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ABSTRACT. The conformal Willmore functional (which is conformal invariant in general Riemannian
manifold (M, g)) is studied with a perturbative method: the Lyapunov-Schmidt reduction. Existence of
critical points is shown in ambient manifolds (R3, g.) -where g, is a metric close and asymptotic to the

euclidean one. With the same technique a non existence result is proved in general Riemannian
manifolds (M, g) of dimension three.
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1 Introduction

The aim of this paper is to study a (Riemannian) conformally invariant Willmore functional. The study
of Conformal Geometry was started by H. Weil and E. Cartan in the beginning of the XX century and
since its foundation it has been playing ever more a central role in Riemannian Geometry; its task is to
analyze how geometric quantities change under conformal transformations (i.e. diffeomorphisms which
preserves angles) and possibly find out conformal invariants (i.e. quantities which remain unchanged
under conformal transformations).

Let us first recall the definition of “standard” Willmore functional for immersions in R3 which is
a topic of great interest in the contemporary research (see for instance [BK], [KS] and [Riv]). Given
a compact orientable Riemannian surface (M, g) isometrically immersed in R?® endowed with euclidean
metric, the “standard” Willmore functional of M is defined as

2

(1) W (M) = / H s,
a4

where H is the mean curvature and dY is the area form of (M, §) (we will always adopt the convention
that H is the sum of the principal curvatures: H := ki + ko).
This functional satisfies two crucial properties:

a) W is invariant under conformal transformations of R3; that is, given ¥ : R? — R3 a conformal
transformation, W (¥(M)) = W (M) (Blaschke 1929-White 1973).

b) W attains its strict global minimum on the standard spheres Sf of R3 (hence they form a critical
manifold - i.e. a manifold made of critical points):

. H? . .

(2) W (M) = /MTdEZZLﬂ'; W(M)=4r < M = SJ.
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The proofs of the last facts can be found in [Will] (pag. 271 and pag. 276-279).

Clearly the “standard” Willmore functional W can be defined in the same way for compact oriented
surfaces immersed in a general Riemannian manifold (M, g) of dimension three. Although this functional
has several interesting applications (see for instance the Introduction of [Mon]), it turns out that W is
not conformally invariant.

As proved by Bang-Yen Chen in [Chen] (see also [Wei] and for higher dimensional and codimensional
analogues [PW] ), the “correct” Willmore functional from the conformal point of view is defined as follows.
Given a compact orientable Riemannian surface (M, g) isometrically immersed in the three dimensional
Riemannian manifold (M, g), the conformal Willmore functional of M is

(3) I(M) := /M <If - D) dx

where D := kjks is the product of the principal curvatures and as before H and dX are respectively
the mean curvature and the area form of (M ,G). In the aforementioned papers it is proved that I is
conformally invariant (i.e. given W : (M, g) — (M, g) a conformal transformation, I(¥(M)) = I(M)) so
in this sense it is the “correct” generalization of the standard Willmore functional which, as pointed out,
is conformally invariant in R3. We say that I generalizes W because if R? is taken as ambient manifold,
the quantity D = k1ks is nothing but the Gaussian curvature which, fixed the topology of the immersed
surface, gives a constant when integrated (by the Gauss-Bonnet Theorem) hence it does not influence

the variational properties of the functional.

A surface which makes the conformal Willmore functional I stationary with respect to normal varia-
tions is called conformal Willmore surface and it is well known ( the expression of the differential in full
generality is stated without proof in [PW] and the computations can be found in [HL], here we deal with
a particular case which will be computed in the proof of Proposition 3.9 ) that such a surface satisfies
the following PDE:

1 H? Al — A 5 5 . .
2AMH+H(4 _D) + %[R(Naeh]\ﬂel) _R(Nae27Nae2)] =0

where A a7 is the Laplace Beltrami operator on M , R is the Riemann tensor of the ambient manifold
(M, g) (for details see “notations and conventions”), N is the inward unit normal vector, A; and Ay are
the principal curvatures and ey, e are the normalized principal directions.
The goal of this paper is to study the existence of conformal Willmore surfaces.
The topic has been extensively studied in the last years: in [ZG] the author generalizes the conformal
Willmore functional to arbitrary dimension and codimension and studies the existence of critical points
in space forms; in [HL] the authors compute the differential of I in full generality and give examples of
conformal Willmore surfaces in the sphere and in complex space forms; other existence results in spheres
or in space forms are studied for instance in [GLW], [LU], [WG] and [MW].

The novelty of this paper is that the conformal Willmore functional is analyzed in an ambient manifold
with non constant sectional curvature: we will give existence (resp. non existence) results for curved
metrics in R3, close and asymptotic to the flat one (resp. in general Riemannian manifolds). More
precisely, taken h,, € C§° (R3) a smooth bilinear form with compact support (as we will remark later it
is sufficient that h,, decreases fast at infinity with its derivatives) we take as ambient manifold

(4) (R% gc) with g. =0+ ¢h

where § is the euclidean scalar product.
The test surfaces are perturbed standard spheres (resp. perturbed geodesic spheres), let us define
them. Let SP be a standard sphere of R3 parametrized by

©ecS?—p+pO



and let w € CH*(5?) be a small function, then the perturbed standard sphere SP(w) is the surface
parametrized as

0 € S*—p+p(l —w(©))6.

Analogously the perturbed geodesic sphere Sy, ,(w) is the surface parametrized by
0 € S? — Exp,[p(1 — w(O))6]

where S? is the unit sphere of T,M, Exp, is the exponential map centered at p and, as before, w is a
small function in C*%(S?).

The main results of this paper are Theorem 1.1 and Theorem 1.2 below, which will be proved in
Subsection 4.3. Before stating them recall that given a three dimensional Riemannian manifold (M, g),
the traceless Ricci tensor S is defined as

1
(5) Sy = Ry — ggWR
where R, is the Ricci tensor and R is the scalar curvature. Its squared norm at a point p is defined as
1S, |12 = Zi 1S (p)? where S, (p) is the matrix of S at p in an orthonormal frame. Expanding in €
the curvature tensors (see for example [And-Mal] pages 23-24) it is easy to see that the traceless Ricci
tensor corresponding to (R3, g.) (defined in (4) )is

(6) I1S,p]* = €5, + o(e?)

where 5, is a nonnegative quadratic function in the second derivatives of h,, which does not depend on
e. In the following Theorem, m will denote an affine plane in R?® and H'(7) will be the Sobolev space
of the L? functions defined on 7 whose distributional gradient is a vector valued L? integrable function.
H'(r) is equipped with the norm

Wy = 112y + IV F G2y V€ H (m).
Now we can state the Theorems.

Theorem 1.1. Let h € C§°(R3) be a symmetric bilinear form with compact support and let ¢ be such
that
c:= sup{||hu || a1 (x) : 7 is an affine plane in R3, p,v=1,2,3}).

Then there exists a constant A. > 0 depending on ¢ with the following property: if there exists a point p
such that
55 > Ac

then, for e small enough, there exists a perturbed standard sphere Spe (we) which is a critical point of the
conformal Willmore functional I. converging to a standard sphere as € — 0.

It is well-known (see Remark 1.5 point 3) that if a three dimensional Riemannian Manifold has non
constant sectional curvature then the traceless Ricci tensor S cannot vanish everywhere. Clearly (R?, g.)
has non constant sectional curvature (the metric is asymptotically flat but not flat) hence it cannot
happen that [|S]|? = 0; for the following existence result we ask that this non null quantity has non
degenerate expansion in e: we assume

7 M :=maxs, > 0.
(7) max &
Actually it is a maximum and not only a supremum because the metric is asymptotically flat.

The following is like a mirror Theorem to the previous existence result: in the former we bounded c
and asked § to be large enough at one point, in the latter we assume that § is non null at one point (at
least) and we ask ¢ to be small enough.



Theorem 1.2. Let h, ¢ be as in Theorem 1.1 and M satisfying (7). There exists dp; > 0 depending on
M such that if ¢ < dpr then, for € small enough, there exists a perturbed standard sphere Spe (we) which
is a critical point of the conformal Willmore functional I. converging to a standard sphere as € — 0.

Remark 1.3. 1. As done in [Mon], the assumption h € C§°(R3) in Theorem 1.1 and Theorem 1.2

2.

can be relaxed asking that h decreases fast enough at infinity with its derivatives.

The conditions of Theorem 1.1
sup{||hpw || i1 (x) = 7 is an affine plane in R, p,v=1,2,3}<c
and
55 > A

are compatible. In fact the former involves only the first derivatives of h while the latter the second
derivatives (see for instance [And-Mal] page 24). Of course the same fact is true for the conditions
55> M and c < 6pr of Theorem 1.2.

If the perturbation h satisfies some symmetries (invariance under reflections or rotations with respect
to planes, lines or points of R3), it is possible to prove multiplicity results (see Subsection 5.2 of

[Mon]).

. If hois C° then a standard regularity argument (see the paper of Leon Simon [SiL] pag. 303 or

the book by Morrey [MCBJ) shows that a C*“ conformal Willmore surface is actually C*°. It
follows that the conformal Willmore surfaces exhibited in the previous Theorems, which are C*® by
construction, are C.

. The critical points Sh<(we) of I. are of (maybe degenerate) saddle type. In fact from (2) the standard

spheres S are strict global minima in the direction of variations in C*+*(5?)+ = Ker[I§(S£)]*+ N
Ch(82), it is easy to see that for small € the surfaces SE<(we) are still minima in the Che(S?)+
direction; but, since they are obtained as mazximum points of the reduced functional, in the direction
of Ker[Iy(SP)] they are (maybe degenerate) mazimum points.

As we said before, the non existence result concerns perturbed geodesic spheres of small radius. Let
us state it:

Theorem 1.4. Let (M,g) be a Riemannian manifold. Assume that the traceless Ricci tensor of M at
the point p is not null:

155l # 0.

Then there exist pg > 0 and r > 0 such that for radius p < po and perturbation w € C**(S?) with
lwl|ca.a(s2y <7, the surfaces Sp ,(w) are not critical points of the conformal Willmore functional I.

Remark 1.5. 1. Observe the difference with the flat case: thanks to (2), in R® the spheres of any

2.
3.

radius are critical points of the conformal Willmore functional I (has we noticed, the term D
does not influence the differential properties of the functional by Gauss-Bonnet Theorem); on the
contrary, in the case of ambient metric with non null traceless Ricci curvature we have just shown
that the geodesic spheres of small radius are not critical points.

The condition ||Sp|| # 0 is generic.

If (M, g) has not constant sectional curvature then there exists at least one point p such that ||Sp| #
0. In fact if ||S|| = 0 then (M, g) is Einstein, but the Einstein manifolds of dimension three have
constant sectional curvature (for example see [Pet] pages 38-41).

The abstract method employed throughout the paper is similar to the one used in the previous article
[Mon]: the Lyapunov-Schmidt reduction (for more details about the abstract method see Section 2).
The main difficulty here is that, as we will see, the expansions are degenerate, and require more precision.



