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The γ-ray sky

The Extra Galactic, diffuse γ-ray signal  is inferred from 
a multicomponent fit to Fermi-LAT data.



Extragalactic diffuse emission: DM contribution?

Sources:
• unresolved extragalactic sources: blazars, star forming and star burst galaxies ...
• Dark Matter annihilation in all halos at all red-shifts can contribute



Extragalactic γ-rays from annihilating DM
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The Halo Model approach

all DM particles belong to a (spherical?) DM halo of a given mass
14 W. A. Watson et al.

!FOF ! 60 (Lacey & Cole 1994; Summers, Davis & Evrard 1995;
Audit, Teyssier & Alimi 1998); !FOF ! 74 (Warren et al. 2006);
and !FOF ! 81.62 (More et al. 2011), all for b = 0.2. In contrast, the
SO algorithm produces haloes that are by definition spherical and
that adhere to a strict overdensity criterion, e.g. ! = 178 times the
background matter density. This overdensity refers to the average
density of matter contained within the halo. Haloes are generally
very centrally concentrated; thus, the overdensity of matter at the
boundary of an SO halo is much lower than the mean overdensity
and the relation between the two is dependent on the profile of the
halo in question. More et al. (2011) note that for a singular isother-
mal sphere (SIS) density profile, "(r) " r#2, an overdensity at a
halo’s boundary of !edge $ 60 corresponds to an enclosed overden-
sity of !halo $ 180. This loosely links the value of b in the FOF
algorithm to ! in the SO algorithm – by assuming that the FOF
halo is spherical – but the simplified SIS profile does not repro-
duce simulated dark matter haloes well. More appropriate profiles
include the TIS profile (Shapiro et al. 1999; Iliev & Shapiro 2001),
the Einasto profile (Navarro et al. 2004, 2010; Gao et al. 2008) and
the NFW profile. More et al. (2011) used the latter, sampling NFW
haloes with random particle realizations and show that their value
of !FOF ! 81.62 corresponds to a range of !halo between !200 and
600 depending on the concentration parameter of the NFW haloes.
Lukic et al. (2009) use a similar approach and were able to recover,
to 5 per cent accuracy, an SO mass function from FOF haloes by
individually relating the FOF halo masses to their SO counterparts.
The translation between the two was based on the concentration
parameter of the haloes’ NFW profiles and three empirically fitted
parameters.

5.4.2 Choice of linking length and overdensity criterion

Given these analyses, it is not surprising to observe a marked differ-
ence in the physical structure of FOF and SO haloes. Fig. 15 shows
a large halo from our 20 h#1 Mpc simulation at z = 8 captured by
the CPMSO and the FOF halo finders, respectively. We show the
FOF halo found with linking lengths of 0.2, 0.15 and 0.1 in grey,
blue and red, respectively. This is the second largest halo in our
volume and it illustrates particularly well the differences between
the two algorithms. For this halo at this redshift a linking length of
0.2 is far too aggressive and significant overlinking has occurred.

In Fig. 16, we compare the halo mass functions based on FOF
haloes with linking lengths of 0.2, 0.15, 0.1 and SO haloes with
overdensity choices of 100, 178, 200 and 800, at z = 0 from the
1 h#1 Gpc box (left-hand panel) and at z = 8 from the 114 h#1 Mpc
box (right-hand panel). The z = 0 result shows that, for a suitable
range of # , an overdensity of 178 is comparable to a linking length
of 0.2 to within 10 per cent. However, for a 0.2 linking length there
appears to be a trend towards lower overdensities for the higher mass
haloes. This is likely due to the increasing influence of overlinking
on the masses of the larger FOF haloes. The z = 8 results show that
a linking length of 0.2 is not at all complimentary to an overdensity
choice of 178 in the EdS regime of structure growth. In fact, we see
that an overdensity of 100 is more consistent with a linking length
of 0.2 at z = 8. The equivalent linking length for an overdensity of
178 lies between 0.2 and 0.15 and much closer to 0.15 than to 0.2,
and a linking length of 0.1 roughly corresponds to overdensity of
800. These results are consistent the with result of Cohn & White
(2008), namely that, at z = 10, the mass functions of FOF and SO
haloes are similar when an overdensity choice of ! = 180 and a
linking length of ll = 0.168 are used. Given these results, we expect

Figure 15. Image of a large halo in the 20 h#1 Mpc box at z = 8. The
circle represents the extent of the !178 cutoff used in CPMSO. The z

direction has been projected on to the x–y plane. The CPMSO halo mass is
3.1 % 1010 h#1 M& and it contains 9.3 million particles. The dots represent
aggregations of at least 20 particles found in the FOF version of the same
halo. The grey dots show the halo captured with a linking length of 0.2,
blue 0.15 and red 0.1. The masses (particle counts) are 4.8 % 1010 h#1 M&
(13.1 million), 3.7 % 1010 h#1 M& (8.9 million) and 2.1 % 1010 h#1 M&
(5.8 million) for b = 0.2, 0.15 and 0.1, respectively.

there to be an evolution in the relationship between overdensity
and linking length. The empirical results of Lukic et al. (2009),
Courtin et al. (2011) and More et al. (2011) all contain a redshift
dependence [Courtin et al. (2011) via !(z), and the others via the
concentration parameter, c(z)]. Whilst the More et al. (2011) study
looked at haloes up to z = 2.5, further study needs to be undertaken
to investigate the suitability of existing relations between linking
length and overdensity at higher redshifts.

5.4.3 SO versus FOF mass functions

The differences we observed above between haloes found using the
two approaches filter through to secondary results derived from halo
catalogues, including the mass function. Fig. 8 shows the systematic
difference between the AHF (! = 178) and the FOF (b = 0.2) mass
functions over a wide range of redshifts. There is a close similarity
between the two mass functions at z = 0, especially for lower mass
haloes, with the collapsed fraction of mass in higher mass haloes
greater in the FOF case. Gradually, as we move to higher redshifts,
we see the amplitude of the SO mass function fall to around 80
per cent of the FOF mass function at lower masses, with a much
more marked decrease at higher masses. Past redshifts of around
z $ 6 the high-mass tail of the SO mass function is around 50
per cent lower than that of the FOF mass function. The causes of
the difference between the two mass functions can be summarized
as contributions from (1) the relationship between the masses of
a given SO halo and its FOF counterpart, which depend on the
choices of b and ! and also on the concentration parameter of the
haloes; (2) the amount of overlinking of FOF haloes; (3) the relative
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Ingredients:
1. Halos mass function

3. HALO MASS FUNCTION

3.1. Fitting Formula and General Results

Although the number density of collapsed halos of a given
mass depends sensitively on the shape and amplitude of the power
spectrum, successful analytical Ansätze predict the halo abun-
dance quite accurately by using a universal function describ-
ing the mass fraction of matter in peaks of a given height, ! !
"c/#(M; z), in the linear density field smoothed at some scale R "
(3M /4$%̄m)

1/3 (Press & Schechter 1974; Bond et al. 1991; Sheth
& Tormen 1999). Here, "c # 1:69 is a constant corresponding to
the critical linear overdensity for collapse and #(M ; z) is the rms
variance of the linear density field smoothed on scale R(M ). The
traditional nonlinear mass scale M$ corresponds to # " "c. This
fact has motivated the search for accurate universal functions de-
scribing simulation results by Jenkins et al. (2001), White (2002),
and Warren et al. (2006). Following these studies, we choose the
following functional form to describe halo abundance in our
simulations:

dn

dM
" f (#)

%̄m
M

d ln #%1

dM
: &2'

In extended Press-Schechter theory, the overdensity at a location
in a linear density field follows a random walk with decreasing
smoothing scale. The function f (#) is the #-weighted distribution
of first crossings of these random walks across a barrier separat-
ing collapsed objects from uncollapsed regions (e.g., where the
random-walking overdensity first crosses "c). The function f (#)
is expected to be universal to the changes in redshift and cos-
mology and is parameterized as

f (#) " A
#

b

! "%a

(1

# $
e%c=# 2

; &3'

where

#2 "
Z

P(k)Ŵ (kR)k 2 dk; &4'

P(k) is the linear matter power spectrum as a function of wave-
number k, and Ŵ is the Fourier transform of the real-space top-
hat window function of radius R. It is convenient to recall that the
matter variance monotonically decreases with increasing smooth-
ing scale; thus, higherM corresponds to lower #. In the figures and
text, we will use log #%1 as the independent variable. This quan-
tity increases monotonically with halo mass.

