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Symplectic Field Theory of a Disk, Quantum
Integrable Systems, and Schur Polynomials

Boris Dubrovin

Abstract. We consider commuting operators obtained by quantization
of Hamiltonians of the Hopf (aka dispersionless KdV) hierarchy. Such
operators naturally arise in the setting of Symplectic Field Theory (SFT).
A complete set of common eigenvectors of these operators is given by
Schur polynomials. We use this result for computing the SF'T potential
of a disk.

1. Introduction

1.1. Hopf Integrable Hierarchy and its Quantization
Hopf equation

u+uuy =0 (1.1)

can be considered as the spatially one-dimensional analog of the Euler equa-
tions of motion of ideal incompressible fluid. It is perhaps the simplest exam-
ple of an integrable nonlinear PDE. In the community of experts in integrable
systems it is often called dispersionless Korteweg—de Vries (KdV) equation;
sometimes it is also called (inviscid) Burgers equation. Equation (1.1) is an
infinite-dimensional analog of a Hamiltonian dynamical system
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(to be more specific let us consider (1.1) as a dynamical system on the space
of smooth 27-periodic functions). It possesses a complete family of pairwise
commuting conservation laws
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The Hopf Hamiltonian coincides with the functional Hy; the Hamiltonian
Hj generates spatial translations; the very first Hamiltonian H_; is a Casimir
of the degenerate Poisson bracket defined by the operator d,. A convenient
generating function of the commuting Hamiltonians can be chosen in the form

1 2m
H(z) / U@y =1+ Z H, 2"t (1.3)
0

2w
n>—1

In general the procedure of quantization of a Hamiltonian system on a
symplectic manifold converts functions on the manifold into operators acting
on a suitable space of states. It depends on the choice of canonical coordinates
on the phase space.

In our case one can use the Fourier coefficients of the 27-periodic function

u(x) = Z Upe! "

neZ
as coordinates on the phase space. Their Poisson brackets read
{Un, Um } =100, —n.

Thus one can choose positive Fourier coefficients as canonical coordinates
on the symplectic leaves ug = const

Qn = Up, n>1.
Negative Fourier coefficients will be denoted
Pn =U_p, n>1
Their Poisson brackets have the canonical form up to a constant factor
{pnsam} = —indmn, {uo,an} = {uo,pn} =0. (1.4)

After the quantization one has to replace the variables g,,, p,, by operators
Qn, Pm satisfying the commutation relations

Here & is an independent parameter of the quantization procedure called
Planck constant.

The operators i, pr admit the following realization on the space of poly-
nomials in the variables q1, g2, ...

W@ = al0), Befla) =hho (), k=12  (16)
dk

We can associate certain operators acting on the same space of polynomi-
als also with the Hamiltonians H,, applying the procedure of normal ordering.
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That means that, in any monomial in the p- and g-variables all p,-s must be
written on the right and, then, replaced by operators p,, = hn %. Denote

o 1 2 u™t2(x) _
i _—./0 e (1.7)

the resulting normally ordered quantum operators. For example,

0
H—l = U

N 1 2 ’LL2 ’LL2
H) = —: —dz =2 (nDn
n>1
. 1 o3 u? 1
0o_ * . il ] A B = G Dt e Ay DD
H1 = o /0 6 dz := 6 + ug ZQkpk + 9 Z (QzQJszrj + ql+jplpj)

0]
etc. In the semiclassical limit 2 — 0 the operators are replaced by their symbols
clearly coinciding with the original Hamiltonians H,,.
However, these quantum operators do not commute any more; this can
be seen already in the commutator

80 f h? A U
[H% HS] =3 Zw(z +3) (Gi+jDiD; — 4idjPi+s) # O
We arrive at the following quantization problem.

Definition 1.1. Quantization of the integrable system (1.1) is a family of pair-
wise commuting operators ﬁn, n > —1, acting on the Fock space of polyno-
mials C[q1,¢e,...] and, in the semiclassical limit & — 0, coinciding with H,,
given by (1.2).

Such quantization problem! was addressed in [21] where a recursion pro-
cedure for constructing commuting quantum Hamiltonians has been developed.
Independently a closed formula for the commuting quantum Hamiltonians was
found by Y. Eliashberg [9,10], see also [22], in the setting of Symplectic Field
Theory (see below). This formula plays the central role in the present paper.

