generic fact.

Solutions of (6.7) can be developed in Fourier series of the form

u=> [afeiﬁt + a;e*iﬁt} ©x, (6.20)

)
where the sum runs over all eigenvalues of (6.13), a; are complex coefficients, and ¢, are
the eigenvectors of (6.13). We then introduce the following classes of solutions of (6.7) in

which the high frequencies have been truncated or filtered. For any 0 < v < 8 we set

Cy(h) = {u solution of (6.7): u= > [ajeiﬁt + a;e_im’f} gp,\} : (6.21)
A<~yh—2
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According to the upper bound (6.16), when v = 8,C, (h) = Cs (h) coincides with the space of
all solutions of (6.21). However, when 0 < v < 8, solutions in the class C, (h) do not contain
the contribution of the high frequencies A >~ h™2 that have been truncated or filtered.

The observability inequality is not uniform as h — 0 in the classes C, (h) when v > 4.
This is due to the fact that, in those classes, there exist solutions corresponding to high
frequency oscillations in one direction and very slow oscillations in the other one. These
are the separated variable solutions corresponding to the eigenvectors ¢®% with indices
(p,q) = (N,1) and (p,q) = (1, N), for instance. Thus, further filtering is needed in order
to guarantee the uniform observability inequality. Roughly speaking, one needs to filter
efficiently in both space directions, and this requires taking v < 4.

The following holds (see [91]):

Theorem 6.2 For any 0 < v < 4 there exists T(y) > 0 such that for all T > T(~) there
exists a constant C'= C(v,T) independent of h such that

BO<c[

2 N
UjN(t)‘
1y
h k=1

N
hy
j=1

uni(t) [
;Z‘ ] dt, (6.22)

for every solution w of (6.7) in the class C, (h) and for all h > 0. Moreover, T(y) — 221
when v — 0 and T(y) — 0o as v — 4.

Note that, in the class C, (k) with v < 4 the high frequency oscillations in both space
variables have been filtered out. In particular, in what concerns the indices (p,q) of the
eigenvectors entering in the Fourier expansion in the class C, (h) , we have necessarily p < SN
and ¢ < GN for some § = B(v) < 1. In [91] this inequality has been proved by means of
discrete multipliers and Fourier series.

In order to better understand the necessity of filtering and getting sharp observability
times it is convenient to adopt the approach of [59], [60] based on the use of discrete Wigner

measures. The symbol of the semi-discrete system (6.7) for solutions of wavelength h is
72 — 4 (sin®(&1/2) + sin®(&/2)) (6.23)

and can be easily obtained as in the von Neumann analysis of the stability of numerical
schemes by taking the Fourier transform of the semi-discrete equation: the continuous one
in time and the discrete one in space. '°

Note that, in the symbol in (6.23) the parameter h disappears. This is due to the fact

that we are analyzing the propagation of waves of wavelength of the order of h.

19This argument can be easily adapted to the case where the numerical approximation scheme is discrete
in both space and time by taking discrete Fourier transforms in both variables.
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The bicharacteristic rays are then defined as follows
() = ~2sin(g; /2)cos(&;/2) = —sin(§;), j = 1,2
t'(s)=r

;(S) =0, j =1,2

(s) =0.

-
It is interesting to note that the rays are straight lines, as for the constant coefficient wave

(6.24)

Iy

equation, as a consequence of the fact that the coefficients of the equation and the numerical
discretization are both constant. We see however that in (6.24) both the direction and the
velocity of propagation change with respect to those of the continuous wave equation.

Let us now consider initial data for this Hamiltonian system with the following particular
structure: zq is any point in the domain €2, the initial time ty, = 0 and the initial microlocal

direction (7*,£*) is such that

(7%)* = 4 (sin®(&]/2) + sin*(§3/2)) . (6.25)

Note that the last condition is compatible with the choice £ = 0 and & = 7 together with
7* = 2. Thus, let us consider the initial microlocal direction { = 7 and 7* = 2. In this
case the ray remains constant in time, z(t) = xo, since, according to the first equation in
(6.24), z; vanishes both for j =1 and j = 2. Thus, the projection of the ray over the space
x does not move as time evolves. This ray never reaches the exterior boundary 02 where
the equation evolves and excludes the possibility of having a uniform boundary observability
property. More precisely, this construction allows one to show that, as h — 0, there exists a
sequence of solutions of the semi-discrete problem whose energy is concentrated in any finite
time interval 0 < ¢ < T', as much as one wishes in a neighborhood of the point xg.

Note that this example corresponds to the case of very slow oscillations in the space
variable z; and very rapid ones in the xs-direction and it can be ruled out, precisely, by
taking the filtering parameter v < 4. In [91] it was proved, using Fourier series and multiplier
techniques, that when the filtering parameter is chosen such that v < 4, uniform observability
holds.

In view of the structure of the Hamiltonian system, it is clear that one can be more
precise when choosing the space of filtered solutions. Indeed, it is sufficient to exclude by
filtering the rays that do not propagate at all to guarantee the existence of a minimal velocity
of propagation (see Figure 14 below). Roughly speaking, this suffices for the observability
inequality to hold uniformly in h for a sufficiently large time [59], [60]. This ray approach
makes it possible to obtain the optimal uniform observability time depending on the class
of filtered solutions under consideration. The optimal time is simply that needed by all
characteristic rays entering in the class of filtered solutions to reach the controlled region. It
is in fact the discrete version of the Geometric Control Condition (GCC) for the continuous
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wave equation. Moreover, if the filtering is done so that the wavelength of the solutions under
consideration is of an order strictly less than h, then one recovers the classical observability
result for the constant coefficient continuous wave equation with the optimal observability

time.

&1

&2

Figure 14: This figure represents the zones in the frequency space that need to be filtered
out in order to guarantee a uniform minimal velocity of propagation of rays as h — 0. When
the filtering excludes the areas within the eight small neighborhoods of the distinguished
points on the boundary of the frequency cell, the velocity of propagation of rays is uniform.
Obviously the minimal velocity depends on the size of these patches that have been removed

by filtering and, consequently, so does the observation/control time.

