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ABSTRACT. In this paper we formulate and study scalar wave equations on domains with
arbitrary growing cracks. This includes a zero Neumann condition on the crack sets, and
the only assumptions on these sets are that they have bounded surface measure and are
growing in the sense of set inclusion. In particular, they may be dense, so the weak
formulations must fall outside of the usual weak formulations using Sobolev spaces. We
study both damped and undamped equations, showing existence and, for the damped
equation, uniqueness and energy conservation.
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1. INTRODUCTION

The last fifteen years have seen significant advances in the mathematical analysis of
quasi-static fracture [1, 14, 11, 12, 7, 13, 9, 8, 17, 10, 4]. While the mechanical and physical
justifications for the underlying models have been open to some question, it seems that
quasi-static models were a good place to begin the analysis of fracture evolution, as certain
mathematical issues were clearly identified and treated, and good numerical methods were
developed. However, there is little doubt that much better mechanical and physical support
will be available for models of dynamic fracture, which will apply in a much broader range of
circumstances, and which can be used in the end to clarify the appropriateness of different
quasi-static models.

Quasi-static models are based on the assumption that whatever is driving the motion,
e.g., loading, varies slowly in time compared to the elastic wave speed of the material. More
precisely, for a given varying load f(t) on a time interval [0, T, one can consider the rescaled
problem corresponding to f.(t) := f(et) on [0,T/e]. If the corresponding physical solution
(presumably to the dynamic problem) is w.(¢), one needs to rescale again in order to take
the limit, since the limit of f.(¢) is constant in time. Therefore, it is natural to define
us(t) := uc(t/e) for t € [0,T]. Setting u(t) to be the limit as € \, 0, it is reasonable to
suppose (assuming some damping in the dynamics) that u(¢) is in elastic equilibrium at
every t, corresponding to the load f(¢). This idea underlies all quasi-static models, with
the only debate being over whether the overall state, made up of both the displacement and
crack set, should be a global minimizer of the total energy, a local minimizer, or something
in between.

The main problem with the quasi-static fracture models concerns jumps in time of the
crack set, for which the quasi-static assumption — that while the crack grows the material is
always in elastic equilibrium — is dubious. The point is that if in the £ \, 0 limit the crack
jumps, there is no reason to think that wu.(t) varies slowly, even though f.(¢) does. Hence, it
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is generally agreed that dynamic models need to be considered, and then quasi-static limits
can be analyzed. This would help clarify whether cracks jump as soon as the material is
not a global minimizer, as proposed in [14], or if jumps only occur to ensure the material is
a local minimizer, or if jumps occur based on a condition somewhere in between global and
local minimality, as in [17].

At this point, unfortunately, there are no generally accepted fundamental mathematical
models for dynamic fracture (by which we mean models with no assumptions on regularity
necessary to define things such as stress intensity factors and J-integrals). Still, we believe
that there can be no real disagreement that any reasonable model must contain three prin-
ciples: i) elastodynamics off the crack, ii) energy-dissipation balance (including the surface
energy dissipated by the crack), and iii) a principle dictating when a crack must grow. Con-
ditions i) and ii) follow, e.g., from [15], and a principle like iii) is necessary, since otherwise
a stationary crack with elastodynamics off of it will always be a solution. In [16] this is
discussed in some more detail, and a maximal dissipation condition is proposed for iii), but
it is too early to claim any acceptance of this principle.

We note that, based on the success of numerical methods for quasi-static fracture using
the Ambrosio-Tortorelli approximation (see, e.g., [3]), a numerical algorithm was proposed
in [5] for dynamic fracture, which was shown in [18] to converge, as the time step tends to
zero, to a solution obeying the appropriate elastodynamics, the total energy (stored elastic,
kinetic, and the surface energy of the crack set) is conserved, and the field modeling the
crack set satisfies a minimality analogous to that in the quasi-static setting. For these phase-
field models, this minimality provides the principle iii), requiring the “crack” to run so as
to maintain minimality. However, in the sharp-interface limit, there is no corresponding
minimality, and so the formulation of this third principle is open.

In this paper, we consider a preliminary issue, namely, given initial conditions and given
a growing-in-time crack set I'(t) with no assumptions other than finite surface measure
(which corresponds to finite surface energy), does there exist a solution to the corresponding
elastodynamics? We show that there does, both for undamped and damped dynamics. In
particular, we look at weak versions of equations of the form

ii(t) — Au(t) — vAi(t) = £()

on Q\I'(¢), with a zero Neumann condition on 9QUT'(t), where the dots denote derivatives
with respect to time and the Laplace operator A acts on the space variables. We treat both
the case v > 0, corresponding to the damped wave equation, and v = 0, corresponding to
the undamped equation.

We also show an energy balance and uniqueness for the damped problem, but we were
unable to show this for the undamped problem. Indeed, the energy balance we were able to
show for the damped problem is a conservation of kinetic plus elastic plus dissipated energy
due to the damping, but we note that this balance is inconsistent with models we have in
mind for fracture, which balance energy only when the surface energy dissipated by the
crack is also included.

This paper is organized as follows. First, in Section 2, we need to introduce new function
spaces, V4, containing both our solutions u(t) as well as the test functions at time ¢. These
spaces are somewhat technical and based on SBV functions with jump set contained in
['(t). However, to read this paper, one can think of V; as the Sobolev space H(Q\ T'(t)),
and in fact, if T'(¢) is closed, this is exactly V;. The most serious mathematical issues arise
because these spaces are increasing in time, so that test functions at some time ¢ are not
necessarily admissible test functions for times s < t.

