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ABSTRACT. We show that a planar bi-Lipschitz orientation-preserving homeomorphism can
be approximated in the W norm, together with its inverse, with an orientation-preserving

homeomorphism which is piecewise affine or smooth.

1. INTRODUCTION

In this paper we deal with approximations of bi-Lipschitz orientation-preserving homeomor-
phisms u : Q@ € R? — A C R?, where Q and A = u(Q) are two open bounded subsets of
R2. In particular, we show that both u and its inverse can be approximated in the W P-norm
(p € [1,400)) by piecewise affine or smooth orientation-preserving homeomorphisms. Our main

theorem is the following.

Theorem 1.1. Let Q C R? be any bounded open set, and let u : Q@ — A be a bi-Lipschitz
orientation-preserving homeomorphism. Then, for any € > 0 and any 1 < p < oo, there exists a

bi-Lipschitz orientation-preserving homeomorphism v : Q@ — A such that u = v on 051,
[u = || ooy + [[lu™" = v | zoo(a) + [Du — Dol oy + |1Du™" = Do~ oa) <&, (1.1)

and v is either countably piecewise affine or smooth. More precisely, there exist two geometric
constants C1 and Co such that, if u is L bi-Lipschitz, then the countably piecewise affine approx-
imation can be chosen to be C1L* bi-Lipschitz, while the smooth approzimation can be chosen
to be CoL?8/3 bi-Lipschitz.

Thanks to a result by Mora-Corral and the second author [28] (see Theorem 2.1 below), the
problem of finding smooth approximations can be actually reduced to find countably piecewise
affine ones —i.e. affine on the elements of a locally finite triangulation of €2, see Definition 3.2.

The fact that v might not be (finitely) piecewise affine but countably piecewise affine is due
to the fact that we require u = v on 92, so it is clearly impossible to find a (finitely) piecewise
affine approximation v unless the domain is a polygon and u is piecewise affine on the boundary.

In fact, we also prove the following result.

Theorem 1.2. If under the assumptions of Theorem 1.1 one has also that Q) is polygonal and u
is piecewise affine on OS2, then there exists a (finitely) piecewise affine approximationv : Q — A
as in Theorem 1.1 which is C1C'(2)L* bi-Lipschitz.

About the dependence of C’(Q2) in Theorem 1.2 on the domain (2, see Remark 6.1.
The first naive idea coming to one’s mind in order to construct a piecewise affine approxima-

tion of uw could be the following: first, to select an arbitrary locally affine triangulation of €2 with
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triangles of sufficiently small diameter; then, to define v as the function which, on every triangle,
is the affine interpolation of the values of u on its vertices. Unfortunately, if on one hand the
functions defined in this way provide an approximation of u in L°°, on the other hand they may
fail to be homeomorphisms. The problem is due to the fact that, taking arbitrary nondegenerate
triangles in 2 —mo matter how small- then the affine interpolation of u on the vertices of the
triangles can be orientation-preserving on some triangles and orientation-reversing on the others
(see Figure 1). This prevents the affine interpolation to be injective since an homeomorphism
on a connected domain in R? must be either orientation-preserving on every subdomain, or
orientation-reversing on every subdomain. An explicit example of a function with such a bad

behaviour can be found in [31].

D C
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A B u(B)

FIGURE 1. The square ABCD is divided in the triangles 7 and 7. The affine interpo-
lation v of uw on ABCD is not injective, since v(7) C v(7”) (v(7) and v(7") are shaded).

Moreover, u is orientation-preserving in the square while v is orientation-reversing on 7 .

The general problem of finding suitable approximations of homeomorphisms u : R D Q —
u(Q2) C R? with piecewise affine homeomorphisms has a long history. As far as we know, in
the simplest non-trivial setting (i.e. d = 2, approximations in the L*-norm) the problem was
solved by Radé [29]. Due to its fundamental importance in geometric topology, the problem of
finding piecewise affine homeomorphic approximations in the L*°-norm and dimensions d > 2
was deeply investigated in the 50s and 60s. In particular, it was solved by Moise [25] and Bing [5]
in the case d = 3 (see also the survey book [26]), while for contractible spaces of dimension d > 5
the result follows from theorems of Connell [8], Bing [6], Kirby [22] and Kirby, Siebenmann and
Wall [23] (for a proof see, e.g., Rushing [30] or Luukkainen [24]). Finally, twenty years later,
while studying the class of quasi-conformal varietes, Donaldson and Sullivan [12] proved that
the result is false in dimension 4.

Let us now consider the case of Sobolev homeomorphisms u € WP for some p € [1, +00].
As pointed out by Ball (see [2, 3], see also Evans [13]), the problem of proving the existence of
piecewise affine approximations of Sobolev homeomorphisms arises naturally when one wants to
approximate with finite elements the solutions of minimization problems in nonlinear elasticity
(e.g. the minima of neohookean functionals, see also [1], [4], [9], [32]). In that context, the
function u represents the physical deformation of a material with no interpenetration of matter

(in particular, d = 2 as in the present paper, or d = 3).
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The results available in the literature provide, under increasingly weaker hypotheses on the
derivatives of u, piecewise affine or smooth approximations of u and its derivatives. The first
results were obtained by Mora-Corral [27] (for planar bi-Sobolev mappings that are smooth
outside a finite set) and by Bellido and Mora-Corral [7], in which they prove that if u € C%< for
some o € (0,1], then one can find piecewise affine approximations v in C%?, where 8 € (0, @)
depends only on a.

Recently, Iwaniec, Kovalev and Onninen [21] almost completely solved the approximation
problem of planar Sobolev homeomorphisms, proving that whenever u belongs to W for some
1 < p < 400, then it can be approximated by smooth diffeomorphisms v in the W norm
(improving the previous result for homeomorphisms in W12 found in [20]).

In all the above-mentioned results, approximations are intended in the WP sense, that is,

in place of (1.1) one obtains estimates of the form
lu = vllLe@) + [1Du = Dollre) <€, (1.2)

whitout any information on the inverses v~ and v~!. Unfortunately, this is still not enough for
the applications: in fact, the functionals of nonlinear elasticity usually depend on functions of
the Jacobian of u which explode when det(Du) — 0 (see for instance [3, pag. 3]). The physical
meaning of choosing such functionals is that too high compressions or strecthings require high
energy. As a consequence of this, two invertible Sobolev functions u and v which are close in the
sense of (1.2) may have very different energies. Instead, if u and v are close in the sense of (1.1),
then their energies are also close. Moreover, the bi-Sobolev condition with exponent p € [N, +00]
guarantees, if N =2, 3, the N—property (that is, no material is created or compressed from/to
null sets). These considerations suggest to work in the space of bi-Sobolev homeomorphisms,
that is, homeomorphisms u such that both u and u~! belong to WP, This was also already
suggested in the paper by Iwaniec, Kovalev and Onninen ([21, Question 4.2]). We only mention
here that the study of bi-Sobolev homeomorphisms is very active, also in connection with maps
of finite distorsion (see for instance [10, 14, 15, 16, 17, 18, 19]).

The present paper is the first one to take care also of the distance of the inverse maps,
leading to a partial result towards the solution of the general problem (hence, we also give a
partial positive answer to Question 4.2 of [21]): in fact, we are able to deal with homeomorphisms
which are bi-Sobolev for p = +00. The techniques adopted in [7] and [21] are completely different
with respect to the ones which will be used throughout this paper. While the proof in [7] is
based on a refinement of the supremum norm approximation of Moise [25] (which, as pointed out
by the authors themselves, cannot be extended to deal with the Sobolev case) and the approach
of [21] makes use of the identification R? ~ C and involves coordinate-wise p-harmonic functions,
our proof is constructive and based on an explicit subdivision of the domain of u depending on
the Lebesgue points of Du.

We conclude giving a bound on the values of the costants C7, Cy and C3 appearing in

Theorems 1.1, 1.2 and 2.2 (while the constant C’(2) depends on the set 2, see Remark 6.1),

Cy = 724Cs, Cy = 70C1%, C = 636000 .
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2. SCHEME OF THE PROOF AND PLAN OF THE PAPER

Our proof is constructive, thus long, but it relies essentially on three known facts: the
Lebesgue differentiation Theorem for L'-maps in R?, the Jordan curve theorem and a planar
bi-Lipschitz extension theorem for homeomorphic images of squares proved in [11]. As already
mentioned in the introduction, all our effort will be to get a piecewise affine approximation of

u, since then the smooth extension readily follows by the following recent result from [28].

Theorem 2.1. Let v : Q — R? be a (countably) piecewise affine homeomorphism, bi-Lipschitz
with constant L. Then there exists a smooth diffeomorphism 0 : Q — v(Q) such that 0 = v on
90, ¥ is bi-Lipschitz with constant at most TOL7/3, and

16 = vll Lo () + 1D = Dol Logay + 107 = v oo i) + D87 = Do~ Loy <e-

A rough idea and scheme of our construction is as follows.