As we explained in subsection 5.4 in one space dimension, all the results we have pre-
sented in this section have their counterpart in the context of controllability. When uniform
observability does not hold, there are initial data for which the controls diverge as h tends to
zero. When the filtering of high frequencies reestablishes the uniform observability property
we infer the uniform controllability of the corresponding projections, but one does not get
the optimal control time for the wave equation (Theorem 6.2 above describes the dependence
of the uniform control time as a function of the filtering parameter).

As far as we know, the 2D counterpart of the 1D positive result in [64], showing that
initial data involving a finite number of Fourier components are uniformly controllable as
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h — 0, has not been proved.

7 Other remedies for high frequency pathologies

In the previous sections we have described the high frequency spurious oscillations that arise
in finite difference space semi-discretizations of the wave equation and how they produce
divergence of the controls as the mesh size tends to zero. We have also shown that there is
a remedy for this, which consists in filtering the high frequencies by truncating the Fourier
series. However, this method, which is natural from a theoretical point of view, can be hard
to implement in numerical simulations. Indeed, solving the semi-discrete system provides
the nodal values of the solution. One then needs to compute its Fourier coefficients and, once
this is done, to recalculate the nodal values of the filtered/truncated solution. Therefore,
it is convenient to explore other ways of avoiding these high frequency pathologies and to
guarantee the convergence of the controls as h — 0 that does not require going back and
forth from the physical space to the frequency one. Here we shall briefly discuss other cures

that have been proposed in the literature.

7.1 Tychonoff regularization

Glowinski et al. in [36] proposed a Tychonoff regularization technique that allows one to
recover the uniform (with respect to the mesh size) coercivity of the functional that one
needs to minimize to get the controls in the HUM approach.

Let us recall that the lack of uniform observability makes the functionals (5.40) not
uniformly coercive, as we mentioned in section 5.4. As a consequence of this, for some initial
data, the controls vy, diverge as h — 0. In order to avoid this lack of uniform coercivity, the
functional J, can be reinforced by means of a Tychonoff regularization procedure.?’ Consider

the new funct ional

2 N o

Jh((ug7u;)j:1,...,N) = 5/0 A dt+h32/0 ( J+1h j)2dt+
7=0
N N
+h D yjuy = by (7.1)
Jj=1 j=1

This functional is coercive when 7" > 2 and, more importantly, its coercivity is uniform in

h. This is a consequence of the following observability inequality, which can be immediately

20This functional is a variant of the one proposed in [36] where the added term was h?||(@°, @)||%2
instead of A3 Z;V:O fOT (%)26#. Both terms have the same scales, so that both are negligible at low
frequencies but are of the order of the energy for the high ones. The one introduced in (7.1) arises naturally

when applying discrete multipliers [81].
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derived from (2.40) in [42]:

T UN(t)
h

B0 < )| |

’ 2

N ooyl —
dt+h3Z/O (Wﬁdt . (7.2)
j=0

This inequality holds for all T > 2 for a suitable C'(T") > 0 which is independent of h and of
the solution of the semi-discrete problem (5.2) under consideration.
Note that in (7.2) we have the extra term

/ /
Ujy1 — U

h?’;] /O ' (S at, (7.3)

which has also been used in the regularization of the functional J; in (7.1). By inspection of
the solutions of (5.2) in separated variables it is easy to understand why this added term is a
suitable one to reestablish the uniform observability property. Indeed, consider the solution
of the semi-discrete system u = exp(+i \/Aijt)wj. The extra term we have added contributes
a quantity of the order of h?);FE),(0). Obviously this term is negligible as h — 0 for the
low frequency solutions (for j fixed), but becomes relevant for the high frequency ones when
A\;j ~ 1/h?. Accordingly, when inequality (5.7) fails, i.e. for the high frequency solutions, the
extra term in (7.2) reestablishes the uniform character of the estimate with respect to h. It
is important to underline that both terms are needed for (7.2) to hold. Indeed, (7.3) by itself
does not suffice since its contribution vanishes as h — 0 for the low frequency solutions, for
instance, for the separated solution above associated with ;.

As we said above, this uniform observability inequality guarantees the uniform bounded-
ness of the minima of J; and the corresponding controls. But there is an important price to
pay. The control that J; yields is not only at the boundary but also distributed everywhere

in the interior of the domain. The corresponding control system reads as follows:

y}’—%[yj+1+yj_1—2yj :h2g;17j, O<t<T,j:1,...,N
Y0(0,t) = 0; yn1(1, 1) = vp(2), 0<t<T (7.4)
y;(0) =43, ¥;(0) = yj, j=1,...,N.

In this case, roughly speaking, when the initial data are fixed independently of h (for instance
we consider initial data in L?(0,1) x H~1(0,1) and we choose the initial data in (7.4) as the
corresponding Fourier truncation) then there exist controls v, € L*(0,T) and g, such that

the solution of (7.4) reaches equilibrium at time 7" with the following uniform bounds:

v, is uniformly bounded in L?(0,7), (7.5)
_
1(An) " 2gp||n is uniformly bounded in L*(0,T) (7.6)
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where Ay, is the matrix in (5.4), and || - ||, stands for the standard euclidean norm
_ N 1/2
1ol = 02 1faal?] (77)
=1

The role that the two controls play is of different nature: The internal control h?g, takes
care of the high frequency spurious oscillations, and the boundary control deals with the low
frequency components. In fact, it can be shown that, as h — 0, the boundary control vy,
converges to the control v of (2.4) in L*(0,7T). In this sense, the limit of the control system
(7.4) is the boundary control problem for the wave equation. To better understand this fact
it is important to observe that, due to the h2 multiplicative factor on the internal control, its
effect vanishes in the limit. Indeed, in view of the uniform bound (7.6), roughly speaking,?*
the internal control is of the order of h? in the space H~1(0,7; H*(0,1)) and therefore,
tends to zero in the distributional sense. The fact that the natural space for the internal
control is H1(0,T; H(0,1)) comes from the nature of the regularizing term introduced in

the functional J;. Indeed, its continuous counterpart is

T 1
/ / IV, 2dxdt
0 0

and it can be seen that, by duality, it produces controls of the form 0,0,(f) with f €
L*((0,1) x (0,T)). The discrete internal control reproduces this structure.