In Section 3 we consider the damped wave equation, and we prove existence using discrete
time approximations and passing to the limit as the time step tends to zero. Precisely, the
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function w, (t;11) is the minimizer in V;,,, of
2
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where u!, = u,(t;), all norms and inner products are L?, and 7, is the time step. We are
then able to pass to the limit as 7,, — 0, and show that the limit w is a weak solution.
Furthermore, we are able to show uniqueness and energy balance.

Finally, in Section 4, we show existence for the undamped equation, following the same
argument as in the damped case. However, we are unable to prove uniqueness or energy
balance. We note that a lack of energy balance, where the energy includes only the kinetic
and elastic energies, is in fact desirable, as only then can the total energy, including the
surface energy of the crack, be balanced, as in the models formulated in [16]. We also note
that a natural idea for proving existence for those models, which in addition to balance of
the total energy have a maximality property of I'(¢), would be to find w, (¢;+1) and Ty (t;41)
by minimizing
2

- [[Vull? + HY D) — 205, ),

i—1
n

u—ul,  un,—u

(u,T) =

Tn n
with the only restriction that I' O I'),(¢;) and u has jump set in I'. This would generate u,
and T',,, but methods to prove appropriate properties of limits v and I' are far from clear
at this time.

2. NOTATION AND PRELIMINARY RESULTS

For the definition of the space GSBV () we refer to [2, Definition 4.26]. For every
v € GSBV(Q) the symbol Vv denotes its weak approximate differential according to [2,
Definition 4.31 and Theorem 4.34], defined for a.e. x € 2, while S, is the approximate
discontinuity set of v according to [2, Definition 4.28 and Theorem 4.34]. HYN~! denotes
the (N — 1)-dimensional Hausdorff measure.

For any I' C  with HN~}(T) < oo, we define

GSBVZ(Q,T) :={v e GSBV(Q)NL*(Q) : Vv € L*(RY), S, C T'}. (2.1)
Here and below, by A C B we mean HY"'(A\ B) = 0. We endow this space with the
inner product
(u,v) 2 + (Vu, Vo) 2. (2.2)
The corresponding norm is denoted by ||-||. If T is closed in Q, then GSBVZ(Q,T') coincides
with the Sobolev space H'(Q\T).

Lemma 2.1. The inner product space GSBVZ(Q,T) is a Hilbert space.

Proof. Let {v,} be a Cauchy sequence in GSBVZ(Q,T'). Then there exist v € L*(Q),
w € L?(Q;RY) such that v, — v and Vv, — w strongly in L?. By GSBV compactness
(see [2, Theorem 4.36]), we have v € GSBV(Q) and w = Vv. Moreover S, C I'. If T is
closed, this inclusion is a consequence of the mentioned theorem, applied to the open set
Q\T'; the general case can be obtained, e.g., from [9, Theorem 2.8]. Hence v € GSBVZ(Q,T)
and v, — v in the norm induced by (2.2). O

The dual of this space, GSBVZ(Q,T)*, will not be identified with the underlying Hilbert
space, but instead will be endowed with a pairing consistent with the L? inner product, as
is usually done for the duals of Sobolev spaces. Since

GSBV#(Q,T) C L*(Q)
is dense, we have
L*(Q) = L*(Q)* € GSBVZ(Q,T)*,
and L?(Q) is dense in GSBVZ(Q,T)*.
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We now fix T'> 0 and I' C Q with
HNUT) < 0 (2.3)

and t +— I['(t) defined on [0,T] such that T'(t) is an H™~!-measurable subset of I'. We
assume also that

I'(s) cT'(t) if s<t. (2.4)
For simplicity of notation, from now on, we will denote GSBVZ(,T) by V and
GSBVZ(,T(t)) by V;. The norm in V is ||| (see (2.2)), while the induced norm in

V; is || - |le. We will also denote L?*(Q) by H and L*(Q;R"™) by Hy. Note that for s < ¢
we have V, C V; C V. We also note that, since V C H and V is dense in H, we have
the embedding H C V* and the density of H in V*. Similarly, H is a dense subspace
of V,* for every t € [0,7]. We denote the pairing between V* and V by (:,-), producing
the dual norm || - ||*, and the pairing between V;* and V; by (-, ), with dual norm || - ||.
We note that these pairings are the unique continuous bilinear maps on V*xV and V;*xV;
such that (f,v) = (f,v)g and (f,vy); = (f,vi)nw whenever f € H, ve V, and v € V;.

If s < t, for every f € V;* we can consider the element f|y, of V* defined by (f|v.,v)s =
(f,v)s for every v € V;. The restriction map f + f|y, is continuous and coincides with the
adjoint of the embedding Vi — V;. Although f +— f|v, is not injective, in the rest of the
paper we omit the notation |y, , since the restriction will be clear from the context.