Approximation of u on Lebesgue squares. The first idea is to use the fact that, in a
sufficiently small neighborhood of each Lebesgue point z for the differential Du, the map wu
is arbitrarily close, both in WP and in L, to an affine L bi-Lipschitz map (given by its
linearization around the point z). The WP estimate is simply a restatement of the definition
of Lebesgue point of Du, while the L*° estimate is proven in Lemma 4.2. Indeed we prove
that, given a square D C Q (e.g. a neighborhood of z), the more Du is close in LP(D) to an L
bi-Lipschitz matrix M (given e.g. by Du(z)), the more u is close in L (D) to an L bi-Lipschitz
affine map uys with Duys = M. Moreover, since u is bi-Lipschitz, we have that also the inverse
of u is close both in WP (u(D)) and in L>(u(D)) to the inverse of uy;.

The main implication of these estimates towards the construction of a piecewise affine bi-
Lipschitz map approximating u is the following. Let us take a square D C 2 as above and let
us consider the piecewise affine function v which coincides with « on the vertices of D and is
affine on each of the two triangles obtained dividing D with a diagonal. If |[Du — M||ps(py is
sufficiently small, then the L estimate implies that u(9D) is uniformly relatively close to the
parallelogram of side lengths at least side(D)/L given by up/(0D). Hence, since v = u on the
vertices of the square and is affine on each side of 9D, the same uniform estimate holds also
for v. In particular, the map v is orientation preserving, injective, and approximates u and its
inverse as desired.

Finally, thanks to the fact that the Lebesgue points of Du have full measure in €2, we fix
two orthonormal vectors ej, eo € R? and, Ve > 0, we find a set Q. CC Q with £ (Q\ Q) <e
which is made by a uniform “tiling” of squares with sides parallel to ey, es with the following
property. On each square D of the tiling, Du is sufficiently close to an L bi-Lipschitz matrix M
(in particular, M will be equal to Du(z) for some Lebesgue point z € D). Then, by the previous
remarks, one can show that the piecewise affine function v obtained interpolating between the
values of u on the vertices of the squares is injective and satisfies (1.1) on .. Moreover, v is
L + ¢ bi-Lipschitz. The squares of the tiling covering 2. will be called Lebesgue squares, and the
set ). right polygon, due to its shape —see Figure 2.



APPROXIMATION OF ORIENTATION-PRESERVING MAPS 5

FIGURE 2. An open set ) and a right polygon Q2. CC Q.

Thus, the first idea of the proof leads to define a piecewise affine approximation of u on a set
whose Lebesgue measure is as close as we want to .Z (€2). In order to complete the construction,
we have to define v in the interior of the set 2\ Q..

Countably piecewise affine bi-Lipschitz extension. The second idea of our proof is to
reduce to the following model case: €\ €. is a square of Lebesgue measure at most £ and
Uy onan is a piecewise affine function. In particular, by the previous construction, v = u on
0f).. In this case, an approximating function v is provided by the following bi-Lipschitz extension

theorem, proved in [11].

Theorem 2.2 ([11]). There exists a geometric constant Cs such that every L bi-Lipschitz piece-
wise affine map u : 0D(0,1) — R? defined on the boundary of the unit square admits a C3L*
bi-Lipschitz piecewise affine extension v : D(0,1) — I', where T" is the bounded closed set such

that OT' = w(0D(0,1)).

In particular, it is shown in [11] that one can take C5 = 636000. We recall that an analogous
result had already been proved by Tukia in [33]. However, explicit estimates of the Lipschitz
constant of the extension v were not provided.

It is then easy to verify that, provided ¢ is chosen sufficiently small at the beginning, such an
extension of uj, () together with the already defined piecewise affine interpolation of v on the
Lebesgue squares, satisfies the assumptions of Theorem 1.1. Indeed, by definition, v is injective
on the whole Q. Moreover, we know by the previous construction that it satisfies (1.1) on (..
And on the other hand, on Q \ €., |Du| and |Dv| are bounded by the two Lipschitz constants
L and CL* (together with their inverses) on a set of small area and then the WP estimates
in (1.1) follow. Finally, since  \ Q. and u(€2 \ Q) have small Lebesgue measure, v and v~! are
also close to u and u~! in L.

In order to reduce to this model case, we perform the following steps:
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FIGURE 3. (A part of) the countable tiling of Q \ €2, ~the shaded region is €2..

1. We cover Q\ Q. with a countable (locally finite in ©) “tiling” of small squares whose
sides are parallel to e; and es (see Figure 3).

2. On the 1-dimensional grid @ given by the boundaries of the squares of the tiling we define
the piecewise affine approximation v in such a way that v(Q) C A and v is 72L bi-Lipschitz.

3. We “fill” the squares of the tiling extending v|, by means of Theorem 2.2, thus getting
a globally C3(72L)* bi-Lipschitz function on 2\ Q..

The fact that the Lipschitz constant of v on ). depends only on the Lipschitz constant of
u will tell us that, as in the model case, the WP and L> norms of u —v and u~! —v~! can be
made as small as we want —provided we choose ¢ sufficiently small at the beginning. Thus we
end the proof of Theorem 1.1.

Let us also give a very rough idea of how the proofs of Steps 1, 2 and 3 works. While
Step 1 is a simple geometric construction, Step 2 essentially consists in approximating u on the
grid @ with a piecewise affine function. This will be possible thanks to Lemma 5.5, which tells
that it is possible to approximate u« on the segments, and to Lemma 5.6, which takes care of the
“crosses”. Finally, Proposition 5.1 in Section 5 concludes the argument of Steps 2 and 3. The
essential idea there is that, since on the “non-Lebesgue squares” the behaviour of w is wilder,
one cannot simply take v equal to the affine interpolation of u on the vertices. Indeed, as already
pointed out in the introduction, this could easily give a non-injective function. However, since
the total area of the non-Lebesgue squares is small, any bi-Lipschitz function which preserves
the boundary values approximates u as in (1.1). This is why we use the extension of vg given
by Theorem 2.2 in Step 3.

Plan of the paper. Section 3 contains the main notation and some preliminary definitions.
Section 4 is devoted to the construction of v on a large right polygon made of “Lebesgue

squares”.
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In Section 5 we complete the proof of Theorem 1.1 using the reduction argument outlined
above and the bi-Lipschitz extension Theorem 2.2.

Finally, in Section 6, we adapt the proof of Theorem 1.1 to provide a (finitely) piecewise
affine approximation of u whenever () is polygonal and uy,, is piecewise affine, thus proving
Theorem 1.2.

3. PRELIMINARY NOTATION AND DEFINITIONS

In this section we give some preliminary definitions and fix some useful notation which will
be used throughout the paper.

First we recall the definition of orientation-preserving (resp. reversing) homeomorphism.

Definition 3.1 (Orientation-preserving (reversing) homeomorphism). We say that an homeo-
morphism u : Q — u(Q) C R? is orientation-preserving (reversing) if whenever a simple closed
curve [0,1] 3 t — ~(t) € Q is parameterized clockwise, then [0,1] > t — u(v(t)) € u(Q) is

parameterized clockwise (resp. anti-clockwise).

It is well known that if € is connected, then any homeomorphism u : @ — u(Q2) C R? is
either orientation-preserving or orientation-reversing.

Next, we define the class of functions in which we look for approximations of u. To this aim
we recall the definitions of (finite) triangulation of a polygon and of locally finite triangulation

of an open set  C R2,

Definition 3.2 ((Finite) triangulation). A (finite) triangulation of a polygon ' C R? is a finite

collection of closed triangles {Tz}fvzl whose union is equal to clos$Y and, for all i # 7,

T; NT; is either empty, or a common vertex, or a common side of T; and T} . (3.1)

Definition 3.3 (Locally finite triangulation). Let  C R? be a bounded open set. A locally
finite triangulation of Q is a locally finite collection of closed triangles {T;}ien such that  C
Uien T € closQ and (3.1) holds.

We notice that, unless {2 is a polygon, the number of elements of a triangulation cannot be
finite.

Definition 3.4 (Piecewise affine and countably piecewise affine function). A function v : Q —
R? s countably piecewise affine if v|. 18 affine on every triangle T' of a suitable locally finite
triangulation of Q. If Q is a polygon and the triangulation s finite, then we say that v is

(finitely) piecewise affine.

