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Abstract

We consider the equation —e2 Au~+u = uP in abounded domain £2 C R3 with edges. We impose Neumann boundary conditions,
assuming 1 < p < 5, and prove concentration of solutions at suitable points of 92 on the edges.
© 2010 Elsevier Masson SAS. All rights reserved.

1. Introduction

In this paper we study the following singular perturbation problem with Neumann boundary condition in a bounded
domain £2 C R? whose boundary 352 is non-smooth:

—EAu+u=uP in$,
du ey
—=0 on ds2.
av
Here p € (1, 5) is subcritical and v denotes the outer unit normal at 9£2.
Problem (1) or some of its variants arise in several physical and biological models. Consider, for example, the Non-
linear Schrédinger Equation
EY h?

ihgz—gwww—yw”w, )

where 7 is the Planck constant, V is the potential, and y and m are positive constants. Then standing waves of (2) can
be found setting ¥ (x, ¢) = e 1Et/N v(x), where E is a constant and the real function v satisfies the elliptic equation

—R2Av+ Vo= v/’ %

for some modified potential V. In particular, when one considers the semiclassical limit 7 — 0, the last equation
becomes a singularly perturbed one; see for example [2,9], and references therein.

Concerning reaction—diffusion systems, this phenomenon is related to the so-called Turing’s instability. More pre-
cisely, it is known that scalar reaction—diffusion equations in a convex domain admit only constant stable steady
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state solutions; see [4,27]. On the other hand, as noticed in [38], reaction—diffusion systems with different diffusiv-
ities might generate non-homogeneous stable steady states. A well-known example is the Gierer—Meinhardt system,
introduced in [12] to describe some biological experiment. We refer to [30,34] for more details.

The study of the concentration phenomena at points for smooth domains is very rich and has been intensively
developed in recent years. The search for such condensing solutions is essentially carried out by two methods. The
first approach is variational and uses tools of the critical point theory or topological methods. A second way is to
reduce the problem to a finite-dimensional one by means of Lyapunov—Schmidt reduction.

The typical concentration behavior of solution Ug ¢ to (1) is via a scaling of the variables in the form

x—0
Ug,e(x) ~ U(T) 3)
where Q is some point of §2, and U is a solution of the problem
—AU+U=U? inR? (orin R} ={(x1,x2,x3) € R*: x3 > 0}), 4)

the domain depending on whether Q lies in the interior of §2 or at the boundary; in the latter case Neumann conditions
are imposed. When p < 5 (and indeed only if this inequality is satisfied), problem (4) admits positive radial solutions
which decay to zero at infinity; see [3,37]. Solutions of (1) with this profile are called spike-layers, since they are
highly concentrated near some point of £2.

Let us recall some known results. Boundary-spike layers are solutions of (1) with a concentration at one or more
points of the boundary 92 as € — 0. They are peaked near critical point of the mean curvature. It was shown in
[32,33] that mountain-pass solutions of (1) concentrate at 9§2 near global maxima of the mean curvature. One can
see this fact considering the variational structure of (1). In fact, its solutions can be found as critical points of the
following Euler—Lagrange functional

y 1 1
I.(u) = 5 /(€2|Vu|2 +u?)dx — o1 f Pl dx, uewh?Q).
2 2
Plugging into I, a function of the form (3) with Q € 352 one sees that
[c(Ug.e) = Coe® — C1e* H(Q) + o(€*), (5)

where Cy, C are positive constants depending only on the dimension and p, and H is the mean curvature; see for
instance [2, Lemma 9.7]. To obtain this expansion one can use the radial symmetry of U and parametrize 952 as a
normal graph near Q. From the above formula one can see that the bigger is the mean curvature the lower is the
energy of this function: roughly speaking, boundary spike layers would tend to move along the gradient of H in order
to minimize their energy. Moreover one can say that the energy of spike-layers is of order €3, which is proportional to
the volume of their support, heuristically identified with a ball of radius € centered at the peak. There is an extensive
literature regarding the search of more general solutions of (1) concentrating at critical points of H; see [8,15-17,23,
25,31,40].

There are other types of solutions of (1) with interior and/or boundary peaks, possible multiple, which are con-
structed by using gluing techniques or topological methods; see [6,7,18-20,39]. For interior spike solutions the
distance function d from the boundary 92 plays a role similar to that of the mean curvature H. In fact, solutions
with interior peaks, as for the problem with the Dirichlet boundary condition, concentrate at critical points of d, in a
generalized sense; see [24,35,41].

Concerning a singularly perturbed problem with mixed Dirichlet and Neumann boundary conditions, in [10,11]
it was proved that, under suitable geometric conditions on the boundary of a smooth domain, there exist solutions
which approach the intersection of the Neumann and the Dirichlet parts as the singular perturbation parameter tends
to zero.

There is an extensive literature regarding this type of problems, but only the case £2 smooth was considered.
Concerning the case £2 non-smooth, at our knowledge there is only a bifurcation result for the equation

Au+Arf(u)=0 in$2,

ou

— =0 on 052,

av

obtained by Shi in [36] when £2 is a rectangle (0, a) x (0, b) in RZ.
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In this paper we consider the problem (1), where £2 is a bounded domain in R? whose boundary 852 has smooth
edges. If we denote by I" an edge of 952, we can consider the function o : I" — R which associates to every Q € I
the opening angle at Q, «(Q). As in the previous case, we can expect that the function « plays the same role as the
mean curvature H for a smooth domain. In fact, plugging into I, a function of the form (3) with Q € I" one obtains an
expression similar to (5), with Coa(Q) instead of Cp; see Lemma 4.3. Roughly speaking, we can say that the energy
of solutions is of order €3, which is proportional to the volume of their support, heuristically identified with a ball of
radius € centered at the peak Q € I'; then, when we intersect this ball with the domain we obtain the dependence on
the angle o (Q).

The main result of this paper is the following

Theorem 1.1. Ler 2 C R3 be a piecewise smooth bounded domain whose boundary 352 has a finite number of smooth
edges, and 1 < p < 5. Fix an edge I', and suppose Q € I is a local strict maximum or minimum of the function o,
with a(Q) # m. Then for € > 0 sufficiently small problem (1) admits a solution concentrating at Q.

Remark 1.2. The condition that Q is a local strict maximum or minimum of « can be replaced by the fact that there
exists an open set V of I" containing Q such that «(Q) > sup,y, @ or «(Q) < infyy a.