The functional form (3) was used in Warren et al. (2006) with
minor algebraic difference, and is similar to the forms used by
Sheth & Tormen (1999)11 and Jenkins et al. (2001). ParametersA,
a, b, and c are constants to be calibrated by simulations. The pa-
rameter A sets the overall amplitude of the mass function, while a
and b set the slope and amplitude of the low-mass power law, re-
spectively. The parameter c determines the cutoff scale at which
the abundance of halos exponentially decreases.

The best-fit values of these parameters were determined by fit-
ting equation (3) to all the z " 0 simulations using &2 minimiza-
tion and are listed in Table 2 for each value of !. For! ) 1600,

we fix the value of A to be 0.26 without any loss of accuracy.12

This allows the other parameters to vary monotonically with !,
allowing for smooth interpolation between values of !.
Figure 5 shows the mass function measured for three values

of ! and the corresponding best-fit analytic functions. We plot
(M 2/%̄m) dn/dM rather than dn/dM to reduce the dynamic range
of the y-axis, as dn/dM values span nearly 14 orders of magni-
tude. The figure shows that as ! increases the halo masses be-
come systematically smaller. Thus, from ! " 200 to 3200, the
mass scale of the exponential cutoff reduces substantially. The
shape of the mass function is also altered; at! " 200 the loga-
rithmic slope at low masses is *%1.85, while at ! " 3200 the
slope is nearly%2. This change in slope is due to two effects. First,
the fractional change in mass when converting between values of
! is not a constant; it depends on halo mass. Because halo con-
centrations are higher for smaller halos, the fractional change is
higher at lower masses, thus steepening the mass function. Sec-
ond, a number of low-mass objects withinR200 of a larger halo are
‘‘exposed’’ as distinct halos when halos are identified with ! "
3200. Although all halos contain substructure, these ‘‘revealed’’
subhalos will only impact overall abundance of objects at low
mass,M P 1012 h%1 M+, because the satellite fraction (the frac-
tion of all halos located within virial radii of larger halos) de-
creases rapidly from #20% to zero for M > 1012 h%1 M+ (e.g.,
Kravtsov et al. 2004). This trend can be understood using aver-
age properties of subhalos in parent CDM halos. Subhalo popu-
lations are approximately self-similar with only a weak trend with
mass (e.g., Moore et al. 1999; Gao et al. 2004), and the largest11 A convenient property of the Sheth & Tormenmass function is that one re-

covers the mean matter density of the universe when integrating over all mass;
the function is normalized such that

R
f (#) d ln #%1 " 1. Eq. (3) does not con-

verge when integrating to log #%1 " %1. In Appendix C we present a modified
fitting function that is properly normalized at all ! but still produces accurate
results at z " 0.

12 Although a four-parameter function is required to accurately fit the data at
low!, at high overdensities the error bars are sufficiently large that a degeneracy
between A and a emerges, and the data can be fit with only three free parameters,
given a reasonable choice for A.

Fig. 5.—Measured mass functions for all WMAP1 simulations, plotted as
(M 2/%̄m) dn/dM against logM . The solid curves are the best-fit functions from
Table 2. The three sets of points show results for! " 200, 800, and 3200 ( from
top to bottom). To provide a rough scaling betweenM and #%1, the top axis of the
plot shows#%1 for thismass range for theWMAP1 cosmology. The slight offset be-
tween the L1280 results and the solid curves is due to the slightly lower value of
"m " 0:27.

TINKER ET AL.716 Vol. 688

Tinker et al. (2008)

ρ(z, Ω̂) = ρ̄(z)∆(z, Ω̂)
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Figure 1. Halo density profiles and accretion histories. Left-hand panel: median density profiles of MS-II relaxed haloes in the mass range 1.24 <

log M200/(1010 h!1 M") < 1.54 (corresponding to particle numbers in the range 2.5 # 104 < N200 < 5 # 104), selected according to their concentra-
tion (see boxes in the top panel of Fig. 2). Densities are shown scaled to !0, the critical density at z = 0, and weighted by r2 in order to enhance the dynamic
range of the plot. Radii are scaled to the virial radius, r200. The best-fitting Einasto profiles are shown by the thin solid curves, with parameters listed in the
legend. Dot–dashed curves indicate NFW profiles (whose shape is fixed in these units) matched at the scale radius, r!2, where the r2! profiles peak. Arrows
indicate the half-mass radius, r1/2. Right-hand panel: median MAHs of the same set of haloes chosen for the left-hand panel. Halo accretion history is defined
as the evolution of the mass of the main progenitor, expressed in units of the mass of the halo at z = 0. The heavy circles indicate the redshift, z!2, when the
progenitor’s mass equals the mass, M!2, enclosed within the scale radius at z = 0. The starred symbols indicate the half-mass formation redshift.

In the scaled units of Fig. 1 the scale radius, r!2, signals the
location of the maximum of each curve, and different concentrations
show as shifts in the position of the maxima, which are indicated
by large filled circles. In addition to their different concentrations,
the profiles differ as well in ", which increases with decreasing
concentration (see legends in Fig. 1). Arrows indicate the half-
mass radius of each profile. Dot–dashed curves show NFW profiles
(whose shape is fixed in this plot) with the same concentration as
the best Einasto fit (solid lines). The density profile curves more
gently than NFW for " ! 0.18 and less gradually than NFW for
" " 0.18, respectively.

The (median) MAHs corresponding to the same sets of haloes
are shown in the right-hand panel of Fig. 1. We define the MAH of
a halo as the evolution of the virial mass of the main progenitor,3

usually expressed as a function of the scalefactor a = 1/(1 + z),
and normalized to the present-day value, M0 = M200(z = 0). As ex-
pected, more concentrated haloes accrete a larger fraction of their
final mass earlier on. The filled stars indicate the ‘half-mass for-
mation redshift’, z1/2, whereas the filled circles indicate z!2, the
redshift when the mass of the main progenitor first reaches M!2,
the mass enclosed within r!2 at z = 0.

4 R ESULTS

4.1 The mass–concentration–shape relations

The top panel of Fig. 2 shows the mass–concentration relation for
our sample of relaxed haloes at z = 0. Concentrations are estimated
from Einasto fits, and are colour coded by the shape parameter, ",
as indicated by the colour bar. The open symbols track the median
concentrations as a function of mass. The thin solid lines trace the

3 The main progenitor of a given dark matter halo is found by tracing
backwards in time the most massive halo along the main branch of its
merger tree.

25th and 75th percentiles of the scatter at fixed mass. Different
symbols are used for the different MS runs, as specified in the
legend. Note the excellent agreement in the overlapping mass range
of each simulation, which indicates that our fitting procedure is
robust to the effects of numerical resolution.

The bottom panel of Fig. 2 shows the mass–" relation, coloured
this time by concentration. The trend is again consistent with earlier
work; the median values of " are fairly insensitive to halo mass,
except at the highest masses, where it increases slightly. The mass–
concentration–shape trends are consistent with earlier work; for
example, the dashed lines correspond to the fitting formulae pro-
posed by Gao et al. (2008) and reproduce the overall trends very
well.

Fig. 2 illustrates an interesting point already hinted at in Fig. 1:
the shape parameter seems to correlate with concentration at given
mass. Interestingly, haloes of average concentration have approx-
imately the same shape parameter (" $ 0.18, i.e. quite similar to
NFW), regardless of mass. Haloes with higher-than-average con-
centration have smaller values of " and vice versa. This suggests
that the same mechanism responsible, at given mass, for deviations
in concentration from the mean might also be behind the different
mass profile shapes at z = 0 parametrized by ". We explore this
possibility next.