Lemma 2.2. Let u € WH*(0,T; H). Assume that there exists a constant ¢ such that for
every s, t € [0,T], with s < t, we have

u € W (t, T, VS) and ||a||Loo(t’T;Vs*) <e. (2.5)
Then there exist a set E C [0,T] of full measure and, for every t € E, an element w(t) of
Vi, with
[w(®)llf <e¢, (2.6)
such that for every t € E we have

g D) ()

h—0 h
t+heE

= w(t) (2.7)

weakly in Vi* and strongly in V* for every s < t. Moreover, for every s € [0,T] the
functions t — u(t) and t — w(t), considered as a functions from [s,T] to V., belong
to W2°(s, T; V) and L*(s,T;V}), respectively, and satisfy ii(t) = w(t) in VF for a.e.
t € (s,T), so that (2.5) holds with s =t.

Before proving this, we give a short technical lemma about increasing sequences of sub-
spaces of separable Hilbert spaces.

Lemma 2.3. Let {X; :t € [0,T]} be an increasing family of closed linear subspaces of a
separable Hilbert space X . Then, there exists a countable set S C [0,T] such that for all
t €0, 71\ S, we have

&:U&.

s<t
Proof. For each t € [0,T], set X;,— to be the right hand side above. Then we have
X, CX4- C Xy (2.8)

for every s < t. Set Y; to be the orthogonal complement of X;- in X;. By (2.8), we have
that Y; L Y; for s # ¢. The separability of X implies that there is at most a countable set
of ¢t such that Y; is nontrivial, which proves the lemma. O
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Proof of Lemma 2.2. We first consider the set S from Lemma 2.3, and we fix a countable,
dense set D C [0,7]. The differentiability properties of vector valued Sobolev functions
(see, e.g., [6, Appendix]), together with (2.5), imply that there exists another set of measure
zero M C [0,T] such that

a(t + h) — at)
I

for all t ¢ M and for all s <t with s € D. The fact that (2.9) holds for all s < t follows
from the density of D and from the continuity properties of the restriction operator from
Vr to V} for s < o. Note that from (2.5) and (2.9) we have

— ii(t) strongly in V' (2.9)

[a()lls < e (2.10)

for every t ¢ M and every s < t.

Now for t ¢ SUM choose s, /' t. For ¢ € V;, Lemma 2.3 gives a sequence ¢, € Vs,
such that ¢, — ¢ in V;. We claim that w(t) € V;* given by

<w(t)7 ¢>t = nlLH;o<u(t)7 ¢n>sn

is well defined. The fact that this limit exists follows immediately from the uniform bound
on |[@(t)||% (see (2.10)) and the strong convergence of ¢, to ¢. This also implies that the
limit is independent of the choice of ¢, , as well as the linearity and boundedness of the
limit. This gives the claim and proves (2.6).

Note that if ¢ € V; for some s < t, by taking ¢, = ¢ above for n large enough, we
actually have

<w(t)a¢>s = <w(t)7¢>t = <ﬁ(t)v¢>s, (211)

which implies that ¢ — w(t), considered as a function from [s,T] to V., belongs to
L>(s,T;V}) and satisfies the last assertion of the lemma.
Next, we claim that

a(t+ h) — u(t)
h

For ¢ € V;, we choose again s, /'t and ¢, € V,, such that ¢, — ¢ strongly in V;.
Then we have

(w10 D0 ) _ g DD ) g S,

— w(t) weakly in V*.

so that

At + h) — u(t)

'<“’“> - h,¢>t' < 2]j6 — dulls + it +h) — i(t)

(it) -

)

by (2.10) and (2.11). Passing to the limit first in ~ (using (2.9)) and then in n we get
(2.7). O

n

Definition 2.4. Under the assumptions of Lemma 2.2, the element w(t) of V;* defined in
(2.7) for a.e. t € [0,T] is denoted by (¢).

The last sentence of Lemma 2.2 shows the relationships between this definition and the
standard definition in the sense of distributions on (s,7). The point is that, under the
assumptions of Lemma 2.2, the theory of distributions defines ii(t) as an element of V.
only for a.e. t € (s,T), while the study of the wave equation in cracking domains requires
a precise definition of i(t) as an element of V*.
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3. THE DAMPED WAVE EQUATION

Here we consider a certain weak formulation of the equation
ih—Au—~yAu=f (3.1)
on a cracking domain, with v > 0.
Definition 3.1. Assume (2.3), (2.4), and let v > 0 and f € L?(0,T; H). We say that u is

a weak solution of the damped wave equation (3.1) on the time dependent cracking domain
t — Q\T'(t) with homogeneous Neumann boundary conditions if

u € HY(0,T;V)nWh*(0,T; H), (3.2)
for every ¢ € [0,T] we have u(t) € V;, (3.3)
for every s € [0,T) we have u € W™ (s, T; V), (3.4)
sup HﬁHLm(s,T;V;) < 400, (3.5)
s€[0,T)
for every s € (0,7 the functions
1
t cllat) —at =Rl he ), (3.6)

are equiintegrable on (s,T),
and for a.e. t € (0,7

<u(t)7 ¢>t + (Vu(t) + ’YVU(t), V¢>HN = <f(t)7 ¢>H for every ¢ € ‘/ta (37)

where i(t) is given by Definition 2.4.
By (3.2) and (3.4) the functions ¢ — wu(t) and t — u(t) are continuous from [0,7] to
V and V{ respectively, so that the initial values u(0) and (0) are well defined in V' and

Vi respectively. In the next theorem, given uM) € H, we prescribe the initial condition for
%(0) in the stronger form

1 h
. - . _ (1) 2 _
hh%l 5 /0 |a(t) —u'?||5dt = 0. (3.8)

Theorem 3.2. Assume (2.3) and (2.4). Let u® ¢ Vg, vY) € H, v > 0, and f €
L?(0,T; H). Then there exists a unique weak solution u of the damped wave equation
considered in Definition 3.1 satisfying the initial conditions u(0) = u(?) and (3.8). Moreover
t — u(t) is continuous from [0,T] to H and u satisfies the energy balance

1. 1 N
§IIU(t)||§1 + §||VU(t)IIfHN + 7/0 V(7)) 7, dr

1 1 ¢ ,
= 51O+ 5IVal, + [ ()i adr (39)
for every t € [0,T].