Remark 1.3. The condition «(Q) # 7 is natural since it is needed to ensure that 02 is not flat at Q.

Remark 1.4. We expect a similar result to hold in higher dimension, with substantially the same proof. For simplicity
we only treat the 3-dimensional case.

The general strategy for proving Theorem 1.1 relies on a finite-dimensional reduction; see for example the book [2].
By the change of variables x — ex, problem (1) can be transformed into

—Au+u=u" in $2.,

0 6
—M=0 on 082, ©
v

where 2, := é.Q. Solutions of (6) can be found as critical points of the Euler—Lagrange functional

1 1
I.(u) = 5/(|Vu|2 +u?)dx — m/mw“dx, ue wh(82,). (7
¢ $2¢

Now, first of all, one finds a manifold Z. of approximate solutions to the given problem, which are of the form
Ug,e(x) = gu(ex)U(x — Q), where ¢, is a suitable cut-off function defined in a neighborhood of Q € I'; see the
beginning of Section 4, Lemma 4.1.

To apply the method described in Section 2.1 one needs the condition that the critical manifold Z. is non-
degenerate, in the sense that it satisfies property (ii) in Section 2.1. The result of non-degeneracy in £2., obtained
in Lemma 4.2, follows from the non-degeneracy of a manifold Z of critical points of the unperturbed problem in
K = K x R C R?, where K C R? is a cone of opening angle (Q). In fact, one sees that £2, tends to K as € — 0.
To show the non-degeneracy of the unperturbed manifold Z we follow the line of Lemma 4.1 in the book [2] or
Lemma 3.1 in [26]. We prove that A = 0 is a simple eigenvalue of the linearized of the unperturbed problem at U € Z;
see Lemma 3.1. Moreover, if «(Q) < 7, it has only one negative simple eigenvalue; whereas, if «(Q) > 7, it has two
negative simple eigenvalues; see Corollary 3.4. We note that in the case «(Q) = 7, that is when 92 is flatat O, A =0
is an eigenvalue of multiplicity 2. The proof relies on Fourier analysis, but in this case one needs spherical functions
defined on a portion of the sphere instead of the whole S2.

Then one solves the equation up to a vector parallel to the tangent plane of the manifold Z., and generates a
new manifold Z. close to Z. which represents a natural constraint for the Euler functional (7); see the proof of
Proposition 4.5. By natural constraint we mean a set for which constrained critical points of I, are true critical
points.

We can finally apply the above mentioned perturbation method to reduce the problem to a finite-dimensional one,
and study the functional constrained on Z. Lemma 4.3 provides an expansion of the energy of the approximate
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solution peaked at Q and allows us to see that the dominant term in the expression of the reduced functional at Q
is ¢ (Q). This implies Theorem 1.1.

The paper is organized in the following way. In Section 2 we collect preliminary material: we recall the abstract
variational perturbative scheme and obtain some useful geometric results. In Section 3 we prove the non-degeneracy of
the critical manifold for the unperturbed problem in the cone K. In Section 4 we construct the manifold of approximate
solutions, showing that it is a non-degenerate pseudo-critical manifold, expand the functional on the natural constraint
and deduce Theorem 1.1.

Notation. Generic fixed constant will be denoted by C, and will be allowed to vary within a single line or formula. The
symbols o¢ (1), or(1), oc, g (1) will denote respectively a function depending on € that tends to 0 as € — 0, a function
depending on R that tends to 0 as R — +oco and a function depending on both € and R that tends to 0 as ¢ — 0
and R — +o00. We will work in the space W12(£2,), endowed with the norm |Ju||> = fg (IVu|?® + u?) dx, which we
denote simply by ||« ||, without any subscript. ‘

2. Some preliminaries

In this section we introduce the abstract perturbation method which takes advantage of the variational structure
of the problem, and allows us to reduce it to a finite-dimensional one. We refer the reader mainly to [2,26] and the
bibliography therein.

In the second part we make some computations concerning the parametrization of 9£2 and 9£2., and in particular
of the edge.

2.1. Perturbation in critical point theory

In this subsection we recall some results about the existence of critical points for a class of functionals which are
perturbative in nature. Given a Hilbert space H, which might depend on the perturbation parameter €, let I : H — R
be a functional of class C? which satisfies the following properties

(i) there exists a smooth finite-dimensional manifold, compact or not, Zc € H such that ||I/(z)| < Ce for every
z € Z, and for some fixed constant C, independent of z and ¢; moreover [|1/(z)[¢q]]l < Cellq|| for every z € Z
and every g € T, Z;

(ii) letting P, : H — (T, Zc)*, for every z € Z., be the projection onto the orthogonal complement of T, Z, there
exists C > 0, independent of z and €, such that P, 1 (z), restricted to (T Zo)L, is invertible from (T, Z)t into
itself, and the inverse operator satisfies ||(P,I/(z)) "' < C.

We assume that Z, has a local C? parametric representation z = e, € € R If we set W = (T, Z¢)*, we look for criti-
cal points of /¢ in the form u = z+w withz € Z, and w € W.If P, : H — W is as in (ii), the equation I/(z + w) =0
is equivalent to the following system

{ P I (z+w)=0 (the auxiliary equation), ®)

(Id — PZ)Ie/ (z4+ w) =0 (the bifurcation equation).

Proposition 2.1. (See Proposition 2.2 in [26].) Let (i), (ii) hold. Then there exists €y > 0 with the following property:
forall \€| < €y and for all 7 € Z, the auxiliary equation in (8) has a unique solution w = w¢(z) such that:

() we(z) € W is of class C! with respect to 7 € Z¢ and we(z) — 0 as |€| — 0, uniformly with respect to z € Z,
together with its derivative with respect to z, w,;
(jj) more precisely one has that ||we(z)|| = O(€) as € — 0, forall z € Z..

We shall now solve the bifurcation equation in (8). In order to do this, let us define the reduced functional
@, : Z — R by setting @ (z) = I (z + we(2))-
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Theorem 2.2. (See Theorem 2.3 in [26].) Suppose we are in the situation of Proposition 2.1, and let us assume that
D¢ has, for |€| sufficiently small, a critical point z.. Then ue = z¢ + w(ze) is a critical point of .

The next result is a useful criterion for applying Theorem 2.2, based on expanding I on Z, in powers of €.