4.2 Characteristic densities and assembly times

As pointed out by Navarro et al. (1997) and confirmed by subsequent
work (see, e.g. Jing 2000), the scatter in concentration is closely
related to the accretion history of a halo: the earlier (later) a halo is
assembled the higher (lower) its concentration.

This is clear from the assembly histories shown in Fig. 1, which
illustrate as well that defining ‘formation time’ in a way that corre-
lates strongly and unequivocally with concentration is not straight-
forward. For example, the often-used half-mass formation redshift,
z1/2, varies only weakly with c, making it an unreliable proxy for

Ludlow et al. (2013)
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Figure 2. Mass dependence of the best-fitting Einasto parameters for all
haloes in our sample at z = 0. Only relaxed haloes with more than 5000
particles within the virial radius are considered. The top and bottom panels
show, respectively, the concentration, c = r200/r!2, and shape parameter, !,
as a function of halo virial mass. Individual points are coloured according to
the third parameter (see colour bar on the right of each panel). The connected
symbols trace the median values for each Millennium Simulation (see legend
in the top panel); thin solid lines delineate the 25 to 75 percentile range.
The dashed curves indicate the fitting formulae proposed by Gao et al.
(2008). For clarity only 10 000 haloes per simulation are shown in this
figure. Haloes shown in grey are systems where the best-fitting scale radius
is smaller than the convergence radius; these fits are deemed unreliable
and the corresponding haloes are not included in the analysis. The grey
vertical bars highlight three different mass bins used to explore parameter
variations at fixed halo mass (see Sections 4.3 and 4.4). The small boxes
indicate haloes in each of those bins with average, higher-than-average and
lower-than-average values of ! (bottom panel) or of the concentration (top
panel).

concentration (Neto et al. 2007). An ideal definition of formation
time would result in a natural correspondence between the charac-
teristic density of a halo at z = 0 and the density of the Universe at
the time of its assembly.

We explore two possibilities in Fig 3. Here, we show the mean
density enclosed within various characteristic radii at z = 0 ver-
sus the critical density of the Universe at the time when the main
progenitor mass equals the mass enclosed within the same radii.

The left-hand panels correspond to radii enclosing 1/4, 1/2 and
3/4 of the virial mass of the halo. The dots indicate individual
haloes coloured by halo mass, as shown in the colour bar at the top.
Boxes and whiskers trace the 10th, 25th, 75th and 90th percentiles

in bins of "crit. Note the tight but rather weak (and non-linear)
correlation between densities at these radii. This confirms our earlier
statement that ‘half-mass’ formation times are unreliable indicators
of halo characteristic density: haloes with very different z1/2 may
nevertheless have similar concentrations.

The right-hand panels of Fig. 3 show the same density correla-
tions, but measured at various multiples of r!2, the scale radius of
the mass profile at z = 0. The middle panel shows that the mean den-
sity within r!2, ""!2# = M!2/(4!/3)r3

!2 is directly proportional to
the critical density of the Universe at the time when the virial mass
of the main progenitor equals M!2. Intriguingly, this is also true
at r!2/2 (top-right panel) and at 2 $ r!2 (bottom-right panel), al-
though with different proportionality constants (listed in the figure
legends).

This means that there is an intimate relation between the mass
profile of a halo and the shape of its MAH, in the sense that, once
the scale radius is specified, the MAH can be reconstructed from
the mass profile, and vice versa. Since mass profiles are nearly
self-similar when scaled to r!2, this implies that accretion histories
must also be approximately self-similar when scaled appropriately.
The MAH self-similarity has been previously discussed by van den
Bosch (2002), but its relation to the shape of the mass profile, as
highlighted here, has so far not been recognized.

4.3 NFW accretion histories and mass profiles

We explore further the relation between MAH and mass profile
by casting both in a way that simplifies their comparison, i.e. in
terms of mass versus density. In the case of the mass profile, this
is just the enclosed mass–mean inner density relation, M(""#) (see
Section 3.1). For the MAH, this reduces to expressing the virial
mass of the main progenitor in terms of the critical density, rather
than the redshift, M("crit(z)). In what follows, we shall scale all
masses to the virial mass of the halo at z = 0, M0; "crit(z) to the
value at present, "0; and ""# to 200 "0.

The top-left panel of Fig. 4 shows, in these scaled units, the av-
erage M(""#) profile for haloes in three different narrow mass bins
(indicated by the grey vertical bars in the bottom panel of Fig. 2).
These mean profiles are computed by averaging halo masses, for
given ""#, after scaling all individual haloes as indicated above. As
expected, each profile is well fitted by an NFW profile where the
concentration increases gradually with decreasing mass. The heavy
symbols on each profile indicate the value of M!2 and ""!2#. The
top-right panel shows the same data, but scaled to these character-
istic masses and densities. Clearly, the three profiles follow closely
the same NFW shape, which is fixed in these units.

The corresponding MAHs, computed as above by averaging
accretion histories of scaled individual haloes, are shown in the
bottom-left panel of Fig. 4. The heavy symbols on each profile
again indicate the value of M!2 (as in the above panel), as well as
"crit(z!2) = 776 ""!2#, computed using the relation shown in the
middle-right panel of Fig. 3.

In these scaled units, a single point can be used to specify the
‘concentration’ of an NFW profile, which is shown by the dashed
curves. Interestingly, these provide excellent descriptions of the
MAHs: rescaled to their own characteristic density and mass they
all look alike and also follow closely the NFW shape (bottom-right
panel of Fig. 4). The MAHs and mass profiles of CDM haloes are
not only nearly self-similar: they both have similar shapes that may
be approximated very well by the NFW profile.

This implies that the concentration of the mass profile just reflects
the ‘concentration’ of the MAH. Indeed, assuming that the NFW

ρ(z, Ω̂) = ρ̄(z)∆(z, Ω̂)

Ludlow et al. (2013)
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   from theory of structure formation (M< 105 Msun)

ρ(z, Ω̂) = ρ̄(z)∆(z, Ω̂)



The mass profile and accretion history of CDM haloes 1107

Figure 2. Mass dependence of the best-fitting Einasto parameters for all
haloes in our sample at z = 0. Only relaxed haloes with more than 5000
particles within the virial radius are considered. The top and bottom panels
show, respectively, the concentration, c = r200/r!2, and shape parameter, !,
as a function of halo virial mass. Individual points are coloured according to
the third parameter (see colour bar on the right of each panel). The connected
symbols trace the median values for each Millennium Simulation (see legend
in the top panel); thin solid lines delineate the 25 to 75 percentile range.
The dashed curves indicate the fitting formulae proposed by Gao et al.
(2008). For clarity only 10 000 haloes per simulation are shown in this
figure. Haloes shown in grey are systems where the best-fitting scale radius
is smaller than the convergence radius; these fits are deemed unreliable
and the corresponding haloes are not included in the analysis. The grey
vertical bars highlight three different mass bins used to explore parameter
variations at fixed halo mass (see Sections 4.3 and 4.4). The small boxes
indicate haloes in each of those bins with average, higher-than-average and
lower-than-average values of ! (bottom panel) or of the concentration (top
panel).

concentration (Neto et al. 2007). An ideal definition of formation
time would result in a natural correspondence between the charac-
teristic density of a halo at z = 0 and the density of the Universe at
the time of its assembly.

We explore two possibilities in Fig 3. Here, we show the mean
density enclosed within various characteristic radii at z = 0 ver-
sus the critical density of the Universe at the time when the main
progenitor mass equals the mass enclosed within the same radii.