In order to build the triangulation on which the function v of Theorem 1.1 is countably
piecewise affine, we will use, on a subset of Q of Lebesgue measure as close as we want to .Z (£2),
uniform triangulations into right triangles. The union of such triangles will be called a right
polygon, according to the following definition. From now on, e1, es will be two fixed orthonormal

vectors in R2.
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Definition 3.5 (Right polygon and r-piecewise affine function). An open bounded set ' C R?
is called a right polygon of side-length r (or simply an r-polygon) if it is a finite union of closed
polygons whose sides are all parallel to e1, es, and have lengths which are integer multiples of
r > 0. Let now € be an r-polygon, and consider a bi-Lipschitz function u : Q' — R2. For every
side ' C OV, write I = Uivzlfi where the I';’s are essentially disjoint segments of length r. We
say that u is r-piecewise affine on 9 if for any such segment I' and for any i, the function u

1$ affine on T;.

Points in © will be denoted by z € R? or by (z,y) € R x R, with z = ze; + yes. We denote
with B(z,r) the ball of center z and radius r and with D(z,r) the square of center z, side length r
and sides parallel to e, ea. Moreover, the generic square of a collection of squares {D(zq, 7o) }aeN
will be also sometimes denoted simply by D,. Instead of working directly with triangulations,
it will be convenient, in order to apply our method, to subdivide €2 into a countable and locally

finite family of squares called tiling.

Definition 3.6 (Tiling). Given an open, bounded set 2, a tiling of Q is a locally finite (in Q)
collection of closed squares {Do(2a, o) acn whose union is contained between Q and clos Q and
such that, Vo # 3 € N, Do, NDg is either empty, or a common vertex of D, and Dg, or a side of

one of the two. Two squares of a tiling are said to be adjacent if their intersection is nonempty.

Notice that a tiling of 2 can be either finite or countable and in particular it is surely
countable if €2 is not a right polygon.

It will be often useful to regard a given tiling of 2 as the union of the finite tiling corre-
sponding to a right polygon ' CC Q and a countable tiling of 2\ Q', locally finite in Q. Since
these kinds of “sub-tilings” will be frequently used in the paper, we define them separately.

Definition 3.7 (r-Tiling of a right polygon and tiling of (Q,')). Given an r-polygon ', the
r-tiling of €' is the (unique) finite collection of closed squares {D(za,r)}aej(r) whose union
is equal to closY and, Vo # B € F(r), Do N Dy is either empty, or a common vertex, or a
common side of Dy and Dg. Given a bounded, open set Q and an r-polygon Q' CC €, a tiling
of (,9) is a tiling of Q whose restriction to ' is the r-tiling of Q.

The 1-dimensional skeleton of a tiling will be called grid, according to the following defini-

tion.

Definition 3.8 (Grid). Let {D4}aen be a tiling of Q. We call grid of the tiling the 1-dimensional
set given by the union of the boundaries of the squares of the tiling. Each side (resp. vertex) of

the squares of a tiling will be called side (resp. vertex) of the grid.

A possible definition of a piecewise affine approximation of u on a given r-polygon, which

will be used in Section 4, is the following.

Definition 3.9 ((€', r)-interpolation of u). Let Q' CC Q and {Da}ae,ﬂ(r) be an r-right polygon
and its r-tiling. We call (Q', r)-interpolation of u the piecewise affine function v : Q' — v(Q') C

R? which coincides with u on the vertices of the r-tiling and, for each o € % (v), is affine on the
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two right triangles forming D, and having as common hypothenuse the north-east/south-west

diagonal of D,.

We conclude this section with a table collecting the main notation used in this paper.

Q) C R? a given open bounded set, D(z,71) square with center z, side length r
u:Q — A agiven L bi-Lipschitz function, and sides parallel to eq, es,
M (2 % 2) two by two real matrices, Z Lebesgue measure on R?
| M| sup {|Mv| : Jv| =1}, A 1-dimensional Hausdorff measure,
M(2%x2;L) {M e .#(2x2):Det M >0, int A interior of a set A C R?,
M| < L,|M~| <L}, clos A closure of A,
e1, € two fixed positively oriented 0A boundary of A C R?,
orthonormal vectors in R?, Q' cc closQ CQ,
B(z,r) ball with center z and radius r, d(A,B) inf{|z—w|: z€ A, we B}.

4. APPROXIMATION ON THE “LEBESGUE SQUARES”

The aim of this section is to prove the following

Proposition 4.1. For every € > 0 there exists a right polygon Q. CC Q of side length r such
that the (e, r)-interpolation v : Q. — v(.) C R? is L + & bi-Lipschitz and satisfies

A :=v() CCA, (4.1)

[o = ull ooy + 07 = u ™z (an) + 1Du = Dol rogo,) + [|1Du™ = Dv™H o,y <&, (42)

ZOQ\W)<e, L(A\A)<e, dQ,R*\Q)>2r, (4.3)
V2r

v —ullpo.) < (4.4)

I8

The reason why the piecewise affine interpolation of u will be injective on €2 is that, for each
square D, of the r-tiling of €)., the function u will be uniformly close to an affine L bi-Lipschitz
function on the nine squares around D,. The linear part of each of these affine functions will
be the differential of u at some Lebesgue point for Du inside D,. For this reason, the squares
of such r -tiling will be called “Lebesgue squares”.

The plan of this section is the following. Section 4.1 contains Lemma 4.2, which is the main
ingredient in the proof of Proposition 4.1. Indeed, Lemma 4.2 says that, when on a square Du
is close in average to an L bi-Lipschitz matrix M, then wu is close in L* to an affine function wp
with Dup; = M. Then, in Section 4.2, we will determine ). as a suitable union of squares of
an r-tiling on which Lemma 4.2 holds and provides a sufficiently strong L°° estimate. Finally,

in Section 4.3 we show that the (€., r)-interpolation of u satisfies the required properties.

4.1. An L*° Lemma. We are now ready to begin the proof of Proposition 4.1, starting from
the following fundamental lemma. Here and in the following, by .# (2 x 2; L) we denote the
set of the two by two invertible matrices such that the affine map z — Mz is L bi-Lipschitz.

Moreover, ) and u will always be a set and a function as in the assumptions of Theorem 1.1.
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Lemma 4.2. For any n > 0 there exists 6 = §(n) > 0 such that, if z € Q, M € # (2 x 2;L)
and p > 0 are so that D(z,p) CC Q and

][ \Du(z) — M| dz < 5, (4.5)
D(z,p)

then there exists an affine function uys : R — R? with Duyr = M and such that
u(z) — un ()] < mp Vz € D(2p). (4.6)

Proof. Up to a translation, we are allowed to assume for simplicity that z = u(z) = (0,0) € R2.

Let us then call, for a big constant R to be specified later,

B' = {a:e [=p/2,p/2] : /

—p/2

B2 .— {y €[—p/2,p/2]: /p/2

—p/2

p/2
|Du(x,t) — M|dt < pR&} )

|Du(t,y) — M|dt < pRé} .

Notice that, since u is bi-Lipschitz on €2, then so are its restrictions to the horizontal and vertical
segments of the square D(0, p). Hence, the above integrals make sense for every x and y. By (4.5)

and Fubini—Tonelli Theorem, we readily obtain
1 1 P 1 2 P
A ([~ r/20/2\B') < £ AN ([=p/2p/2\BY) <& @)

Define now uys(z) = Mz, and p(2) = u(z) — up(2). For any x1, 2 € B and y1, y2 € B? we

immediately get

lo(z1,91) — (2, 12)| < |@(@1,91) — (2, 31)| + |@(22, Y1) — (22, 302)|

< /9«“2 \Du(t,y1) — M‘ dt + /y2 ‘Du(acg,t) — M| dt < 2pR§ .
X1 Y1

Let now (x,y) € D(Z, p) be a generic point. By (4.7), there exist z1 € B! and y; € B? so that

\x—m\S%, ly—w| <

)

==

and since u and uys are L bi-Lipschitz, thus ¢ is 2L-Lipschitz, we get

2v2pL
oz, y) — (1, 1)| < Rp .
,T).

(4.9)

Let finally (z,y) and (Z,g) be two generic points in D(Z Putting together (4.8) and (4.9) we

immediately get

+2pRé < np,

L 4v2pL
[p,9) —¢(@9)] < =%

where the last inequality is true up to take R big enough and then § small enough. Since
©(0,0) = 0, this concludes the proof. O
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4.2. A large right polygon made of Lebesgue squares. In this section we show that,
for any n > 0, it is possible to construct a right polygon €, CC € of side length r,, such that
Z (2\Q,) < n and such that, for any square D(z,r;) of the r,-tiling of €2, the assumption (4.5)
of Lemma 4.2 holds on the bigger square D(z, 3r,;). As we will show in Section 4.3, if we choose 1
and then r, small enough, the corresponding (£2,, r,)-interpolation of u satisfies the requirements
of Proposition 4.1. Then, €2, will turn out to be the right polygon of Lebesgue squares we are

looking for. The goal of this section is to show the following estimate.