We discuss next the structure of the article, but first let us explain (informally) the main idea (for
the details see Subsection 3.3 and Subsection 4.1).
As we remarked, (2) implies that the Willmore functional in the euclidean space R possesses a critical
manifold Z made of standard spheres Sf. The tangent space to Z at Sf is composed of constant and
affine functions on S so, with a pull back via the parametrization, on S2. The second derivative of I
at Sf is

1
I (SP)lw] = 5052 (A2 + 2)w

(for explanations and details see Remark 4.1) which is a Fredholm operator of index zero and whose
Kernel is made of the constant and affine functions; exactly the tangent space to Z.
So, considered C*%(S?) as a subspace of L?(S5?) and called

CH (8%t = 0P (S?) N Ker[Ag=(Ag2 + 2)],

it follows that I§[c4.a(g2)1 is invertible on its image and one can apply the Lyapunov-Schmidt reduction.
Thanks to this reduction, the critical points of I, in a neighbourhood of Z are exactly the stationary
points of a function (called reduced functional) ®, : Z — R of finitely many variables (we remark that in
a neighbourhood of Z the condition is necessary and sufficient for the existence of critical points of I.).

In order to study the function ®., we will compute explicit formulas and estimates of the conformal
Willmore functional. More precisely for small radius p we will give an expansion of the functional on
small perturbed geodesic spheres, for large radius we will estimate the functional on perturbed standard
spheres and we will link the geodesic and standard spheres in a smooth way using a cut off function (for
details see Subsection 4.1).

The paper is organized as follows: in Section 3 we will start in the most general setting, the conformal
Willmore functional for small perturbed geodesic spheres in ambient manifold (M, g). Even in this case
the reduction method can be performed, using the small radius p as perturbation parameter (see Lemma
3.10).

Employing the geometric expansions of Subsection 3.1 and the expression of the constrained w given
in Subsection 3.3, in Subsection 3.4 we will compute the expansion of the reduced functional on small
perturbed geodesic spheres of (M, g). Explicitly, in Proposition 3.11, we will get

(8) (p.p) = Z1S:]%" + 0,(6")

where ®(.,.) is the reduced functional and, as before, S, is the traceless Ricci tensor evaluated at p.
Using this formula we will show that if ||S5|| # 0 then ®(p, .) is strictly increasing for small radius. The
non existence result will follow from the necessary condition.

Section 4 will be devoted to the conformal Willmore functional in ambient manifold (R?,g.). In
Subsection 4.1 we will treat the applicability of the abstract method and in the last Subsection 4.3 we
will bound the reduced functional ®. for large radius p using the computations of Subsection 4.2. We
remark that the expansion of ®. is degenerate in € (i.e. the first term in the expansion is null and
®, = O(€?)), clearly this feature complicates the problem. Using the estimates on the reduced functional
®, for large radius and the expansions for small radius (since for small radius we take geodesic spheres
it will be enough to specialize (8) in the setting (R?, g.)) we will force ®. to have a global maximum,
sufficient condition to conclude with the existence results.

Notations and conventions

1) RT denotes the set of strictly positive real numbers.

2) As mentioned in the Introduction, the perturbed spheres will play a central role throughout this
paper.

- First, let us define the perturbed standard sphere S (w) C R3 we will use to prove the existence
results. We denote with S? the standard unit sphere in the euclidean 3-dimensional space , © € S2 is the



radial versor with components ©* parametrized by the polar coordinates 0 < ' < 7 and 0 < 62 < 27
chosen in order to satisfy

O! = sin#! cos H?

©? = sin #' sin 62

03 = cos .
We call ©; the coordinate vector fields on S?
00 00
0,:=—, Oy:=—
YT a0 TP 662
and 0; or ©; the corresponding normalized ones
_ _ €] _ - ©
01:612:71 92:@22272.

1©1]]" 1©2]]

The standard sphere in R® with center p and radius p > 0 is denoted by SP; we parametrize it as
(01,62) — p + pO(6',6%) and call §; the coordinate vector fields

00 00
91 = pﬁ’ 02 = pw

The perturbed spheres will be normal graphs on standard spheres by a function w which belongs to a
suitable function space. Let us introduce the function space which has been chosen by technical reasons
(to apply Schauder estimates in Lemma 4.3).

Denote C4(S?) (or simply C*®) the set of the C* functions on S? whose fourth derivatives, with respect
to the tangent vector fields, are a-Hélder (0 < o < 1). The Laplace-Beltrami operator on S? is denoted
by Agz or, if there is no confusion, as A. The fourth order elliptic operator A(A + 2) induces a splitting
of L%(S?):

L?(S?) = Ker[A(A +2)] @ Ker[A(A +2))F
(the splitting makes sense because the kernel is finite dimensional, so it is closed).
If we consider C+*(S5?) as a subspace of L?(S5?), we can define

Ch(82)L = 0P (S?) N Ker[AN(A +2)] 5.

Of course C4’°‘(52)J‘ is a Banach space with respect to the C*® norm:; it is the space from which we will
get the perturbations w. If there is no confusion C*%(S2)+ will be called simply oot

Now we can define the perturbed spheres we will use to prove existence of critical points: fix p > 0 and
a small 04" function w; the perturbed sphere Sf (w) is the surface parametrized by

©€S*—p+p(l—w®O)06.

- Now let us define the perturbed geodesic spheres S, ,(w) in the three dimensional Riemannian
manifold (M, g); we will use them to prove the non-existence result.
Once a point p € M is fixed we can consider the exponential map Fxp, with center p. For p > 0 small
enough, the sphere pS? C T,,M is contained in the radius of injectivity of the exponential. We call S, ,
the geodesic sphere of center p and radius p. This hypersurface can be parametrized by

0 € S? C T,M + Exp,[p0)].

Analogously to the previous case, fix p € M, p > 0 and a small C*(S?) function w; the perturbed
geodesic sphere S}, ,(w) is the surface parametrized by

© € 5 — Exp,[p(1 — w(©))6].

The tangent vector fields on S, ,(w) induced by the canonical polar coordinates on S? are denoted by
Z;.



3) Let (M, g) be a 3-dimensional Riemannian manifold.

- First we make the following convention: the Greek index letters, such as p, v, ¢, ..., range from 1 to
3 while the Latin index letters, such as ¢, 7, k, ..., will run from 1 to 2.

- About the Riemann curvature tensor we adopt the convention of [Will]: denoting X(M) the set of
the vector fields on M, VX,Y,Z € X(M)

R(X,Y)Z :=VxVyZ -VyVxZ - Vxy|Z

R(Xa}/a Z, W) = g(R(Z’ W)Y,X),

chosen in p an orthonormal frame E,,, the Ricci curvature tensor is

3 3
Ricy(vi,v2) = Z (E,,vi, By, v) = Zg(Rp(E“,vg)vl,Eu)
pn=1 1
3
(9) = — Zg(Rp(vg, E v, E,) Yvi,vs € TyM.
p=1

- In order to keep formulas not too long, we introduce the following notation:

R(0i0j) = g(R,(©,0,)0.,0;)
VoR(0i0j) = g(VeR,(0,0,)0,0))
VooR(0i0j) = 9(VeVeR,(0,6,)0,0,)

R(0i0p) = g(R,(0,0,)0.E,)

In the following ambiguous cases we will mean:

R(0101) = g(R,(©,0,)0,0:)
R(OQO?) = g(Rp(@,ég)®7(:)2)
R(0102) = g(R,(©,0,)0,0,).

-Recall the definitions of the Hessian and the Laplace-Beltrami operator on a function w:
Hess(w),, =V, V,w
A =gV, V.

) Let (M, §) — (M, g) be an isometrically immersed surface. Recall the notion of second fundamental
form h: fix a point p and an orthonormal base Z7, ZQ of Tp, M the (inward) normal unit vector is denoted
as N. By the Weingarten equation h” =—g(Vgz, N, Z, i)

Call k1 and ko the principal curvatures (the elgenvalues of the second fundamental form with respect to
the first fundamental form of M, i.e. the roots of det(h —kg;;) = 0). We adopt the convention that the
mean curvature is defined as H := kq + ko.

The product of the principal curvatures will be denoted with D:

det(h)
det(g)

(10) D = ](}1]{:2 =

5) - Following the notation of [PX], given a € N, any expression of the form Lgl) (w) denotes a linear
combination of the function w together with its derivatives with respect to the tangent vector fields ©;

up to order a. The coefficients of L,(,a) might depend on p and p but, for all £ € N, there exists a constant
C > 0 independent on p € (0,1) and p € M such that

[LE (w) || oo (52) < Cllwllortaa(s2)-



- Similarly, given b € N, any expression of the form Q;,b)(a)(w) denotes a nonlinear operator in the

function w together with its derivatives with respect to the tangent vector fields ©; up to order a such
that, for all p € M, Qéb)(a) (0) = 0. The coefficients of the Taylor expansion of Ql(yb)(a)(w) in powers of
w and its partial derivatives might depend on p and p but, for all k¥ € N, there exists a constant C > 0
independent on p € (0,1) and p € M such that

a a b—1
(11) QP (wa) — QP (w1)||ora(s2y < e(lwallorran(szy +|[willortais)) X lwe —willorraa(sey,

provided [[w][¢e(g2) < 1, 1 = 1,2. If the numbers a or b are not specified, we intend that their value is 2.
- We also agree that any term denoted by O,(p?) is a smooth function on S? that might depend on
p but which is bounded by a constant (independent on p) times p? in C* topology, for all k € N.

6) Large positive constants are always denoted by C, and the value of C'is allowed to vary from formula
to formula and also within the same line. When we want to stress the dependence of the constants on
some parameter (or parameters), we add subscripts to C, as Cj, etc.. Also constants with subscripts are
allowed to vary.
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2 A Preliminary result: the Lyapunov-Schmidt reduction

The technique used throughout this paper relies on an abstract perturbation method which first appeared
in [AB1], [AB2] and is extensively treated with proofs and examples in [AM]. Let us briefly summarize
it. Actually we present the abstract method in a form which permits to deal with degenerate expansions
(as the ones we will have to handle).

Given an Hilbert space H, let I, : H — R be a C? functional of the form

I.(u) = Io(u) + €G1(u) + G (u) + o(€?),

where Iy € C?(H,R) plays the role of the unperturbed functional and G1,Gy € C?(H,R) are the
perturbations.

We first assume that there exists a finite dimensional smooth manifold Z made of critical points of
Iy: I)(2) = 0 for all z € Z. The set Z will be called critical manifold (of Iy). The critical manifold is
supposed to satisfy the following non degeneracy conditions:

(ND) for all z € Z, T, Z = Ker[I](z)],

(Fr) for all z € Z, I/(2) is a Fredholm operator of index zero.
Under these assumptions it is known that near Z there exists a perturbed manifold Z¢ such that the
critical points of I, constrained on Z€ give rise to stationary points of I..
More precisely, the key result is the following Theorem.

Theorem 2.1. Suppose Iy possesses a non degenerate (satisfying (ND) and (Fr)) critical manifold Z of
dimension d.
Given a compact subset Z. of Z, there exists eg > 0 such that for all |e| < g there is a smooth function

we(z): Z. — H

such that
(i) for e =0 it results w.(z) =0, Vz € Z,;
(i) we(z) is orthogonal to T,Z , Nz € Z.;



(i) the manifold
Z¢={z+wz):z € Z.}

is a natural constraint for I'. Namely, denoting
O (2) =I(z4+we(2)): Z. = R
the constriction of I, to Z¢, if z is a critical point of @, then u = z. + we(z) is a critical point of I..

Thanks to this fundamental tool, in order to find critical points of I., we can reduce ourselves to study
®. which is a function of finitely many variables.

If we are slightly more accurate, it can be shown that the function w.(z) is of order O(e) as ¢ — 0
uniformly in z varying in the compact Z.. In our application, the expansion is degenerate in the sense
that

Gi(z)=0 VzeZ

Using the previous facts, by a Taylor expansion it is easy to see that (we will prove it in full detail in

Lemma 4.7)
2.(2) = 2[Ga(2) — 5 (GLANI ()G ()] + ().