Theorem 2.3. (See Theorem 2.4 in [26].) Suppose the assumptions of Proposition 2.1 hold, and that for € small there
is a local parametrization & € %U C RY of Z, such that, as € — 0, I admits the expansion I, (ze) =Co+€G(e§) +
o(e), for & € %U, for some function G : U — R. Then we still have the expansion ®.(zg) = Co + €G(€§) + o(e),
as € — 0. Moreover, if § € U is a strict local maximum or minimum of G, then for |€| small the functional Ic has a
critical point ue. Furthermore, if & is isolated, we can take ue — 2Eje = o(l/e)ase — 0.

Remark 2.4. The last statement asserts that, once we scale back in ¢, the solution concentrates near §
2.2. Geometric preliminaries

Let us describe 052, near a generic point Q on the edge I" of d£2.. Without loss of generality, we can assume that
Q =0 € R3, that x;-axis is the tangent line at Q to I" in 52, or 2. In a neighborhood of Q, let y : (—uo, (o) — R?
be a local parametrization of I, that is (x3, x3) = ¥y (x1) = (¥1(x1), ¥2(x1)). Then one has, for |x1| < uo,

(x2,x3) =y (x1)
/ 1 " 2 3
=70 +7' Ox1+ 37" Oxi + O(Ixi )

1
- E)/”(O)x% + O0(|x1 ).
On the other hand, I" is parametrized by (x2, x3) = Y (x1) := éy(exl), for which the following expansions hold

€
Ye(x1) = Ey”(O)x% + 0(*|x1 ),

a
ﬁ = ey"(0)x1 + O(2[x1]?). )

Now we introduce a new set of coordinates on B (Q) N £2:

yi=xi, (2, y3) = (x2, x3) — Ye (x1).
The advantage of these coordinates is that the edge identifies with yj-axis, but the corresponding metric g = (g;;)ij
will not be flat anymore. If y. (x1) = (ye1(x1), Ye2(x1)), the coefficients of g are given by
4+ et dyer | Oyer dver  dyer  Oyea

9x  ox a1 r’?glyd dy1 9y ay1 ay1
(&ij) = W : W = TN 1 0
o e
I 0 1
From the estimates in (9) it follows that
gij=ld+eA+ 0(21x11?), (10)

where

(0 YO
A‘(y”(Oﬂxl 0 )

It is also easy to check that the inverse matrix (g'/) is of the form g"/ =1Id — €A + O (€2|x1]?). Furthermore one has
det g = 1. Therefore, by (10), for any smooth function u there holds

" au "
Agu=~Au—el2(y"(0)y; - V()’zo’s)a_yl + (V ) - V(Yz,yz)”)

+ O(€*1x11%)|V2u| + O(€*1x1 %) Vul. (11)
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Now, let us consider a smooth domain £2 ¢ R? and £2, = %fz In the same way we can describe 92, near a generic
point Q € 3£2.. Without loss of generality, we can assume that QO = 0 € R?, that {x3 = 0} is the tangent plane of 92,

or 982, at Q, and thalt the outer normal v(Q) = (0,0, —1). In a neighborhood of Q, let x3 = ¥ (x1, x2) be a local
parametrization of d£2. Then one has, for |(x1, x2)| < 11,

x3 =Y (x1, x2)
1 4
= E(AQ(XI,XZ) - (x1,x2)) + Co(x1,x2) + O(|(x1, x2)|"),
where A is the Hessian of v at (0, 0) and Cy is a cubic polynomial, which is given precisely by

1 & Py
C , = - ———(0,0)x;x; xp.
o(x1,x2) 6”2](;1 ax,-axjaxk( )X X j Xk

On the other hand, afzg is parametrized by x3 = . (x1, x2) 1= éw(ex 1, €x2), for which the following expansions hold

Ve (X1, x2) = %(AQ(XIJCZ) S(x1,12)) + €2Co(x1, x2) + 0(63|(X1,X2)|4),

e
8)(,‘

(1, x2) = €(Ag(x1, x2)); + €Dy (x1.x2) + O(3|(x1. ) ), (12)

where DiQ are quadratic forms in (x1, x2) given by

2 3
‘ 1 3y
D! , == —(0,0)x;x¢.
b1, x2) 2]_;1 Ty O O

Concerning the outer normal v, we have also

(31//6 e -1

dx1’ dxp°

1 2 3 3
2 = (€(Ag(x1,x2) + € Do(x1,x2), =1 + =€*|Ag(x1, x2) >+0(e (x1,x)]).  (13)
e« 400 5) + 0(E o)
Now we introduce a new set of coordinates on B (Q) N 2¢:

71 = X1, 22 = X2, 73 = x3 — Y (X1, X2).

The advantage of these coordinates is that 8.(26 identifies with {z3 = 0}, but, as before, the corresponding metric
& = (&ij)i; will not be flat anymore. Its coefficients are given by

+ Ve Ve e 0V e

921 @ 921 9 3
o (3 N vt | buedwe
@iD=\3; 3z,) | %0 t 00 09
%‘ﬁe Ve 1
21 022
From the estimates in (12) it follows that
Gij=Id+eA+e*B+ 0(*|z1, 2)), (14)
where
A= 0 , Ao(z1.22)
(Ap(z1,22) 0 ’
and

B=(AQ(Z[,Z2)®AQ(Z1712) DQ(Zle2)> 1
(Do(z1,22)7T 0 '

1 If the vector v has components (v;);, the notation v ® v denotes the square matrix with entries (v;v;);;-
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It is also easy to check that the inverse matrix (g/) is of the form g%/ = Id — € A + €2C + O(€3|(z1, z2)|%), where

co ( 0 —DQ(zl,Z2)>
—(Do(z1, 20T 1Agz1,22)1? )

Furthermore one has det g = 1. Therefore, by (14), for any smooth function u there holds
A= Au—e|2( A1 z2) - Vi oy ) 4 1rag 2
s =Au—¢€ ,22) — rAo—
g o\Z1,22 (z1,22) 923 Q3Z3

+e2|=2(Dp -V ou +]Ao( )|2 Gl divD ou
€| — . — , —div —
Q (m-zz)az3 olZ1,22 923023 Q3Z3

+0(X| 1, 2))[V2u| + 0(¥| 21, 22)| ) [ Vul.

Moreover, from (13), we obtain the expression of the unit outer normal to 8.(26, v, in the new coordinates z:
- 3 2 3
b= (e(AQ(Zl,zz)) +€*Do(z1,22), —1 + 562|AQ(21,22)| ) + 0(€*|(z1, 22)[).