Lemma 4.3. For every n > 0 there exists a constant v = r(n) > 0 and an r-polygon Q, CC Q
such that £ (Q\Qn) < n and each square of the r-tiling {D(zq, T)}ae/(r) satisfies the following

properties,
D(24,3r) CCQ VYae S(r), (4.10)

][ |Du(z) — M|dz < §(n) for some M = M(«) € A (2 x 2;L). (4.11)
D(za,37)

Proof. We start selecting some rg = ro(n) > 0 and an ro-polygon o CC € such that £ (Q\
Q) < n/2 and each square of the ro-tiling of € satisfies (4.10). Then, for every r such that
ro € N, we can regard q also as an r-polygon, and consequently call {D(za,r)}aejo(r) its
r-tiling. We define the set

f(r)::{aefo(r):][

|Du — M| < § for some M = M («) G///(2><2;L)},
D(za,3r)

where § = §(n) is given by Lemma 4.2, and we let
Q, = U D(zq,7) -
ae S (r)
Since property (4.11) is true by construction, to conclude the proof it is enough to select a
suitable 7 = r(n) in such a way that .2 (Q9 \ ) < n/2.
To do so, we apply the Lebesgue Differentiation Theorem to the map Du finding that, for
Z-a.e. z € o, there exists r(z) > 0 such that D(z,4r(z)) C Qy and

][ | Du(w) — Du(z)| dw <
D(z,p)

| s

V0 < p<Adr(z).

We can then choose r = r(n) so small that the set A(r) := {z € Qo : r(2) < r} satisfies
Z(A(r)) <n/2. (4.12)

We now claim that, for each a € . o(r),

D(za,r) L A(r) — a € I (r). (4.13)
Indeed, letting M = Du(z) for some z € D(z4,7) \ A(r), by definition of A(r) and r(z) we get
1 1 16
][ ]Du—M|:2/ |Du—M|§2/ |Du— M| = — |Du — M|
D(za,3r) 9r D(za,3r) 9r D(z,4r) 9 D(z,4r)

<359,

©| oo
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thus (4.13) is obtained. As a consequence, by (4.12) we have that

£ (2\9) =2 (Uaefo(r)\f(r)D(Z“’T)> < 2 (A(r) <

and, as we noticed above, this concludes the proof. O

N3

4.3. Affine approximation of u on Lebesgue squares. In this section we complete the
proof of Proposition 4.1. At this point the proof reduces to show that, provided we choose 7
small enough, the (€,,r)-interpolation of u on the right polygon 2, as in Lemma 4.3 satisfies

the properties of Proposition 4.1.

Proof of Proposition 4.1: Let € > 0 be a given constant. Then, let n = n(e) be a sufficiently
small constant, whose value will be precised later. Define now § = ¢ (7](5)) as in Lemma 4.2, and
define also r = r(n(s)) and Q. = Q) according to Lemma 4.3. We will show that the right
polygon €. fulfills all the requirements of the proposition as soon as 7(¢) is small enough. To this
aim we call, as in the statement, v : Q. — A, the (£, r)-interpolation of u (see Definition 3.9)
on the right polygon ..

Let us briefly fix some notation which will be used through the proof. For any o € . (r),
we define M, € 4 (2 x 2; L) so that (4.11) holds. Applying Lemma 4.2 with p = 3r, we get an
affine function u,, : R2 — R? such that Du, = M, and

}u — ug| < 3nr on D(zq,3r). (4.14)

Figure 4 depicts the functions u, v and u,.

D C
u
—
[
Uq
A B

FIGURE 4. The functions u, v and u, on a square.

We can then start the proof, which will be divided in some steps for clarity.
Step I. For any a € 7 (r), v(D(za,7)) C u(D(2a,3r)).
Take o € .Z (r). Keeping in mind (4.14) and recalling the definition of v, we get that

’U(D(Za,T)) - B(ua (D(za,r)),?ﬂ]r) , (4.15)
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where for any set X C R? we denote by B(X,r) the r-neighborhood of X. Similarly, we get that
u(D(2a,3r)) 2 {;1: : B(x,3nr) C ua(D(za,?)r))} .

Hence, the step is concluded if

B(ua (D(za,r)),(im") C o (D(24,37))

which in turn, recalling that Du, = M, € .4 (2 x 2; L), is true as soon as n < (6L) L.
Observe that, as an immediate consequence of this step and (4.10), we have A, CC A, that
is, (4.1) holds.

Step 1. Injectivity of v.

Take o € #(r). Applying again (4.14) as in Step I, we deduce that v is injective on
D(24,3r) N as soon as n < (6L) L. To conclude that v is injective, then, we have to show that
v(D(2a,7))N0(D(2,7)) = 0 if D(2q4,7) and D(za, r) are two non-adjacent squares of the tiling of
Q.. And in fact, if D, and D are non-adjacent, then the fact that v(D(za, 7)) Nv(D(23,7)) =0

for a small 7 follows as an immediate consequence of (4.14) and (4.15) arguing as in Step L.

Step 1II. Estimate on ||v — ul| 0.y and on [[v™! —u™ | (a,)-

Fix a generic square D, of the r-tiling of ., and observe that [uq — ullpe(p,) < 3nr
by (4.14). Moreover, v and u, are both affine on each of the two right triangles on which D,, is
divided, and since on the vertices of these triangles v equals u, again by (4.14) we deduce also

[v = el oo (p,) < 3nr. Thanks to these two estimates, we deduce

v — U||Loo(95) = sup |v-— UHLOO(Da) < sup |jv— uaHLOO(Da) + [Jua — UHLOO(DO)
ac S (r) . ac S (r) (416)
<é6nr < —
=PIT= g

where the last inequality is true as soon as 7, hence also r, is small enough.

Since we have already proven that v is injective, the L estimate for the inverse maps is
now a simple consequence. Indeed, taking a generic point w = v(z) € A,, with z € Q,, by (4.16)
we have

-1 - - -1
! (w) v (w)] = [~ (0(2)) — w M w(2)] < Lfo(z) — u(z)] <
so that
_ -1 3

Step IV. Estimate on ||[Dv — Dul|pp(q,)-
Let us start observing that, since by construction |Du| < L and |Dv| < /2L, one has

| Dv — Du”ip(gs) = Z | Dv — DUHIzp(Da)
aef(r)

-1
< (L) > IDv—Dulpp, (4.18)
aef(r)

<@Lt Y (||Dv — Dol 1 (py) + | Dt — Du||L1(Da)> .
aej(r)
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By (4.11), we already know that for each o € . (r)

|Du — Dug| 11 (p,) :/ | Du — Dug| §9r2][ |Du — M| < 96r* = 95| Dy . (4.19)
D(2a,r D(2a,37)

Let us then concentrate on |[Dv — Dua||1(p,)- Consider the triangle T' = 212223, being
21 =20+ (—1/2,-1/2), 29 = 2o + (1/2,-1/2), 23 = 2o + (1/2,7/2).

Since both v and u, are affine on T, then in particular Dv — Du,, is a constant linear function

on T. Recalling again (4.14), let us then calculate
(Do = Dug) (ren)| = |(v(22) = 0(21)) = (ta(22) = wa(21))|
= |(u(z2) = u(1)) = (wa(z2) — ualen))| < 607
and similarly
(Do = Dua) (rez)| = |(v(z5) = v(22) = (ta(2s) — ualz2)| < 6nr.

We deduce that ||[Dv — Dug||pee (1) < 6+/217. We can argue in the same way for all the different
triangles in which D(zq, 3r) N is divided, thus getting

| Dv — D“aHLoo( (

D(za,3r)N

o) < 6V20 < 9n. (4.20)
Inserting this estimate and (4.19) into (4.18), we get

p
1Dv — Dully, ) < (BL)" 95 +m) > \Da\:(BL)p_IQ(n—Fd)}QE]S(i), (4.21)
act (r)

where again the last inequality holds true as soon as 7, hence also §, is small enough.

Step V. Bi-Lipschitz estimate for v.
Take a point z € D(z4,3r) N Q.. Recalling that u, is L bi-Lipschitz and (4.20), we get

1
T-Mm< |Du(z)| < L+9n. (4.22)

Let then z, 2’ € Q. be two generic points, and assume that z € D(z,, 7). If one has 2’ € D(zq, 3r),

then an immediate geometric argument using the definition of v and (4.22) yields

(i —977)’,2—2/} < ‘v( —v(z )’ (L +9n) ’z—z ‘ (4.23)

On the other hand, assume that 2’ ¢ D(z,,3r), so that |z — 2’| > r. In this case, the L™
estimate (4.16) gives

‘v(z) — U(Z/)‘ < |u(z) — u(z')‘ + |v(z) — u(z)‘ + ‘v(z —u(z )‘ (L + 1277) ‘z —z | (4.24)
and similarly
|v(z)—v(z’)‘ > ’u(z)—u(z')‘ —|v(z) } - ‘ )—u z)’ > (i—l2n)|z—z". (4.25)

Putting together (4.23), (4.24) and (4.25), provided that 7 is small enough we conclude that v
is L + € bi-Lipschitz.