In Section 4 we will give sense to this formula, which will be crucial for the estimates involved in the
existence result.

3 The conformal Willmore functional on perturbed geodesic
spheres S, ,(w) of a general Riemannian Manifold (), g)

3.1 Geometric expansions

In this subsection we give accurate expansions of the geometric quantities appearing in the conformal
Willmore functional. First we recall and refine the well-known expansions of the first and second fun-
damental form and the mean curvature for the geodesic perturbed spheres S, ,(w) introduced in the
previous “notations and conventions”. Recall that ©; are the coordinate vector fields on S? (induced by
polar coordinates) and Z; are the corresponding coordinate vector fields on S, ,(w). The derivatives of
w with respect to ©; are denoted by w;.

Let g denote the first fundamental form on S, ,(w) induced by the immersion in (M, g). The next
Lemma, whose proof can be found in [PX] (Lemma 2.1), gives an expansion of the components §;; :=

9p(Zi, Z;):
Lemma 3.1. The first fundamental form on S, ,(w) has the following expansion:
1 1
(1—w)"2p%4; = ¢(0:,0;)+ (1 —w) 2ww; + gR(()z'oj),ﬂu —w)? + EVOR(Oin)pB(l —w)?
1 2 . 5 5
- [Q—OVOOR(Oz‘Oﬁ + 45 R0 R(0j0p) | p* (1 = w)* + Op(p%) + p” Lp(w) + p° Q) (w)

where all curvature terms and scalar products are evaluated at p (since we are in normal coordinates, at
p the metric is euclidean,).

Let h denote the second fundamental form on Sp,p(w) induced by the immersion in (M, g) and N the
inward normal unit vector to Sy, ,(w); by the Weingarten equation h;; = —g(Vz, N, Z;).

Lemma 3.2. The second fundamental form on Sy, ,(w) has the following expansion:
o 2 5
hij = p(1=w)g(84, ;) + p(Hessszw)i; + SR(0107)p*(1 = w)* + 5 VoR(0i07)p" (1 = w)*

3 . 2 . .
+| 55 Voo Bp(0i07) + = R(0i0#) R(0j01) | p° (1 = w)” = pBjiwi + Op(p°) + p° Ly(w) + p* Q47 (w)

ij



where ij are functions on S? of the form ij = 0(p*) + Ly(w) + Q;(?)(w) and, as usual, all curvature
terms and scalar products are evaluated at p.

Proof. In [PX] the authors consider N such that the normal unit vector N has the form N = N (1-
pgéijwiwj)_l/Q. They set

h’ij = _g(szNa Z])
and they derive the following formula

: 1
hi: = 9.6 —
17901 —w) Y

1
pdw @ dw + pHessgw.
1—w

Using Lemma 3.1 the first summand is:

1 o p 2 ) 3 3 5 0 4 4
- — CO.(1 — P s+ 2 1_ 2 1—
51— w)(‘?pg 9(0;,0;)p(1 —w) + T it + 3R(0@0]),0 (1—w)”+ 12V0R(020])p (1—w)

3 o 2 . .
+55 | Voo R(0i07) + TBR(OzOu)R(OyOu)] PP (1= w)® + 0p(p°) + p°Lp(w) + p°Q (w)
The third summand is:

p(Hesszw);j = p(w;j — lo“fjwk).

With a direct computation it is easy to check that

(12) Ih =TF + BE

where I‘fj are the Christoffel symbols of S? in polar coordinates and ij are functions on S? of the

form
BJ; = 0(p%) + Ly(w) + Q% (w).

Hence
p(Hesszw);; = p(Hessg2w);j — prjwk.

Observing that the second summand simplifies with an adding of the first summand and that
ilij = _g(vzi]\o]7 ZJ) = _g(vaN(l - p2éijwiwj)71/27 Z]) = il’ij + pQQ;S?) (w)
we get the desired formula. O

Recall that the mean curvature H is the trace of i with respect to the metric g: H = i”LZ'j G%. Collecting
the two previous Lemmas we obtain the following

Lemma 3.3. The mean curvature of the hypersurface Sy, ,(w) can be expanded as

2 1 1 i 1
H = Z+-24As)w+-[2u(w+ Ag2w) — gdhww;] — fgSJzijwk
pp p p
L, ; . Iy .
—3 [gfglzR(OlOk)gg?z (Hessg2w);; + Ricy(0,0)(1 —w)|p + lgSJQVOR(Osz)pQ(l —w)?
1 4 , 1, .
+ [EgsjzvooR(OZOJ) + 15952 R(0i0p) R(00p) — 5 g5 R(010k) g3 R(0n0i) | p* (1 — w)*

+0,(p") + P’ Ly(w) + QP (w) + %Lp(w)Qz()z)(w)

where Ric, is the Ricci tensor computed at p.
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Proof. First let us find an expansion of §*. Given an invertible matrix A,

(A+Bp*+Cp°+DpH )y L = AL —A ' BA 12— A7 1CA 3 — A DA p* + AP BATIBA  p* + O (p°)

so we get
°ij_; ij il 1 =2 kj_ ki 201 2_11'1 kjg_ 3
g = 21— w)? 9g2 952(1 w) W WG g2 3 R(OlOk) s2p( w) 6952V0R(0l0k) 52 (1—-w)
! 2
—gi, [%VOOR(OZOI@+ER(OZOM)R(Ok0u gt (1 —w)t + ggSQR(OIOk)g 2 R(0n0q) g% p* (1 — w)4}
1
+0p(p*) + p° Ly(w) + p* QP (w) + ;(Dw)“-
(13)

Where (Dw)* is an homogeneous polynomial in the first derivatives w; of order four. Putting together
(13) and Lemma 3.2 it is easy to evaluate H = hijéij just using the following observations:

00§ (Hessgzw);j = (%(1 +2w)gd: — *gszR(OZOk)gsz + Q( ) +0(p?) + pL(w)) (Hesss2w)i;
= %(1 +2w) A g2w — fg R(OlOk) L(Hessg2w)i; + p°L(w) 4 pQ(w) + %L(w)Q(w)
e with a Taylor expansion ) o1 ) .
p(1—w) | H:er ) e
1

iy 1 .. 1
iJ iJ

JenWiW; = —ggHrw;w; + —wQ(w

p(1 —w)3 S2 J p S2 J P (w)

e finally, recalling our notations, (9) and that {©, H@ll\’ H@zl\} form an orthonormal base of T, M

(14)  9(84,0;)g R(0I0k)ggh = 859(R,(©,01)0, 1)k = g(Ry(6,0,)8,0,)gd, = —Ric,(©,0).

Now we compute H?:

Lemma 3.4. The square of the mean curvature H* on S, ,(w) can be expanded as

4 4 . 4 ..
H2 — ?-1- P2 (2+Agz)w+ (12w + 12w Age w + (Agew)? — dgdhwiw;) — ?gngijwk
4 .
_ggszR(OlOk) (Hessszw) gRicp(G7 0)(2+ Ag2w) + [¢d. VoR(0i07)]p
2 s 16 4 1
+ [ggggVOOR(Oioj) + ﬁgSQR(OzOu)R(OJOM) - §g 2, R(0I0k) g2 R(0n0i) + §Ricp((97 ©)Ric,(0, @)} 0>

+0p(p%) + pLy(w) + ;Qf)(w) + pﬁLp(W)Q,(f)(w)-
Proof. Just compute the square of H expressed as in Lemma 3.3. O
Lemma 3.5. The determinant of the first fundamental form of Sy ,(w) can be expanded as
detlg] = 102170 (1 — w)* + (glhwiwy) — 3 Riey(©,0)(1 — w)® + Lok VoR(0i07)p*(1 — w)"
+ [%ggﬂ;vooR(ow]’) zgSZR(Oz(m)R(Oj(m) + éR(OlOl)R(O?O?) - R(omi)?] P — w)s}

+0,(p°) + p*Lp(w) + p* QP (w) + p* L (w) QL (w)

where recall that R(0101) = g(R (@ 01)0,01), R(0202) = g(R,(0,02)0,0,), R(0102) = —g(R,(0,01)0, 03)
and Oy is Oy normalized: Oy := |®z\
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Proof. Just compute det[g] using Lemma 3.1, formula (14) and observing that ggjg = diag(1,1/]|62]|?) O
Lemma 3.6. The determinant of the second fundamental form of S, ,(w) has the following expansion:
detlh] = p*(1—w)*|02]* + p*[Oa]*Agew(l — w) + p? [(Hessgow)r1 (Hesssow)as — (Hessg2w)3o]

—|—§p4 [R(0101)(Hessgzw)sa + R(0202)(Hessszw)11 — 2R(0102)(Hessg2w)12 — Ricy(0,0)(1 — w)*(|0]?]
+[le? [12952V0R(0203) (I—w)’+ 55 159521%(020#)1%(03’0#)/)6(1 - w)ﬁ}

4 o _
+§p6(1 — w)°||Os||* [R(0101) R(0202) — R(0102)*] — [|82]]*p* g Biwi. + Op(p7) + p°Ly(w) + p* QL7 (w)

gS2V00R(OZOJ) 6(1 —w)b +

Proof. Just compute the determinant of ilij expressed as in Lemma 3.2 using the same tricks of the
previous Lemmas. O

Lemma 3.7. The product of the principal curvatures of S ,(w)

det(h
D = kyky = det)
det(g)
has the following expansion:
1 1 4 1
D = ?(1 + 2w + Agew + 3wAg2w + 3w?) — ?gg@wiwj + RS [(Hessgzw)11(Hessg2w)a — (Hessg2w)?,]
2

er [R(OlOl)(HesssztlJ)zg + R(0202)(Hessg2w)11 — 2R(0102)(Hessg2w)12

1. 1 4 o 1
+§chp(@, 0)(Agzw — 1) + zggQVOR(OZOJ)p(l —w) — P2 QSsz wg

1 4 , 1 - - 1.
+ [ —94: Voo R(0i05) + - g% R(0i0p) R(0j0p) + 5 [R(0101) R(0202) — R(0102)?) — = Ric, (O, @)2} P21 — w)?
1
+0,(p%) + pLy(w) + ;Qﬁf) (W) + — Ly(w) Q) (w).
Proof. Recalling the expansion 1—Tw =1-2+ 22+ 0O(2%) and Lemma 3.5 we get
1 1 g 1 1,
= 1— 7’]21. . iy > 21_ 2_7z_]2 A 31_
deti] 6310 = )iy {1 = (ggzwiw;) + S Ricy(8,0)p°(1 = w)” — 295 VoR(0i07)p"(1 — w)3
1 1 _ _
QOgSQVOOR(OZOJ) 45952R(010u)R(0j0u) + §R(0101)R(02o2) — R(0102)%| p*(1 — w)®

+§Rz‘cp(®, 0)%p* (1 = w)* + Op(p°) + p° Ly(w) + p*QF) (w) + Ly(w) QLY (w)}.
Gathering together this formula and the expansion of det(;a) of Lemma 3.6 we can conclude. O

The quantity we have to integrate is HTz — D; collecting the previous Lemmas we finally get the
following

Proposition 3.8. The integrand of the conformal Willmore functional has the following expansion:

H? 11 5 1 1 5
- D = e {E(Aszw) - W(Hessszw)n(flessszw)gg + W(Hessszw)m}
1 _
+W [2R(OlOZ)(Hessszw)12 — R(0101)(Hessgzw)as — R(O202)(Hessszw)11}
1 1 = = = 1
50" sz‘c,,(@, ©)2 — R(0101)R(0202) + R(0102)2} ~ < Ric)(6,0) Age w