It is also easy to see that the control hzg;w. is bounded in L? with respect to both space
and time. This is due to two facts: a) the total norm of the operator (A;)"/? is of order
1/h, and b) taking one time derivative produces multiplicative factors of order v/ for the
solutions in separated variables. Since the maximum of the square roots of the eigenvalues
at the discrete level is of order 1/h, this yields a contribution of order 1/h too. These two
contributions are balanced by the multiplicative factor h?. Now recall that the natural space
for the controlled trajectories is L>(0,T; L*(0,1)) N Wh>(0,T; H~'(0,1)) at the continuous
level, with the corresponding counterpart for the discrete one. However, the right-hand side
terms in L? for the wave equation produces finite energy solutions in L>(0,T; H'(0,1)) N
Whee(0,T; L?(0,1)). Thus, the added internal control only produces a compact correction
on the solution at the level of the space L>°(0,T; L*(0,1)) N Wh(0,T; H'(0,1)). As a
consequence of this one can show, for instance, that, using only boundary controls, one can
reach states at time 7' that weakly (resp. strongly) converge to zero as h — 0 in H'(0,1) x
L?(0,1) (resp. L*(0,1) x H~1(0,1)).

Summarizing, we may say that a Tychonoff regularization procedure may allow control-

ling uniformly the semi-discrete system at the price of adding an extra internal control but in

21To make this more precise we should introduce Sobolev spaces of negative order at the discrete level as
in (5.43). This can be done using Fourier series representations or extension operators form the discrete grid
to the continuous space variable.
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such a way that the boundary component of the controls converge to the boundary control for
the continuous wave equation. Thus, the method is efficient for computing approximations

of the boundary control for the wave equation.

7.2 A two-grid algorithm

Glowinski in [34] introduced a two-grid algorithm that also makes it possible to compute
efficiently the control of the continuous model. The relevance and impact of using two
grids can be easily understood in view of the analysis above of the 1D semi-discrete model.
In section 5 we have seen that that all the eigenvalues of the semi-discrete system satisfy
A < 4/h?. We have also seen that the observability inequality becomes uniform when one
considers solutions involving eigenvectors corresponding to eigenvalues A < 4v/h% with
v < 1. Glowinski’s algorithm is based on the idea of using two grids: one with step size h
and a finer one corresponding to h/2. In the finer mesh the eigenvalues obey the sharp bound
A < 16/h%. Thus, the oscillations in the h mesh that correspond to the largest eigenvalues
A ~ 4/h? correspond in the finer mesh to eigenvalues in the class of filtered solutions with
parameter v = 1/4. Then, according to Theorem 5.2 and Remark 5.3, this corresponds to
a situation where the observability inequality is uniform for 7" > 2/ cos(7/8). Note however
that, once again, the time needed for this procedure to work is greater than the minimal
control time for the wave equation.

This explains the efficiency of the two-grid algorithm for computing the control of the
continuous wave equation.

This method was introduced by Glowinski [34] in the context of the full finite difference
and finite element discretizations in 2D. It was then further developed in the framework of
finite differences by M. Asch and G. Lebeau in [1], where the Geometric Control Condition
for the wave equation in different geometries was tested numerically. The convergence of
this method has recently been proved rigorously by M. Negreanu [66] for finite difference

and finite element semi-discrete approximation in one space dimension.

7.3 Mixed finite elements

Let us now discuss a different approach that is somewhat simpler than the previous ones. It
consists in using mixed finite element methods rather than finite differences or standard finite
elements, which require some post-processing by means of filtering, Tychonoff regularization
or multigrid techniques, as we have shown.

First of all, it is important to underline that the analysis we have developed in section
5 for the finite difference space semi-discretization of the 1D wave equation can be carried

out with minor changes for finite element semi-discretizations as well. In particular, due
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to the high frequency spurious oscillations, uniform observability does not hold [42]. It is
thus natural to consider mixed finite element (m.f.e.) methods. This idea was introduced
by Banks et al. [3] in the context of boundary stabilization of the wave equation. Here we
adapt that approach to the analysis of controllability and observability. A variant of this
method was introduced in [35].

The starting point is writing the adjoint wave equation (2.1) in the system form
Uy = 0, V¢ = Ugy-

We now use two different Galerkin basis for the approximation of u and v. Since u lies in
H}, we use classical piecewise linear finite elements, and for v piecewise constant ones.

In these bases, and after some work which is needed to handle the fact that the left- and
right-hand side terms of the equations in this system do not have the same regularity, one

is led to the following semi-discrete system:

Vg b2 = b fu b - 2u], 0<t<T j=1,...,N
u;(t) =0, j=0,N+1 (7.8)
u;(0) = u, uf(0) = uj, j=1...,N.

This system is a good approximation of the wave equation and converges in classical terms.
Moreover, the spectrum of the mass and stiffness matrices involved in this scheme can be
computed explicitly and the eigenvectors are those of (5.10), i.e. the restriction of the sinu-
soidal eigenfunctions of the Laplacean to the mesh points. The eigenvalues are now
Mo = - tan2(krh/2), k=1,..N. (7.9)
h? ’ T
For this spectrum the gap between the square roots of consecutive eigenvalues is uniformly
bounded from below, and in fact tends to infinity for the highest frequencies as h — 0 (Figure
15). According to this and applying Ingham’s inequality, the uniform observability property
can be easily proved. Note however that, due to the fact that the observability inequality
is not even uniform for the eigenvectors (see Lemma 5.1) one can not expect the inequality
(5.7) to hold. One gets instead that, for all 7" > 2, there exists C'(7') > 0 such that

2
UN(t) 2
h
I | +

un(t) |2 dt (7.10)

hQ

B0) <o) [ [

for every solution of (7.8) and for all h > 0. As a consequence, the corresponding systems
are also uniformly controllable and the controls converge as h — 0. In [12] similar results
have also been proved for a suitable 2D mixed finite element scheme.
As pointed out by J. Rasmussen [73], one of the drawbacks of this method is that the
CFL stability condition that is required when dealing with fully discrete approximations
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Figure 15: Square roots of the eigenvalues in the continuous and discrete cases with mixed
finite elements (compare with Figure 5). The gaps are uniformly bounded from below for

the discrete problem, and in fact tend to infinity for the highest frequencies as h — 0.

based on this method is much stronger than for classical finite difference or finite element
methods because of the sparsity of the spectrum. In this case, for instance, when considering
centered time discretization, one requires At < ¢(Ax)?, in opposition to the classical stability
condition At < cAx? for the other schemes. Thus, applying this method in numerical

simulations requires the use of implicit time-discretization schemes.