Step VI. Estimate on ||[Dv™! — Du™ | (A, )-
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Fix a generic a € . (r), and recall the elementary fact that, given two invertible matrices
A and B, one always has ‘Bil — A*I‘ < |A*1HB*1HB — A‘. Since by construction v and u,,
are L bi-Lipschitz, and Du, is constant on D,, then Step I, (4.11) and (4.19) ensure that

1Du™" — Duz | o) = / ey [P ) = D 2

<[ pu(ue) - Mads< L' [ |Du(w) - Mo
u(D(za,37)) D(

Za,3T)

= 9r2L4][ |Du — M| < 9r*L*6 = 9L*6 |Dq| .
D(za,37)

On the other hand, again using ‘Bil —A*1| < ‘Ail ‘ ‘Bil ‘ ‘B —A‘, the fact that Du,, is constant
on D, the fact that u, is L bi-Lipschitz by definition while v is (L + ¢) bi-Lipschitz by Step V,
and (4.20), we readily obtain

|Dv™' — D L(L +¢)9n < 18L°n.

o' | oo uayy <

We can then repeat the same argument as in (4.18) to get

_ _ -1 _ _ _ _
||D’U '~ Du 1||Z[7,p(A8) < (BL)p Z ||DU t- DUQIHLl(v(Da)) + ||Dua1 — Du 1”LI(U(DQ))
aecﬂ(r) (426)

p
< (31)"" (1822%]Ac + 9L 6|0 ) < (Z) ,

where as usual the last estimate holds possibly decreasing n and then also 4.

Step VII. Conclusion.

Let us now conclude the proof of Proposition 4.1 by checking that . fulfills all the require-
ments of the statement. The fact that v is L + € bi-Lipschitz is given by Step V. The validity
of (4.1) has been observed in Step I. The estimate (4.2) just follows adding (4.16), (4.17), (4.21)
and (4.26). Concerning (4.3), the facts that Q\ . is small and that d(Q.,R?\ Q) > 2r are
given by Lemma 4.3, while the fact that also A\ A; is small is immediate by the bi-Lipschitz
property of u and the L* estimate (4.6) of Lemma 4.2. Finally, (4.4) is immediate provided
that we choose n < v/2/(36L3), since (4.16) ensures that ||v — ul| oo () < 67 O

5. APPROXIMATION OUT OF “LEBESGUE SQUARES”

In this section we complete the proof of Theorem 1.1, defining the countably piecewise
affine approximation of u out of the large right polygon 2. of “Lebesgue squares” constructed
in Proposition 4.1. Following the scheme outlined in Section 2, the construction is carried out
in three steps: the covering of 2\ 2. with a suitable (locally finite) tiling, the definition of a bi-
Lipschitz piecewise affine approximation of u on the grid of the tiling and, finally, the extension
of the approximating function to the interior of the grid by means of Theorem 2.2. The main

result of this section is the following.
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Proposition 5.1. Let v, : Q. — A, be a piecewise affine bi-Lipschitz function as in Proposi-
tion 4.1. Then, there exists a C1L* bi-Lipschitz countably piecewise affine function v : Q\Q. —

A\ Ag, where Cy is a geometric constant, such that v = u on 9 and v. = ve on Ofe.

We can immediately notice that Theorem 1.1 follows as an easy consequence of Proposi-
tions 4.1 and 5.1.

Proof of Theorem 1.1: Take € > 0, and apply Proposition 4.1 to get an r-polygon ). CC 2
and a piecewise affine bi-Lipschitz function v, : . — A.. By Proposition 5.1, we have a C; L*
bi-Lipschitz function 0. : 2\ Q. — A\ A, so we can define the function v: Q@ — A as v = v.
on Q. and v = 0. on Q\ Q.. Since v. (resp., ¥c) is bi-Lipschitz with constant L + ¢ (resp.,
ClL4), and U = v, on 0, we have that v is a bi-Lipschitz homeomorphism with constant
C1L*. Moreover, by construction v is countably piecewise affine and it is orientation-preserving,
since so is u and v = u on 9. We are then left with showing that v satisfies (1.1), and by (4.2)
this basically reduces to consider what happens in Q \ .. Since 7 is bi-Lipschitz with constant
C1L*, by (4.3) we clearly have

O\ < (L+CiLh)el, ()

[Dv = Dul|rnq.) < [Dv — Dul[r=@\0.)
and similarly
|IDv™" = Du™ | poava.) < (L + CLLY)EM? (5.2)

Concerning the L* estimates, since ‘Q \ Q€| < ¢ then for every z € Q \ €. there exist 2/ € €,
such that |z — 2/| < \/e/7, thus by (4.2) we find

[0(2) = u(2)] < |v(2) = v()] + [(2) = ul@)] + [u(z) - u(2)

< (L+CyLY) \/i + lve = ull (o) < (L + C1LLY) \/i +e.

Arguing in the same way to bound |v=!(w) — u~!(w)| for a generic w € A\ A, yields

€ _ _ €
”U — U”LOO(Q\QE) < (L + 01L4)\/;+ g, ||U - U 1||L00(A\AE) < (L + 01L4>\/;+ g. (53)

Putting together (5.1), (5.2) and (5.3), we find that v satisfies (1.1) as soon as ¢ is chosen
small enough, depending on &. Hence, we have found the countably piecewise affine approxima-
tion as required. Concerning the smooth approximation, its existence directly follows applying

Theorem 2.1, thus we have in particular Cy = 70017 /3, O

We have now to prove Proposition 5.1. To do so, let us fix some notation. Recall that €2 is an
r-polygon for some r = r(e). We will then start by selecting a suitable tiling {D; = D(zj,7;) }jen
of (2, €), according with Definition 3.7. This means that {D;} is a tiling of £ whose restriction
to €. coincides with the r-tiling of Q.. The only requirements that we ask to {D;} are the

following,
ri=r Vj:closD;NoN #0, (5.4)
D;ccQ VjeN. (5.5)
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Notice that (5.4) is possible thanks to (4.3), while (5.5) basically means that the tiling has to be
countable instead of finite, and the squares have to become smaller and smaller when approaching
the boundary of 2. Of course, in the particular case when 2 itself is a right polygon, instead
of (5.5) one could have asked the tiling to be finite (we will discuss this possibility more in detail
in Remark 5.7).

Since it is of course possible to find a tiling of (£2,2.) which satisfies (5.4) and (5.5), from
now on we fix such a tiling, and we denote by Q its associated 1-dimensional grid according to
Definition 3.8. Moreover, we set @ = QN (Q\ clos€).), which is the part of the grid on which
we really need to work. Notice that Q' is a 1-dimensional set, made by all the sides of the grid
Q which lie in Q\ clos 2.

Let us call now w, the generic vertex of @', hence, the generic vertex of the grid Q which
does not belong to Q. (however, notice that w, may belong to 9., since by definition Q' is
relatively open around 0f).). Each vertex w, is of the form w, = z; + (£r;/2, £r;/2) for some
7, and it is one extreme of either three, or four sides of Q. To shorten the notation, we will
denote the other extremes of these sides by w!, with 1 < i < i(«), being then i(a) € {3, 4}.
Finally, we will denote by £, the minimum of the lengths of the sides waw?. Observe that if
we, & 08, then w, is one extreme of either three or four sides of @ C Q. On the other hand,
if w, € 09, then by (5.4) it is one extreme of four sides of Q, either one or two of these four
sides lies in @', and £, = 7.

Thanks to Theorem 2.2, to obtain the piecewise affine function ¥, of Proposition 5.1 we
essntially have to define it, in a suitable way, on the 1-dimensional grid @’. To do so, our main
ingredients are the following two lemmas. The first one (Lemma 5.5) states that, on any given
segment of 2, u can be approximated as well as desired in L* with suitable piecewise affine
3L bi-Lipschitz functions. This is of course of primary importance to define the piecewise affine
approximation 0. of u on the sides of the grid @’, but it is still not enough. In fact, we have to
take some additional care to treat the “crosses” of Q' (that is, the regions around the vertices),
in order to be sure that our affine ¥, on Q' remains injective. This will be obtained thanks to
the second Lemma 5.6.

To state the next two lemmas, it will be useful to introduce some piece of notation.

Definition 5.2 (Interpolation of u). Given a segment pg CC Q, let {z;ziy1}o<i<n be N essen-
tially disjoint segments whose union is pq, with zo = p and zy = q. For any such subdivision
of the segment, will call interpolation of u the finitely piecewise affine function u,q : pg — R?
such that, for any 0 <:1< N —1 and any 0 <t <1,

Upg <zi + t(zi41 — zz)> = u(z;) + t(u(zip1) — u(z)) .