The left-hand panels correspond to radii enclosing 1/4, 1/2 and
3/4 of the virial mass of the halo. The dots indicate individual
haloes coloured by halo mass, as shown in the colour bar at the top.
Boxes and whiskers trace the 10th, 25th, 75th and 90th percentiles

in bins of "crit. Note the tight but rather weak (and non-linear)
correlation between densities at these radii. This confirms our earlier
statement that ‘half-mass’ formation times are unreliable indicators
of halo characteristic density: haloes with very different z1/2 may
nevertheless have similar concentrations.

The right-hand panels of Fig. 3 show the same density correla-
tions, but measured at various multiples of r!2, the scale radius of
the mass profile at z = 0. The middle panel shows that the mean den-
sity within r!2, ""!2# = M!2/(4!/3)r3

!2 is directly proportional to
the critical density of the Universe at the time when the virial mass
of the main progenitor equals M!2. Intriguingly, this is also true
at r!2/2 (top-right panel) and at 2 $ r!2 (bottom-right panel), al-
though with different proportionality constants (listed in the figure
legends).

This means that there is an intimate relation between the mass
profile of a halo and the shape of its MAH, in the sense that, once
the scale radius is specified, the MAH can be reconstructed from
the mass profile, and vice versa. Since mass profiles are nearly
self-similar when scaled to r!2, this implies that accretion histories
must also be approximately self-similar when scaled appropriately.
The MAH self-similarity has been previously discussed by van den
Bosch (2002), but its relation to the shape of the mass profile, as
highlighted here, has so far not been recognized.

4.3 NFW accretion histories and mass profiles

We explore further the relation between MAH and mass profile
by casting both in a way that simplifies their comparison, i.e. in
terms of mass versus density. In the case of the mass profile, this
is just the enclosed mass–mean inner density relation, M(""#) (see
Section 3.1). For the MAH, this reduces to expressing the virial
mass of the main progenitor in terms of the critical density, rather
than the redshift, M("crit(z)). In what follows, we shall scale all
masses to the virial mass of the halo at z = 0, M0; "crit(z) to the
value at present, "0; and ""# to 200 "0.

The top-left panel of Fig. 4 shows, in these scaled units, the av-
erage M(""#) profile for haloes in three different narrow mass bins
(indicated by the grey vertical bars in the bottom panel of Fig. 2).
These mean profiles are computed by averaging halo masses, for
given ""#, after scaling all individual haloes as indicated above. As
expected, each profile is well fitted by an NFW profile where the
concentration increases gradually with decreasing mass. The heavy
symbols on each profile indicate the value of M!2 and ""!2#. The
top-right panel shows the same data, but scaled to these character-
istic masses and densities. Clearly, the three profiles follow closely
the same NFW shape, which is fixed in these units.

The corresponding MAHs, computed as above by averaging
accretion histories of scaled individual haloes, are shown in the
bottom-left panel of Fig. 4. The heavy symbols on each profile
again indicate the value of M!2 (as in the above panel), as well as
"crit(z!2) = 776 ""!2#, computed using the relation shown in the
middle-right panel of Fig. 3.

In these scaled units, a single point can be used to specify the
‘concentration’ of an NFW profile, which is shown by the dashed
curves. Interestingly, these provide excellent descriptions of the
MAHs: rescaled to their own characteristic density and mass they
all look alike and also follow closely the NFW shape (bottom-right
panel of Fig. 4). The MAHs and mass profiles of CDM haloes are
not only nearly self-similar: they both have similar shapes that may
be approximated very well by the NFW profile.

This implies that the concentration of the mass profile just reflects
the ‘concentration’ of the MAH. Indeed, assuming that the NFW
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Figure 1. Halo density profiles and accretion histories. Left-hand panel: median density profiles of MS-II relaxed haloes in the mass range 1.24 <

log M200/(1010 h!1 M") < 1.54 (corresponding to particle numbers in the range 2.5 # 104 < N200 < 5 # 104), selected according to their concentra-
tion (see boxes in the top panel of Fig. 2). Densities are shown scaled to !0, the critical density at z = 0, and weighted by r2 in order to enhance the dynamic
range of the plot. Radii are scaled to the virial radius, r200. The best-fitting Einasto profiles are shown by the thin solid curves, with parameters listed in the
legend. Dot–dashed curves indicate NFW profiles (whose shape is fixed in these units) matched at the scale radius, r!2, where the r2! profiles peak. Arrows
indicate the half-mass radius, r1/2. Right-hand panel: median MAHs of the same set of haloes chosen for the left-hand panel. Halo accretion history is defined
as the evolution of the mass of the main progenitor, expressed in units of the mass of the halo at z = 0. The heavy circles indicate the redshift, z!2, when the
progenitor’s mass equals the mass, M!2, enclosed within the scale radius at z = 0. The starred symbols indicate the half-mass formation redshift.

In the scaled units of Fig. 1 the scale radius, r!2, signals the
location of the maximum of each curve, and different concentrations
show as shifts in the position of the maxima, which are indicated
by large filled circles. In addition to their different concentrations,
the profiles differ as well in ", which increases with decreasing
concentration (see legends in Fig. 1). Arrows indicate the half-
mass radius of each profile. Dot–dashed curves show NFW profiles
(whose shape is fixed in this plot) with the same concentration as
the best Einasto fit (solid lines). The density profile curves more
gently than NFW for " ! 0.18 and less gradually than NFW for
" " 0.18, respectively.

The (median) MAHs corresponding to the same sets of haloes
are shown in the right-hand panel of Fig. 1. We define the MAH of
a halo as the evolution of the virial mass of the main progenitor,3

usually expressed as a function of the scalefactor a = 1/(1 + z),
and normalized to the present-day value, M0 = M200(z = 0). As ex-
pected, more concentrated haloes accrete a larger fraction of their
final mass earlier on. The filled stars indicate the ‘half-mass for-
mation redshift’, z1/2, whereas the filled circles indicate z!2, the
redshift when the mass of the main progenitor first reaches M!2,
the mass enclosed within r!2 at z = 0.

4 R ESULTS

4.1 The mass–concentration–shape relations

The top panel of Fig. 2 shows the mass–concentration relation for
our sample of relaxed haloes at z = 0. Concentrations are estimated
from Einasto fits, and are colour coded by the shape parameter, ",
as indicated by the colour bar. The open symbols track the median
concentrations as a function of mass. The thin solid lines trace the

3 The main progenitor of a given dark matter halo is found by tracing
backwards in time the most massive halo along the main branch of its
merger tree.

25th and 75th percentiles of the scatter at fixed mass. Different
symbols are used for the different MS runs, as specified in the
legend. Note the excellent agreement in the overlapping mass range
of each simulation, which indicates that our fitting procedure is
robust to the effects of numerical resolution.

The bottom panel of Fig. 2 shows the mass–" relation, coloured
this time by concentration. The trend is again consistent with earlier
work; the median values of " are fairly insensitive to halo mass,
except at the highest masses, where it increases slightly. The mass–
concentration–shape trends are consistent with earlier work; for
example, the dashed lines correspond to the fitting formulae pro-
posed by Gao et al. (2008) and reproduce the overall trends very
well.

Fig. 2 illustrates an interesting point already hinted at in Fig. 1:
the shape parameter seems to correlate with concentration at given
mass. Interestingly, haloes of average concentration have approx-
imately the same shape parameter (" $ 0.18, i.e. quite similar to
NFW), regardless of mass. Haloes with higher-than-average con-
centration have smaller values of " and vice versa. This suggests
that the same mechanism responsible, at given mass, for deviations
in concentration from the mean might also be behind the different
mass profile shapes at z = 0 parametrized by ". We explore this
possibility next.

4.2 Characteristic densities and assembly times

As pointed out by Navarro et al. (1997) and confirmed by subsequent
work (see, e.g. Jing 2000), the scatter in concentration is closely
related to the accretion history of a halo: the earlier (later) a halo is
assembled the higher (lower) its concentration.