8 Full 1D space-time discretizations

In this section we briefly present the results by M. Negreanu and the author in [67].
Given M,N € Nand T > 0 we set Az =1/(N 4+ 1) and At =T/(M + 1) and introduce
the nets
ro=0<r=Ar<..<xzy=NAzx <zyny =1,
to=0<t;=At < ... <ty =MAt <ty =T,
with z; = jJAz and ¢, = nAt, j =0,1,.., N+1,n=0,..., M + 1. We consider the following
finite difference discretization of the controlled wave equation:
vt -2ty e 20y
(A)? (Az)? ’
yg:()a ny—f—l :Ugt’ n = 172a"'7M7

17=12,... Nyn=1,2,..., M,
(8.1)

the initial datay?, yjl-,j =1,2,...,N are also given.

We denote by 7" = (47, ..., y%) the solution at the time step n.
63



In practice one typically considers ) = y%(z;) and yj = y°(z;) + Aty*(z;), j = 1,2,..., N,
(y",y') being the initial data of the continuous wave equation to be approximated. When
(y°,y') are not continuous, one may consider any of the possible variants we have discussed
above: Fourier series truncation, averages of the initial data around the mesh points, etc.

As in the context of the continuous wave equation, we consider the uncontrolled system

u?“ — 2uj + u?‘l ol —2uf tuly
(At)? N (Az)? ’
uy =un, =0, n=12 .., M,

i=1,2,..Nyn=1,2,..., M,
(8.2)

the initial data uf, u},j =1,2,..., N are also given.

The numerical schemes (8.1), (8.2) are consistent. In addition, they are stable if and
only if At < Az (the CFL condition). Thus, if At < Az, schemes (8.1), (8.2) converge as
At — 0, Az — 0 to (2.1) and (2.2), respectively.

The energy of solutions of (8.2) is constant in time:

E :gi M 2+ wity — i (ulfy -l
" 2 3 At Az Ax

for all n > 1. Moreover, FE, is non-negative and vanishes if and only if the solution is

= E, (8.3)

identically zero.
iwAgcykAtnka:c

We now look for solutions of (8.2) in separated variables of the form 4" = e
with @Wg® the eigenvectors of the space discretization of the Laplacean in (5.8) which are
given by (5.10) with Ax instead of h. The corresponding eigenfrequencies are then

2 (At sin(kmAx/Q)) |

WAg,k = T—— arcsin A

At

In the particular case At = Ax = h we have

Wh i = :I:i arcsin (sin k;rh) = +km.

Thus, when At = Az = h the eigenvalues are the same as those of the continuous wave
equation. Using a discrete Fourier decomposition of solutions of (8.2) it can be shown, as
we did in the context of the continuous wave equation, that the observability inequality is
uniform, i.e., the observability constant remains bounded as At = Ax = h — 0. Once this
is done, one can show that the HUM controls for the discrete model (8.1) converge to the
control of the continuous wave equation.

As a conclusion of this analysis we see that the high frequency pathologies we observed
in the space semi-discretization no longer arise in this case. But this is a very exceptional

situation which is due to the fact that the solutions of the continuous wave equation are also
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exact solutions of the discrete scheme when At = Axz. This property is well known and can
be easily checked by integrating the wave equation over a characteristic square with vertices
(-1, tn)s (T, tns1), (Tj41,t0), (T4, t0-1).22 The detailed proof of these results can be found
in [67].

Moreover, when At/Az = « < 1, as in the semi-discrete case, the uniform gap condition
is lost and this produces the divergence of the observability constant and the controls. Thus,
filtering of high frequencies becomes necessary to guarantee the uniform observability as the
mesh-size tends to zero. This problem has been addressed by two different techniques: a)
The methods developed in [59], [60] allow to address this issue by means of discrete Wigner
measures in any space dimension; b) The discrete version of the Ingham inequality in [66]
allows obtaining uniform (with respect to the mesh-size) observability estimates in filtered
classes of solutions for 1D problems.

In several space dimensions the situation is even worse, since there is no possible choice
of the space and time steps guaranteeing the convergence of the numerical scheme together
with the uniform observability property. This can be seen easily following the analysis in
[59], , [60] by means of discrete Wigner measures. If the semi-discrete equation (6.7) is

further discretized in time with time step At, we get the fully discrete scheme

1
A2
This system is convergent to the continuous wave equation when h, At — 0, when the CFL
condition At < h/v/2 is satisfied.

The corresponding symbol is

1
n+1 n—1 n n n n n n _
gt gt - 2ug ]~ e [ 1 ) = A+ ] =0,

dsin®(rAt/2h) — 4 (sin*(€1/2) + sin®(&/2)) (8.4)

1
27
of the semi-discrete scheme, do not propagate at all as time increases. This makes the

For At ~ ph, for any p < there are rays that, as described in section 6 in the context
uniform (as h, At — 0) boundary observability property impossible for the full discretization.
Therefore, the fully discrete schemes need also to be complemented with one of the cures
described in the previous sections to guarantee the convergence towards the control of the
continuous wave equation: Fourier filtering, Tychonoff regularization, multigrid techniques

or mixed finite elements.

9 Other models

In this article we have seen that most numerical schemes for the wave equation produce

high frequency pathologies that make the boundary observability inequalities nonuniform

22Tn several space dimensions this exact discrete scheme for the wave equation does not exist.
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and produce divergence of the controls of the semi-discrete or discrete systems as the mesh
size tends to zero. We have also seen some possible remedies.

However, other equations behave much better due to diffusive or dispersive effects. As we
shall see in the present section, these high frequency pathologies do not arise when dealing

with the 1D heat and beam equation.

9.1 Finite difference space semi-discretizations of the heat equa-
tion

Let us consider the following 1D heat equation with control acting at the boundary point
x=L:

Yt — Yoz = 0, O<z< L, 0<t<T
y(0,t) =0, y(L,t) = v(t), 0<t<T (9.1)
y(z,0) = y°(x), 0<z<L.