Finally the area-element of 32, can be estimated as
do = (1+ 0(€*|(z1, 22)|%)) dz1 dza.

Now, locally, in a suitable neighborhood of Q € I', we can consider §2 as the intersection of two smooth domains
£21 and 2 if the opening angle at Q is less than 7, or as the union of them if the opening angle is greater than 7. In
the first case one has 92 = (92; N §22) U (3522 N £21), whereas in the second case 92 = (3521 N S~2§) U (352N fZlc).
Then, locally, one can straighten I and stretch the two parts of the boundary using the coordinates z for the smooth
domains [}1 and [}2.

3. Study of the non-degeneracy for the unperturbed problem in the cone

Let us consider K = K x R C R?, where K C R? is a cone of opening angle «, and the problem

—Aut+u=u’ ink,
ou (15)
— =0 on ok,
av
where p > 1.

If p <5 and if u € WH2(K), solutions of (15) can be found as critical points of the functional I : wWl2(K) - R
defined as

1 1
Ix (1) = Ef(|Vu|2+uz) dx — m/w’“dx. (16)
K K

Note that I is well defined on WI*Z(K ); in fact, since K is Lipschitz, the Sobolev embeddings hold for p < 5; see
for instance [1,13].
Let us consider also the elliptic equation in R3

—Au+tu=u’, ueW" (R, u>o0, (17)

which has a positive radial solution U; see for instance [2,3,26,37]. It has been shown in [22] that such a solution is
unique. Moreover U and its radial derivatives decay to zero exponentially: more precisely satisfy the properties

ve) U

lim e rU(r)=c3,p, im = im =
r—+00 ’ r—+oo U(r) r—+oo U(r)

where r = |x| and c3,, is a positive constant depending only on the dimension n = 3 and p; see [3].
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Now, if p is subcritical, the function U is also a solution of problem (15). Moreover, if we consider a coordinate
system with the x;-axis coinciding with the edge of K, the problem (15) is invariant under a translation along the
x1-axis. This means that any

Uy, (x) =U(x — (x1,0,0))
is also a solution of (15). Then the functional ; has a non-compact critical manifold given by

Z= {Ux,(x): X1 GR} ~R.

Now, to apply the results of the previous section, we have to characterize the spectrum and some eigenfunctions of
I (Uy,). More precisely we have to show the following

Lemma 3.1. Suppose o € (0,27) \ {rr}. Then the following properties are true:

@ Ty, Z= Ker[I} (Uy))), for all x; € R;
(b) I}é(le) is an index O Fredholm map,zfor all x; e R.

Remark 3.2. The properties (a) and (b) imply that Z satisfies condition (ii) in Section 2.1 and then it is non-degenerate
for Ig.

Proof of Lemma 3.1. We will prove the lemma by taking x; = 0, hence Uy = U. The case of a general x| will follow
immediately.

Let us show (a). It is known that there holds the inclusion Ty Z C Ker[/y ”(U)]; see for instance [2, Section 2.2].
Then it is sufficient to prove that Ker[[” ()] C TyZ. Now, v e WhHE(K) belongs to Ker[l}é (U)] if and only if

—Av+v=pUP v K,

0 (18)
—U=O ondkK.

ov

We use the polar coordinates in K, r, 8, ¢, where r > 0,0 <60 <7 and 0 < ¢ < «. Then we write v € wl 2(K) n
the form

o
v(x1, X2, x3) = Y v (Y6, @), (19)
k=0
where the Y (6, ¢) are the spherical functions satisfying
—ApYr=MYr ink,
oYk
dp
Here Ay denotes the Laplace—Beltrami operator on S? (acting on the variables 0, ¢). To determine A; and the
expression of Yy, let us split Yy as

=0 0=0,a. (20)

Ye(0,9) = Otm(0)Prm(®)

m=0
so that
S 2
1 0 d 1 0
AqY, = ——— | sinf— e
52 r;)[ 989<SIH 89>+S1n98§0 ] ke.m Pk,m
- 1 d / 1 ”
Z —Gd_ Slnegk’m)ék’m 29 &k, ¢k,m .

2 A linear map T € L(H, H) is Fredholm if the kernel is finite-dimensional and the image is closed and has finite codimension. The index of T
is dim(Ker[T']) — codim(Im[T]).
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Then (20) becomes

1 d . / 1 " - .
_ Z 5 d—@(sm@@k’m)(]ﬁk’m + 7 Okm® | = Z MemOkm@Prm N K,
1
m=0

m=0

2y
D4 (0) =P, (@) =0
If we require that for all m

_¢I/(/’m = um®Prm [0, a],

, , (22)
Py (0) =&, (a) =0,

we obtain that @y, (¢) = ak.m cos( ) satisfies (22) with @, =

o0

S| L (sinse; )+L”2m Ot |® Z,\ Ot @i in K
—~ sin6 do k,m sin 9 o2 k,m km—m —~ k,m Tk,m Fk,m ,

@,’cvm 0) = qﬁ,’(’m(a) =0
Since the @ ,, are independent, we have to solve, for every m, the Sturm—Liouville equation

1 72m?

d
(Sln@()k m) + |:)“k,m —

sinf dé

e & }Okm—o (23)

Let us rewrite (23) in the following form

1 72m?

d
0O ———— Oty = A Ok s 24
S19d9(sm kn1)+sn9 o2 k,m k%k,m 24)

so that we have to determine the eigenvalues A ,, and the eigenfunctions of the operator

°m?

1 d
————(sin0O'(9)) + ——0().

sind do sin2@

In order to do this, let us consider the case « = 7, that is the following equation

I 4 oo )
~5ing 26 "n0Okn)

Now, for every m, (25) has solution if Ay, = k(k 4 1), with k > |m|, and the solutions are the Legendre polynomials
Ok.m(0) = P n(cos); see for instance [14,21,28,29]. Then, for a given value of k, there are 2k 4 1 independent
solutions of the form @ ;, (6) P » (¢), one for each integer m with —k << m < k. Now, by the classical comparison
principle, if we decrease o the corresponding eigenvalues Ay ,,, given by (24), should increase, whereas if we increase
o they should decrease; see for instance [5]. More precisely, if m = 0 Eqgs. (24) and (25) are the same, therefore the
eigenvalues do not change (and they are 0, 2,6, ...). If m > 1 we cannot give an explicit expression for the Ay ,, for
general o, but we can use the comparison principle. In conclusion, we obtain that each Yy = Y 0" Ok Pk satisfies

——m° Ok = MmOk (25)
sin” 6

—Ag Y =l mYr. (26)

Now, one has that
1
A(UkYk)=Ar(vk)Yk+r_2UkA52Yk, (27)

where A, denotes the Laplace operator in radial coordinates, thatis A, = :— %di Then, using (19), (26) and (27),
the condition (18) becomes

- " 2 / )\k,m -1
> —Ue = Ut vt —m e = pUPT o Ve = 0.
k=0
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Since the Y} are independent, we get the following equations for vy:

WV
3

2 A
Akom(vi) i= —v — v + vk + k—'zmvk—pUpflvkzo, m=0,1,2,..., k
r r

Let us first consider the case m = 0. If k = 0, we have to find a vy such that
" 2 / -1
Ag,0(vg) = —vy — ;v0+vo—pU” vo =0.