We shall see in Lemma 3.8 that the energy balance (3.9) implies the equinitegrability of
(3.6). The proof of Theorem 3.2 will be obtained by combining several partial results proved
in the following lemmas.

Lemma 3.3. Under the assumptions of Theorem 3.2 there exists a function u satisfying
(3.2)-(3.5), (3.7), the initial conditions w(0) = u®) and (3.8), and the energy inequality

1. 1 -
IO + 5 IVu) + [ Ivatlar

IN

1 1 ¢ _
gllu(”llfg + §IIVU(O)H?IN +/0 (f(r),0(r))udr (3.10)

for a.e. t €10,T].
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Proof. For n € N, we set 7, := T/n and t!, :=ir,. For i = 1,2,...,n we define f € H
by
) 1 [te
foi=— f()dt (3.11)

Tn tifl

We define u?, for i = —1,0,...,n inductively by the following: First,

wl = u®, urt = u® — (3.12)
then, for i =0,1,...,n — 1, the function ui! is the minimizer in Vi of
U — ub ut — uzfl 0% . .
u r- + [ Vullfy, + = 1Vu = Vg [[7, —2{fn, wn
Tn Tn H Tn

Note that the infimum of this functional is finite, since the sum of the first two terms is of
the form Zx|lu — @’ ||} + |[Vul|}; for some a}, € H, so that the functional can be bounded

from below by anquiH = Zllai 1% =1 fill alul yi+1, With ¢, = min{1, 725 }. It follows that

we have

wttl gt ub — it )
< n n _ n n ¢> 4 (Vu;“,Vqﬁ)HN
H

)
Tn Tn Tn

+ (VUi = Y, VY = (L b (3.13)

Tn
for every ¢ € V,i+1. Note that from (2.4) we can take ¢ = ult —uf  and we get
i

i+l
un u’ﬂ

2 i+1 i i—1
U ul u U )
H H

Tn Tn

Tn

—(Vu " V) + 7||VU2+1 =V |3, = (froun™ —up)u
n

Using the fact that [|a||? — (a,b) = %[lal|* + 3]l — b]|* — 3[|b]|*, multiplying by 2, and
rearranging, we can write

. . . . . . 2
uz—i—l —ut uz—i—l —ut i a1

| T T + IVu i + IVu = Vg 17,
n H n n H
ub — il 2

n n

27y ) )
21Tl = V[, =

IV I, + 20/, un™ —unm. (3.14)
H

n

Summing from ¢ =0 to j and using (3.12), we get

witt — i ||? , I it — i owi — i) J , ,
= I A e e + ) IVt = Va1,
H i—0 Tn Tn H i—0
2y ! i1 i (12 112 0)12 L 1 ;
t S OIVutt = Vul 3, = M + Va3, +2 (i ui™ —ul . (3.15)
i=0 i=0
We now define w,,, iy, v, : [0,T] — V for t € (ti,t:+1] by
: il i
Un(t) =l 4 (t — i) —Un (3.16)
Tn
n(t) =up™, fult) = (3.17)
PR Ml kY L O ek (3.18)

Tn Tn Tn Tn
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Rewriting (3.15) using the above, for every t € (#J,t/71) we now have
ZA
. 2 i T 2 . 2
e (B)[1 77 + 1V (87 [ + Tn/o [[on (D)1 dt + Tn/o [V (8)[| gy,
i1 b

L2y / Vi (8)]% dt = [uD ] + [Vu©@|2,, +2 /”<fn<t>,an<t>>ﬂdt. (3.19)
0 0

i
til

The right-hand side above is bounded as long as M,, := max; ||, (t)||z is bounded. From
(3.19) we have that

ME < |[uM )3 + VD)3 + 201 £l 20,7, T2 M, -

This implies that M,, is bounded, and so is the right-hand side of (3.19).
We then have that

Vuy,(t) and Vi, (t) are bounded in Hy uniformly in ¢ and n, (3.20)
YV, is bounded in L?(0,T; Hy) uniformly in n, (3.21)
1y (t) and v, (t) are bounded in H uniformly in ¢ and n. (3.22)

We note that (3.22) together with the fact that u(®) € H implies that u, is bounded in H
uniformly in ¢ and n. This together with (3.20) gives