Proposition 1.2. The operators I:In, n > —1 defined by their generating func-

tion
7:{( B 1 /27r zs(ih/220; Ju(z) 4 1+ Z H, "2
zug, h) = ——————: e A = n?
21 s (hl/zz) 0 n>—1
(1.8)
where

u@) =uo+ ) (Gue™ + pre”")
k>1

1 Quantization of the KdV equation equipped with the second Poisson bracket was first
considered in a series of papers by V. Bazhanov, S. Lukyanov and A. Zamolodchikov [4—
6]. More recently the problem of quantization of the intermediate long wave equation was
addressed in [7].
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and

commute pairwise

[f[n,ffm} =0, n,m>-—1.
Remark 1.3. The commuting operators H, were recently rediscovered in es-
sentially equivalent form in [1,13].

1.2. Schur Polynomials and Eigenvectors of the Quantum Hamiltonians

Using the Taylor expansion of the function s(t)
t2n

=14 )

n>1

one can spell out the formula (1.8) as follows

~ 1 2m su_h 23 w4 R2:5 w@®
H(z,ug, i) = A e 24 1920 dx
27 s (h z) 0

s0, in the semiclassical limit & — 0, one returns to the Hamiltonians (1.2) but,
starting from Hs there are nontrivial corrections

H,l = U

. 1 27 2
Hy=—": / Yz _h
2 Jo 2 24

u

. 1 2w 3 h
Hi=—: —dz:——
LT or /0 6 24

A L 7wtk 1 Th?
Hy = —: — + — "y dz : .
2= 9 /0 {24 T <““ 2" )| T 5760
Observe that, in the representation (1.6) the nontrivial part of Hy coin-
cides with the degree operator, up to an additive constant,

N 0 h
H0|u0:0 = thQn

0q, 24

and H; with the cut-and-join operator
. 1 ) 0
Hilyy=0 = 5 (hi+jQiQ'+h2ijQi )
‘ 0 9 Zz]: ( ) J a%‘-&-j +J 6611'8613'

It was observed in [15] that Schur polynomials are eigenvectors? of the
cut-and-join operator. It turns out that the same is true for all commuting

2 It can also be deduced from the description [3] in terms of Jack polynomials of eigenstates
of the Calogero—Sutherland operator at the limit 3 — 1. I thank P. Wiegmann for this
reference.
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Hamiltonians (1.8). In order to formulate the precise statement® let us remind
basic definitions of the theory of Schur polynomials.
Introduce polynomials hy(q) by

2k
th(q)zk —eXkz1 T hp =0 for k<O. (1.9)
k>0
For any Young tableau A = (A > Ay > --- >\, > 0) (the number n for
the tableau A will be denoted I(A)) define a polynomial
SX (Q) = det (hqu—i-&-j(Q)hgi,jgl(A) .
They coincide with the standard Schur polynomials sy(x), up to a nor-
malization of the independent variables xj = 4&.
q

Theorem 1.4. For any partition \ the polynomial s) (51/2) 18 an eigenvector
of the operator (1.8)

H(z, ug, I)sy (#) = E(z,\, ug, h)sx (#)

E(z,\, ug, h) = hY/?ze* w0 Ze‘z h1/2(’\"7i+%), Rez > 0. (1.10)
i=1
The sum in the right-hand side makes sense for any infinite sequence of
nonnegative integers Ay > Ao > ... such that A\; = 0 for ¢ > 0. Observe
that the eigenvalue (1.10) essentially coincides with the Chern character of the
partition A introduced in [17]

E(z, N\, ug, h =1) = zchy(uop, 2).

All Schur polynomials sx(q) of degree n = |A| form a basis in the space
V. C Clq] of all graded homogeneous polynomials of degree n in the variables
q1, - - -, Qn, where the degree is assigned according to the following rule

degq; =14, i=1,2,....

Thus, the Theorem 1.4 provides us with a complete family of eigenstates
of the commuting quantum Hamiltonians.

1.3. Applications to Symplectic Field Theory

Symplectic Field Theory (SFT) is an approach to constructing topological
invariants of contact manifolds and symplectic cobordisms between them by
enumeration of pseudoholomorphic maps of open Riemann surfaces with cer-
tain boundary conditions. It also provides one with a surgery tool in comput-
ing Gromov-Witten (GW) invariants of closed symplectic manifolds by gluing
them from simple blocks.