It has been shown in [22], Lemma 6, that all the solutions of Ag o(v) =0 are unbounded. Since we are looking for
solutions vy € W1-2(R), it follows that vy = 0.
For k =1 we have to solve

2 2
A1 o) = —v] = Zv] + v + S — pUP vy =0.
r r

Let U (r) denote the function such that U(x) = U (x|, where U(x) is the solution of (17). Reasoning as in the
proof of Lemma 4.1 in [2], we obtain that the family of solutions of Aj ¢(vi) =0, with vy € WL2(R), is given by
v1(r) = cU’(r), for some ¢ € R.

Now, let us show that the equation A o(vi) = O has only the trivial solution in WL2(R), provided that k > 2. First
of all, note that the operator A ¢ has the solution U’ which does not change sign in (0, oo) and therefore is a non-
negative operator. In fact, if o denotes its smallest eigenvalue, any corresponding eigenfunction v, does not change
sign. If o < 0, then v, should be orthogonal to U’ and this is a contradiction. Thus ¢ > 0 and A1 o is non-negative.
Now, we can write
Ako—2

Aro=A10+ )

Since Aro — 2 > 0 whenever k > 2, it follows that Ay is a positive operator. Thus Ag o(vk) = O implies that
v = 0.

If m > 1 and o < 7, using the comparison principle, we obtain that each Ay ,, is greater than 2. Then, reasoning as
above, we have that each vy = 0.

Let us consider the case > w. If m = 1 and k = 1, using again the comparison principle, we have that
0 < A1,1 < 2; whereas for m =1, k > 2, and for m > 2, k > m, we have that each A, > 2. Then in the last two
cases we can use the non-negativity of the operator A o and conclude that vy = 0. In the case m =1 and k =1 we
note that the operator

2 ALl _
A (vn) == —v] — ;Ui ot - pUP~ly

has a negative eigenvalue, instead of the eigenvalue 0, since A1 < 2. Then also v =0.
Putting together all the previous information, we deduce that any v € Ker[/”(U)] has to be of the form

v(x1, x2,%3) = cU' (1) Y16, 9).

Now, Y7 is such that —A Y| = A1, Y1, namely it belongs to the kernel of the operator —Ag> — A; ,,/d, and such a
kernel is 1-dimensional. In conclusion, we find that

A U
vespan{U Y1}=span 8_x] =TyZ.

This proves that (a) holds. It is also easy to check that the operator /¢ (U) is a compact perturbation of the identity,
showing that (b) holds true, too. This complete the proof of Lemma 3.1. 0O

Remark 3.3. Since U is a Mountain—Pass solution of (17), the spectrum of /¢ (U) has one negative simple eigenvalue,
1 — p, with eigenspace spanned by U itself. Moreover, we have shown in the preceding lemma that A =0 is an

eigenvalue with multiplicity 1 and eigenspace spanned by %. If @ < 7 the rest of the spectrum is positive. Whereas

if & > 7 there is an other negative simple eigenvalue, corresponding to an eigenfunction U given by
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0,0, 0) =i(r) cos<g<p>@(9),

where O satisfies (23) withm =1 and k = 1, and u satisfies the equation

2 A
_v”__v/+v+lv_pUp_l‘U:O. (28)
r r?

From (28) one has that there exists a positive constant C such that, for r sufficiently large, u(r) < Ce™ /€ In conclu-

sion, one has the following result:

Corollary 3.4. Let U and U be as above and consider the functional Ix given in (16). Then for every xi € R,
Uy (x) =Ux — (x1,0,0)) is a critical point of Ix. Moreover, the kernel of I}é(U) is generated by gTUl' If a <1 the

operator has only one negative eigenvalue, and therefore there exists 6 > 0 such that

” 2 1,2 oUu

I (U)[v, v] Z8|vll*, foreveryve W " (K), v LU, Py
X

If o > 1 the operator has two negative eigenvalues, and therefore there exists § > 0 such that

" 2 1,2 ~ U
I (U)[v, v] Z8|vl|*, foreveryve W (K), vJ_U,U,a—.
X

4. Proof of Theorem 1.1

For every Q on the edge I" of 982, let © = min{u;}, so thatin Bx (Q) N 2, we can use the new set of coordinates z.
Now we choose a cut-off function ¢,, with the following properties

ulx) =1 in By (Q),
Pu(x) =0 in R\ By (Q), (29)
IVoul +[Vieu| <C in Bu(Q)\ Bu(Q).
For any Q € I', we define the following function, in the coordinates (z1, 22, 23),
Ug.c(2) :==¢u(ex)Up(2), (30)
where U (z) = U(z — Q). Then we consider the manifold
Ze={Uge: QeT}.

Now, we estimate the gradient of I at Ug ¢, showing that Z, constitute a manifold of pseudo-critical points of /.
Lemma 4.1. There exists C > 0 such that for € small there holds

|1/(Ug.o)| < Ce, forall QeT.

Proof. Let v e W2(£2,). Since the function U 0,¢ is supported in B := B £ (Q), see (30), we can use the coordinate
z in this set, and we obtain

U s
IL(Ug.o)v] = f ag‘ vdé + /(—Ag,UQ,E +Ug.e — [Ug.el?)vdV;(2)
982 2e

=1+1.
Let us now estimate /:
U ou -
1 = / 8~Q'Evd51+ / a?’evdazill—i-lz.