+0,(") + L) + QY () + 5 L) QP (w)

12



Proof. Putting together the formulas of Lemma 3.4 and Lemma 3.7, we get

1
1©2]12p°

1 . . 1
—ggg2R(OlOk:)g§£n(Hesssgw)ij - iRicp(@, 0) Ag2 w

2
Hf*D = %(A52w)2+

1 1 [(Hessszw)?, — (Hessgzw)11(Hessgzw)as)
p

—I—W [2R(0102)(Hessg2w)12 — R(0101)(Hessg2w)2z — R(0202)(Hessg2w)11 |
2
1 1 o B

4 iy (0.0 + 0(0") + pLy ) + %QI@ (w) + %%wmﬁf) (w)

Let us simplify the second and the third lines; they can be rewritten as

1 1
ng(0101)(HessS2w)11 R(OQOQ) (Hessg2w)aa + R(0102)(Hessg2w)12

1 2
1622 3[1©2>

2 1 _ 1
3R(OIOI) TENE (Hessg2w)ag — gR(O202)(Hessszw)11 - iRicp(@, 0) Agz w
2 1
= ——=R(0102)(H 2 —Ric,(0,0) Ag2
3o, 0102 (Hesssawhiz + 3 Ricy(6,6) Agz w
1 1 1 = = 1.
3R(OlOl) ERE (Hessg2w)ag — gR(0202)(Hessszw)11 - 5RZCP(®7 0) Ag2w

1 o
= —gRicp(@, 0) Agz w + [2R(0102)(Hessg2w)12 — R(0101)(Hessg2w)ae — R(0202)(Hessg2w)11]

o
3(1©2]12

Finally we have to simplify the forth and the fifth lines; they can be rewritten as

[t

12 _ 1 _ _
{ SR(0101)? = SR(0202)% — ZR(0102)? + %Ri%(@, 6)” = ZR(0101)R(0202) + gR(0102)2}P2

- (-

1 _ 1 _
= {—Ri 2 _ _R(0101 202) + =R(0102)2 { p?
{3632(;,,(@,@) 5 R(O101)R(0202) + 5 R(0102) }p

@M—‘@

1 I | _
[R(0101) + R(0202)]* — 51[2(0101)}2(0202) + §1-2(0102)2 + %Ricp(@, @)2},02

where, in the last equality, we used the usual identity R(0101) + R(0202) = —Ric,(©, ©).
Collecting the formulas we get the desired expansion. O

3.2 The differential of the conformal Willmore functional on perturbed geo-
desic spheres S, ,(w)

Proposition 3.9. On the perturbed geodesic sphere Sy, ,(w) the differential of the conformal Willmore
functional has the following form:

1
I’(Sp)p(’u))) 2 3A52 (Asz + 2)11} — FAszRZCp(G) @) + O ( ) p2 LZ(74)(w) + EQz(f)(éL) (’U})

Proof. Let us recall the general expression of the differential of the conformal Willmore functional com-
puted in [HL] (Theorem 3.1 plus an easy computation).

Given a compact Riemannian surface (M ,g) isometrically immersed in the three dimensional Rie-
mannian manifold (M, g) and called N the inward normal unit vector, the differential of the conformal

Willmore functional =
I(M) = / ( - D)dZ
i\ 4

13



is
2

. H
I'(M) = AMH+H(4—D)+ZRN@,N6J)” ZHRN@Z,Ne)

)

where eq, e is a local orthonormal frame of TpM which diagonalizes the second fundamental form iozij.
Since ey, e are principal directions we get

(A1 —A2)

2 [R(Naelaj\o[ael)7R(N3627]\07762)]

ZR (N, e, N, e;)hi; — ZHR (N,ei,N,e;) =

ij

where A1, Ay are the principal curvatures. So in this frame the differential is
o H? AL — A . o
(15) I'(M) = AMH"‘H< D) + (1T2)[R(N e1,N,e1) = R(N, e5, N, e3)].

Now we want to compute the differential on the perturbed geodesic sphere S, ,(w).
Recall that

Ngu = g9 (ui; — Ffjuk)
1 1 1
= ;gs’z (uij — Tfur) + O(p°) L(u) + ;Lp(w)L(u) + ?Qf’(w)L(U)
1 1 1
- Ag2 u+ O(p°)L(u) + ?Lp(w)L(u) + ?Qz(f)(w)L(u)

where L(u) is a linear function depending on u and on its derivatives up to order two. From the above
computation of H we have

2 1 1 1
H= p + ;(2 + Ag2)w — gRicp(@, O)p + O(p?) + pLy(w) + ;Qg) (w),
hence
1 1 ) 1 1
A§H = EASQ (A52 + 2)’(1) - $A52RZCP(@, @) + Op(po) + ?Lgl) (’LU) + EQI()Q)M) (w)

Now let us show that the other summands are negligible.
First we find an expansion for the principal directions A\; and Ay. From the definitions, they are the roots
of the polynomial equation
2>~ Hx+D=0
S0
VH? —4D 1

1 1
[ — Z - ~0®@
A1,2 5 I|: 3 p+O(P)+pLP(w)+pr (w)

and the third summand is negligible:
0 o o o 1
(A1 = A)[R(N, €1, N, e1) — R(N, e, N, e2)] = O(p) + SLolw (W) + Q (w).

From the above computation of HT2 — D, we have

H2
o~ D=0, + Lylw) + 0 (w)

hence we get
H? 1 1
1( 5= 2) = 040) + 2L, (0) + 0w

Therefore also this term is negligible and we can conclude.
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3.3 The finite dimensional reduction

NOTATION. In this subsection, the functional space will be C*%(52)+: the perturbation w will be an
element of C*%(52)1 and B(0,r) will denote the ball of center 0 and radius 7 in C*(S?)~+.

Lemma 3.10. Fized a compact subset Z. C M, there exist pg > 0, 7 > 0 and a map w.y : Z. x [0, po] —

CH(SHL, (p, p) — wp,, such that if Sy ,(w) is a critical point of the conformal Willmore functional I
with (p, p,w) € Z. x [0, po] x B(0,7) then w = wp,,.
Moreover the map w. .y satisfies the following properties:

9

(i) the map (p,p) — w,,, is C*,

(i) |lwp,pllcra(szy = O(p?) as p — 0 uniformly for p € Z.,
(i19) || 2wy l12(s2) = O(p) as p — O uniformly for p € Z,
(iv) we have the following explicit expansion of wy, ,:

1 1
(16) Wp.p = =157 Ricy(©,0) + 2 p"R(p) + O(p”)

where the remainder O(p®) has to be intended in C**(S?) norm.

Proof. For the proof of (i), (it) and (iii) we refer to Lemma 4.4 of [Mon], here we only give a sketch of
the idea. Fixed a compact subset Z. C M and p € Z,, if

I'(Sp,(w)) =0 (equality in L*(S?)),
then, setting P : L2(S?) — Ker[Ag2(Ag2 + 2)]* the orthogonal projection, a fortiori we have
PI'(S,,,(w)) = 0;
that is, using the expansion of Proposition 3.9,
(17) P[Asz(As2 +2)w + O,(p*) + pL}(f) (w) + QI(,Q)M)(w)} =0.

Since A gz2(Ag2+2) is invertible on the space orthogonal to the Kernel and w € C*%(5?)1 := Ker[Agz(Ag2+
2)]+ N C*(8?), setting

K :=[Ag(Dg2 +2)]7!: Ker[Aga(Age +2)]F C L*(S?) — Ker[Ag2(Ag2 + 2)]F,
the equation (17) is equivalent to the fixed point problem
(18) w = K[OP(PQ) + PL;(>4) (w) + Qz(o2)(4) (w)] = Fp,p(w)-

The projection in the right hand side is intended. In the aforementioned paper (using Schauder estimates)
it is proved that once the compact Z, C M is fixed, there exist pg > 0 and r > 0 such that for all p € Z,
and p < po the map

Fpp: B(0.7) € CH(S)" — C4(82)

is a contraction. In the same paper the regularity and the decay properties are shown.
Now let us prove the expansion (iv).

Using the formula of Proposition 3.9, the unique solution w € B(0,r) to the fixed point problem will
have to satisfy the following fourth order elliptic PDE:

1 .
Ng2(Ng2 + 2)w = §p2A52chp(@, 0) + 0,(p*) + pL1(74)(w) + Q1(72)(4)(w).

Clearly the unique solution w has the form w = p?w + O(p3) where the remainder has to be intended in
C*2(S?) norm and w € C*%(S?) is independent on p. Now we want to find an explicit formula for .

15



Writing the radial unit vector in normal coordinates on T, M, we have © = z° 8‘213 and the Ricci tensor

can be written as o _
RiCp(@, @) = Z RijIIZE] + Z R”(.Tl)z
i#£] i
Recall that the eigenfunctions of Agz relative to the second eigenvalue Ao = —6 are 'z i # j and
(x1)2 — (27)2,i # j and notice that

2($1)2 1= (.1‘1)2 _ (.1‘2)2 + (.%‘1)2 _ ($3)2 _ ($1)2

SO

@ - g = {0 - @+ 2 - @)
is an element of the eigenspace relative to Ay = —6 (analogously for the others (x%)?). So
Ric(©,0) = 3 Ry(p)r'a’ + 3 Ralp)l(')? — 5]+ 5 3 Rip)
i#j i i
= TRl + 3 R - 31+ 3B0)

and Ric,(©,0) — $R(p) is an element of the second eigenspace of Age.
Recalling that w = p?w + O(p?), then w has to solve the following linear elliptic PDE

1 1
Bo(Dg+2)0 = S A [Ricp(@, ) - gR(p)]
Since the right hand side is an eigenfunction of Ag2 with eigenvalue —6 the equation is easily solved as

_ 1 . 1
W= —ERZC(@, )+ %R(p).

3.4 The expansion of the reduced functional I(S, ,(w,,))

In this subsection we want to evaluate the reduced functional (.S, ,(wy ,)), that is the conformal Willmore
functional on perturbed geodesic spheres with perturbation w in the constraint given by Proposition 3.10.

Proposition 3.11. The conformal Willmore functional on perturbed geodesic spheres Sp ,(wp ,) with
perturbation wy , lying in the constraint given by Proposition 3.10 can be expanded in p as follows

o
I(Sp,p(wpp)) = g||SpH2P4 + 0,(p°),

where S, is the Traceless Ricci tensor defined in (5).