This is the so called boundary control problem. It is by now well known that (9.1) is null
controllable in any time 7" > 0 (see for instance D.L. Russell [76], [77]). To be more precise,
the following holds: For any T > 0, and y° € L*(0, L) there exists a control v € L*(0,T)
such that the solution y of (9.1) satisfies

y(x,T) =0 1in (0, L). (9.2)

This null controllability result is equivalent to a suitable observability inequality for the

adjoint system:

U + Ugy = 0, O<zx<L,0<t<T,
w(0,t) =u(L,t)=0, 0<t<T (9.3)
u(z, T) = u’(z), 0<z<L.

Note that, in this case, due to the time irreversibility of the state equation and its adjoint,
in order to guarantee that the latter is well-posed, we take the initial conditions at the final
time t =T

The corresponding observability inequality is as follows: For any T' > 0 there ezists
C(T) > 0 such that

/ " (@, 0)dz < C / " ua (L) dt (9.4)

holds for every solution of (9.3).%3

Z3This inequality has been greatly generalized (see for instance [31], [29]) to heat equations with potentials
in several space dimensions, with explicit observability constants depending on the potentials, etc.
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Let us consider now semi-discrete versions of (9.1) and (9.3):

Vo= 5y F g — 290 =0, 0<t<T, j=1,...,N
Yo =0, ynt1 = v, 0<t<T (9.5)
y;(0) =45, j=1...,N;

W+ g [ujp +ujor —2u] =0, 0<t<T,j=1,...,N

ug = uny1 =0, 0<t<T (9.6)

u;i(T) = uf, j=1,...,N.
In this case, in contrast with the results we have described for the wave equation, the
discretizations are uniformly controllable and observable, respectively, as h — 0. More
precisely, the following results hold:

Theorem 9.1 [58] For any T > 0 there exists a positive constant C(T) > 0 such that

UN(t) 2
3 ‘dt (9.7)

N T
2
. <
P3O <

holds for any solution of (9.6) and any h > 0.

Theorem 9.2 [58] For any T > 0 and {yY,...,y%} there exists a control v € L*(0,T) such
that the solution of (9.5) satisfies

yj(T)=0,7=1,...,N. (9.8)

Moreover, there exists a constant C(T') > 0, independent of h > 0, such that

(9.9)

N

2

| v ||%2(0,T)S Chz ‘y?‘

j=1

These results were proved in [58] using Fourier series and a classical result on the sums

of real exponentials (see for instance Fattorini-Russell [28]) that plays the role of Ingham’s
inequality in the context of parabolic equations.

Let us recall briefly: Given £ > 0 and a decreasing function M : (0,00) — N such that

M(§) — oo as § — 0, we introduce the class £(£, M) of increasing sequences of positive real

numbers {1}, such that

Hj+1 — My > 5 > 07 v] > 17 (910)
ot <6, V6 > 0. (9.11)
k>M(5)

The following holds:
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Proposition 9.1 Given a class of sequences L(§, M) and T > 0 there exists a constant
C > 0 (which depends on &, M and T') such that

r

for all {u;} € L(§,N) and all sequence {ay} € (>

2
C 2 =2 T
t dt > — Zlakl (9.12)
(Zk>1 My ) k>1 ok

The eigenvalues of the semi-discrete Laplacean {)\?}j:17,,_,N in (5.9) belong to one of
these uniform classes £(§, M). Indeed, in view of the explicit form of these eigenvalues
there exists ¢ > 0 such that )\? > ¢j? for all h > 0 and ;7 = 1,...,N. On the other
hand, the uniform gap condition (9.10) is also satisfied. Recall that, in the context of
the wave equation, the lack of gap for the square roots of these eigenvalues was observed
for the high frequencies. In particular it was found that \/E — /A%, ~ h. But then,
N — ~ \/)\T \/m A+ /AR ) ~ 1, since /AR + /M | ~ 1/h. This fact
descrlbes Clearly why the gap condition is fulﬁlled in this case.

Taking into account that all the spectra of the semi-discrete systems belong to the same
class L(&, M), applying the uniform inequality (9.12) together with the Fourier representation
of solutions of (9.6), one gets, for all ' > 0, a uniform observability inequality of the form
(9.7) for the solutions of the semi-discrete systems (9.6). There is one slight difficulty when
doing this. As observed in Lemma 5.1, the boundary observability property is not uniform
for the high frequency eigenvectors. However, this is compensated in this case by the strong
dissipative effect of the heat equation. Indeed, note that solutions of (9.6) can be written in

Fourier series as

N
t) =3 a;e T 0! (9.13)

J Y

where {a;};=1,. ~ are the Fourier coefficients of the initial data of (9.6) at ¢t = 7. The

solution at the “final”?* time can be represented as follows:

N

=3 aje_’\?TtU?. (9.14)

We see in this formula that the high frequencies are damped out by an exponentially small
factor that compensates for the lack of uniform boundary observability of the high frequency
eigenvectors.

Once the uniform observability inequality of Theorem 9.1 is proved, the controls for the
semi-discrete heat equation (9.5) can be easily constructed by means of the minimization

method described in section 5.4. The fact that the observability inequality is uniform implies

2Note that t = 0 is the final time for the adjoint equation (9.6), which is solved backwards from t = T to
t=0.
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the uniform bound (9.9) on the controls. The null controls for the semi-discrete equation
(9.6) one obtains in this way are such that, as h — 0, they tend to the null control for the

continuous heat equation (9.1) (see [58]).

9.2 The beam equation

In a recent work by L. Leén and the author [52] the problem of boundary controllability of

finite difference space semi-discretizations of the beam equation

Yt + Yzzza = 0

was addressed. This model has important differences from the wave equation even in the
continuous case. First of all, at the continuous level, it turns out that the gap between

consecutive eigenfrequencies tends to infinity. For instance, with the boundary conditions
y:yIZE:()? .Z'ZO,’YT,
the solution admits the Fourier representation formula

y(z,t) =Y are™'sin(kx),
keZ
where

e = sgn(k)k>.

Obviously, the gap between consecutive eigenvalues is uniformly bounded from below. More
precisely,

A1 — A =2k+1—00, ask — oo.