V1 V2
082¢1 082¢2
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If K = Ky (g) denotes the cone of angle equal to the angle of the edge in O, we have

h= /(Ug(z)wu(ez) 1+ ¢u(e2)VUg(2) - 11)vdé)
K

2 35 2
:/UQ(Z)Vgo#(ez)-(E(AQ(zl,Zz))+e DQ(zl,m),—l—f-Ee |Ag(z1,22)| )
9K

3
+ @u(e2)VUg(2) - (e(AQm,zz)) +e*Do(z1,22), —1+ 562|AQ(m,zz)|2>
x v(1+ 0(€|(z1. 22)[")) dz1 dza
=a+b.

Since V¢, (€-) is supported in R\ B ~ (Q) and U has an exponential decay, we have that, for € small,

la| < Cee™ % / lvldzidzs. (€1}
9K
On the other hand

3
b= f ‘PM(GZ)VUQ(Z)'<€(AQ(11’Z2))+€2DQ(ZI’12)’_1+§€2|AQ(Z1’Z2)|2>
E<lz-0I< 4
x v(1+ 0(62|(21,zz)|2))d11d12
’ 3, 2
4 / wu(GZ)VUQ(Z).<6(AQ(11,Z2))+6 Do(z1,z22), —1 +§e |Ag(z1, 22)] )
lz—0I< 4
v(14 0(€*|(y1, y2)|2)) dyidy>

gCee—ﬁ/|v|dzle2+Ce/|VUQ|-|v|dzldz2. (32)
0K K

The estimates (31) and (32), and the trace Sobolev inequalities imply |/1| < Ce|lv]|. In the same way we can esti-
mate I, getting

] < Cellv]. (33)
Now let’s evaluate /1. Using (11) one has

1l = /(—AUQ,E + UQ,G — |UQ,e|p)UdVg(Z)
K

U
+e/[2<y”(0)11 : V(zz,mTQ]’e) + (VN(O)'V(zz,zs)UQ,e)j|UdV§(Z)
K

+0(e) /(|Zl P|V2Ug.e| + 12117 IVUg.c|)vd V5 (2)
K

=11 + el + O ()13

Since AUg,c = UgAgpu(ez) +2VUg - Vo, (€2) + ¢u(e2)AUg and both Ag,(e-) and Vg, (e-) are supported in
R3\ Bi_L(Q), we get
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I = (—UoAgu(ez) —2VUq - Vo, (e2))v(1 + O(elzl))
fe<lz—0I< k&
+ (—u(€2)AUg + Ug,e — Ug,el”)v(1 + O(elzl)) dz
e <lz—0I< &
(34)

(~AUQ +Ug — [Ugl”)v(1 4 O(elz|)) dz

lz— Q|
Since Uy is a solution in IR? the last term in (34) vanishes, and using the exponential decay of U o at infinity and the
properties of the cut-off function, see (29), one has

|| < Ce™ % / lv|dz.

By (30) we can compute also Vg, Zg) az < and V(z, .5 Up,c and we have

ou(€z)
/P! =/2V”(0)Zl . [V(zz,m L Ug + Vi, Z3)¢M(€Z)—l]

K

¢, (€2) aUg
+2y"(0)z; - [ gZ] ViU + ¢u(€)V (2,09 921 i|
+y"(0) - [V(zz,zs)‘PM(GZ)UQ +ou (GZ)V(ZZ,B)UQ]U dVz(2)
AUg = dpu(€z)
L V(Zz,Z3)UQ:|

Ay (€2)
/ 2y"(0)z; - [V(Zz,zz)ngQ + Ve, zs)‘ﬁu(fZ)— + 921

E<lz-0I< L
+y"(0) - Viz2,20)9u(€2)UgvdV;z(2)

aUg
+ / wﬂ(GZ)[W”(O)Zl V(zzzz)a 2 +y"(0)- V(zzz;)UQi|vdV~(Z)

|Z_Q|<2E

Hence
4 aU 4
| < C 2|y"O)] - lz1l{ 1Ug| + e + Vr)Uol ) + |y O)] - 1Ugl |Iv]dV(2)
7e<l-QI< %
p aUp
+ 2|gu(ea)| - sup|y Of{ 1211 Va7 = |+ Ve Uol 0l d Ve (@).
lz—0I< & b

Using again the exponential decay of Uy at infinity one can estimate the first term by Ce ™% [, |v|dz and conclude

that the second term is bounded. In the same way we can estimate /3, getting
(35)

| < Celjv]|.
From (33) and (35) we obtain the conclusion

O
Now, we need a result of non-degeneracy, which allows us to say that the operator 1/(Ug ) is invertible on the

orthogonal complement of Ty, . Ze
Lemma 4.2. There exists § > 0 such that for € small, if « < 7, there holds
aU
1'(Ug.o)lv, vl = 8llvl?,  foreveryve W2(2:), v L Ug.e, WQ*E
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and, if o > 1, there holds
0Ug.e

1{Wo.lv. v 2 8|, foreveryve W'*(20), vLUg.e. Uge =55

)

where le,e is defined as Ug ¢ in (30).

Proof. Let us consider the case o < . Let R > 1; consider a radial smooth function xp : R3 — R such that
xr(x)=1 in Bg(0),
xr() =0 inR\ Bsg(0), 36)

2
IVxrl < z Byr(0) \ Br(0),
and set

V() = xr(x — Qux),  vax)=(1—xr(x — Q))v(x).

A straight computation yields

lvll? = flvi I + |Iv2||2+2/(Vv1 -Vuy + v1v2) dx.
¢

We write fgé (Vvy - Vuy + v1v2) dx = y1 + y», where

" =/XR<1 (0 + Vo) dx.,
2.

Y= /(v2Vv -Vxr —viVv-Vxg — v2|VXR|2)dx.
$2¢

Since the integrand in y» is supported in Bog(Q) \ Br(Q), using (36) and the Young’s inequality we obtain that
ly2| = oR(1)||v||2. As a consequence we have

1l1* = ol + lloall* + 231 + or (Dlv]1*.
Now let us evaluate 1/ (Ug.¢)[v, vl = 01 + 02 + 03, where
o1 =1/(Ug,o)lvi,v1l, oy =1/(Ug,e)[v2, 121, 03 =21"(Ug,)[v1, v2].
Similarly to the previous estimates, since Uy decays exponentially away from Q, we get
o2 > C7 M wall* + oe gD 0%,
032 C 'y + o k(D] 37)