Proof. In the sequel we fix a point p € M and we want to evaluate I(S,, ,(wp,,)) for small p. For simplicity
of notation, let us denote w = wy, ,; from Proposition 3.10 we know that w = p?w + O(p®). Notice that
the leading part of H?/4 — D is homogeneous of degree two in p, so in order to evaluate I(S, ,(wp ,)) it
is sufficient to multiply H?/4 — D by the first term of /det[§] (that is p?||©2]|). Using the expansion of
Proposition 3.8 we get

1 1 1 1. _
I(Spp(w)) = p4/ |:4(Aszw)2_62(H€8352U))11(H68852’U))22+92(H68352w)%2—6RZCp(@,@) Nge W
e 02| 02|
1 1 _
+———R(0102)(Hessg2w)12 — ——=R(0101)(Hessg2w)92 — —R(0202)(Hessg2w
S ENE (0102)( 52W)12 ICNE (0101)( 5210)22 3 (0202)( 52W)11

(19) +;(iRicp(@,@)2—R(OlOl)R(O?OQ)+R(010§)2)}d20 + 0,(p°).
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From (iv) of Proposition 3.10 it follows that
1 1
Ng2w = —6w = iRz’cp(@,G)) - ER(p)

so, after some easy computation, one can write

(20)

1 1 1 1 1 1

S (Ag@)? — = Ri Ag: @+ —Ri 2. R 2_ R — R(p)>.
4( 5210) 6chp(@,@) g2 W+ 36chp(®,@) 144chp(@,@) 72chp(@, ©)R(p) + 144]%(19)

In order to simplify the other integrands of (19) we compute (Hessg2w),;. The nonvanishing Christoffel
symbols of S? in polar coordinates #', 6% are

I'?, =T%, = cotand’
I}, = —sin®! cos @'

Hence, recalling that (Hessw);; = w;; — I‘fjwk and the expression of w given in (iv), we get
(Hessg@) = o = —%ael (Ric,(©,01))
_ —éch,,(@l,@l) _ %Ricp(@,@n) but Oy, = —O
_ _émcp(@l, o) + %Ricp(@, 0)
(Hessga)1a = 1o — 2ty = —%agl(Ricp(e, 0,)) + %Fszic,,(e, Os)
= %Rz'cp(el, 0,) — %Ricp(@, O12) + ér’;‘QRic,,(@, 0) but ©15 = cotanf' O,
- —échp(el, 0,)
(Hessg2)ag = ap — 30101
= —%Ricp((%g, ©9) — %Ricp((a, Oa2) + éF%zRicp(@, 01) but Oy = —sinh' cos 01O, — sin? 'O

1 1
= fgmc,,(@%@QHEHGQHQM%(@,@).

Therefore the other part of the integrand can be written as

1 1 2
——(H 20 H 0 —(H 7)? ——— R(0102)(H 0
||@2H2( essg2W)11(Hessg2)ao + ”@2”2( e$852W) 7y + PTCNE ( )(Hessg2w)12
1 1 1 - 1 _ 1 _
2

= —%Ric(@, 9)2 + %R’LC(@, @)[RZC(@Q, 62) + R’L'C(@l, @1)] — %Ric(ég, éQ)RiC(@l, @1)
+%R¢C(@1, 02)2 — %R(OlO?)Rie(@l, 02) + %83(0101)(31'0(@2, B2) — Ric(0,0))
(21) +%R(oio§)(mc(@1, 1) — Ric(0,0)) — 53(0101)3(0202) + éR(moi)?

Using the following three identities (which follow from the orthogonality of {©,0;,©05}, from the defini-
tions and the symmetries of the curvature tensors)

1 SN 1 )
71—8(}%(0101)+R(0202))chp(@,@) = gRic,(6,0)

(22) Ricy(01,01) + Ricy(©2,02) = R(p) — Ricy(0,0)
R(0102) = —Ric,(01,03),

17



after some easy computations we can say that (21) equals

— 3—16Ri0(@, ©)R(p) — %Rio(@z, ©2)Ric(01,01) + iRiC(@l, 6,)?

!

(23) + = R(0101)Ric(©3, 02) + %R(oéoi)Rz’c(@l, 1)~ 5

18
Let us try to simplify the last line using that R(0101) + R(2121) = —Ric(©1,©1) and identity (22):

R(0101)R(0202).

1 ~ = 1 - 1 -
g R(0101) Ric(O2, ) + 7o R(0202) Ric(©1, ©1) — 5 R(0101) R(0202)
1 == . 1 ~ ~
= 7@ [Ricp(@l, @1) + R(1212)] Ricp(@g, @2) - TS [RiC(@Q, @2) + R(1212)] Ricp(®1, @1)
1 - - _
-5 [Ricy(©1,01) + R(1212)] [Ric(O2, ©2) + R(1212)]
1

—gRicp(@l, ©1) Ric,(0s,82) + éR(lQli)Ricp(@, 0) - cRONDR(p) - 53(1212)2.

(24)

Since {6,017, 05} is an orthonormal base of T, M we have the following useful identity

R(1212) = R(1212) — Ric,(0,0) + Ric,(©,0)
[R(1212) + R(0202) + R(0101)] + Ric,(©, ©)

[Ricy(©1,01) + Ricy(02,02) + Ricy(O,0)] + Ric,(O,0)

1
2
1
(25) = —§R(p) + Ricy(0,0).
Plugging the last identity (25) into formula (24), we get that (24) equals
2 5 1 , 1
(26) = —§chp(@17 ©1)Ricy(O2,04) — %chp(@7 ©)R(p) + 1—8chp(®7 0)° + ER(p) .
Therefore the last line of (21) equals (26) and the integrands (21) become
1. , 1 U o, 1 o
= 1—8ch(@, 0)° — §ch(@, O)R(p) + 1—8R(p) + ZRZC(@l, 09)° — Zchp(Gl, ©1)Ricy (02, 04);

hence the conformal Willmore functional expressed as in (19), using the last formula and (20), becomes

1 1 1 1 _ 1 L

I1(Sy p(w)) = p4/ [mRicp(@, 0)? - gRicp(@, ©)R(p) + 1—61%(19)2 + ZRic(el, 0,)? — 1Rz‘cp(@l, O1)Ricy(©2,0)|d%
SZ

(27) +0,(p%).

The integral of the first three summands is well-known (see for example the appendix of [PX]), let us
compute the integral of the last two summands.

Claim.

[Ric,(©1,02)% — Ric,(©1,01)Ric,(0s,0)]dSy = §(||chp||2 — R(p)?)
S2

Proof of the Claim:
As before let us denote with E,,,;n = 1,2,3 an orthonormal base of T,M and with x* the induced
coordinates. Under this notation the radial unit vector is

5230 =2"E,.
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Recall that the polar coordinates 0 < ' < 7, 0 < 62 < 27 have been chosen such that S? is parame-

trized as follows
! = sin 0! cos 62

2 = sin 0! sin 62

% = cos 6.
The normalized tangent vectors ©; := ”g—u have coordinates
©; = ©;=(cos 0" cos 62, cos ' sin 62, — sin 91)

V@R T @
O, = (—sinf? cosh?0)

(29) - ( ce o —(ﬂv+uw>

x? x!
(29) = — , ;0.
V()2 + @2 /(21)? + (22)?
Using this expressions for ©; we get the following formulas for Rz’cp(éi, @j):

(.131)2(333)2 1‘1.132(33‘3)2 (.132)2(1‘3)2

Ricp(Gl, @1) = Rllm + 2R12 (x1)2 T (x2)2 + R22 (1’1)2 T (1’2)2 — 2R13$1Z‘3 — 2R23$2$3 + R33[(1‘1)2 + (l‘z)Q]
] _ _ (3;‘2)2 1‘1:)32 ( 1)2
= 2
Ricy(©2, 02) R (21)2 + (22)2 Rl?( 02 4+ (22)2 + Rao (21)2 + (22)2
1,.2,.3 2)\2,.3 1,.2,.3
Ricp(@l, ég) = —Rp; T — 2R12& + R T 3 + R12:173 + R131}2 — R23£C1.

[ A T e

Notice that the summands which contain a term of the type (z°)>™*! (m € N) have vanishing integral
on S?; then, calling “Remainder” all these summands, we get

Ric(©1,0,)> = (R}, —2R11Ra + R3, — 4R3,) + R3,(2%)? 4+ Ris(2*)? + Rag(z')?

+ Remainder,
RiC(@l, @1)Ric(éz, 62) = (R%l —2R11Ros + R%Q — 4R%2) + R11R22($3)2 + R11R33(Z2)2 + R22R33(£L'1)2

+ Remainder.

Therefore the integral of the left hand side of the Claim becomes
= / l:R%Q(J??))Q + R%3(l‘2)2 + R§3($1)2 — R11R22(x3)2 - R11R33($2)2 — R22R33($1)2 dXp.
52
Recalling that [, (z#)?d = %°,we can continue the equalities

47
= 3 [R3, + Ris + R35 — Ri1Roy — Ri1Ras — Rao Ry

2T
- 3 [(R}, 4+ R3, + R35 + 2R3, + 2R3 + 2R33) — (BT, + R3y + R3s + 2R11 Ros + 2R11 Ras + 2R Ra3)|

27 )
= S(IRi? - RG)P)
Now we are in position to conclude the computation of the integral (27).
It is known that [g, Ric,(©,0)d%o = 2 R(p) and [g, [Ric,(0,0)]2d%g = 1Z(2||Ric,||? + R(p)?) (see the

appendix of [PX]) thus, grouping together this formulas and the claim, we can say that the conformal
Willmore functional on constrained small geodesic spheres can be expanded as

1(5pp(w)) = £ (IRicy|? = SRE))o* + 0p(s).
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A simple computation in the orthonormal basis that diagonalizes Ric, shows that the first term in the
expansion is the squared norm of the Traceless Ricci tensor:

, 1 , 1
(IRicy|? — 5R@)?) = | Ricy, — 5, RE)I = 1S,

3.5 Proof of the non existence result

We start with a Lemma, which asserts that for small perturbation u € C*%(S?) and small radius p, the
perturbed geodesic sphere Sy, ,(u) can be obtained as a normal graph on an other geodesic sphere S; ;

with perturbation @ € cat, Sp.p(u) = Sp,5(w); for the proof see [Mon| Lemma 5.3.

Lemma 3.12. Let (M, g) be a Riemannian manifold of dimension three and fiz p € M. Then there exist
B(0,71) C C*%(S?), p1 > 0, a compact neighbourhood U of p and three continuous functions
-p():B(0,r)) = UCM,

- p() 1 (0,p1) X B(0,71) — RT,

~w(.,.) U x B(0,ry) — CH*(8?)*,

such that for all p < p1 and u € B(0,71), all the perturbed geodesic spheres Sp 5(u) can be realized as

Sp.p() = Spu),p(p,u) [w(p(u), w)]-

Now we are in position to prove the non existence result.

Proof of Theorem 1.4.
Since ||Sp|| # 0, there exists n > 0 and a compact neighbourhood Z. of p such that [|Sp|| > n for all
pE Z.

From Lemma 3.10 there exist pg > 0 and a ball B(0,r) C C*%(S?) such that- for w € chat NB(0,r),
p € Z. and p < po- if the perturbed geodesic sphere S, ,(w) is a critical point of I then w = wj, , with
good decay properties as p — 0. Moreover, for p € Z, and p < py we can consider the C! function

®(p, p) = I(Sp,p(wp,p))-

Observe that if S; 5(wp,5) is a critical point for I then a fortiori (p, p) is a critical point of the constricted
functional ®(.,.).

Proposition 3.11 gives an expansion for ®(p, p); differentiating it with respect to p and recalling (from
Lemma 3.10) that as p — 0 one has ||, ,||c1.a = O(p?) and ||3%wp7p|\,;z = O(p) uniformly for p € Z,,
we get

0 47
—_ P _ 3 4
5,20 ) = Syl + Opp)
and
0 dr 4 4
(30) \%¢<p, p)| > T’ +0(p") forall pe 2.,

where the remainder O(p?) is uniform on Z..

From this equation we can say that there exist ps €]0, po[ such that for all p € Z. and p < pa, (p,p) is
not a critical point of ®.

Hence

(31) Yw e C** (8% N B(0,7), p < pp and p € Z,
= Sy p(w) is NOT a critical point of 1.