This allows use to apply a variant of Ingham’s inequality for an arbitrarily small control time
T > 0 (see [65]).2> As a consequence, boundary exact controllability holds for any 7" > 0
too.

When considering finite difference space semi-discretizations things are better than for the

wave equation too. Indeed, as it is proved in [52], roughly speaking, the asymptotic gap®® also

25 Although in the classical Ingham inequality the gap between consecutive eigenfrequencies is assumed to
be uniformly bounded from below for all indices k, in fact, in order for Ingham inequality to be true, it is
sufficient to assume that all eigenfrequencies are distinct and that there is an asymptotic gap as k — co. We
refer to [65] for a precise statement where explicit estimates of the constants arising in the inequalities are
given.

26Tn fact one needs to be more careful since, for h > 0 fixed, the gap between consecutive eigenfrequencies
is not increasing. Indeed, in order to guarantee that the gap is asymptotically larger than any constant
L > 0 one has to filter not only a finite number of low frequencies but also the highest ones. However, the
methods and results in [65] apply in this context too (see [52]).
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tends to infinity as k — oo, uniformly on the parameter h. This allows proving the uniform
observability and controllability (as h — 0) of the finite difference semi-discretizations.
However, as we mentioned in section 7, due to the bad approximation that finite differences
provide at the level of observing the high frequency eigenfunctions, the control has to be
split in two parts. The main part that strongly converges to the control of the continuous
equation in the sharp L?(0,7T) space and the oscillatory one that converges to zero in a
weaker space H1(0,T). Thus, in the context of the beam equation, with the most classical
finite difference semi-discretization, we get what we got for the wave equation with mixed
finite elements. This fact was further explained by means of tools related with discrete
Wigner measures in [59] , [60].
The same results apply for the Schrédinger equation.

10 Further comments and open problems

10.1 Further comments

a) We have considered finite difference space semi-discretizations of the wave equation. We
have addressed the problem of boundary observability and, more precisely, the problem of
whether the observability estimates are uniform when the mesh size tends to zero.

We have proved the following results:
e Uniform observability does not hold for any time T'.

e Uniform observability holds if the time 7T is large enough provided we filter appropri-
ately the high frequencies.

We have also mentioned the main consequences concerning controllability. In this article we

have collected the existing work in this subject, to the best of our knowledge.

b) The problem of controllability has been addressed. Nevertheless, similar developments
could be carried out, with the same conclusions, in the context of stabilization. For instance,
it is well known that the Geometric Control Condition suffices to guarantee the uniform
exponential decay of solutions of the linear wave equation when a damping term, supported
in the control region, is added to the system. It is then natural to analyze whether the decay
rate is uniform with respect to the mesh size for numerical discretizations. The answer is
in general negative. Indeed, due to spurious high frequency oscillations, the decay rate fails
to be uniform, for instance, for the classical finite difference semi-discrete approximation
of the wave equation. This was established rigorously by F. Macia [59], [60] using Wigner

measures. This negative result also has important consequences in many other issues related
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with control theory like infinite horizon control problems, Riccati equations for the optimal
stabilizing feedback, etc. But these issues have not been studied so far (see open problem 8
below).

We shall simply mention here that, even if the most natural semi-discretization fails
to be uniformly exponentially stable, the uniformity of the exponential decay rate can be
reestablished if we add an internal viscous damping term to the equation (see [81]). This
is closely related to the enhanced observability inequality (7.2) in which the extra internal
viscous term added in the observed quantity guarantees the observability constant to be

uniform. We shall return to this issue in open problem # 5 below.

¢) According to the analysis above it could seem that most control problems behave
badly with respect to numerical approximations. However, this is no longer true for classical
optimal control problems or even for approximate controllability problems in which the
objective is to drive the solution to any state of size less than a given €, as shown in section 5.5.
This is even true for more sophisticated problems arising in the context of homogenization
(see, for instance [94] and [15]).

d) There is a very closely connected problem that we have not addressed in this article
that concerns the controllability of PDE with rapidly oscillating coefficients in the context
of the theory of homogenization. We refer to [95] for a discussion of these connections.
Here we shall simply mention that the € parameter arising in homogenization theory to
denote the small period of the oscillating coefficient and the h parameter describing the
mesh size in numerical approximation problems, play a similar role. The problem is more
difficult to handle in the context of homogenization because computations are less explicit
than in numerical problems. However, surprisingly, the numerical approximation problems
only became understood once the main features of the behavior of controllability problems

in homogenization had been discovered [13].

10.2 Open problems

1. Semilinear equations. The questions we have addressed in this article are completely
open in the case of the semilinear heat and wave equations with globally Lipschitz nonlin-
earities. In the context of continuous models there are a number of fixed point techniques
that allow one to extend the results of controllability of linear waves and heat equations to
semilinear equations with moderate nonlinearities (globally Lipschitz ones, for instance) [93].
These techniques need to be combined with Carleman or multiplier inequalities allow one
to estimate the dependence of the observability constants on the potential of the linearized
equation. However, the analysis we have pursued in this article relies very much on the
Fourier decomposition of solutions, which does not suffice to obtain explicit estimates on the
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observability constants in terms of the potential of the equation. Thus, extending the results
of uniform controllability presented in this paper to the numerical approximation schemes

of semilinear PDE is a completely open subject of research.

2. Wavelets and spectral methods. In the previous sections we have described how filtering
of high frequencies can be used to get uniform observability and controllability results. It
would be interesting to develop the same analysis in the context of numerical schemes based
on wavelet analysis in which the filtering of high frequencies can be easy to implement in
practice. In a recent paper [7] it has been shown that the superconvergence properties that
the spectral methods provide may help at the level of controlling the wave equation in the
sense that less filtering of high frequencies is required. A complete investigation of the use of
spectral methods for the observation and control of the wave equation remains to be carried
out.

Matache, Negreanu and Schwab in [63] have developed a wavelet based algorithm which is
inspired in the multi-grid ideas described in section 7.2. Their method is extremely efficient
in numerical experiments giving in practice the optimal control time. The convergence of

this algorithm has not been proved so far.