Hence it is sufficient to estimate the term oy. From the exponential decay of Ug and the fact that v L Ug ., alaj% it

follows that

1, Ug.wizgy = — 2, Ug.wizg,) = 0e (D],

oU oU
(Ul» $> = —<vz, Q’e) = oc.r(Dlv])*. (38)
00 Jwiago 00 Jwiag

Moreover, since Ug ¢ is supported in B := B L (Q), see (30), we can use the coordinate z in this set, and we obtain
€

oU -
(1, Ug,edwiz) = / V] ag’evda-l-/vl(—AgUQ,e+UQ,e)dVg(Z)

902, 2
= (1. UQ) iy + 0e(Dvi . (39)
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where K = K|, is the cone of opening angle equal to the angle of I" in Q. In the same way we can obtain that

aU aU
<v1, Q'E) = (vl, —Q> +oe(D]vr]l. (40)
BQ Wl*z(Qe) 8Q WI*Z(K)

From the estimates (38), (39) and (40), we deduce that for R sufficiently large and € sufficiently small

(1, Ug)wi2(ky = 0c.r(D 1]l

U
(vl, —Q) =o0eg(D)[lvy .
aQ WI,Z(K)

Now we can apply Lemma 3.1, getting
1"(Ug)lvi, vil = 8llvi lwi2x) + 0e,R(1).
Then the following estimate holds

o1 =1"(U)lvr, vil +oc (D1l = 8llvillw12k) + 0e r(DIIV]
2 8|lvtll + oe r(D V] (41)

In conclusion, from (37) and (41) we deduce
8
1'(Ug.o)lv, vl = 8|v]l + oe g(Dv]| > Ellvll,

provided R is taken large and € sufficiently small. This concludes the proof. 5
The case o > 7 has substantially the same proof, but we have to consider also the function U and use the expo-
nential decay of # at infinity, see Remark 3.3. O

The following lemma provides an expansion of the functional /. (Ug () with respect to Q.

Lemma 4.3. For € small the following expansion holds

Ie(Ug.e) = Cox(Q) + O(e), (42)

where

l l oo T
Co= (5 — m)f/|UQ(r)|”“rsin?edrde.
0 0

Proof. Since the function Ug  is supported in B := B L (Q), see (30), we can use the coordinate z in this set, and
we obtain

1
Ig(UQ,€)=E / (|V§UQ,€|2+U5’€)dVg~(Z)— |Ug.elPtdV;(2).

p+1
BN§2 BNS$2¢
Integrating by parts, we get
1 WWope . 1
Ic(Ug,e) = 3 UQ’GT do + 3 UQ,G(—AgUQ,E-i-UQ,g)dVg(Z)
B2 BN
1
- Uy 1P av-
Pt 1 | Q,6| g(z)
BN$2
=1+1,

where [ is the surface integral over the boundary and /I refers to the last two terms. Now, I can be split in two terms
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which correspond to the surface integrals on the “faces” of the edge I":

1 Woe . 1 f Woe .

I=— U “d = U —doy =11+ .

3 / 0.¢ o 01+2 0.¢ o7, 02 1+
B2t BN3R2e

It is sufficient to evaluate I, since the estimate of /5 is similar. Using the expression of Ug ¢, see (30), we get
1

3
=3 f UQ,e(UQV(pu(EZ)+‘P/L(€Z)VUQ)'(G(AQ(ZI,ZZ))+€2DQ(Z1’Z2)’_1+§€2|AQ(Z1’Z2)|2)

BNos2¢;

x (14 0(e%|1, 2)[*)) dz1 dza

1 2 2 3, 2
=3 / Pu(€)UpVeu(ez) - (é(AQ(Zl,Zz))+e DQ(ZI722),—1+§E |Ao(z1, 22)] )

0
x(1+0 62|(z1,Z2)|2))d21d22

1 s > 3.2 2
5 92 (€2)UoVUg - (€(Ap(z1.22)) +e Do(z1.22). =1+ 3€ [Ag (21, 22)]
-0l &

x (1+ 0(62|(Zl,zz)|2)) dzidzs.

+

Similarly to the previous estimates, we get [1 = O(e_%) + O(€). Then we obtain that

I=0(). (43)
Now, we have to evaluate II:
1
=3 Ug,e(—AUg.e + Ug.)(1+ O(elzl)) dz
BNQ.

€ oU
+ = / Ug,e |:2V”(O)Zl : V(zz,zs)ﬁ + V”(O) : V(ZZyZ3)UQs€:| (1 + 0(6|Z|)) dz

2 071
BN,
1
+0E21P) = g [ Wl (1+ Ofelz)) .
p+1
BN$2,
We have
oo T
n=(i__1 oz(Q)[f|UQ(r)|p+1rsin29drd9+0(6). (44)

2 p+1

0 0

Putting together (43) and (44), we obtain (42) and this concludes the proof. O

Let Py : wh2(2,) — (TUQ'E Z)* be the projection onto the orthogonal complement of Ty, Ze, for all Q on the
edge I' of 352.. According to Lemma 4.2, we have that for e sufficiently small the operator Lo = Pgp o1/ (Ug,c) o Pg
is invertible and there exists C > 0 such that

gl <c.

Now, using the fact that I/ (Ug ) is invertible on the orthogonal complement of Ty, Ze, we will solve the auxiliary
equation.

Proposition 4.4. Let I, be the functional defined in (7). Then for € > 0 small there exists a unique w = w(e, Q) €
(TUQYGZG)J- such that I!(Ug « +w(e, Q)) € Ty, Ze. Moreover the function w(e, Q) is of class C! with respect to Q
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and there holds

wolee. [0

(45)

Proof. We want to find a solution w € (Ty,, Zo)* of Poll(Ug,e +w)=0. Forevery w € (Ty,.. Z.)* we can write

Ie/(UQ,e +w)= Ie/(UQ,e) + Ie/,(UQ,e)[w] + RQ,e(w)’
where Rg ((w) is given by

Roc(w)=1(Uge+w)—1[(Uge)— 1/ (Ug.e)[w].
Given v € Wl’z(.Qe) there holds

Ro.c(w)[v]=— /(|UQ,€ +wl|? —|Ug.el” — plUg,el” ' w)vdx.
$2¢

Using the following inequality

C(p)lb|? for p <2,

C(p)(|bI* +1bI7) for p>2,

fora,b € R, |a| < 1, the Holder’s inequality and the Sobolev embeddings we obtain

|(a—i—b)[7 —a? —pa[’_lb’ < {

|Rg.e ]| < c/(|w|2+ lw|?) vl dx < C(Ilwll* + [w]?)lvll. (46)
¢
Similarly, from the inequality
(@ +b1)P — (a+b)? — paP~' (b — by)|
C(p)(Ib11P~1 + |ba|P~ 1) |b1 — by for p <2,
{C(p)(|b1|+|b2|+|b1|” Ut |ba|P= Dby — bo| for p > 2,
fora, b1, by € R, |a| < 1, we get

[Ro.c(wDIv] = Ro.e(wa) ]| < c/(|w1| + [wa| + [wi P77+ Jwa P71 [wy — wal - vl dx
¢
C(Ilwill + lwall + lwi 1P~ + w2 P~ Jwy — wall - Jvll. 47)

Now, by the invertibility of the operator Ly = Pgp o I(Ug.) o Pg, we have that the function w solves
PoI/(Ug,e +w) =0 if and only if

w=—(Lo) '[Pol!(Ug.c) + PoRo.c(w)].