Now from Lemma 3.12, if u € B(0,71) C C**(S?) and p < p1, any perturbed sphere S; 5(u) can be
realized as

Sp.5(1) = Spw),p(p,u) [W(p(u),u)], w(p(uw),u) € C4’Q(SQ)L.
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From the continuity of the functions p(.), p(.,.) and w(.,.), there exist ps €]0, min(p1, p2)[ and ry €
10, min(r, 71 )[ such that for all u € B(0,72) C C*%(S?) and p < p3 we have:

- pu) € Z,

- p(p,u) < p2 and

~w(p(u),u) € CH*(S?)+ N B(0,r).

It follows that if u € B(0,r2) and p < ps, the sphere Sp 5(u) can be realized as Sy, p(5,u) [W(P(u), u)]
which satisfies the assumptions (31); so it is not a critical point of 7. ®

4 The conformal Willmore functional on perturbed standard
spheres Sf(w) in (R?, g)

Throughout this section 16(1\04 ) = [y [HT2 — D]d¥. will be the conformal Willmore functional of the

surface M embedded in the ambient manifold (R3,g.), where g. = & + eh is a perturbation of the
euclidean metric (h is a bilinear form with good decay properties at infinity, for simplicity we will treat
in detail the case when h has compact support but as one can see from the estimates it is enough to take
h fast decreasing. See for example [Mon]| Theorem 1.1).

The problem will be studied through a perturbation method relying on the Lyapunov-Schmidt re-
duction: In Subsection 4.1 we will perform the abstract reduction, in Subsection 4.2 we will compute an
expansion of the reduced functional and in the last Subsection 4.3 we will prove the main Theorems of
this paper, that is the existence of conformal Willmore surfaces.

4.1 The finite dimensional reduction

We already know from Theorem 2 that Iy possesses a critical manifold made up of the standard spheres
Sp of R3, we want to study the perturbed functional I, near this critical manifold. First of all let us point
out a clarification about I5(Sp) and I(Sf), that are the first and second variations of the unperturbed
functional on the standard spheres, which will be useful throughout this Section.

Remark 4.1. In the previous paper [Mon], (remark 3.3, notice the factor difference in the definition of
the Willmore functional) we observed that

1 1
Iy (Sp(w)) = ﬁAsv(Asz + 2w + EQ}(})@) (w)

and 1
15 (Sp)[w] = ﬁAW(AS? +2)[w].

The sense of the two formulas were the following. )
By definition Sp(w) is a normal graph on Sp with perturbation pw (we chose the inward normal N for
all the computations), hence

o(Sg) = To(85)+ [ (T3 pw)aso+ 5 [ (S wl(puw)dEa -+ offul?),

If we want to bring the expression to the standard sphere we get
1
Io(S8(w) = Io(S2) + / (P To(Sg)w)dSo + / (PPIL(S8) wlw)dZo + ofjw]?).
S S

Now we denote ,
I5(S8(w)) = p*I5(S8(w)) = 5052 (Agz +2)w] + Q@ ()
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and ]
(Sl = P (SHw] = 5 Ase(Ase + 2wl
then we get the more familiar formula
- 1 -
o(Sg) = 1o(85)+ [ (Taspy) +5 [ ((Splutu) +ofwP)

This was about the functional [ HTQ but the same argument can be repeated for the functional [ (HT2 — D)
(since the ambient is euclidean, D = K the Gaussian curvature which by the Gauss Bonnet Theorem does
not influence the differential). Since SP are critical points for Iy we can say that the conformal Willmore
functional on perturbed standard spheres is

1

1(Sg) = 1 [ (Bse(s2 +2lulw) +of )

In the following we will always denote

Io(Sp)w] = %ASZ(ASZ +2)[w] + QP (w)

1
I (SPlw] = 5052 (As2 +2)[w]
since, as we saw, it is more natural.

Since from Proposition 3.11 we have an expansion of I, on small geodesic spheres and on the other
hand the critical manifold of I is made up of standard spheres, let us link the two objects. The geodesic
sphere in (R3, g.) of center p and radius p will be denoted by Sp.p-

Lemma 4.2. For small € the geodesic spheres S;, , are normal graphs on the standard spheres Sf with a
perturbation v € C°(RT x R? x §2):

Sp.p = Sp(ve(p,p; -))-

Moreover the perturbation v. satisfies the following decreasing properties:
1) pve = O(€) in CF norm on compact subsets of Rt x R® x S2 for all k > 0;
2) ve(p,.,.) = O(p) as p — 0 uniformly for © € S? and p in a compact subset of R3.

Proof. The geodesic spheres S;, , are parametrized by © +— Exp,(p©). So one is interested in the solution
of the geodesic equation

'+ Tt =0
y'(0)=p"
y'(0)=©"

evaluated at p. We look for 4 of the form
Yy =p' +pO' +eu’ + o(e)
where ‘ ‘
u' :RT xR3x S%2 =R, (p,p,0)— ui(p,p,O)

is C°(R* x R? x S?) and have to be determined. A straightforward computation ( setting F;-k = efj-k )
shows that u* must solve the following non linear second order ODE:

i’ + T%,070% = 0

u(0) =0

@ (0) = 0
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where we have denoted 4 = a%ui and it! = 88—;1# and the equation has to be considered at (p, ©) fixed.

Since h is compactly supported (more generally it is enough to assume that h and its first derivatives
vanish at infinity), the Christoffel symbols f;k vanish at infinity and the ODE admits unique solution
defined for all p > 0. From differentiable dependence on parameters, u’ is of class C>°(RT x R? x §?),
observe also that u’ = O(p?) as p — 0 uniformly for © € S? and p in a compact subset of R3.

It follows that the geodesic sphere S, , can be obtained from the standard sphere S with the small
variation eu’(p,p,©). Now it is easy to see that for € small enough there exists v. € C°(R* x R3 x §?)
such that

® S;,p = SII;(UE)
e pv. = O(e) in C* norm on compact subsets of Rt x R? x S2 for all k > 0

e v.(p,0) = O(p) as p — 0, uniformly for © € S? and p in a compact subset of R3.
O

Now we define the manifold of approximate solutions that will play the role of the “critical manifold”
Z. Let Ry and R» be positive real numbers to be determined and y a C*°(R*) cut off function such that

x(p)=1for 0<p< Ry
0<x(p) <1lfor Ry <p<Ry
x(p) = 0 for p > Ry,

We denote with X7 | the perturbed standard sphere
(32) Y= S8 (xve)

and we consider it as parametrized on S?; observe that for p < R; one gets the geodesic spheres X .= S, o
and for p > Rs one has the standard spheres E;p = Sg.

Denoted by N the inward normal unit vector, given a function w on S?, ¥ o(w) will be the surface

parametrized by X7  + pw]\of (notice that we are consistent with the previous notations since © points
outward).

At this point we can state the two Lemmas which allow us to perform the Finite Dimensional Reduc-
tion. Recall that, as always, P : L?(S?) — Ker[Ag2(/g> + 2)]* is the orthogonal projection.

Lemma 4.3. For each compact subset Z. C R3 @ R*, there exist ¢ > 0 and r > 0 with the following
property: for all |e| < ey and (p,p) € Z, the auziliary equation PI}(Y (w)) = 0 has unique solution
w = we(p,p) € B(0,7) C C+*(S?)L such that:

1) the map wc(.,.) : Z. — C**(S?)+ is of class C*;

2) [lwe(p, p)llcta(s2)y — 0 for € — 0 uniformly with respect to (p, p) € Zc;

8) more precisely ||we(p, p)||c.e(s2) = O(€) for € — 0 uniformly in (p, p) € Z;

4) llwe(p, p)||lca.e = O(p?) uniformly for p in the compact set.

Proof. The proof will be rather sketchy, for more details we refer to Section 4 of [Mon)].

e p < R;: Recall Lemma 3.10 and choose R; = pg; for p < Ry, the surface E;’p coincides with the
geodesic sphere S, ,, so thanks to Lemma 3.10 there exists a unique w.(p, p) € C**(5?)+ which solves
the auxiliary equation. During the proof of Proposition 3.9 we wrote I’ as in equation (15); observing
that all the curvature tensors of (R3, g.) are of order O(e) (in C* norm V& € N on each fixed compact set
of R3), it follows that

1 ot
PI(S} o (wc(p,0)) = 5055w oo H + Q2D (we(p, ) + 0(€) =0 in C™*(52);

from this formula and the expansions of iz, §~! and H, we have that

Aga(Dgz +2)[we(p, p)] + QP W (we(p, p)) = O(e) in C*(5?)
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uniformly for (p,p) € Z; first observe that ||we|/c4.a(g2) — 0 as € — 0 uniformly in Z. so the second
summand is negligible, then conclude that [|w||c4.2(s2) = O(e€) uniformly on Z.. The other properties
follow from Lemma 3.10.

e p > Ry: in this case the surface E;’ o coincides with the standard sphere Sg for which the discussion
has already been done in Lemma 4.1 of [Mon].

e R < p < Ry: with a Taylor expansion the auxiliary equation becomes

0= PIU(Y; ,(we)) = PIY, ,) + PII(Z] ) [we] + o([wellca.e(s2))-
But by definition ¥ = Sf(xve), so
IU(E5,,) = 1Sy (xve) = I5(SP) + 15 (Sp) [xve] + O(e).
Since Ij(Sp) = 0 and [|[ve[|ca.« = O(e) we get
ITL(25 )| co.a(s2) = O(e).

Now PI{(Sh) = Ag2(Agz2 +2) which is an invertible map ctat  coat uniformly on Z,; since the
set of invertible operators is open, for € small also P[(Sf) is uniformly invertible. From the fact that
[[vellcx(s2y = O(e) for all k it follows that also PI(¥f ) = PI/(Sf(xv.)) is uniformly invertible on Z..
With a fixed point argument analogous to the proof of Lemma 4.1 in [Mon] it is possible to show that
there exist r > 0 and a unique solution w, € B(0,7) C chot of

We = _PIé,(E;),p)71 <PI£(E;7p) =+ O(||w€||c4,a(52)))
with the desired properties. O

Now we are in position to define the reduced functional ®¢(p, p) = (X5, ,(we(p,p))) and to state the
following fundamental Lemma:

Lemma 4.4. Fized a compact set Z. CR3 ®RT, for |e| < ey consider the functional ®. : Z, — R.
Assume that, for € small enough, ®. has a critical point (pc, pc) € Z.. Then X5 (we(pe, pe)) is a critical
point of I.

Proof. The proof is a slight modification of the proof of Lemma 4.2 in [Mon]| just using the good decay
properties of v, we and their derivatives as € — 0. O

Remark 4.5. The reduced functional ®. is defined for small € once a compact Z. C R3®RY is fized. In
the following discussion we will study the behaviour of ®. for large p; this makes sense since the compact
Z. can be chosen arbitrarily large and the solution of the auxiliary equation we(p,p) given in Lemma
4.8 is unique in a small ball of C**(S%)*. However the compact Z. will be chosen in a rigorous and
appropriate way in the proofs of Theorem 1.1 and Theorem 1.2.

4.2 Expansion of the reduced functional (35 (w.(p, p)))

Since Lemma 4.3 applies, we can perform the Finite Dimensional Reduction. In this Subsection we will
study the reduced functional ®(p, p) = (35, ,(we(p,p))). For p < Ry, X5, =Sy, so for small radius p
we have the explicit expansion of ®.(p, p) = I.(S} ,(w.(p, p))) given by Proposition 3.11. More generally,
for all the radius we can write the conformal Willmore functional on our surfaces ¥ (w) as

(33) 1(35 (w) = To(35 (w) 4 €G1(Z5 ,(w)) + €Ga(S5 ,(w)) + o(€?).
Now let us study the case p > Ry, when X7 | = Sf: in this circumstance we get the formula

(34) I(Sp(w)) = To(Sp(w)) + €G1(Sph(w)) + €G2(SF (w)) + o(€?).

p
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Lemma 4.6. For all standard spheres Sf one has
IO(SI’j) = Gl(SI’f) =0.