3. Discrete unique-continuation. In the context of the continuous wave equation we have
seen that the observability inequality and, consequently, exact controllability holds if and
only if the domain where the control is being applied satisfies the Geometric Control Con-
dition. However, very often in practice, it is natural to consider controls that are supported
in a small subdomain. In those cases, when the control time is large enough, one obtains
approximate controllability results as discussed in section 5.5. Approximate controllability
is equivalent to a uniqueness or unique-continuation property for the adjoint system: If the
solution u of (3.4) vanishes in w x (0,T), then it vanishes everywhere. We emphasize that
this property holds whatever the open subset w of 2 may be, provided T is large enough, by
Holmgren’s Uniqueness Theorem.

One could expect the same result to hold also for semi-discrete and discrete equations.
But the corresponding theory has not been developed. The following example due to O.
Kavian [46] shows that, at the discrete level, one can not expect the unique continuation
property to hold if the set w where the solution is assumed to vanish is not large enough,
in contrast with the unique continuation property above for the continuous wave equation.
It concerns the eigenvalue problem (6.13) for the 5-point finite difference scheme for the
Laplacean in the square. A grid function taking alternating values +1 along a diagonal and
vanishing everywhere else is an eigenvector of (6.13) with eigenvalue A = 4/h?. According
to this example, even at the level of the elliptic equation, the domain w where the solution
vanishes has to be assumed to be large enough to guarantee the unique continuation property.

In [17] it was proved that when w is a “neighborhood of one side of the boundary”, then
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unique continuation holds for the discrete Dirichlet problem in any discrete domain. Here
by a “neighborhood of one side of the boundary” we refer to the nodes of the mesh that are
located immediately to one side of the boundary nodal points (left, right, top or bottom).
Indeed, if one knows that the solution vanishes at the nodes immediately to one side of the
boundary, taking into account that they vanish in the boundary too, the 5-point numerical
scheme allows propagating the information and showing that the solution vanishes at all

nodal points of the whole domain.

Figure 16: The eigenvector for the 5-point finite difference scheme for the Laplacean in
the square, with eigenvalue A = 4/h? taking alternating values +1 along a diagonal and

vanishing everywhere else in the domain.

Getting optimal geometric conditions on the set w depending on the domain 2 where
the equation holds, the discrete equation itself, the boundary conditions and, possibly, the
frequency of oscillation of the solution for the unique continuation property to hold at the
discrete level is an interesting and widely open subject of research.

One of the main tools for dealing with unique continuation properties of PDE are the so
called Carleman inqualities. It would be interesting to develop the corresponding discrete
theory.

4. Hybrid hyperbolic-parabolic equations. We have discussed discretizations of the wave
equation and have seen that, for most schemes, there are high frequency spurious oscillations
that need to be filtered to guarantee uniform observability and controllability. However, we
have seen that the situation is much better for the 1D heat equation. Nevertheless, it
should also be taken into account that, according to the counterexample above showing that
unique continuation may fail for the 2D eigenvalue problem, one can not expect the uniform
observability property to hold uniformly for the semi-discretized 2D heat equation for any
control sub-domain. Understanding the need of filtering of high frequencies in parabolic
equations is also an interesting open problem, very closely related to the unique continuation
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problem above.

Of course, the unique continuation problem can be also formulated for the semi-discrete
and fully discrete heat equation.

It would also be interesting to analyze mixed models involving wave and heat compo-
nents. There are two examples of such systems: a) Systems of thermoelasticity and b)
Models for fluid-structure interaction (see [50] for the system of thermoelasticity and [88],
[89] and [92] for the analysis of a system coupling the wave and the heat equation along
an interface.) In particular, it would be interesting to analyze to which extent the presence
of the parabolic component makes unnecessary the filtering of the high frequencies for the

uniform observability property to hold for space or space-time discretizations.

5. Viscous numerical damping. In [81] we analyzed finite difference semi-discretizations
of the damped wave equation
U — Uge + XUy = 0, (101)

where Y, denotes the characteristic function of the set w where the damping term is effec-
tive. In particular we analyzed the following semi-discrete approximation in which an extra

numerical viscous damping term is present:

u;/_hig[u]+1+u]—l_2uj]_ |:U/‘/]'+1+U;-71_2u;~ _U‘I]'XMZO;
O<t<T,j=1,...,N
S (10.2)
u;(t) =0, 0<t<T,j=0,N+1
u;(0) = uf,  uj(0) = ul, j=1,...,N.

It was proved that this type of scheme preserves the uniform stabilization properties of
the wave equation (10.1). To be more precise we recall that solutions of the 1D wave
equation (10.1) in a bounded interval with Dirichlet boundary conditions decay exponentially
uniformly as t — oo when a damping term as above is added, w being an open non-empty
subinterval. Using the numerical scheme above, this exponential decay property is kept with
a uniform rate as h tends to zero. The extra numerical damping that this scheme introduces
adding the term |u}, ; +uj_; — QuQ} damps out the high frequency spurious oscillations that
the classical finite difference discretization scheme introduces and that produce a lack of
uniform exponential decay in the presence of damping.

The problem of whether this numerical scheme is uniformly observable or controllable as
h tends to zero is an interesting open problem.

Note that the system above, in the absence of the damping term lozalized in w, can be

written in the vector form
i’ + Apt + h2ALT = 0. (10.3)

Here @ stands, as usual, for the vector unknown (uy,...,uyx)? and A, for the tridiagonal
matrix associated with the finite difference approximation of the Laplacean (5.4). In this form
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it is clear that the scheme above corresponds to a viscous approximation of the wave equation.
Indeed, taking into account that A; provides an approximation of —9?, the presence of the
extra multiplicative factor h? in the numerical damping term guarantees that it vanishes
asymptotically as h tends to zero. This is true for the classical convergence theory but it

remains to be proved for observability and controllability.

6. Multigrid methods. In section 7 we presented the two-grid algorithm introduced by
R. Glowinski [34] and we explained heuristically why it is a remedy for high frequency
spurious oscillations. In [34] the efficiency of the method was exhibited in several numerical
examples. As far as we know, a rigorous proof of the convergence of the method proposed
in [34] to compute the control of the wave equation remains to be done, except for space

semi-discretizations in 1D by finite differences and finite elements [66].