U (t) is bounded in V' uniformly in ¢ and n. (3.23)
Furthermore, using (3.16), (3.17), and (3.18) in (3.13) gives that for all ¢ € (¢}, 1),
(0n(t), P + (Vi (t) + YVt (), V) iy = (fn(t), Pl (3.24)
for every ¢ € Vi11. This together with (3.20) and (3.21) gives that for ¢ € (t},,t,"),
where c¢ is independent of ¢,i,n. Using the fact that
11z <00 for s <, (3.26)
we get
[on(BII5 < ¢ (3.27)

for all s < t, and for every n.
Using (3.21), (3.22), (3.23), and (3.27) we get

uy, is bounded in H'(0,T;V) and in W>°(0,T; H), (3.28)
v, 18 bounded in L*°(0,T; H), (3.29)
v, is bounded in W (s, T; V) for every s € [0, 7). (3.30

Let us fix a countable dense subset D of [0,7]. By a diagonal argument we obtain a
subsequence, not relabeled, such that

U, — u weakly in H'(0,T;V), (3.31)
vp — v weakly in L?(0,T; H), (3.32)
vp, — v weakly in H'(s,T; V) for every s € D. (3.33)
It is easy to see that in fact
ue HY0,T;V)nWhe(0,T; H), (3.34)
ve L0, T; H), (3.35)
v e Whoo(t, T; VF) for every s, t € [0,T] with s < . (3.36)

Moreover (3.27) gives
9l oo, 7yvey < ¢ for every s, t € [0,T] with s < ¢. (3.37)



EXISTENCE FOR WAVE EQUATIONS ON DOMAINS WITH ARBITRARY GROWING CRACKS 9

‘We now show that

v(t) =4(t) in H for a.e. t € [0,T). (3.38)
First, for every t € (¢, tiT1), we have 1, (t) = v, (tiT1), so that using (3.25) we have
tntt
[in(t) = va (Ol = lon (") = va (Ol < / [[on ()i dT < cTn.
L n t; n

From (3.26), we have ||t (t) — v, (t)]|5 < c¢7, for all s < t. Together with (3.32), this
shows that 4, — v weakly in L?(s,T; V) for all s € [0,T]. On the other hand, 1, — %
weakly in L2(0,T; H), and so v(t) = u(t) in V}* for every s € [0,T] and for a.e. t € (s,7).
Since v(t) and u(t) belong to H, the previous equality means that (v(t), o)g = (v(t), P)s =
(0(t), d)s = (u(t), p)u for every ¢ € V. The density of V; in H allows us to conclude that
v(t) = u(t) as elements of H. This concludes the proof of (3.38). From (3.36) , (3.37), and
(3.38) we deduce that

u € W%®(t,T;V}) and ||iiHLoc(t,T;VS*) <c (3.39)

for every s, t € [0,T] with s < ¢t. This gives (3.4) and (3.5) by Lemma 2.2.
From (3.28) we know that w, is Lipschitz with values in H uniformly in n. Now, since
T (t) = up (tiF1) for t € (8, ti1] and , we have, as above, that
i, — u weakly in L*(0,T; H).
Since Vi, is bounded in L?(0,T; Hy) by (3.20), we obtain also that
Vi, — Vu weakly in L*(0,T; Hy). (3.40)
This gives
i, — u in L*(0,T;V). (3.41)
Furthermore, note that a,(t — 7,) € V; for every t € [0,T], and
TUp (- — Tp) — u weakly in L?(0,T; V).

Since the linear subspace {v € L?(0,T;V) : v(t) € V; for a.e. t € [0,T]} is strongly closed, it
is weakly closed in L2(0,T;V). Therefore u(t) € V; for a.e. t € [0,T]. For every t € (0, T]
there exists ¢, 't such that u(t,) € V;, C V, for every n. Since u(t,) — u(t) strongly in
V by (3.34), we obtain u(t) € V;. Together with the inclusion u(0) = u(®) € V4, this proves
(3.3).

We now prove that (3.7) holds a.e. t € [0,T] for every ¢ € V;. We first claim that for
s € D and for all ¢ € V;, we have

(i(t), d)s + (Vu(t) + yVi(t), Vo) my = (f(t), d)m for a.e. t > s. (3.42)
We first fix s € D and ¢ € V. Using (3.24), we have that for a.e. t > s,
(0n(2); Q)i + (Vi (8) + 7 Vin(t), VO iy = (fu(t), P)r-
Hence for every s < t; <ty < T we have
to
/t (2 (8). G+ (Vi (t) + 7Vt (1), V)i, — {fulD). )t = 0. (3.43)

Using (3.11) and (3.17) we obtain that f, — f in L?(0,T; H), hence

/t1 (fn(t) Hdtﬂ/1 OYg dit

We know that 0, — © weakly in L?(s, T; V) from (3.33). Since u = v in H(s,T;V}), we
also have that ii = ¢ in L?(s,T;V}). Using also (3.31) and (3.40), we can pass to the limit
in (3.43) and we get

(0.6 + (Fult) + 9Vil0), V)~ (0,0 )t = .

t1
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This implies (3.42).

Notice that since Vy is separable, the set N of t > s for which (3.42) does not hold can
be taken independent of ¢. We set W to be the union over s € D of the sets Ny, so that
W also has measure zero. It follows that for every ¢t ¢ W and for every s € D, s < t, we
have

<ﬁ(t), ¢>s + <vu(t) + ’}/Vﬂ(t), V¢>HN = <f(t)a ¢>H (344)
Using Lemma 2.3, it follows that for a.e. t ¢ S, for every ¢ € V;, and for every s, /' t,
with s, € D, there exists ¢, € V, such that ¢, — ¢ strongly in V;. Now note that
(U(t), pn)e + (Vult) + YVa(t), Von)uy — (f(1), on)m

= (ii(t), Pn)s, + (Vult) + YVi(t), Vo) my — (f(t), o)g = 0.