Proof. As above, we write the functional as I.(Sf) = Io(S)) + €G1(Sf) + o(e). First let us expand in €

the geometric quantities of interest starting from the area form d%. := \/E.G. — F2.

E. = 96(91,91) = (61, 91) + 6h(91,91) = Fy+ 6h(91,91)
F. = Fy+ 6h(917 92) = eh(91, 6‘2)
GO +€h(02,92),

a
I

where (.,.) denotes the euclidean scalar product and Ey, Fy, G are the coefficients of the first fundamental
form in euclidean metric. The area form can be expanded as

ds. = +/E.G.— F?

= \/EGo + e(Eoh(62.62) + Goh(61,6,)) + o(c).

where the remainder o(e) is uniform fixed the compact set in the variables (p, p),p > 0.
Using the standard Taylor expansion va + bz + cz? = y/a + %%x + o(x), we get

E E()h(ez, 92) + Goh(917 91)
2 VE.Go

where the remainder o(e) is uniform fixed the compact set in the variables (p, p).

Now let us expand the second fundamental form.
First of all we have to find an expression of the inward normal unit vector v on Sf in metric g..
We look for v, of the form

(35) VE.G. — F2 = \/EyGy + + o(e),

Ve =1 + €N + o(e)

where vy = —© is the inward normal unit vector on Sf in euclidean metric and the remainder is o(e)
uniformly fixed the compact in (p, p). From the orthogonality conditions g.(61,v.) = 0 and g.(02,v.) = 0,
we get

0 = 96(91, 1/6) = (917 Vo) + 6(491, N) + eh(@l, Vo) + 0(6)
0 = ge(O2,v) = (02,19) + €(02, N) + eh(b2,19) + o(e)

from which, being 1 the euclidean normal vector to SJ,

(36) (N, 91) = —h(l/o,el)
(37) (N, 92) = —h(l/o,@g).

Imposing the normalization condition on v, we obtain
1= ge(ve,ve) = (vo,v0) + 2€(vg, N) + €h(vo, 1) + o(e)

from which, being (vg,vp) =1

(38) (N, l/o) = —%h(yo,l/o).

Denote with 6; = ‘g?‘ the normalized tangent vectors; since (91,§2,u0) are an orthonormal base, the
expressions (36),(37),(38) characterize univocally N, which can be written in this base as

_ 1
(39) N = —h(Vo, 91)91 - h(Vo, 92)92 — ih(l/o, Vo)Vo.
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Knowing the normal vector we can evaluate the coefficients of the second fundamental form

o

heij = _ge(VQiVﬂ 9]')’

where V is the connection on R? endowed with the metric g.. By linearity, denoting with &% the standard
euclidean frame of R3

0 )= v,
ozr'  opi
where T, are the Christoffel symbols of (R?, g).
Let us find an expansion in € of I\ By definition

Vove = 04V, (v + 0T

A 83;1/

17 1 vo
A T 59 [D/Jg)\a + D)\gau - Dogu)\]-

Noticing that g"? = 6#7 — €h,, + o(€) and D, gr, = €D, h),, We obtain

1
Z)\ = 56(5””[Duh)\g + Dyhoy — Dohyn] + o(€)
1
= 56(51/014“0)\
(40)
where we set
(41) Auu)\ = [Duh)\y + D)\huu - Duhuk]~
Hence 9 )
Ve vo
Vo, Ve = 500 + 56951/6\5 Ao p + o(e)
and the second fundamental form becomes
° 6V() 8u0 ON 1 v

(42) hﬂ'j = — (aaz7 9j> — € |:h<(9917 9j> + (601, GJ):| - 56959j V(/]\Al“,)\.

In order to simplify the expressions let us recall the values of the coefficients of the unperturbed first
fundamental form

Ey = p?
FQ = 0
Gy p?sin? 01,

those of the unperturbed second fundamental form (following the classical notation of the theory of
surfaces, we denote with lg, mg,no the quantities hq,,, ho,,, Ro,,)

lo = p
mog = 0
ng = psin?6!

and the unperturbed mean curvature and Gaussian curvature

2
Hy ==
p
1
Do = —.
02
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From formula (22) in the proof of Lemma 3.4 in [Mon] and the above expressions of the unperturbed
quantities we have immediately that

1 o o 1 -
/ Cas, = dno 76/ [h(el,el) v h(eg,ez)} A — fep/ [(9595 n efef)ugAW}dzo
Sﬂ 2 52 2 S2

B ov - ON . / oo - ON
) 6/(o,ﬂ>x<o,2w>[ (802’92> (602’92)}[9 v gt 1) T\ ggr-f1 ) |40+ olo)

Now we have to compute [ st D.d>.. Knowing the first and the second fundamental forms we can evaluate

D, := det he in fact observing that

det g’
. . o, ON 1
deth, = dethg— eng |:h<80(1), 91) + (801, 91>:| — ienOH’fG‘l’yéAW,\ +

v ON 1
(44) —El() |: (aag s 92) <6927 92>:| — §6l095951/8\14m/,\ + 0(6)

and that
det ée = det _g]() + 6E0h(02, 92) + EGQh(ah 91),

1

using the Taylor expansion — €5 2 + o(e€), we get

a+eb+o(e)
no l:h(gz&',91) + (691 ,01):| RQQ?HTVS‘AMV)\ +l0 l:h<692,92> (602’92)] + %ZOG‘;H;’V@AW,\
D, = Dy-—
o= EyGy
[Eoh(82,62) + Goh(61,61)] det o
—e€ 5 + o(e).
(EoGo)

Recalling (35) we obtain

€ th(eg,eg) + Goh(91,91)} 1 312
DdY¥., = DydX% _|_,/ D { df-do
S8 S8 T (0,7)% (0,27) ’ VEqGo
no |: (gggael) (('%\{791>:| +§n00/119TV6\AHV/\+lO|: (892792> (%\4792>:|
—€
/(0.71')><(0,27r) VEqGy
1100505 ) A, Eoh(0s,05) + Goh(01,01)] det h
—e/ 3003058 Auos | [Foh(02,02) + O?E; )] det ho 0 do? + ofe).
(0,7) % (0,27) VEyGo (EoGo)3/
(45)

Plugging the unperturbed quantities into (45), after some easy computations we get
1 =~ = ~ = 81/0 —~ ON - 1 192
Dd¥x, = 47— = h(602,0 h(01,61)|d%g — h| =—,0 —— .05 | |dO"do
” vy fo O m) @ g [ (G ) + ()

ovy - ON - -
(46) —e / { [h(a ot 91> + ( TR alﬂ + g[eyefugAW + egegugAM}}dzo +o(e).
S2

Comparing the integrals (43) and (46) we see that all terms cancel out and we can conclude that

R
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In the following Lemma we find the expansion of the reduced functional ®. in terms of Iy, G1, G2 and
their derivatives. Recall the notation introduced in Remark 4.1 about Ij) and Ij and the definition of R
given in the Subsection 4.1 after Lemma 4.2.

Lemma 4.7. For p > Ry the reduced functional has the following expression:

o, = <G2(s;;) - /S 2 {G’l(sg)(fg(sg)l [Gj(Sg)])}dE()) +o(e).

Proof. With a Taylor expansion in €, w and recalling that ||w|/cs.« = O(€) (see Lemma 4.3), we have

(S (w)) = Io(Sf(w)) + eGr(Sf(w)) + of€)
= I§(88) + I} (SE)[w] + €G(SE) + ofe).

Since I;(S5) = 0 and w satisfies the auxiliary equation PI;(Sf(w)) = 0, we must have
w = —el§(SE) PGS

Observe that from G1(S%) = 0 Vp, p it follows that G (S5) € Ker[Ag2(Ag242)]*-, so PG} (S8) = G1(S5).
Hence, recalling that Io(S5) = 0, [;(S5) = 0, G1(Sf) = 0 we have

L(SH)) = To(S5w)) + G (S5(w)) + EGa(Sg(w)) + o)
1 (S [w] w € 1(SP) w € ) + o(€
L [msplal wlamo+e [ (G55 wlam+@Gasp) +ole)

2

—%8 /S enesn mesp a1 Ao + @Ga(sp) + o)
]

Now we want to estimate the quantities G (Sf) and G2(SJ) appearing in the expression of the reduced
functional.

Lemma 4.8. Writing the conformal Willmore functional on perturbed standard spheres as in (34), we
get the following expressions for the differential of G1 and for G evaluated on S :

G (SP) = L(h) + (1 + p)[L(Dh) + L(D*h) + L(D*h)]

1 1 1 1
[p—zL(h)L(Dh) + 2 LUNL(DR) + — (Q(R) + Q(D)) + - Q(Dh) + Q(Dh)}
where L(.) and Q(.) denote a generic linear (respectively quadratic) function in the entries of the matriz
argument with smooth coefficients on S? which can change from formula to formula and also in the same
formula.

Ga(sp) = |

Sp

Proof. To get the expression of the desired quantities we compute the expansion of I.(Sf) at second order
in € and first order in w. In the intention of simplifying the notation, we will omit the remainder terms in
the expansions. During the proof we use L(.) and Q(.) to denote a generic linear (respectively quadratic)
in the components real, vector or matrix-valued function, with real, vector or matrix argument and with
smooth coefficients on S2. The letter ¢ will denote a smooth real, vector or matrix-valued function on
S2. L,Q and a can change from formula to formula and also in the same formula.

Let us start with the expansion. Observe that Sf is parametrized by p + p(1 — w)© so the tangent
vectors are

Z; = p(1 —w)O; — pw;© = p(a + L(w) + L(Dw)).

The first fundamental form on Sg is

Gis = 9e(Zi, Z;) = (Zi, Z;) + eh(Zi, Z;) = p* |a + L(w) + L(Dw) + eL(h)(a + L(w) + L(Dw))}
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and

det g = p'[a+ L(w) + L(Dw) + eL(h)(a+ L(w) + L(Dw)) + €Q(h)]
det g = p? {a + L(w) + L(Dw) + eL(h)(a + L(w) + L(Dw)) + GQQ(h)} ;
it’s easy to see that the inverse of metric is
i1 = % [+ Lw) + L(Dw) + eL(h)(a+ Lw) + L(Dw)) +EQ(M)|.
The normal versor v, has to satisfy the three following equations:
0=gcVe, Z;) = Ve, Zi) + €h(ve, Z;) = ve(1 + eL(h))(a + L(w) + L(Dw))

1 = ge(Ve, ve).

Hence, just solving the linear system given by the first two conditions and plugging in the third one, we
realize that
ve = a+ L(w) + L(Dw) + eL(h)(a + L(w) + L(Dw)) + €2Q(h).