Definition 5.3 (Adjusted function and crosses). Let {{,}aen be a sequence such that for any
o one has 3L, < L. For any a € N and any 1 < i <'i(a), we define £ as the biggest number
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such that
‘u(wa) — u(wq + & (W, — wa))‘ <&, if wow?, C Q'
‘u(wa) —Ug(wa+§fl(wfl —wa))‘ <&, if wew!, C Q\ Q.

We will call adjusted function the function u,q; : @ — R? defined as follows. First of all, we
set uagj = ve on Q\ Q. Then, let wawg be a side of Q', thus being wz = wt, and wy, = wé for

two suitable i and j. We define

u(uwo) + g (1wl + €4 (w5 —wa)) —ulwa)) i (0.6),
(4 #(3 — wa)) 1= { o+ ey —wa)) in (€ 1-€)).
u(wg) + % (u(wg + fé(wcY —wg)) — u(w;;)) in (1— %, 1).

In words, for any side in Q', uaqj coincides with u in the internal part of the side, while the two
parts closest to the vertices w, and wg are replaced with segments. Moreover, for any verter wq
of Q" we will define its associated cross as

i(a)

Zy = U {wa+t(w;—wa): OStSf&}.

i=1
Remark 5.4. Some remarks are now in order. First of all, since u is L bi-Lipschitz on €, and
also ve is L bi-Lipschitz on any segment waw', C Q\ Q', by the choice 3LEy < Lo we directly
deduce that 0 < &, < 1/3 for any o and any i. Thus, two different crosses have always empty
intersection. For the same reason, each of the i(a) extremes of the cross Z, has a distance at
least £ /L from wq. Finally, for all different o and 3 one has B(u(wa), o) N B(u(wg), &) = 0.
Indeed, assuming without loss of generality that {o > {3, we have |u(wg) — u(wa)} >ly/L. And
as a consequence, & + &5 < Lo /(3L) 4+ £g/(3L) < 200 /(3L) < |u(wg) — u(wa)|.

Lemma 5.5. For every segment pq CC 2 and every § > 0, there exists a function ugq ipg — A

which is a 4L bi-Lipschitz interpolation of w with the property that Hugq — Ul oo (pg) < 6-

Lemma 5.6. There exists a sequence {{,}aecn Such that the associated adjusted function Uadj
Q — R? 4s 18L bi-Lipschitz and u,q;(Q) C A.

Before giving the proof of Lemmas 5.5 and 5.6, we show how they enter into the proof of

Proposition 5.1.

Proof of Proposition 5.1: To define the searched function 0. : Q\ Q. — A\ A, let first
Upgj @ @ — R? be an adjusted function according with Lemma 5.6, corresponding to the
sequence {&,}. Our strategy will be first to define a suitable piecewise affine and injective

function u;dj : @ — A, coinciding with u,q; near the vertices w,, and then to obtain o,

/!

extending wgq; in the interior of each square making use of Theorem 2.2. We divide the proof

in some steps.

Step 1. Definition of ujq; : @ — A.
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First of all, we define “de = Uagj = e on Q\ Q. Then, we consider a generic side wawg C Q'
and define pq the internal segment of the side w,wg, that is, p and ¢ are the extremes of the

segment wawg \ (Za U Zg). Taking now a small constant 6 = §(«, (3), to be fixed later, we set

u;d- = Uadj ON Wowg N (Z U Zg) and uadJ ugq on pq, where ugq

By definition, it is clear that uadJ is a continuous, countably piecewise affine function on

is given by Lemma 5.5.

Q. Moreover, since the different constants d(«, 3) can be chosen arbitrarily small, each one
independently of the others, and any internal segment pq is compactly supported in €2, one can
clearly assume that u’ ad (Q) € A. In addition, since u/ adj is obtained gluing the 4L bi-Lipschitz
functions up and the 18L bi-Lipschitz function u.qj, we clearly have that uadJ is 18y/2L-Lipschitz
(but, a priori, not bi-Lipschitz and not even injective!). To conclude the proof, we will then
show that in fact u;dj is bi-Lipschitz (hence, in particular, injective), and eventually we will
extend uq; to the interior of the squares of the tiling (hence, to the whole '\ ).

Let us then fix two points z, 2/ € Q. In the next Steps II-IV we will show that, provided

that the constants d(«, [3) are chosen small enough,

—lz—2|. (5.6)

1
‘uad‘] ) uladj (Z,) — 72L

We consider separately the different possible reciprocal positions of z and 2’.
Step II. The case in which z € pg C wawg, 2’ ¢ wawg .
In this case, as observed in Remark 5.4, we know that |z — 2| > £, /L. Thus, there are two

subcases. If 2’ does not belong to any internal segment (hence, either 2’ belongs to some cross,

or 2" € ), then u4;(z") = uaqj(2') and then by Lemma 5.6, provided that we choose

min{&m fﬁ}
5(047 5) < W’ (5-7>
we have
[thaj (2) = thaj (2')] = [1g(2) — waqi(=')| = Juaqj(2) — waai(=")] = [upq(2) — waq(2))|
= ‘uadj(z)_uadj(zl)’_|ugq( ) ‘ - 18L ’Z_Z’_(S ﬁ)
>L z—z"— ba >L z—2
— 18L 36L% — 36L ’

so that (5.6) is proved.

Consider now the other subcase, namely, when 2z’ belongs to some other internal segment
p'¢ € wyws. In that case, since by construction and (5.7) it is |z — 2’| > 36Ld(a, 3) and
|z — 2| > 36Ld(a/, B'), one directly has

ul (z) — ugjq/(z'ﬂ > }u(z) - u(z')’ - |u(z) - ugq(z)’ - ’u(z’) - ugjq/(z')’

’ugdj (2) - u;dj(zl)

1
> Lz 2|~ oo, B) - d(a, ) 2 o
hence again (5.6) is established.

Step III. The case in which z € pg C wawg, 2’ € wawg .
The second case is when z still belongs to an internal segment pq contained in the side

wawg € Q', and also 2’ belongs to the side wowg. In particular, if also 2’ is in the internal
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segment pq then we already know the validity of (5.6) because u/

adj(z) = qu(z) and “de(zl) =

ugq(z’ ), while ugq is 4L bi-Lipschitz. Therefore, we can directly assume that 2’ € w,p, being the
case z' € qug clearly the same.

By Definition 5.3 we know that u;4;(2") = taqj(2’) lies in the segment u(wa)u(p), which is a
radius of the ball B(u(wa), fa). Hence, for any point s outside the same ball, a trivial geometric
argument tells us that

‘s — uadj(zl)‘ > ‘S — u(p)‘ + ‘g(p) — uadj(Z/)‘ |

Notice now that it is not true, in general, that u;4;(z) = ugq(z) lies outside the ball B(u(wa), ).

(5.8)

However, recalling that ugq is an interpolation of u, by Definition 5.2 we know that ugq(z) isin a
segment whose both extremes are out of the ball. Thus, if ‘ugq(z) — u(wa)’ < &4, up to possibly

decreasing §(«, () it is surely true that
0 6
ga - {upq(z) - u(wa)‘ < ‘upq(z) - u(p)} .
Putting this observation together with (5.8) we readily obtain that

S }qu(z) - U(P)| + }U(P) - Uadj(zlﬂ

|, (2) — uagj(2')] = 1
_ }qu(z) - qu(l?)} + ‘uadj(p) - uadj(zl)}
4 )
recalling that u,g;(p) = ugq(p) = u(p) (of course, by selecting d(a, 3) small enough, we could

have used any number greater than 3, instead of 4, in the above estimate). Therefore, since ugq

is 4L bi-Lipschitz while u,q; is 18 L bi-Lipschitz, we readily obtain
‘qu(z) - ugq(p)‘ ‘uadj (p) — Uadj (Z/)‘
4 + 4

[t (2) — gy ()] = Jupg () — vaqj(2')] >

2=p] o= 2=
— 16L 2L T T72L
recalling that z, p and 2’ are aligned. Hence, (5.6) is checked once again also in this case.

Step IV. The case in which neither z nor z' are in some internal segment.
Thanks to Step II and Step III and by the symmetry of the inequality (5.6), we are left
to consider only the situation where no one between z and 2’ is inside some internal segment.

In other words, both z and 2’ must be either in Q \ @ or in some cross. By the definition

/
adj’

bi-Lipschitz thanks to Lemma 5.6, the validity of (5.6) is already known. Summarizing, we have

of uyy;, this means that u}4:(2) = uaqj(2) and ug4;(2") = uaqj(z'). And thus, since uaq; is 18L

a
shown the validity of (5.6) in any possible case, and this means that the function u;dj Q9 — A

is injective and 72L bi-Lipschitz.

Step V. Conclusion.