7. Uniform control of the low frequencies. As we mentioned in the end of section 6,
the 2D counterpart of the 1D positive result in [64] showing that the initial data involving
a finite number of Fourier components are uniformly controllable as h — 0 has not been
proved in the literature. Such a result is very likely to hold for quite general approximation
schemes and domains. But, up to now, it has only been proved in 1D for finite difference
semi-discretizations. The methods involving Wigner measures developed in [59], [60] do not
seem sufficient to address this issue. On the other hand, moment problems techniques, which
require quite technical developments in [64] to deal with the 1D case, also seem to be hard
to adapt to a more general setting. This is an interesting (and, very likely, difficult) open

problem.

8. Stabilization and other control theoretical issues. As we have mentioned above, the
topics we have discussed make sense in other contexts of Control Theory. In particular,
similar questions arise concerning problems of stabilization, the infinite horizon optimal con-
trol problem, the Riccati equations for optimal feedback operators or the reciprocal systems
discussed by R. Curtain in [24]. The phenomena we have discussed in this paper, related
to high frequency spurious oscillations, certainly affect the results we can expect in these
other problems too. But the corresponding analysis has not been done. We recall however
that, concerning the problem of stabilization, the necessity and also the sufficiency of adding
a numerical viscous damping term was pointed out in [81] in order to get results on the
uniform decay of solutions, as discussed in open problem #5 above. The result in [81] has
been recently extended in [71] to a class of abstract systems under the assumption of spectral
gap. Thus, essentially, the result in [71] applies to a large class of models of vibrations in
1D.

9. Extending the Wigner measure theory. As we mentioned above, F. Macia in [59], [60]

has developed a discrete Wigner measure theory to describe the propagation of semi-discrete
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and discrete waves at high frequency. However, this was done for regular grids and without
taking into account boundary effects. Therefore, a lot has to be done in order to fully develop
the Wigner measure tools. The notion of polarization developed in [11] remains also to be
analyzed in the discrete setting.

10.  Theory of inverse problems and Optimal Design. This paper has been devoted
mainly to the property of observability and its consequences for controllability. But, as we
mentioned from the beginning, most of the results we have developed have consequences
in other fields. This is the case for instance for the theory of inverse problems, where one
of the most classical problems is the one of reconstructing the coefficients of a given PDE
in terms of boundary measurements (see [45]). Assuming that one has a positive answer
to this problem in an appropriate functional setting it is natural to consider the problem
of numerical approximation. Then, the following question arises: Is solving the discrete
version of the inverse problem for a discretized model an efficient way of getting a numerical
approzimation of the solution of the continuous inverse problem?. Thus, as in the context
of control we are analyzing whether the procedure of numerical approximation and that of
solving the inverse problem commute.

According to the analysis above we can immediately say that, in general, the answer to

this problem is negative. Consider for instance the wave equation

{putt—um:O, O<or<l,0<t<T (10.4)

uw(0,t) =u(l,t) =0, 0<t<T,

with a constant but unknown density p > 0. Solutions of this equation are time-periodic
of period 2,/p and this can be immediately observed on the trace of normal derivatives of
solutions at either of the two boundary points = 0 or x = 1, by inspection of the Fourier
series representation of solutions of (10.4). Thus, roughly speaking, we can assert that the
value of p can be determined by means of the boundary measurements.

Let us now consider the semi-discrete version of (10.4). In this case, according to the
analysis above, the solutions do not have any well-defined time-periodicity property. On the
contrary, for any given values of p and h, (10.4) admits a whole range of solutions that travel
at different group velocities, ranging from h/,/p (for the high frequencies) to 1/,/p (for the
low frequency ones). In particular, the high frequency numerical solutions do behave more
like a solution of the wave equation with an effective density p/h%. This argument shows
that the mapping that allows determining the value of the constant density from boundary
measurements is unstable under numerical discretization.

Of course, most of the remedies that have been introduced in this paper to avoid the
failure of uniform controllability and/or observability can also be used in this context of

inverse problems. But developing these ideas remains to be done.
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The same can be said about optimal design problems. Indeed, in this context very little
is known about the convergence of the optimal designs for the numerical discretized models
towards the optimal design of the continuous models and, to a large extent, the difficulties

one has to face in this context is very similar that those we addressed all along this paper.

11.  Finite versus infinite-dimensional nonlinear control. Most of this work has been
devoted to analyzing linear problems. There is still a lot to be done to understand the
connections between finite-dimensional and infinite-dimensional control theory, and, in par-
ticular, concerning numerical approximations and their behavior with respect to the control
property. According to the analysis above, the problem is quite complex even in the linear
case. Needless to say, one expects a much higher degree of complexity in the nonlinear frame.

There are a number of examples in which the finite-dimensional versions of important
nonlinear PDE have been solved from the point of view of controllability. Among them the
following are worth mentioning:

a) The Galerkin approximations of the bilinear control problem for the Schrédinger equa-
tion arising in Quantum Chemistry ([72] and [83]).

b) The control of the Galerkin approximations of the Navier-Stokes equations [56].

In both cases nothing is known about the possible convergence of the controls of the
finite-dimensional system to the control of a PDE as the dimension of the Galerkin subspace
tends to infinity. This problem seems to be very complex. However, the degree of difficulty
may be different in both cases. Indeed, in the case of the continuous Navier-Stokes and Euler
equations for incompressible fluids there are a number of results in the literature indicating
that they are indeed controllable ([31], [21], [22]). However, for the bilinear control of the
Schrodinger equations, it is known that the reachable set is very small in general, which
indicates that one can only expect very weak controllability properties. This weakness of the
controllability property at the continuous level makes it even harder to address the problem
of passing to the limit on the finite-dimensional Galerkin approximations as the dimension
tends to infinity.

This problem is certainly one of the most relevant ones in the frame of controllability of

PDE and its numerical approximations.

12. Wave equations with irregular coefficients. The methods we have developed do not
suffice to deal with wave equations with non-smooth coefficients. However, at the continuous
level, in one space dimension, as we described in section 4, observability and exact control-
lability hold for the wave equation with piecewise constant coefficients with a finite number
of jump discontinuities. It would be interesting to see if the main results presented in this
paper hold in this setting too. This seems to be a completely open problem. We refer to the
book by G. Cohen [19] for the analysis of reflection and transmission indices for numerical

schemes for wave equations with interfaces.
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