This is clear from the assembly histories shown in Fig. 1, which
illustrate as well that defining ‘formation time’ in a way that corre-
lates strongly and unequivocally with concentration is not straight-
forward. For example, the often-used half-mass formation redshift,
z1/2, varies only weakly with c, making it an unreliable proxy for
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Ingredients:
1. Halos mass function
2. Halos density profile (NFW, Einasto, etc ...)
3. Halos concentration 
+ all of the above for subhalos 

3. HALO MASS FUNCTION

3.1. Fitting Formula and General Results

Although the number density of collapsed halos of a given
mass depends sensitively on the shape and amplitude of the power
spectrum, successful analytical Ansätze predict the halo abun-
dance quite accurately by using a universal function describ-
ing the mass fraction of matter in peaks of a given height, ! !
"c/#(M; z), in the linear density field smoothed at some scale R "
(3M /4$%̄m)

1/3 (Press & Schechter 1974; Bond et al. 1991; Sheth
& Tormen 1999). Here, "c # 1:69 is a constant corresponding to
the critical linear overdensity for collapse and #(M ; z) is the rms
variance of the linear density field smoothed on scale R(M ). The
traditional nonlinear mass scale M$ corresponds to # " "c. This
fact has motivated the search for accurate universal functions de-
scribing simulation results by Jenkins et al. (2001), White (2002),
and Warren et al. (2006). Following these studies, we choose the
following functional form to describe halo abundance in our
simulations:

dn
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In extended Press-Schechter theory, the overdensity at a location
in a linear density field follows a random walk with decreasing
smoothing scale. The function f (#) is the #-weighted distribution
of first crossings of these random walks across a barrier separat-
ing collapsed objects from uncollapsed regions (e.g., where the
random-walking overdensity first crosses "c). The function f (#)
is expected to be universal to the changes in redshift and cos-
mology and is parameterized as

f (#) " A
#

b

! "%a
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; &3'

where

#2 "
Z

P(k)Ŵ (kR)k 2 dk; &4'

P(k) is the linear matter power spectrum as a function of wave-
number k, and Ŵ is the Fourier transform of the real-space top-
hat window function of radius R. It is convenient to recall that the
matter variance monotonically decreases with increasing smooth-
ing scale; thus, higherM corresponds to lower #. In the figures and
text, we will use log #%1 as the independent variable. This quan-
tity increases monotonically with halo mass.

The functional form (3) was used in Warren et al. (2006) with
minor algebraic difference, and is similar to the forms used by
Sheth & Tormen (1999)11 and Jenkins et al. (2001). ParametersA,
a, b, and c are constants to be calibrated by simulations. The pa-
rameter A sets the overall amplitude of the mass function, while a
and b set the slope and amplitude of the low-mass power law, re-
spectively. The parameter c determines the cutoff scale at which
the abundance of halos exponentially decreases.

The best-fit values of these parameters were determined by fit-
ting equation (3) to all the z " 0 simulations using &2 minimiza-
tion and are listed in Table 2 for each value of !. For! ) 1600,

we fix the value of A to be 0.26 without any loss of accuracy.12

This allows the other parameters to vary monotonically with !,
allowing for smooth interpolation between values of !.
Figure 5 shows the mass function measured for three values

of ! and the corresponding best-fit analytic functions. We plot
(M 2/%̄m) dn/dM rather than dn/dM to reduce the dynamic range
of the y-axis, as dn/dM values span nearly 14 orders of magni-
tude. The figure shows that as ! increases the halo masses be-
come systematically smaller. Thus, from ! " 200 to 3200, the
mass scale of the exponential cutoff reduces substantially. The
shape of the mass function is also altered; at! " 200 the loga-
rithmic slope at low masses is *%1.85, while at ! " 3200 the
slope is nearly%2. This change in slope is due to two effects. First,
the fractional change in mass when converting between values of
! is not a constant; it depends on halo mass. Because halo con-
centrations are higher for smaller halos, the fractional change is
higher at lower masses, thus steepening the mass function. Sec-
ond, a number of low-mass objects withinR200 of a larger halo are
‘‘exposed’’ as distinct halos when halos are identified with ! "
3200. Although all halos contain substructure, these ‘‘revealed’’
subhalos will only impact overall abundance of objects at low
mass,M P 1012 h%1 M+, because the satellite fraction (the frac-
tion of all halos located within virial radii of larger halos) de-
creases rapidly from #20% to zero for M > 1012 h%1 M+ (e.g.,
Kravtsov et al. 2004). This trend can be understood using aver-
age properties of subhalos in parent CDM halos. Subhalo popu-
lations are approximately self-similar with only a weak trend with
mass (e.g., Moore et al. 1999; Gao et al. 2004), and the largest11 A convenient property of the Sheth & Tormenmass function is that one re-

covers the mean matter density of the universe when integrating over all mass;
the function is normalized such that

R
f (#) d ln #%1 " 1. Eq. (3) does not con-

verge when integrating to log #%1 " %1. In Appendix C we present a modified
fitting function that is properly normalized at all ! but still produces accurate
results at z " 0.

12 Although a four-parameter function is required to accurately fit the data at
low!, at high overdensities the error bars are sufficiently large that a degeneracy
between A and a emerges, and the data can be fit with only three free parameters,
given a reasonable choice for A.

Fig. 5.—Measured mass functions for all WMAP1 simulations, plotted as
(M 2/%̄m) dn/dM against logM . The solid curves are the best-fit functions from
Table 2. The three sets of points show results for! " 200, 800, and 3200 ( from
top to bottom). To provide a rough scaling betweenM and #%1, the top axis of the
plot shows#%1 for thismass range for theWMAP1 cosmology. The slight offset be-
tween the L1280 results and the solid curves is due to the slightly lower value of
"m " 0:27.
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traditional nonlinear mass scale M$ corresponds to # " "c. This
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P(k) is the linear matter power spectrum as a function of wave-
number k, and Ŵ is the Fourier transform of the real-space top-
hat window function of radius R. It is convenient to recall that the
matter variance monotonically decreases with increasing smooth-
ing scale; thus, higherM corresponds to lower #. In the figures and
text, we will use log #%1 as the independent variable. This quan-
tity increases monotonically with halo mass.

The functional form (3) was used in Warren et al. (2006) with
minor algebraic difference, and is similar to the forms used by
Sheth & Tormen (1999)11 and Jenkins et al. (2001). ParametersA,
a, b, and c are constants to be calibrated by simulations. The pa-
rameter A sets the overall amplitude of the mass function, while a
and b set the slope and amplitude of the low-mass power law, re-
spectively. The parameter c determines the cutoff scale at which
the abundance of halos exponentially decreases.

The best-fit values of these parameters were determined by fit-
ting equation (3) to all the z " 0 simulations using &2 minimiza-
tion and are listed in Table 2 for each value of !. For! ) 1600,

we fix the value of A to be 0.26 without any loss of accuracy.12

This allows the other parameters to vary monotonically with !,
allowing for smooth interpolation between values of !.
Figure 5 shows the mass function measured for three values

of ! and the corresponding best-fit analytic functions. We plot
(M 2/%̄m) dn/dM rather than dn/dM to reduce the dynamic range
of the y-axis, as dn/dM values span nearly 14 orders of magni-
tude. The figure shows that as ! increases the halo masses be-
come systematically smaller. Thus, from ! " 200 to 3200, the
mass scale of the exponential cutoff reduces substantially. The
shape of the mass function is also altered; at! " 200 the loga-
rithmic slope at low masses is *%1.85, while at ! " 3200 the
slope is nearly%2. This change in slope is due to two effects. First,
the fractional change in mass when converting between values of
! is not a constant; it depends on halo mass. Because halo con-
centrations are higher for smaller halos, the fractional change is
higher at lower masses, thus steepening the mass function. Sec-
ond, a number of low-mass objects withinR200 of a larger halo are
‘‘exposed’’ as distinct halos when halos are identified with ! "
3200. Although all halos contain substructure, these ‘‘revealed’’
subhalos will only impact overall abundance of objects at low
mass,M P 1012 h%1 M+, because the satellite fraction (the frac-
tion of all halos located within virial radii of larger halos) de-
creases rapidly from #20% to zero for M > 1012 h%1 M+ (e.g.,
Kravtsov et al. 2004). This trend can be understood using aver-
age properties of subhalos in parent CDM halos. Subhalo popu-
lations are approximately self-similar with only a weak trend with
mass (e.g., Moore et al. 1999; Gao et al. 2004), and the largest11 A convenient property of the Sheth & Tormenmass function is that one re-

covers the mean matter density of the universe when integrating over all mass;
the function is normalized such that
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f (#) d ln #%1 " 1. Eq. (3) does not con-

verge when integrating to log #%1 " %1. In Appendix C we present a modified
fitting function that is properly normalized at all ! but still produces accurate
results at z " 0.