In order to compute the second fundamental form ;LE = —ge(Vz,ve, Z;) recall that
v, 4 A
Vz,Ve = 500 + Zv, F”’\ﬁx”
and that

I, = %eé”"[DﬂhM + Dxhoy — Dohyn] = eL(Dh),
so the covariant derivative of v, can be written as
Vzve = a+ L(w)+ L(Dw)+ L(D*w) + eL(Dh)(a + L(w) + L(Dw)) + eL(h)(a + L(w) + L(Dw) + L(D*w))
+epL(Dh)(a+ L(w) + L(Dw)) + €*(1 + p)L(h)L(Dh)
and the second fundamental form becomes
he = p [a + L(w) + L(Dw) + L(D*w) + eL(Dh)(a + L(w) + L(Dw)) + eL(h)(a + L(w) + L(Dw) + L(D%))]
+ep”L(Dh)(a + L(w) + L(Dw)) + €*p(1 + p) L(h)L(Dh) + € pQ(h).

Using the previous formulas now we are in position to estimate H, H? and D. With some easy compu-
tations one gets

H - % [+ L(w) + L(Dw) + L(D*w) + €L(D)(a + L(w) + L(Dw)) + eL(h)(a + L(w) + L(Dw) + L(D*w))]
+eL(Dh)(a + L(w) + L(Dw)) + 62%(1 + p)L(h)L(Dh) + eQ%Q(h).

o = ;12 [+ L(w) + L(Dw) + L(D*w) + e(L(h) + L(DA) + pL(DR))(a + L(w) + L(Dw) + L(D*w))]

62 2

+e2%(1 +PL(ILIDR) + 5(Q(R) + QD) + %L(Dh)(L(h) + L(Dh)) + €Q(Dh)

deth = p? [a + L(w) + L(Dw) + L(D*w) + €(L(h) + L(Dh) + pL(Dh))(a + L(w) + L(Dw) + L(DQw))}

+e?p*(1+ p)L(h)L(Dh) + €p*(Q(h) + Q(Dh)) + €p*(1 + p)Q(Dh)

fﬁg = % [a + L(w) + L(Dw) + L(D*w) + e(L(h) + L(Dh) + pL(Dh))(a + L(w) + L(Dw) + L(D%))}
+;Z(1 + p)L(h)L(Dh) + ;Z(Q(h) +Q(Dh)) + 62%(1 +p)Q(Dh)
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Now we can compute I.(S%(w)) = Io(S8(w)) + €G1(SE(w)) + €2G2(SE(w)) at the second order in e and
first order in w:

I(S0) = /S [}f - D} d¥o = /S [a+ L(w) + L(Dw) + L(D*w)]d%

te /S [(L(h) + L(Dh) + pL(Dh)) (a + L(w) + L(Dw) + L(Dzw))} %

4 [ [+ LML) + pLDBYLA) + LD) + QA +QUDE) + pQDE) + *QDI) .
So G1(S8(w)) = [42[(L(h) + L(Dh) 4+ pL(Dh)) (a + L(w) + L(Dw) + L(D?w))], but also

G(Sp(w) = Ga(5p) + [ | GhlSp)wisy
with an integration by parts we get the first variation
/52 G/ (S8)w = /S [(20) + (4 ) (L(DR) + L(D*R) + L(D*h)) )uw] ds,
then the differential of G at S) is
G1(SP) = L(h) + (1 + p)[L(Dh) + L(D*h) + L(D*h)].

Finally observe that

Ga(55) = [ [ LU L(DR) < LIDR)(L(H) + EADR)) + = (Q(h)+ QUDI)) +- QD) + QDB s

O

4.3 Proof of the existence Theorems

In order to get existence of critical points we study the reduced functional ®, : R? @ Rt — R. Since for
small radius p, the reduced functional coincides with the conformal Willmore functional evaluated on the
perturbed geodesic spheres S p(w6 (p, p)) obtained in Lemma 3.10, then we know the expansion of ®, for
small radius from Proposition 3.11. Now, using the expression of the reduced functional for large radius
given in Lemma 4.7 and the estimates of Lemma 4.8, we are able to bound ®(p, p) for large radius. This
is done in the following Lemma:

Lemma 4.9. Let h,, € C°(R3) a symmetric bilinear form with compact support (it is enough that h
and its first derivatives decrease fast at infinity) and let ¢ € R such that

¢ :=sup{||huv || mr1(r) 1 7 is an affine plane in R®, p,v =1,2,3}.
Then there exists a constant C. > 0 depending on ¢ and Rs > 0 such that for all p > Rs
|Pe(p, p)| < *Ce.

Moreover one has that ¥Yn > 0 there exist § > 0 small enough and Ry > 0 large enough such that for ¢ < &
and p > Ry

|Pe(p, p)| < ne”.
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Proof. For simplicity the proof of the Lemma is done in the case h € C§°. Using the notations established
in Remark 4.1, from Lemma 4.7 and Lemma 4.8 we can write the reduced functional as

v = &(Gasp - [ |eusnuenensn) ) +oe)
= @ [ [ZLMLD + SLHLDK) + (@) + Q(DA) + Q(Dh) + QD) S,

£ P

P

+é? / — [L(h) + (14 p)(L(Dh) + L(D?h) + L(D?h)) x
S,
x(Dg2(Ag2 +2)) H[L(R) + (1+ p)(L(Dh) + L(D*h) + L(D%))]] dXo.

Now denote K = supp(h) which is a compact subset of R?; of course in the formula above the domain of
integration can be replaced with Sf N K.

Observe that for all ¢ > 0 there exists R > 0 with the following property:
for all standard spheres Sf with radius p > R there exists an affine plane m C R3 such that

(47) ||h||§11(sgm<) < Hh”%ﬂ(ﬂ'ﬁK) +o.

This is simply because one can approximate (in C* norm for all ¥ € N ) the portion of standard sphere
SP N K with a portion of an affine plane 7 provided that the radius p is large enough.

So the first integral can be bounded by a constant times Hh||fq1(7rﬁ ) + 0 Using the standard elliptic
regularity estimates and integration by parts also the second integral can be bounded with a constant
times ”h”%{l(an) +o.

Hence for all & > 0 there exists R > 0 and C' > 0 such that for all (p, p) with p > R, there exists an affine
plane 7 such that ~
|@e(p, )| < ECURNT (rrre) + 0)-

Notice that C' depends on the structure of the functions L(.) and Q(.) but is uniform in (p, p), R and o
as above. Recalling the definition of ¢ we get:
For all o > 0 there exists R > 0 such that for all (p, p) with p > R,

|®c(p, p)| < €C(? + ).

Clearly setting o = 1, Rg = R and C, = C(c2+1) one obtains the first part of the thesys. For the second
part we have to show that for all n > 0 there exist § > 0 and R4 > 0 such that if ¢ < § then for all (p, p)
with p > R4 one has ®.(p, p) < €2n; but this is true setting above 62 = o = % and R4 = R associated
to o as before (observe that the estimate is uniform in p). O

Now we are in position to prove the main results of the paper.

Proof of Theorem 1.1 In order to show the Theorem, by Lemma 4.4, it is enough to prove that
®. has a critical point.
Observe that for p < Ry

D (p, p) = 1c(Sy, ,(we)) = O(p*),

so @, can be extended to a C'! function up to p = 0 just putting ®.(p,0) = 0 for all p € R3.
Let R3 and C, be as in Lemma 4.9. Since h has compact support, there exists a R > 0 such that for
Ip| > R and p < R3, S§ N supp(h) = 0.
In order to apply the Finite Dimensional Reduction, we have to fix a compact Z, C R @ R*. Let us
choose it as
Ze:={(p,p) : Ip| < R,0 < p < Rs}.

Apply Lemma 4.3 to the compact Z. and observe that on the boundary 0Z. we have:
-p=0: &, =0.
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- |p| = R: ®. = 0. In fact for |p| = R the standard sphere S does not intersect the support of h, so
35, , = Sp for all the radius 0 < p < Rs; since the solution of the auxiliary equation PI; (%5 (we)) = 0
is unique for w, small enough and since Sf is already a critical point for I.(= Iy since Sf N supp(h) = 0)
it follows that X5,  (w.) = Sp, hence

@ (p, p) = IE(Z;,p(we)) = IE(SS) = 10(55) = 0.

-p = Rg: from Lemma 4.9 we have that |®.| < €2C..
Now observe that ®. = O(e?) uniformly on Z,:
from the definition of reduced functional, with a Taylor expansion one gets

Ce(p, p) = 1S5, ,(we)) = LI(S}, ) [we] + O([Jwel ),
but [|wel|ca.a(g2) = O(€) and |[vel|a.a(g2) = O(€) uniformly for (p,p) € Z, so
1(55,) = T(S0(00)) = TL(S8)[ud] + eG4 (S8) + ole) = (e

hence ®. = O(€?) uniformly on Z,.

At this moment we know that ®, is of order O(€?) uniformly on Z. and we know its behaviour on the
boundary 0Z..
Now we are going to use the expansion for small radius computed in Proposition 3.11. Recall that for
p < Ry, ®c(p, p) = 1(Sy, ,(we(p, p))) and from Proposition 3.11 we have the expansion:

™
c(p. p) = £ lISp7p" + O(2)0p(p").

Recalling (6), the first term can be written as ||S, > = €25, + o(€?), so

T o,
Pe(p, p) = £ €*5pp" + plo(¢?) + O(2)0p (p”).

Choose p < R; such that for small € the remainder |p*o(e?) + O(p®)O(€?)| < €2 and choose A, > %%
If there exists a point p such that 55 > A, then

®.(p,p) > 2C,

so @, attains its global maximum on Z. at an interior point (pe, pe) for all € small enough and applying
Lemma 4.4 we can say that 3¢ (w.(p, p)) is a critical point of I, for e small enough.

Since for € — 0 we have [|v||ca.a(g2) — 0 and [[we|ca.2(s2) — 0 (see Lemma 4.2 and Lemma 4.3), then
the critical point X7 (w(p, p)), for small €, can be realized as normal graph on a standard sphere and it
converges to a standard sphere as € — 0. B

Proof of Theorem 1.2 Recall (6) and let p € R? be a maximum point of the first term in the expansion
of the squared norm of the Traceless Ricci tensor: 55 = M. Observe that from Proposition 3.11 and from
the proof of the last Theorem, for small radius p the reduced functional ®.(p, p) expands as

_ ™ 9.
Pe(p, p) = £ €%3pp" + plo(¢?) + O(2)Op(").

Let p and e small enough such that the remainder |p*o(e?) + O(e?)O5(p°)| < 75 Me?p*; in this way
. (p, p) > %Mez’ﬁ‘.

From the second part of Lemma 4.9 there exist dp; > 0 and R4 > 0 such that, if ¢ < dpy

™ _
[@c(p,p)l < T Me*p" ¥(pp): p > Ra.
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€

(Recall that h has compact support and if 3 ,(w.(p, p)) does not intersect supp(h) then ®.(p, p) = 0.)
As in the proof of Theorem 1.1, let R > 0 be such that for [p| > R and p < Ry, S5 N supp(h) = 0;
now we apply the Finite Dimensional Reduction to the compact subset Z, C R? @ R+ defined as

)

Ze={(p.p) : Il < R,0 < p < Ra}.

If we apply Lemma 4.3 to the compact Z., from the previous discussion and from the proof of Theorem
1.1, on the boundary 0Z. we have:
-p=0: &, =0.
- |p| = R: ®.=0.
-p = Ry: |®c(p, p)| < FFMep".
Observe that (p, p) is an interior point of 0Z. and that

_ ™ _
o (p, p) > TOMEQP“ > sup  [D(p,p)|
(p,p)€OZ,

so @, attains its global maximum on Z, at an interior point (p,pe) for all € small enough. Applying
Lemma 4.4 we can say that %7 (w.(p, p)) is a critical point of I for e small enough and we conclude as
in the previous Theorem. B
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