With a compact contact? manifold V the SFT associates a bosonic Fock
space F (V') generated by closed Reeb orbits on V, assuming them to be all
non-degenerate. Choosing a closed odd-dimensional differential form 6 on V'
one obtains an infinite sequence of pairwise commuting quantum Hamiltonians

3 A closely related result was recently announced in [1].
4 This assumption can be slightly relaxed, see [10] for details.



B. Dubrovin Ann. Henri Poincaré

H ,2/ acting on the Fock space. For the particular case V = S this gives [9,10]
the quantum Hamiltonians (1.8), see more details in Sect. 3 below.
A symplectic cobordism W between two contact manifolds V and V_,

oW =V, U (-V_)
defines an operator
Z&¥ L F(V) — F(VD) (1.11)

called the total SF'T potential of W. For a closed symplectic manifold W,
OW = (), the SFT potential coincides with the total Gromov—Witten (GW)
descendent potential of W.

In particular, to a symplectic manifold W with the boundary V' the total
SFT potential of W defines a state ... in the Fock space F(V) (or in its
dual, depending on the orientation of V' = £dW). A suitable choice of an
even-dimensional closed differential form ¢ = 6 A dp on W makes the SFT
potential W, depend on an infinite number of coupling parameters tf. The
dependence on these parameters is determined from a system of pairwise com-
muting Schrédinger® equations

0

)
ot?

Ul = HY O k=0,1,....

Our goal is to compute this SFT potential for the simplest example V' =
St W = disk.
Denote
E(z,\uo,h) =1+ > En(Xug,h)z""? (1.12)

n>—1
the Taylor expansion of the eigenvalues (1.10), see the explicit formula (2.13)
below.
Theorem 1.5. The total SFT potential of a disk C C is given by the following
formula

is _ydimA
\IJ(SiF’l% (u07t7p’h):2h 2 |>\||
T !

et Tizo tiBluo,hid) g (—hfﬂ) RENCRE)

Collecting in (1.13) partitions of a given number n = || one obtains a
part of the SFT potential corresponding to maps of Riemann surfaces with
cylindrical ends of a given degree n. For low degrees |A\| < 3 keeping the
variables ¢y, for k < 3 one obtains (for simplicity we set ug = 0; recall that this
parameter is responsible for adding punctures on the Riemann surface with no
cohomology classes inserted)

5 Due to our normalization of canonical coordinates and Hamiltonians the v/—1 does not
appear in the equations.
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1 3t0+3h%t1+ﬂht2+ﬁh%t3 3 1
+ 36? e 8 8 (p1—|—3ﬁ2p1p2+2ﬁp3)
+4¢%0 TR (g} — hipy)
3t073h%t1+£ht27ﬁh%t3 3 _ hl h
+e 8 8 (py — 3h2p1pa + 2hps) || + ...

It is not difficult to see that the resulting expansion contains only integer
powers of Planck constant due to the following well-known properties (see,

e.g., [16])
sv(p) = (=1)Msx(—p)
dim N = dim ).
Here ) is the transposed Young tableau.
Remark 1.6. Setting in (1.13) tp, =0 for k # 1, ug = 0, t; = 8 one obtains

the I.P. Goulden and D.M. Jackson generating function for Hurwitz numbers
[12] (see also [23]) in the representation of M. Kazarian and S. Lando [15].

Corollary 1.7. The tau-function 7(p,€) = V=K (¢, p, ug, €2) for arbitrary val-
ues of the parameters ug and t = (to,t1,...) satisfies equations of the KP
hierarchy

Zh —2y)hji1(e D)e ez ¥l — 0 forally = (y1,y2,...). (1.14)
7>0

Here
D = (D1,Day,...)
are the Hirota bilinear operators,

0
Dyt 7= gT(pk +q)(T(pr — q) ;
q q=0

D = (Dy,2D4,3Ds,...).