12 Although a four-parameter function is required to accurately fit the data at
low!, at high overdensities the error bars are sufficiently large that a degeneracy
between A and a emerges, and the data can be fit with only three free parameters,
given a reasonable choice for A.

Fig. 5.—Measured mass functions for all WMAP1 simulations, plotted as
(M 2/%̄m) dn/dM against logM . The solid curves are the best-fit functions from
Table 2. The three sets of points show results for! " 200, 800, and 3200 ( from
top to bottom). To provide a rough scaling betweenM and #%1, the top axis of the
plot shows#%1 for thismass range for theWMAP1 cosmology. The slight offset be-
tween the L1280 results and the solid curves is due to the slightly lower value of
"m " 0:27.
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The mass profile and accretion history of CDM haloes 1107

Figure 2. Mass dependence of the best-fitting Einasto parameters for all
haloes in our sample at z = 0. Only relaxed haloes with more than 5000
particles within the virial radius are considered. The top and bottom panels
show, respectively, the concentration, c = r200/r!2, and shape parameter, !,
as a function of halo virial mass. Individual points are coloured according to
the third parameter (see colour bar on the right of each panel). The connected
symbols trace the median values for each Millennium Simulation (see legend
in the top panel); thin solid lines delineate the 25 to 75 percentile range.
The dashed curves indicate the fitting formulae proposed by Gao et al.
(2008). For clarity only 10 000 haloes per simulation are shown in this
figure. Haloes shown in grey are systems where the best-fitting scale radius
is smaller than the convergence radius; these fits are deemed unreliable
and the corresponding haloes are not included in the analysis. The grey
vertical bars highlight three different mass bins used to explore parameter
variations at fixed halo mass (see Sections 4.3 and 4.4). The small boxes
indicate haloes in each of those bins with average, higher-than-average and
lower-than-average values of ! (bottom panel) or of the concentration (top
panel).

concentration (Neto et al. 2007). An ideal definition of formation
time would result in a natural correspondence between the charac-
teristic density of a halo at z = 0 and the density of the Universe at
the time of its assembly.

We explore two possibilities in Fig 3. Here, we show the mean
density enclosed within various characteristic radii at z = 0 ver-
sus the critical density of the Universe at the time when the main
progenitor mass equals the mass enclosed within the same radii.

The left-hand panels correspond to radii enclosing 1/4, 1/2 and
3/4 of the virial mass of the halo. The dots indicate individual
haloes coloured by halo mass, as shown in the colour bar at the top.
Boxes and whiskers trace the 10th, 25th, 75th and 90th percentiles

in bins of "crit. Note the tight but rather weak (and non-linear)
correlation between densities at these radii. This confirms our earlier
statement that ‘half-mass’ formation times are unreliable indicators
of halo characteristic density: haloes with very different z1/2 may
nevertheless have similar concentrations.

The right-hand panels of Fig. 3 show the same density correla-
tions, but measured at various multiples of r!2, the scale radius of
the mass profile at z = 0. The middle panel shows that the mean den-
sity within r!2, ""!2# = M!2/(4!/3)r3

!2 is directly proportional to
the critical density of the Universe at the time when the virial mass
of the main progenitor equals M!2. Intriguingly, this is also true
at r!2/2 (top-right panel) and at 2 $ r!2 (bottom-right panel), al-
though with different proportionality constants (listed in the figure
legends).

This means that there is an intimate relation between the mass
profile of a halo and the shape of its MAH, in the sense that, once
the scale radius is specified, the MAH can be reconstructed from
the mass profile, and vice versa. Since mass profiles are nearly
self-similar when scaled to r!2, this implies that accretion histories
must also be approximately self-similar when scaled appropriately.
The MAH self-similarity has been previously discussed by van den
Bosch (2002), but its relation to the shape of the mass profile, as
highlighted here, has so far not been recognized.

4.3 NFW accretion histories and mass profiles

We explore further the relation between MAH and mass profile
by casting both in a way that simplifies their comparison, i.e. in
terms of mass versus density. In the case of the mass profile, this
is just the enclosed mass–mean inner density relation, M(""#) (see
Section 3.1). For the MAH, this reduces to expressing the virial
mass of the main progenitor in terms of the critical density, rather
than the redshift, M("crit(z)). In what follows, we shall scale all
masses to the virial mass of the halo at z = 0, M0; "crit(z) to the
value at present, "0; and ""# to 200 "0.

The top-left panel of Fig. 4 shows, in these scaled units, the av-
erage M(""#) profile for haloes in three different narrow mass bins
(indicated by the grey vertical bars in the bottom panel of Fig. 2).
These mean profiles are computed by averaging halo masses, for
given ""#, after scaling all individual haloes as indicated above. As
expected, each profile is well fitted by an NFW profile where the
concentration increases gradually with decreasing mass. The heavy
symbols on each profile indicate the value of M!2 and ""!2#. The
top-right panel shows the same data, but scaled to these character-
istic masses and densities. Clearly, the three profiles follow closely
the same NFW shape, which is fixed in these units.

The corresponding MAHs, computed as above by averaging
accretion histories of scaled individual haloes, are shown in the
bottom-left panel of Fig. 4. The heavy symbols on each profile
again indicate the value of M!2 (as in the above panel), as well as
"crit(z!2) = 776 ""!2#, computed using the relation shown in the
middle-right panel of Fig. 3.

In these scaled units, a single point can be used to specify the
‘concentration’ of an NFW profile, which is shown by the dashed
curves. Interestingly, these provide excellent descriptions of the
MAHs: rescaled to their own characteristic density and mass they
all look alike and also follow closely the NFW shape (bottom-right
panel of Fig. 4). The MAHs and mass profiles of CDM haloes are
not only nearly self-similar: they both have similar shapes that may
be approximated very well by the NFW profile.

This implies that the concentration of the mass profile just reflects
the ‘concentration’ of the MAH. Indeed, assuming that the NFW
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Figure 1. Halo density profiles and accretion histories. Left-hand panel: median density profiles of MS-II relaxed haloes in the mass range 1.24 <

log M200/(1010 h!1 M") < 1.54 (corresponding to particle numbers in the range 2.5 # 104 < N200 < 5 # 104), selected according to their concentra-
tion (see boxes in the top panel of Fig. 2). Densities are shown scaled to !0, the critical density at z = 0, and weighted by r2 in order to enhance the dynamic
range of the plot. Radii are scaled to the virial radius, r200. The best-fitting Einasto profiles are shown by the thin solid curves, with parameters listed in the
legend. Dot–dashed curves indicate NFW profiles (whose shape is fixed in these units) matched at the scale radius, r!2, where the r2! profiles peak. Arrows
indicate the half-mass radius, r1/2. Right-hand panel: median MAHs of the same set of haloes chosen for the left-hand panel. Halo accretion history is defined
as the evolution of the mass of the main progenitor, expressed in units of the mass of the halo at z = 0. The heavy circles indicate the redshift, z!2, when the
progenitor’s mass equals the mass, M!2, enclosed within the scale radius at z = 0. The starred symbols indicate the half-mass formation redshift.