The convergence of the ¢, to ¢ gives (3.7).

For every ¢t € (0,T) and n € N there exists a unique j such that ¢, < ¢ <t =: ¢
By (3.11) and (3.17) the sequence f,, converges to f strongly in L?(0,T; H). By (3.31) the
sequence 1, converges to @ strongly in L?(0,T; H). Therefore

/Ot;<fn(7—)aun(7')>HdT — /0t<f(7),a(7)>gdr

By (3.31) and (3.40), from (3.19) we obtain (3.10) by weak lower semicontinuity.
It remains to prove (3.8). It is enough to show that, if ¢, are Lebesgue points for
t— |[u(t)||% and tx — 0, then

a(ty) — uV  strongly in H. (3.45)

By (3.4) @ belongs to W°°(0,T; V), so that, if t, — 0, then a(t;) — u™) in V. Since
u(ty) is bounded in H by (3.2) and Vi C H is dense, it follows that u(ty) — u(®) weakly
in H. Therefore (3.45) is equivalent to

lim sup ||a(te) ||z < JuP]z. (3.46)
By (3.2) and (3.10) there exists a constant C' > 0 such that
()17 + 1Va@®)l, < laDE + V@3, +0t'/? (3.47)

for a.e. t € [0,T]. Since ¢t — Vu(t) is continuous from [0,7] to Hy by (3.2), inequality
(3.47) holds in for all Lebesgue points of ¢ — ||u(t)||% , in particular for ¢ = ¢;. By continuity
we have ||Vu(ty)|| gy — |[Vu'® || gy, so that (3.46) follows from (3.47). This proves (3.45)
and concludes the proof of (3.8). O

The following lemma provides an equivalent formulation of (3.6) in terms of the behavior
of the functions ||a(t)||% — |la(t — h)||% .

Lemma 3.4. Assume (3.2)-(3.5). Then there exists a constant C > 0 such that
: 1. :
—Clla(t = W)lle—n < (@)1 — [lit = h))
1. . .
< lli(t) —a(t = h)F + Cllatt = h)llen (3.48)

for every h € (0,T) and a.e. t € (h,T). In particular, the equiintegrability of (3.6) holds if
and only if for every s € (0,T) the functions

te (N~ it~ W), he (©,5),

are equiintegrable on (s,T).
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Proof. For every h € (0,T) and for a.e. t € (h,T) we have

L a2 — il o ) =t — h)
7 el = llatt = b)) = <f

1 o o

= i(e) — it — i + 2 "I G gy
By (3.3) and (3.4) the function 7 +— (i(7),u(t — h));_p belongs to W1>°(t — h, T) and its
time derivative is 7 — (i(7),4(t — h))¢—p . By (3.5) there exists a constant ¢ independent
of t and h such that the absolute value of the last duality product in (3.49) is bounded
by ¢||a(t — h)||t—p. This implies (3.48). Since the family of functions ¢t — |[@(t — h)||¢—n,
0 < h < s, is equiintegrable in (s,7) by (3.2), the conclusion follows. O

Ja(t) + it — h)>t

(3.49)

Lemma 3.5. Under the assumptions of Theorem 3.2, suppose that u satisfies (3.2)-(3.5),
and let s, t € (0,T) be Lebesgue points for ||u(-)||%, with s <t. Then

()7 — llas)l7 > 2/ (7)), u(7))7 dr. (3.50)

Proof. Fix 0 < h < s. Integrating both sides of the first equality of (3.49) from s to ¢, we
get
1 t 1 s t . o _ h
2 [ Vi@l — 1 [ aeiar = [ (T2 ) - ) ar
h t—h h s—h s h T
Take a sequence h — 0 such that
(T) + 4(r — h) — 2u(7T) strongly in V
for a.e. 7, which we can do since @ € L?(0,T;V). By Lemma 2.2 we also have
W) — il —h
% — ii(7) weakly in V*
for a.e. 7, so that

<u(7’) —u(r —h)
h

By (3.48) and (3.49) we can apply the Fatou Lemma (with an equiintegrable minorant) and

we get

La(r) + alr — h)>T — {ii(7), 20(7)) -

lim inf t <w,u(7) +a(r — h)> dr > /t<ﬂ(7)7 24(t)) - dr,

h—0+ Jg h T
while
IR 2 L 2 T RN
= [ lalr)lgdt - - la(r)[gdr — le@)E — [las)]F,
h t—h h s—h
since s and t are Lebesgue points for |u(-)|% . O

Lemma 3.6. Under the assumptions of Theorem 3.2, suppose that u satisfies (3.2)-(3.5)
and the initial condition (3.8) for some u") € H. Then

¢
()17 — [l > 2/0 (ii(7), @(7))sds. (3.51)
for every Lebesque point t € (0,T] of ||u(-)||% -

Proof. By (3.8) there exists a sequence h,, of positive numbers converging to 0 such that
w(hnt) — uM) strongly in H for a.e. t € [0,T]. Then we choose ¢ so that t, := h,t is a
Lebesgue point of ||u(-)||2; for every n and w(t,) — u") strongly in H. By Lemma 3.5 we
have

()l — Ilalt) 1 > 2/t (i(r), a(7))rdr.

n



12 GIANNI DAL MASO AND CHRISTOPHER J. LARSEN

Passing to the limit as n — oo we get (3.51). O

We now prove that the function u obtained in Lemma 3.3 satisfies the energy balance
for a.e. t € (0,7).