We have now to define the piecewise affine and bi-Lipschitz function v, : Q\ Q. — A\ A,
matching v on 02 and matching v. on 0€2.. To do so, consider each square D; of the tiling
contained in Q \ Q.. The function u;dj is 72L bi-Lipschitz from 0D; to a subset of A, then

by Theorem 2.2 it can be continuously extended to a piecewise affine bi-Lipschitz function of
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the whole square D;, with bi-Lipschitz constant C3724L4. Define ¥, as the countably piecewise
affine function on Q2 \ Q. which gathers all these extensions on all the squares D; C Q \ Q. of
the tiling.

For each square D; C 0\ Q., we clearly have that 0(0-(D;)) = u,4;(0D;). This yields that
V¢ 18 injective. Moreover, by continuity it is clear that . = u on 92, and by construction v, = v,
on 0. As a consequence, . : Q\ Q. — A\ A, fulfills all our requirements. In particular,
one has C; = 724C5. O

Let us now make a simple observation, which will be useful in the sequel.

Remark 5.7. Assume that € is a right polygon of side-length ¥ and that u is 7-piecewise affine
on 0R2, according to Definition 3.5. Then, consider the r-polygon Q. given by Proposition 4.1.
By the construction of Section 4, it is not restrictive to assume that ¥ € TN, and that Q. is a
subset of the r-tiling of Q). Therefore, we can repeat verbatim the construction of Proposition 5.1
using, as tiling, the r-tiling of Q. Notice that in this case assumption (5.5) is not valid —see
the remark right after (5.5)— but in fact if Q is an T-polygon, and wu is T-piecewise affine on
0%}, there is no meed for the tiling to use smaller and smaller squares at the boundary. As a
consequence, the bi-Lipschitz approximation v. provided by Proposition 5.1 is (finitely) piecewise
affine instead of countably piecewise affine. Observe that the assumption that u is T-piecewise

affine on 0L) is essential, because otherwise the map U would not coincide with u on Of).

To conclude the proof of Theorem 1.1, we then only need to give the proofs of Lemma 5.5

and of Lemma 5.6.

Proof of Lemma 5.5: Let p > 0 be a small number, to be fixed later. Define then tg =0, zog = p

and then recursively

tir1 = max{l >t>t; }u(zl) — u(p+t(q —p))’ < p}, ziv1 =D+ tiv1(¢ — p).

In this way, we have selected a finite sequence of points zy = p, 21, ...zny = ¢ in the segment
pq, where N = N(p,q,p). We can then already define the function ugq by setting, for any
0<i<N-landany 0<t<I,

qu (Zz' + t(zi41 — zz)> = u(z) + t(u(zip1) — u(z)) -

gq is the interpolation of u associated with the points {z;}, according with Definition 5.2.

: )
The function Upg

continuity of u in pq it is also clear that the bound |ju — uqu L>(pg) < 0 holds true as soon as p

Hence, u

is by construction finitely piecewise affine and L-Lipschitz. By the uniform

is small enough. To conclude, we have thus only to check that

‘ugq(z) - ugq(z')’ > ﬁ|z -2 (5.9)
for all z, 2’ in pq. If both z and 2’ belong to the same segment z;z;11, then the estimate is true
because ugq is affine on that segment and « is L bi-Lipschitz.

Assume then that z € 221 and 2’ € zjz; 1 with j > 4. If j = i+1, that is, z and 2’ belong to

two consecutive segments, then by the definition of the points z; the angle ugq(z)ugq(ziﬂ)ugq (")
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is at least /3. Hence,

0 4 J S (o
s § () {upq(z) - pq(ziﬂ)‘ ‘upq(ziﬂ) — Upg(2 )‘
[l (2) — ()] 2 Spiet) :
[uzi) —u(zi)|  [uEin) —ulze)| =2
=|z—z + |zi41 — > ;
| i+ 2|zi — zit1] [#it1 | 2|zit1 — zit2| 2L
so that (5.9) is checked.
é

Instead, let us see what happens if j > i + 1. In this case, since up,(2) € u(z;)u(2i+1) and
for all I > i+ 1 one has u(z;) ¢ B(u(z;), p) U B(u(zi+1), p), an immediate geometric argument

ensures that ]ugq(z) - ugq(z’)| > \/3p/2. As a consequence, we have

)

lu(zi) — u(zj+1)| < }ugq(z) — ugq(z')‘ +2p < (1 + % \/§> ‘ugq(z) — ugq(z')‘ < 4}ugq(z) — ugq(z')
which yields

|u(ze) —ulzi)| o |z 2| [2 =7 ’
4 - 4L — 4L
hence (5.9) holds true also in this case and we conclude the proof. 0

’ugq(z) B ugq(z’)’ 2

Proof of Lemma 5.6: Let us take a vertex w,, of the grid @'. Take then a constant &, < ¢,/(3L),
with £, = ¢o/(3L) = r/(3L) if we € 0N, while if w, ¢ 09 the inequality can be strict. In
particular, it is admissible to ask that for any « one has
r

o
Define now &, as in Definition 5.3 and, for any 1 < i < i(a), let p; = wo + & (wzy — wa). If
We, € 2\ 08, then we have

€a < (5.10)

u(we)u(p;) CC A V1<i<i(a), (5.11)

up to possibly decrease the value of &,. Instead, if w, € 0, then (5.11) is already ensured
by (4.4) and (4.3) in Proposition 4.1, without any need of changing &,.

We introduce then the adjusted function u.q; of Definition 5.3: to obtain the thesis, we need
to check that it fulfills the requirements of Lemma 5.6. Thanks to (5.11), we already know that
Uagj : @ — A. Hence, all we have to do is to check that

o = |
18L
for all z, 2/ € Q. We will do it in some steps.

< ’uadj (2) — uadj(z/)l < 18L|z — 2/|. (5.12)

Step 1. For all a, u;le (clos B(u(wa),ga)> = Zg.
We start observing an important property, that is, for any « and for any z € Q we have
that ‘uadj (z) — u(wa)} < &, if and only if z € Z,. In fact, if z € Z, then z € w,p; for some
1 < i <i(a), and since uy,g; is affine in the segment wqp;, while ‘uadj (pi) — u(wa)‘ = &, then of
course |Uadgj(2) — u(wa)| < &a-
On the other hand, assume that z ¢ Z,: we have to show that ’uadj(z) - u(wa)’ > &y If
z € waw!, for some 1 < i < i(a), then there are three possibilities. First, if waw?, C Q\ @', then

Uadj = Ve is affine on the side wawg, so the claim is trivial. Second, if wawzv C @ and z belongs
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to the cross Zg associated to the vertex wz = w?,, then again the claim is immediate since u,qj(2)
belongs to the ball B(u(wgs),&s), which does not intersect B(u(wq), &) by Remark 5.4. Lastly,
if wow?, C @ and z ¢ Zg, then u,qj(2) = u(z), thus the claim is again obvious by the definition
of &,

To conclude the step, we have to consider a point z ¢ Z, which does not belong to any side
of Q starting at w,. We have again to distinguish some possible cases. If z belongs to the cross
Zg for some (3, then again the claim follows by the fact that B(u(wa),&a) N B(u(wg),&s) = 0.
If z does not belong to any cross and z € Q’, then u,qj(2) = u(z) so the claim follows because,
using the bi-Lipschitz property of u and the fact that &, < ¢,/(3L), we have

u(z) € B(u(wa), &) = |z —wa| < %7

which is impossible because |z — wq| > £o. Finally, consider the case when z € Q \ Q. In this

case, we surely have |z — wq| > 7 by construction, thus by (4.4) and (5.10) we get

|taqj(2) — u(wa)| = [ve(2) = u(wa)| = |u(z) = w(wa)| = |u(2) — ve(2)]
|z —wa|  V2r _ 7
> I 6I? > oL > €a s

thus the first step is concluded.
Now, taken two points z, 2’ € Q, we have to show the validity of (5.12).

Step I1. Validity of (5.12) if z, 2 € Z,.
Let us first suppose that both z and 2’ belong to the same cross Z,. By construction, uag;
is L bi-Lipschitz on each segment wq,p;, hence to show (5.12) we can assume without loss of

generality that z € wap1 and 2’ € waps. Therefore, on one side we have

|taaj(2) — ttadj(2")] < |tadj(2) — tadj(Wa)| + [tadj(wa) — wadj(2)] < L(|2 — wal + lwa — =)

<V2L|z—7].