In the scaled units of Fig. 1 the scale radius, r!2, signals the
location of the maximum of each curve, and different concentrations
show as shifts in the position of the maxima, which are indicated
by large filled circles. In addition to their different concentrations,
the profiles differ as well in ", which increases with decreasing
concentration (see legends in Fig. 1). Arrows indicate the half-
mass radius of each profile. Dot–dashed curves show NFW profiles
(whose shape is fixed in this plot) with the same concentration as
the best Einasto fit (solid lines). The density profile curves more
gently than NFW for " ! 0.18 and less gradually than NFW for
" " 0.18, respectively.

The (median) MAHs corresponding to the same sets of haloes
are shown in the right-hand panel of Fig. 1. We define the MAH of
a halo as the evolution of the virial mass of the main progenitor,3

usually expressed as a function of the scalefactor a = 1/(1 + z),
and normalized to the present-day value, M0 = M200(z = 0). As ex-
pected, more concentrated haloes accrete a larger fraction of their
final mass earlier on. The filled stars indicate the ‘half-mass for-
mation redshift’, z1/2, whereas the filled circles indicate z!2, the
redshift when the mass of the main progenitor first reaches M!2,
the mass enclosed within r!2 at z = 0.

4 R ESULTS

4.1 The mass–concentration–shape relations

The top panel of Fig. 2 shows the mass–concentration relation for
our sample of relaxed haloes at z = 0. Concentrations are estimated
from Einasto fits, and are colour coded by the shape parameter, ",
as indicated by the colour bar. The open symbols track the median
concentrations as a function of mass. The thin solid lines trace the

3 The main progenitor of a given dark matter halo is found by tracing
backwards in time the most massive halo along the main branch of its
merger tree.

25th and 75th percentiles of the scatter at fixed mass. Different
symbols are used for the different MS runs, as specified in the
legend. Note the excellent agreement in the overlapping mass range
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robust to the effects of numerical resolution.
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concentration–shape trends are consistent with earlier work; for
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mass profile shapes at z = 0 parametrized by ". We explore this
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4.2 Characteristic densities and assembly times
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work (see, e.g. Jing 2000), the scatter in concentration is closely
related to the accretion history of a halo: the earlier (later) a halo is
assembled the higher (lower) its concentration.

This is clear from the assembly histories shown in Fig. 1, which
illustrate as well that defining ‘formation time’ in a way that corre-
lates strongly and unequivocally with concentration is not straight-
forward. For example, the often-used half-mass formation redshift,
z1/2, varies only weakly with c, making it an unreliable proxy for
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3. HALO MASS FUNCTION

3.1. Fitting Formula and General Results

Although the number density of collapsed halos of a given
mass depends sensitively on the shape and amplitude of the power
spectrum, successful analytical Ansätze predict the halo abun-
dance quite accurately by using a universal function describ-
ing the mass fraction of matter in peaks of a given height, ! !
"c/#(M; z), in the linear density field smoothed at some scale R "
(3M /4$%̄m)

1/3 (Press & Schechter 1974; Bond et al. 1991; Sheth
& Tormen 1999). Here, "c # 1:69 is a constant corresponding to
the critical linear overdensity for collapse and #(M ; z) is the rms
variance of the linear density field smoothed on scale R(M ). The
traditional nonlinear mass scale M$ corresponds to # " "c. This
fact has motivated the search for accurate universal functions de-
scribing simulation results by Jenkins et al. (2001), White (2002),
and Warren et al. (2006). Following these studies, we choose the
following functional form to describe halo abundance in our
simulations:

dn

dM
" f (#)

%̄m
M

d ln #%1

dM
: &2'

In extended Press-Schechter theory, the overdensity at a location
in a linear density field follows a random walk with decreasing
smoothing scale. The function f (#) is the #-weighted distribution
of first crossings of these random walks across a barrier separat-
ing collapsed objects from uncollapsed regions (e.g., where the
random-walking overdensity first crosses "c). The function f (#)
is expected to be universal to the changes in redshift and cos-
mology and is parameterized as

f (#) " A
#

b

! "%a

(1

# $
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where

#2 "
Z

P(k)Ŵ (kR)k 2 dk; &4'

P(k) is the linear matter power spectrum as a function of wave-
number k, and Ŵ is the Fourier transform of the real-space top-
hat window function of radius R. It is convenient to recall that the
matter variance monotonically decreases with increasing smooth-
ing scale; thus, higherM corresponds to lower #. In the figures and
text, we will use log #%1 as the independent variable. This quan-
tity increases monotonically with halo mass.

The functional form (3) was used in Warren et al. (2006) with
minor algebraic difference, and is similar to the forms used by
Sheth & Tormen (1999)11 and Jenkins et al. (2001). ParametersA,
a, b, and c are constants to be calibrated by simulations. The pa-
rameter A sets the overall amplitude of the mass function, while a
and b set the slope and amplitude of the low-mass power law, re-
spectively. The parameter c determines the cutoff scale at which
the abundance of halos exponentially decreases.

The best-fit values of these parameters were determined by fit-
ting equation (3) to all the z " 0 simulations using &2 minimiza-
tion and are listed in Table 2 for each value of !. For! ) 1600,

we fix the value of A to be 0.26 without any loss of accuracy.12

This allows the other parameters to vary monotonically with !,
allowing for smooth interpolation between values of !.
Figure 5 shows the mass function measured for three values

of ! and the corresponding best-fit analytic functions. We plot
(M 2/%̄m) dn/dM rather than dn/dM to reduce the dynamic range
of the y-axis, as dn/dM values span nearly 14 orders of magni-
tude. The figure shows that as ! increases the halo masses be-
come systematically smaller. Thus, from ! " 200 to 3200, the
mass scale of the exponential cutoff reduces substantially. The
shape of the mass function is also altered; at! " 200 the loga-
rithmic slope at low masses is *%1.85, while at ! " 3200 the
slope is nearly%2. This change in slope is due to two effects. First,
the fractional change in mass when converting between values of
! is not a constant; it depends on halo mass. Because halo con-
centrations are higher for smaller halos, the fractional change is
higher at lower masses, thus steepening the mass function. Sec-
ond, a number of low-mass objects withinR200 of a larger halo are
‘‘exposed’’ as distinct halos when halos are identified with ! "
3200. Although all halos contain substructure, these ‘‘revealed’’
subhalos will only impact overall abundance of objects at low
mass,M P 1012 h%1 M+, because the satellite fraction (the frac-
tion of all halos located within virial radii of larger halos) de-
creases rapidly from #20% to zero for M > 1012 h%1 M+ (e.g.,
Kravtsov et al. 2004). This trend can be understood using aver-
age properties of subhalos in parent CDM halos. Subhalo popu-
lations are approximately self-similar with only a weak trend with
mass (e.g., Moore et al. 1999; Gao et al. 2004), and the largest11 A convenient property of the Sheth & Tormenmass function is that one re-

covers the mean matter density of the universe when integrating over all mass;
the function is normalized such that

R
f (#) d ln #%1 " 1. Eq. (3) does not con-

verge when integrating to log #%1 " %1. In Appendix C we present a modified
fitting function that is properly normalized at all ! but still produces accurate
results at z " 0.

12 Although a four-parameter function is required to accurately fit the data at
low!, at high overdensities the error bars are sufficiently large that a degeneracy
between A and a emerges, and the data can be fit with only three free parameters,
given a reasonable choice for A.

Fig. 5.—Measured mass functions for all WMAP1 simulations, plotted as
(M 2/%̄m) dn/dM against logM . The solid curves are the best-fit functions from
Table 2. The three sets of points show results for! " 200, 800, and 3200 ( from
top to bottom). To provide a rough scaling betweenM and #%1, the top axis of the
plot shows#%1 for thismass range for theWMAP1 cosmology. The slight offset be-
tween the L1280 results and the solid curves is due to the slightly lower value of
"m " 0:27.
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number k, and Ŵ is the Fourier transform of the real-space top-
hat window function of radius R. It is convenient to recall that the
matter variance monotonically decreases with increasing smooth-
ing scale; thus, higherM corresponds to lower #. In the figures and
text, we will use log #%1 as the independent variable. This quan-
tity increases monotonically with halo mass.