Lemma 3.7. Under the assumptions of Theorem 3.2, suppose that u satisfies (3.2)-(3.5),
(3.7), (3.10), and the initial conditions u(0) = u(®) and (3.8). Then u satisfies the energy
balance (3.9) for every Lebesgue point t € (0,T] of ||a(-)||% .

Proof. By (3.7) and since u(t) € V; we have that
(@(t), a(t))e + (Vu(t), Va(t)) my +IVa®)lz, = (F@),a(t)m

for a.e. t € [0,T]. Integrating from 0 to ¢ and using Lemma 3.6, for every Lebesgue point
t €10,T] of [|a(-)||% we get

1. 1 1 ["d L ! _

SO = 3D+ 5 [ LIV B dr o [ 1V dr = [ (0.t
0o ar 0 0

Together with (3.10) this inequality gives (3.9). O

Lemma 3.8. Under the assumptions of Theorem 3.2, suppose that u satisfies (3.2) and
(3.9) for a.e. t € (0,T). Then the functions (3.6) are equiintegrable.

Proof. Let us fix s € (0,7). By (3.9) for every h € (0,s) and for a.e. ¢t € (s,T) we have

t
()l — [t = B + IVu(®) 1, — [IVult = b, + QV/t . IV (7) | 7 dr

=2 [ (@) i(radr

By (3.2) there exists a constant C' > 0 such that ||Vu(t)|| g, < C for a.e. t € (0,T), so that
the previous equality gives

2C

H e il < 32 [ 19l ar+ 3 / I9a(7)|13 dr

2 (! .
+E t_h<f(T),u(T)>HdT

Since the functions 7 — [[Vi(7)| g, , 7 — [Vu()|3, , and 7 — (f(7),4(7))s belong to
L'(0,T), the right-hand side of the previous inequality converges in L'(s,T) as h — 0+.
Therefore it is equiintegrable on (s,7). By Lemma 3.4 this implies the equiintegrability
of (3.6). O

Lemma 3.9. Under the assumptions of Theorem 3.2, only one weak solution of the damped
wave equation considered in Definition 3.1 satisfies the initial conditions u(0) = u® and

(3.8).

Proof. Since (3.6) is preserved by linear combinations, the difference v between two solutions
is a solution with f = 0 satisfying the initial conditions v(0) = 0 and

I N LT
Jim / i) 2t = o.
By Theorem 3.7 we have
1. 1 L
gllv(t)qu + §||Vv(t)H%rN +v/0 IV (s)]|F ds = 0

for a.e. t € [0,7]. This implies that v(t) = 0 in H for a.e. t € [0,T]. Since v €
W10, T; H) by (3.2), and v(0) = 0, we conclude that v(t) =0 for every t € [0,7]. O
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Lemma 3.10. Under the assumptions of Theorem 3.2, let u be the weak solution of the
damped wave equation considered in Definition 3.1, with initial conditions u(0) = uw©® and
(3.8). Then t — u(t) is continuous from [0,T] to H and (3.9) holds for every t € [0,T].

Proof. By (3.4) the function ¢ +— (t) is continuous from [0, 7] to V;* and by (3.2) u(t) € H
for a.e. t € [0,T], and there exists a constant M such that

la(t)||g <M for ae. t €[0,T]. (3.52)

We claim that
w(t) e H and ||u(t)||lg < M for every t e [0,T], (3.53)
t +— (t) is weakly continuous from [0,T] to H. (3.54)

Given t € [0,T], by (3.52) there exists a sequence t,, in [0,7] converging to ¢ such that
U(ty) is bounded in H. Since 4(t,) — 4(t) strongly in Vj* and the embedding H — Vi
is continuous, we conclude that (t) € H, ||4(t)||g < M, and u(t,) — a(t) weakly in H.
This proves (3.53). The same argument with an arbitrary ¢, converging to ¢ gives (3.54).

By Lemmas 3.3, 3.7, 3.8, and 3.9 the function u satisfies the energy balance (3.9) for a.e.

€ (0,T). Using (3.54) and the weak lower semicontinuity of the norm, we can approximate
an arbitrary ¢ € [0,7] and we obtain (3.10) for every ¢ € [0,T].

Define I'(t) := I'(T) for every t > T and fix ty € (0,7]. Since u(ty) € V4, by (3.3)
and 4(tg) € H, by the lemmas mentioned above there exists a unique weak solution v of
the damped wave equation on the interval [tg, T + 1] (Definition 3.1) with initial conditions
v(to) = u(te) and

1 to+h
lim ~ / 16(7) — i(to) |2 dr = 0.
- t

Define w: [0,T + ]Hbew()—u() for t <ty and by w(t) = v(t) for t > to. It is
easy to check that w satisfies (3.2)-(3.5), (3.7), and the initial conditions w(0) = u(®) and
i / i t) — w3t = 0.