On the other side, to estimate ’uadj (2) — Uaqgj(#’ )‘ from below, assume without loss of generality

that ‘uadj(wa) — uadj(z)‘ < ‘uadj (wa) — uadj(z’)‘, and define 2" € w, 2’ so that
|tadj(Wa) — tadj(2)| = |Uadj(Wa) — tagj(2")] -

Since the triangle uaqj(wa)uadj(2)uaqj(2”) is isosceles, then

— T
uadj(z)uadj(z”)uadj(z') > 5 (5.13)
Moreover, we claim that
‘uadj(z) - uadj(zl,)‘ > 1 (5‘14)

T
Indeed, if both waw! and waw? belong to Q', then by definition

‘uadj(z) — uadj(z”)‘ _ ‘Uadj(pl) - uadj<p2)‘ _ |U(P1) - U(pz)‘ S 1
/| p1 — 2| p1—po| T L’

[z 2
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so (5.14) holds true. Conversely, if both w,w} and waw? belong to @\ ', then since v, is L+¢
bi-Lipschitz we have

[a0j (2) = tagi(z")| _ [taaj(P1) = taqj(P2)| _ [ve(p1) —ve(pa)] 1
|z — 2" [p1 — o |p1 — p2 T L+te’

so again (5.14) holds true. Finally, assume that wawl C Q' while waw? C Q\ Q' (the case
of wewl C @\ Q@ and waw? C Q' being completely equivalent). In this case, it must clearly

be w, € 09, hence by Remark 5.4 we know that |p; — ws| and |p2 — w,| are both at least
¢o/L =7r/(3L%), thus |p; — pa| > v/2r/(3L?). Therefore, recalling again (4.4), we have

|tadj(2) — tadj (") |taqj(p1) — Uagj(p2)|  |u(p1) — ve(p2)]

|z — 2" [p1 — p2 Ip1 — p2|
- |u(p1) — u(p2)| B |[u(p2) — ve(p2)| 1 V2r/(6L3) Y
a \p1 _p2‘ |p1 —pz} ~ L 2r/(3L%) 2L’

thus (5.14) has been finally checked in all the possible cases. This inequality, together with (5.13)
and again with the fact that u,q; is L bi-Lipschitz on the segment 2’2" C wqopo, yields

|tadj(2) — uaqj(2)] = \f <\uadj(2) — Uagj(2")] + |uagj(2") — uadj(z,)D

>ﬁ<|z—z"\ . z"—z'|> I

=2\ 2L L )=aL” "
Summarizing, under the assumptions of this step

£|z—z/| < |ttagj(2) — tagj(2')| < V2L|z — 2], (5.15)

Therefore, (5.12) is shown and this step is concluded.

Step II1. Validity of (5.12) if for all o one has z, 2’ ¢ int Z,,.

Consider now the situation when neither z nor 2’ belong to the interior of any cross. In this
case, we have that u,qj(z) = u(z) if z € Q', while uagj(2) = v-(2) if z € Q\ Q', and the same
holds for 2’. Since u is L bi-Lipschitz while v, is L + ¢ bi-Lipschitz, the validity of (5.12) is
obvious if both z, 2/ € Q' as well as if both z, 2/ € @\ Q'. Therefore, we can just concentrate
on the case in which z € @', 2/ € Q\ Q.

In this case, the main observation is that |z — 2’| > v/2r/(3L?), since both z and 2’ must be
at distance at least /(3L?) from any vertex w, € 02, because they do not belong to any cross

Zq. As a consequence, again by (4.4) we get
|tadj (2) — tagj(2)| = |u(2) = ve(2")| = u(z) = u(2)| = [u(z) = v= (')

o o
>|z z|_\/§r>|z z|’
- L 6L3 — 2L

while
|tadj(2) = tadj(2")| = |u(2) = ve(2)] < [u(z) = u(2)] + [u(z") = ve(2)]

|

/
gL\z—zl—i—GL?’ <

1
L+2L>’Z—Z/’,
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thus also in this case (5.12) is proven (keep in mind that, since u is a L bi-Lipschitz map, then
of course L > 1!). In particular, under the assumptions of this step one has

|z — 2]

2L

3
< Jttagj(2) = uagj(2')| < §L\z—z’]. (5.16)

Step IV. Validity of (5.12) if z € Z, and for all 3 one has 2’ ¢ int Zg.

We pass now to consider the case when z belongs to some cross Z,, while 2z’ does not belong
to the interior of any cross. In particular, we can assume that z € wgpi. To get the above
estimate in (5.12), it is enough to make a trivial geometric observation, namely, that there
exists 1 <14 < i(a) such that

V2
2= 2 (I = pil +Ipi - 1),

not necessarily with ¢ = 1. As a consequence, we can use the estimate (5.15) of Step II for the
points z and p; —which both belong to Z,— and the estimate (5.16) of Step III for the points p;

and 2z’ —none of which belongs to the interior of some Zg— to get

3
|tadj(2) — Uadj ()] < |ttadj(2) — tadj(Pi)] + [tadj(Pi) — aqj(')| < V2L|z — pi| + 3 Lip; — 2|

3
< B V2L|z— 2.
On the other hand, to get the below estimate in (5.12), let us recall that by Step I we have
Uaqj(2) € clos B(u(wa), &a) Uadj(2') & B(u(wa), &) - (5.17)

Since wagj(2) belongs to the radius u(wa)uaqj(p1), then an immediate geometric argument

from (5.17) implies, as already observed in (5.8), that

|tadj(2) — tagj(2')| = [ 4805 (2) — 4aa (1) J; |ttacj (P1) — ttacj(2')] .

Thus, using the L bi-Lipschitz property of u,gj in the segment wqp1, and the estimate (5.16) of

(5.18)

Step III for p; and 2/, we get

z=p1| | |1 —2| _ |z — 7]
‘uadj(z) - uadj(zl)| 2 3L + 6L 2 6L
Summarizing, under the assumptions of this step we have
z—2 3
’6L’ < ‘uadj(z) — uadj(z')‘ < 2 \/§L|z -2, (5.19)

hence in particular (5.12) is again checked.

Step V. Validity of (5.12) if z € Zy and 2’ € Zg.
The last situation which is left to consider is when z and 2’ belong to two different crosses.
This situation will be very similar to that of Step IV. Indeed, for the above estimate in (5.12)

we can again start observing that for some 1 < i <i(«) it must be

V2
=21 2 2= (s = pil + I = #)
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Then, we use the estimate (5.15) of Step II for the points z, p; € Z,, and the estimate (5.19)
of Step IV for the points z’ € Zg and p; —which does not belong to the interior of any cross—
getting

|uadj (2) = Uaqj(2)]| < |tadj(2) — vadj(Pi)| + |vadj(Pi) — agj(2')]
3
< V2L|z — pi| + 5 V2 Llp; — 2| <3L|z - 7/].

Finally, to find the below estimate in (5.12) we notice again that (5.18) holds true, and we use
the L bi-Lipschitz property of u,qj in wep1 and the estimate (5.19) of Step IV for p; and 2/,
obtaining

e=pl =2 =2

/
. _ . >
‘Uadj(z) uadJ(Z)|— 3L T 18L — 18L

Thus, we have finally checked (5.12) in all the possible cases and the proof is concluded. ]

6. FINITELY PIECEWISE AFFINE APPROXIMATION ON POLYGONAL DOMAINS

In this last section we give a proof of Theorem 1.2. In fact, the proof is quite short, since it

is just a simple adaptation of the arguments of Section 5.

Proof of Theorem 1.2: First of all, assume that €2 is an 7-right polygon and that w is 7-piecewise
affine on 92 according to Definition 3.5. Then, as already underlined in Remark 5.7, we can
slightly modify the proofs of Proposition 4.1 and Proposition 5.1 to get what follows. First
of all, there exist some r such that 7 € rN, an r-right polygon . CC £ which is part of
the r-tiling of 2, and an L + ¢ bi-Lipschitz and piecewise affine function v. : Q. — R? for
which (4.1), (4.2), (4.3) and (4.4) hold. Moreover, there exists also a finitely piecewise affine
map . : Q\ Q. — A\ A, which is C; L* bi-Lipschitz and which coincides with v on 9 and with
ve on 0f).. Therefore, gluing v. and U, exactly as in the proof of Theorem 1.1, we immediately
get the required C7L* bi-Lipschitz and (finitely) piecewise affine approximation of .

Consider now the general situation of a polygon 2 with a map u which is piecewise affine
on 0. Of course, there exist a right polygon Q and a (finitely) piecewise affine and bi-Lipschitz
map & : Q — (AZ, having bi-Lipschitz constant C' = C(Q). The map uo®~! is a C'L bi-Lipschitz
map from the right polygon Q to A, which is piecewise affine on the boundary. Then, we can
apply the first part of the proof to get an approximation v : Q — A which is finitely piecewise
affine and C;C*L* bi-Lipschitz. Finally, vo® : Q@ — A is a C;C®L* bi-Lipschitz approximation
of u as desired. Thus, the proof is concluded by setting C’(Q2) = C°. O

Remark 6.1. Observe that the (best) constant C'(2) depends on the geometric features of 2,
such as the minimum and the maximum angles of its boundary. However, by the construction

above one has that C'(2) = 1 whenever Q is a right polygon.
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