The functional form (3) was used in Warren et al. (2006) with
minor algebraic difference, and is similar to the forms used by
Sheth & Tormen (1999)11 and Jenkins et al. (2001). ParametersA,
a, b, and c are constants to be calibrated by simulations. The pa-
rameter A sets the overall amplitude of the mass function, while a
and b set the slope and amplitude of the low-mass power law, re-
spectively. The parameter c determines the cutoff scale at which
the abundance of halos exponentially decreases.

The best-fit values of these parameters were determined by fit-
ting equation (3) to all the z " 0 simulations using &2 minimiza-
tion and are listed in Table 2 for each value of !. For! ) 1600,

we fix the value of A to be 0.26 without any loss of accuracy.12

This allows the other parameters to vary monotonically with !,
allowing for smooth interpolation between values of !.
Figure 5 shows the mass function measured for three values

of ! and the corresponding best-fit analytic functions. We plot
(M 2/%̄m) dn/dM rather than dn/dM to reduce the dynamic range
of the y-axis, as dn/dM values span nearly 14 orders of magni-
tude. The figure shows that as ! increases the halo masses be-
come systematically smaller. Thus, from ! " 200 to 3200, the
mass scale of the exponential cutoff reduces substantially. The
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higher at lower masses, thus steepening the mass function. Sec-
ond, a number of low-mass objects withinR200 of a larger halo are
‘‘exposed’’ as distinct halos when halos are identified with ! "
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creases rapidly from #20% to zero for M > 1012 h%1 M+ (e.g.,
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results at z " 0.
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Fig. 5.—Measured mass functions for all WMAP1 simulations, plotted as
(M 2/%̄m) dn/dM against logM . The solid curves are the best-fit functions from
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(M 2/%̄m) dn/dM against logM . The solid curves are the best-fit functions from
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an extrapolation of more 
than 10 orders of magnitude!

10−9, 10−6 h−1 M⊙ ?

Ingredients:
1. Halos mass function
2. Halos density profile (NFW, Einasto, etc ...)
3. Halos concentration 
+ all of the above for subhalos 

> 106 h−1 M⊙

ρ(z, Ω̂) = ρ̄(z)∆(z, Ω̂)



Enter: the dark matter power spectrum

A Power Spectrum approach
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limited by shot noise (resolution) !
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The extrapolation:

M =
4π

3
ρ∆v R

3 kmax ∼ M−1/3
min
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The nonlinear matter Power Spectrum

ζ(z) = �δ2(z, Ω̂)� =
� kmax

0

dk

k
∆NL(k) ∆NL(k) ≡

k3 PNL(k)

2π2

The extrapolation:

∆NL(k) = F [∆L(kL)]



Estimating uncertainties ... 
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Other uncertainties: neutrinos

The matter power with neutrinos 2559

Figure 6. The effect of massive neutrinos on the matter power spectrum for a variety of neutrino masses. Solid lines show the ratio between simulations
with and without massive neutrinos, for both 512 Mpc h!1 (red) and 150 Mpc h!1 (orange) boxes. The blue dashed line shows the estimated ratio using our
improved fitting formula, while the black dashed line shows the prediction from linear theory.

4 D I S C U S S I O N A N D C O N C L U S I O N S

We have performed a suite of detailed simulations of the matter
power spectrum, incorporating the effects of massive neutrinos us-
ing both particle and Fourier-space methods, but focusing on sim-
ulations with neutrino particles. We have compared our results to
those predicted by the widely used HALOFIT approximation to the
non-linear matter power spectrum, and presented an improved fit-
ting formula.

Observational constraints on the neutrino mass prior to this work
have either used linear theory (Reid et al. 2010) or HALOFIT to

estimate the effect of massive neutrinos on the matter power spec-
trum. Thomas et al. (2010), for example, used photometric redshifts
at z = 0.45–0.65, on scales k ! 0.2 h Mpc!1. This is in the weakly
non- linear regime, where we find HALOFIT to be accurate. Hence our
results should not significantly change their published constraints
and that of studies probing similar scales.

However, while HALOFIT reproduces the suppression of the mat-
ter power spectrum due to the free streaming of neutrinos well on
some scales, in the fully non-linear regime it systematically over-
predicts the level of the effect. Furthermore, HALOFIT fails to capture
the redshift dependence of the amplitude and scale of the peak

C" 2011 The Authors, MNRAS 420, 2551–2561
Monthly Notices of the Royal Astronomical Society C" 2011 RAS

Bird et al. (2012)
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Other uncertainties: baryons

0.1 1 10 100 1000
0.1

1

10

100

1000

104

k �hMpc�1�

�
N
L�k�

z � 0

DM only
AGN �� �m2 � �c2�
REF �� �m2 � �c2�

halofit �Smith et al., 2003�
linear
shot�noise

van Daalen et al. (2011)data from

CDM spectra



The nonlinear Power Spectrum from the Halo Model
306 C. Giocoli et al.

Figure 4. Ratio of the non-linear power spectrum predicted by the halo model and the fit by Smith et al. (2003). From left- to right-hand panels, the panels show
results for the three models of the mass–concentration relation, as described in the text. From top to bottom panels, we show results at four different redshifts.
In all the panels, solid curves show the ratio for the deterministic concentration assignment, while dotted and dashed curves refer to the stochastic model with
widths !ln c = 0.25 and 0.35. The heavy solid curves show the ratio between the power spectrum in the MS and Smith et al. (2003) at the corresponding
redshifts, and the dash–dotted line (only in the right-hand panels) shows the shot noise in the MS with respect to the fit.

radius of the host follows the halo mass–concentration relation. To
account for the radial distance dependence we randomly sample
the substructure density profile distribution in the host, consistently
with the model adopted (NFW or Gao et al. 2004), and locate the
subhalo at a distance dvir from the host centre (dvir is expressed in
unit of the host halo virial radius). Note that we do not consider
scatter in f s at fixed c and M.

Likewise, the large-scale (two-halo) term can be further decom-
posed according to the different correlations between smooth and
clump components. In this case, we have the following three con-
tributions.

(1) Smooth–smooth component correlation on large scales:

P2H,ss(k, z) = Plin(k)SI 2
(k, z). (32)

(2) Smooth–clump correlation:

P2H,sc(k, z) = 2Plin(k)SI (k, z)CI (k, z). (33)

(3) Clump correlation:

P2H,cc(k, z) = Plin(k)CI 2
(k, z). (34)

Here,

SI (k, z) =
!

M

"̄
n(M, z)b(M, z)

!
!

Msm

M
u[k, c(Msm)]p(c|M)dc dM (35)

and

CI (k, z) =
!

M

"̄
n(M, z)b(M, z)

!
!

Ic(M)(k, z)Us[k|c(M)]p(c|M)dc dM. (36)

Recall that I = N, S or Z, corresponding to C1, C2 and C3 (see
equations 6–8 and 16).

The full non-linear dark matter power spectrum is the sum of all
components,

P+(k, z) =
4"

i=1

P1H,i(k, z) +
3"

i=1

P2H,i(k, z). (37)

C" 2010 The Authors. Journal compilation C" 2010 RAS, MNRAS 408, 300–313

Giocoli et al. (2010)



The DM extragalactic annihilation flux 
can be computed in the Halo Model 
from 3 or more quantities 
determined from simulations 
or 
directly from the Power Spectrum, 
with minimal assumptions

Conclusion

Halo Model:

F = c3v(M, z)

� cv
0 dxx2κ2(x)

�� cv
0 dxx2κ(x)

�2ζ(z) =
1

Ωmρc

�

Mmin

dM
dn

dM
M

∆vir(z)

3
�F �

+ subhalos properties (x2)

Power Spectrum:

ζ(z) = �δ2(z, Ω̂)� =
� kmax

0

dk

k

k3 PNL(k)

2π2
or