Recall that, expanding eqs. (1.14) with respect to the indeterminates y;,
12, etc. one obtains an infinite family of bilinear equations for tau-function of
the KP hierarchy. E.g., the first two equations read

(12D3 — 12Dy D3+ hD})7-7 =0
6DyD3 — 6D Dy +hD3Dy)7-7=0
1
(recall: here and below € = h). The second logarithmic derivative

u=e0%log T
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as function of x = py, y = po, t = p3 satisfies the Kadomtsev—Petviashvili
equation

12

Following the general scheme of [11] one can use the SFT potential of the
disk for computation of the stationary sector (in the terminology of [20]) of
Gromov-Witten theory of projective line P!. Namely,

h

Corollary 1.8. Denote M;’n(Pl, d) the space® of degree d stable maps to P! of
not necessarily connected algebraic curves of the total genus g with n punctures.
Let

X : M;},L(Pl, d) —7Z

be a locally constant function taking value x = 2g — 2k on the subset of stable
maps of k-component curves. Then

. o d ugl tkl “e tk;n
Zpl(tvzah) *Zzz ZW Z T
k1,....kn

g>0d>0 m,n

X / hEevi(w)...evi(w)pkr .. ke

[31 (PL,a)]"™

.
g,n+m

. 2
_ Z (%)lkl (d|1§\n'/\) o Tz th Be(Auo,h) (1.16)
A !

In this formula w € H?(P') is the area form normalized by [ w = 1.
Pl

Specializing (1.16) at ug = 0, i = 1 and collecting the terms of degree d
one arrives at Eq. (0.25) of the A. Okounkov and R. Pandharipande paper [20]
playing an important role in their analysis of GW /Hurwitz correspondence.

The paper is organized as follows. In Sect. 2 we recall basics about the
so-called boson-fermion correspondence. We apply this technique for proving
Theorem 1.4. In Sect. 3 we very briefly remind main definitions of Symplectic
Field Theory and prove Theorem 1.5 as well as Corollaries 1.7 and 1.8.

2. Boson-Fermion Correspondence and Proof of Theorem 1.4

For simplicity let us do the calculations setting 7 = 1. The original normaliza-
tion will be restored at the end of the proof.

We will use the so-called boson-fermion correspondence. Let us briefly
remind the main step of this construction; the reader can find more details in
[2,18]. By definition the algebra of free bosons has generators’ ¢, pn, n > 1,
satisfying commutation relations

[pnﬂlm} =N 0n,m, [pnapm] = [‘Jm‘Jm] =0. (2-1)

6 Here we follow notations of [20].
7 Hats over the bosonic operators will be omitted in this section.
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It admits a natural representation on the bosonic Fock space

C[q17q23 .. -]A: @ Vn
n=0

Vi={f€Clqn,...,qu]| deg f =n}, assuming degq; =1

where the generator ¢, acts by multiplication by ¢, and p,, by derivation

9’
The algebra of free fermions has two infinite sequences of generators vy,

and v} labeled by half-integers. The defining relations are given in terms of
anticommutators

Pn

{a,b} = ab + ba.
They read

Fermionic Fock space F is spanned by vectors obtained by action of finite
products of the generators on the vacuum vector |0 >. It is assumed that

PY_p|0>=0, ¥;|0>=0 for k>0.

The generators ¥ _j, and v} for k > 0 are called annihilation operators;
the generators ¢ and *, are creation operators. For any product of the
fermionic generators the normal order is defined by moving all annihilation
operators on the right. For example, the normal ordering of the product ;v;

is
wor = {120

Vectors of charge zero in the fermionic Fock space can be written as linear
combinations of vectors of the form

biy i, 0>

for an arbitrary integer n > 0. The subspace in the Fock space spanned by
these vectors will be denoted Fy. The dual space F* is obtained by a similar
action on the bra-vector < 0] assuming that

0=<0[p, 0=<0p*, for k>0.

The pairing F* x F — C is completely defined by the anticommutation
relations (2.2) along with the normalization

<0|0>=1.
Boson-fermion correspondence is an isomorphism of linear spaces

q) . ﬁ) — C[ql,QQ,...}A
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given by the formula

B(E]0>) = <0]ef@¢|0 >
K@) =Y T3 e (2.3)
n=1 7

for any state £|0 >¢ Fy.
The following formulae hold true

K Dape™ K@D = ap; 4 hy(q)1hi_1 + hal(q)hia + ...
X @Dapre™ D) = g 4 by (—q)Fy ) + ha(—Q)W] o + .- (2:4)

Here hy(q) are elementary Schur polynomials defined in (1.9).

Due to the isomorphism (2.3) any operator on JFy becomes an operator on
the bosonic Fock space C[q1, g2, - . .]" and vice versa. For example, the pullback
of the operators ¢, and p, acting on the bosonic Fock space is given by the
following infinite sums

Ol ® = D U,
JEZ+3
lp, ®= >y,
JEZ+%
The following statement was proved by P. Rossi in [22].