Moreover it satisfies the energy inequality (3.10) for a.e. t € (0,74 1). By Lemmas 3.7 and
3.8 the function w satisfies also the equiintegrability condition (3.6), so that it is a weak
solution of the damped wave equation on [0,T + 1] (Definition 3.1). Let t € (t9, T + 1] be
a Lebesgue point of [|0(+)||% . By Theorem 3.7 we have

1, . 1 b
§Ilw(t)||if + §||Vw(t)||§1,v +’r/0 Vi (7) || 35, A7

1 1 ! .
= SO+ SIVaO L, + [ i) ar

and

1 2

) 1 . 1 1 to
SIeO 3 = Slatto) % + VoI, - 51 Vulto) I3, +7 / IV6(r) 3, dr

-/ (), 6

to
Subtracting the second equation from the first one we get

1. . 1 to
Slatto)l + 51 Vulto) 3, + / |Vi(r) 3, dr

1 1 fo ,
= SO+ IVl + [ ).t o

This shows that (3.9) holds for ¢ = ¢y. The arbitrariness of t; implies that (3.9) holds
for every ¢t € [0,T]. Since t — ||[Vu(t)||3, is continuous by (3.2), we deduce from (3.9)
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holds for that ¢ +— [|i(t)||% is continuous. Together with (3.54), this proves that ¢ — wu(t)
is continuous from [0,7] to H. O

Proof of Theorem 3.2. By Lemma 3.3 there exists a function u satisfying (3.2)-(3.5), (3.7),
the initial conditions u(0) = u(®) and (3.8), and the energy inequality (3.10) for a.e. t €
[0,7]. By Lemma 3.7 this function satisfies also the energy equality (3.9) for a.e. t € [0,T].
By Lemma 3.8 the functions (3.6) are equiintegrable, so that u is a weak solution of the
damped wave equation according to Definition 3.1. The uniqueness is proved in Lemma 3.9.
The continuity of ¢ — 4(t) from [0,7] to H and the energy equality (3.9) for every ¢ € [0, T
follow from Lemma 3.10. O

4. THE UNDAMPED WAVE EQUATION
In this section we study weak solutions of the undamped wave equation
i—Au=f (4.1)
on a cracking domain.

Definition 4.1. Assume (2.3) and (2.4), and let f € L?(0,T; H). We say that u is a weak
solution of the wave equation (4.1) on the time dependent cracking domain ¢ — Q\ I'(¢) if

u € L0, T;V)NWh>(0,T; H), (4.2)
for every t € [0, T] we have u(t) € V;, (4.3)
for every s € [0,T) we have u € W2 (s, T; V), (4.4)

sup HU'”Lw(s,T;VS*) < 400, (4.5)
s€[0,T)

and for a.e. t € (0,7
((t), d)e + (Vu(t), Vo) iy = (f(t), o) for every ¢ € Vi, (4.6)
where i(t) is given by Definition 2.4.

In the next theorem we will prove that there exist solutions satisfying the initial condition
for u in the strong form

1 h
lim + / (Ihutt) — w3 + () — Va3, ) di =0, (4.7)
0

and that for ¢ in the sense of (3.8).

Theorem 4.2. Assume (2.3) and (2.4), and let u(9 € Vy, vV € H, and f € L*(0,T; H)
be given. Then there exists a weak solution of the wave equation considered in Definition
4.1 satisfying the initial conditions (4.7) and (3.8).

Proof. We proceed exactly as in the proof of Lemma 3.3. In fact, the proof is identical, with
v =0, through (3.19).

We then continue as in Lemma 3.3 with v = 0, where (3.21) is useless, and (3.28) is
replaced by

Uy, is bounded in L*>(0,T;V) and in W'°°(0,T; H). (4.8)
As a consequence of this change, (3.31) is replaced by
u, — u weakly in L*(0,T;V) and in H*(0,T; H), (4.9)

and (3.34) is replaced by u € L>(0,T;V)NW1°(0,T; H). The proof that u is a solution
proceeds as in the damped case.

It remains to prove that u satisfies the initial conditions (4.7) and (3.8). It is enough
to show that, if ¢, are Lebesgue points for both ¢ — [|a(t)||F; and ¢ — [[Vu(t)||3;, , and
ty — 0, then

Vu(ty) — Vu®  strongly in Hy and a(ty) — u)  strongly in H. (4.10)
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As in the proof of Theorem 3.2 we can show that u(t;) — u!) weakly in H. Moreover (4.2)
implies that u(t,) — u(0) = u(®) strongly in H and that Vu(t;) is bounded in Hy . This
imples that Vu(ty) — Vu(® weakly in Hy .

Therefore (4.10) is equivalent to

lim sup (It + ) I%) < V@ + @ (4.11)

For every t € (0,T) and n € N there exists a unique j such that ¢}, <t < ¢! =:¢* . From
(3.19), we have that

tr 1/2
it ()17 + 1Vt ()3, < M+ VU1 +2M(/0 IIiLn(S)II%dS) :

where M := ||fllz2(0,1;m)- Since |[|i,(t)||z is uniformly bounded by (4.8), there exists
C > 0 such that

e @11 + [V ()11, < [uD + Va2 + CE)2.

Therefore, from (3.32) and (3.40) and the fact that the chosen t; are Lebesgue points,

we get
. 1/2
i) I3 + [ Vult)ll, < Il + Va3, +Ct/

for every k. This proves (4.11) and concludes the proof of the theorem. O
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