Setting
No.c(w) =—(Lo) '[PoI/(Ug.e) + PoRg e (w)],

we have to solve
w = Ng (w).

The norm of I/(Ug,¢) has been estimated in Lemma 4.1. Then from (46) and (47) we obtain the two relations
[No.cw)| < Cre + Ca(llwll* + w]?), (48)
[Ng.e(wi) = Noew)| < C(llwill + llwall + wi 1P~ + wa P~ [lwy — w2 (49)
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Now, for C > 0, we define the set
We ={we (Tyy Zo)t: wl < Cel.

We show that Ng . is a contraction in W for C sufficiently large and for € small. Clearly, by (48), if C > 2C the
set W is mapped into itself if € is sufficiently small. Then, if wy, wz € Wg, by (49) there holds

[Ng.e(wi) — Ng.e(w)| <2C(Ce+ CP~'eP 1) [|wy — wll.

Therefore, again if € is sufficiently small, the coefficient of ||w; — w»|| in the last formula is less than 1. Hence the
Contraction Mapping Theorem applies, yielding the existence of a solution w satisfying the condition

lwll < Ce. (50)

This concludes the proof of the existence part.

Now the C!-dependence of the function w on Q follows from the Implicit Function Theorem; see also [2], Propo-
sition 8.7. In order to prove the second estimate in (45), let us consider the map H : R3 x W'?(2.) x R x R —
W12(£2:) x R defined by

I'Ug.e+w) —a""g’gf )

()UQE

(w, )

Then w € (Ty,, Z) is a solution of Poll(Ug.e +w) =0 if and only if H(Q, w, &, €) = 0. Moreover, for v €
W12(£2) and B € R, there holds

H(Q,w,a,e):(

aH [E// U . + BUQe
(Q.w.a. e)[v,ﬁ]=< e e )
I(w, a) (v, dgf)
[// Uo e aUQE
- (" o )[:396;3 )+ 0wl + i), D)

To prove the last estimate it is sufficient to use the following inequality

C(p)lb|P~! for p <2,
C(p)(Ibl+ b7~ for p>2,
for a,b € R, |a| < 1, the Holder’s inequality and the Sobolev embedding. Using the invertibility of the operator
Lo=Pyol'(Upe)o PQ, it is easy to check that = (w ) (0Q,0,0, ¢) is uniformly invertible in Q for ¢ small. Hence,
by (50) and (51), also m (Q, w, a, €) is uniformly invertible in Q for € small. As a consequence, by the Implicit

|(a—i—b)”_1 —aP! | {

Function Theorem, the map Q — (wg, @) is of class C !, Now we are in position to provide the norm estimate of

%. Differentiating the equation

H(Q,wg,ap,€)=0

with respect to 0, we obtain

oH H d(wg,ap)
0=—(Q,w,a,¢) + (Q,w,a,6) ————.
90 o(w, a) 00
Hence, by the uniform invertibility of % (0, w, a, €) it follows that
AU ‘] o Up.e
a(U)Q ag) [//(UQe+w)[ Q - 3QQ2
92 UQE
w, BQZ
Ug.c RUg. ?Ug.c
" 5 B B
C( Ie(UQ,e+w)|: 20 H+Ial-‘ 002 + [lw| - 202

(l”(UQeer)[ UQ }
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Note that «, similarly to w, satisfies |«| < Ce. By the estimate in (51) we obtain
[0UQ.e]
[ 90 |
Using the fact that I”(UQ)[%&] =0 we obtain

<1

[oU
I!(Ug.e +w) < |1 WUo.o) QG]H+C lwl + lwl”~").

_3UQ,6_
[ 00 ]
For any v € W12(K), one finds

[oU 14
—Q} - ]//(UQ)[?Q} H +Ce+C(lwl + lw”™").
1

I/(Ug.c +w) 871

< Ie//(UQ,e)

]

The last three formulas imply the estimate for %ZQ) This concludes the proof. O

v+Ce

U
(1! (We.0) - I”<UQ>)[ e

<p / IUQe—UQI
KN

Now we can state the following result, which allows us to perform a finite-dimensional reduction of problem (6)
on the manifold Z..

Proposition 4.5. The functional ¥, : Z. — R defined by Y. (Q) = I (Ug,e +w(e, Q)) is of class C'in Q and satisfies
v(Q)=0 = IE’(UQ,G + w(e, Q)) =0

Proof. This proposition can be proved using the arguments of Theorem 2.12 of [2]. From a geometric point of view,
we consider the manifold

Ze={Ug.c +w(e, Q): QeI
Since (45) holds, we have that for € small
TUQ Le~ TUQ cwie, Q)Ze. (52)

If Uge + w(e Q) is a critical point of I constrained on Ze, then I/(Ug. + w(e, Q)) is perpendlcular to
TUQ5+U)(€ Q)Ze, and hence, from (52), is almost perpendicular to Tyy Ze. Since, by construction of ZE, it is
I!(Ug,e +w(e, Q)€ Tuy. Ze, it must be I](Ug,e +w(e, Q) = 0. This concludes the proof. O

4.1. Proof of Theorem 1.1

First of all we have

Ve (Q)=1(Ug,c + w(e, Q)
= 1.Ug.o) + IL(Ug.o)[we, O]+ 0(|wie O)|).

Now, using Lemma 4.1 and the estimate (45) we infer

W (Q) =1 (Ug,e) + O(e?).

Hence Lemma 4.3 yields

Ye(Q) = Coa(Q) + O(e).

Therefore, if Q € I' is a local strict maximum or minimum of the function «, the thesis follows from Proposition 4.5.
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