Proposition 2.1. The fermionic representation of the Hamiltonian (1.8) reads

—145 zZu z * 1
O H(z,upg, h=1) D = e* U0 zk%—glek :wkq/’k“*‘?z) . (2.5)
€lt3

Following [2] construct a basis of the fermionic Fock space Fy labeled by
partitions A = (Ay > Ay > -+ > X\, > 0) of arbitrary length n > 0. It is
convenient to use Frobenius notations for partitions

/\:(al,...7ad|ﬁl,...,ﬁd) (26)

where d = d(\) is the length of the diagonal of the Young tableau A, the
numbers «;, 3; are defined as follows

OéZ:)\Z—Z, 51:)\2_17 221,,d(>\)
Here X is the transposed Young tableau. Define the state | A >€ Fy by
A>= Yo gVorrs  Vou+3 ¥ a4 Vom 1 V001 10> - (27)

For empty partition put | >= |0 >.
The following statement readily follows from Proposition 2.10 of [2].

Proposition 2.2. For any partition A one has

®(|A>) = (=1)"Msa(g) (2.8)
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where
d(X)
b(A) = (B +1).
i=1
Denote
Oz) = > by (2.9)
kEZ+3

the nontrivial part of the operator (2.5).

Lemma 2.3. The states | X > are eigenvectors of the Hamiltonian (2.9)

d(\)
O()A>=3" [e2<%+%> e BHE)] A > (2.10)

i=1
Here the partition X\ is represented in the Frobenius form (2.6).
Proof. One has
O)| A >
= Z ekz¢sz¢a1+%wa2+% o '¢ad(k)+%¢jlgdm,% - 'wiﬁréwim,% 10>

k>0

—kz ;% * * *
o Z € ¢_k¢—k¢al+%¢a2+§ o 'wo‘dm‘*‘%w—ﬁdm—% o '1/)—52—%1/)—51—% 10>

k>0

Since v} annihilates the vacuum for £ > 0, in the first sum the only
nonzero terms are those for which k£ = a; + % for some 1 <i < d(X). So

kz * * * *
Z € wkwkwal‘*‘%waz’*‘% o .wad(/\)-i_%w_ﬁd()\)_% o w—ﬁz—%w—&—% | 0>
k>0
d(X)

= Zez (O‘i+%)|)\ > .
i—1

In a similar way in the second sum the nonzero terms come from k =
B; + %, 1 <i < d(\). This gives the second half of Eq. (2.10). O

It is easy to see that

d(X) LX)
> |ttt e ] = 3 [eshemed) - ] 2
i=1 1=1

So, to complete the proof of the theorem it remains to reinsert the Planck
constant. This can be done by rescaling

k—1 1
g —h"?q, z— h2z

The theorem is proved.
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(a1, aqm| B, -+ Bany) the polynomials sy (hlq/Q) are common eigenvec-
tors of the commuting operators H;c

2 q q

Hyos) (W) — Ex(\, uo, h)s» (W) L k> 1 (2.12)
with the eigenvalues given by one of the two equivalent expressions
Er(A uo, h) = ck(uo, h)

Corollary 2.4. For any partition X = (A\y > Ay > -+ > Ny > 0) =

1) Juo + 5 (A =i+ %)]k+1 — [wo + 7% (-i+ 1)
A2 &+ 1)

L4 {UO s (s + %)]kﬂ B [uo s (B: + %)]kﬂ

:|k:+1

Pt (k4 1)!
(2.13)
where
k+2
k + 2 i i k—j42
ck(UOah): (/ﬂ+2 | ( ) (1_21 j)th2uO / )
B; are Bernoulli numbers.
Proof. With the help of an obvious formula
: 1
Zez(*”%) = , Rez>0
, z5(2)
i>1
the expressions (1.10) can be rewritten in the form
[ 1 (&) 1 o 1o
Bz, A\ ug, h) = " | ———~ +hiz) (ez’” (rimit3) _ 22 (M))
S (775 Z) i=1

d(\)

LR th zhé(,@iJrl))
o (hzz)JrhzzZ( o ’

Expanding the right-hand side in z and using the Taylor expansion
L - i (21—71 _ 1) &t"
|
s(t) =, n!
one arrives at the needed formula for the eigenvalues. O
Remark 2.5. An alternative derivation [20] of the spectrum of the operator
(2.9) wuses a realization of the fermionic algebra by operators acting on the

Sato infinite-dimensional Grassmannian. Let us briefly outline this construc-
tion that will be useful below. Introduce an infinite-dimensional space with a

basis ey,
V= @ (Cek.

kezZ+1
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Denote
ATV =span(e;, Aey, A---|iy > iy > -+, iy =—k for large k),
€ Ne;, = —e; N\ €;j. (214)

Action of the fermionic algebra is defined by adding or erasing a factor

on the left of a semi-infinite wedge product
0 1
= ep/N r=—1 keZ+ - 2.15
wk: €L/, %; 8€k ) € L+ 2 ( )

The vacuum vector reads
|0>=e_1/2Ne_3;2 \....
For any partition A = (A > X2 > ... > X\ > 0) consider
oy =€y _1Ney s AN Aey i Ne 1N € AZV. (2.16)
The wvectors of the form (2.16) span the fermionic phase space Fy. Ac-
cording to [20] it is an eigenvector of the operator (2.9) with the eigenvalue
I

Z [ez(,\i—wé) -~ ez(fwé)} .

i=1

3. SFT Potential of a Disk

Let us very briefly outline the main constructions of SFT; more details can be
found in [8,10,11]; see also [22].

Let (V,a) be a contact manifold with a contact form «. Denote R the
Reeb vector field on V. Let P(V') be the set of periodic orbits of R. For simplic-
ity assume that all periodic orbits are non-degenerate; in this case P(V) is a
discrete set. The first playing character is the SF'T Hamiltonian HY . The con-
struction uses intersection theory on the moduli spaces of pseudoholomorphic
maps

f: (C’g,xl,...,zn;yf,...,y;_;yf,...,y;;) -V xR
of Riemann surfaces of genus g with n marked points x1, ..., z,, r_ negative
punctures y; , ..., ¥, € Cy and r positive punctures i, y;: € Cy. One

has to choose an almost complex structure J on the cylinder V' xR compatible
with the symplectic form d (e'a) where t € R. It must be invariant with respect
to t-translations and satisfy certain additional restrictions. The boundary con-
ditions for the pseudoholomorphic maps near the positive/negative punctures
depend on a choice of suitably oriented Reeb orbits 'yf' S ey %"t and vy, ...,
v, in P(V). Namely, the map f must be asymptotically cylindrical near the
negative punctures y; , ..., y, to the orbits 7, ..., 7, at ¢t — —oo and to

'yf, R 'y;: near the positive punctures ylﬂ RN yj:r at t — 4-00. Denote

My (Viv ™4 h), AT =0nsn), A =01t (31)
the moduli space of such maps. The group R acts on the moduli space by
translations. The quotient can be compactified by adding stable holomorphic
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buildings [8]. Denote My, (V;~v~,~v%)/R the compactified space. Choosing a
system of closed differential forms 61, ..., x5 on V define the so-called SF'T
Hamiltonian HY = H" (t,q,p, h) as a generating function of the intersection
numbers on the moduli spaces as follows®

LU DD SRS SIS

T
920 nr_ g 0<iy, . in <N *

0Lk Yoy Yo
v "“’Wctgr
S A O RTINS (32)

Mg (VY=Y +)/R

Here ev; are the evaluation maps

eVi:Mg,n(V;’Y_77+)/R_)‘/7 f'_)f(wZ)7 izlv"'un7

; = ¢1 (L£;) are the Chern classes of the tautological line bundles over the
moduli spaces. All the independent variables in the formula are Z/2-graded.
In particular, the parity of the variables tfc, i =1,....,.N, k =0,1,... is
determined by parity of the chosen differential forms 61, ..., 5. The ¢- and
p-variables labeled by Reeb orbits belong to a Weyl (super)-algebra with the
commutation relations

[p’ya qV’]i = hmuu(’V)é’Y v

As the moduli spaces My, (V;v~,~v1)/R are odd-dimensional, the gener-
ating function is an odd element of the algebra. Expanding HY with respect to
odd variables tz and taking the cohomology class one obtains therefore infinite
families of commuting Hamiltonians

Hi‘,/k(qapa h) = 8(31 [Hv]tzo
E
in the Weyl algebra.

In the simplest case V = S! the above construction yields the commuting
quantum Hamiltonians (1.8). In this case the set of Reeb orbits is just the set
of integers. The moduli spaces (3.1) are nontrivial only for positive multiplic-
ities. Thus one has independent variables ¢, p,, n = 1, 2,... satisfying the
commutation relation (1.5). Choose 6y = 1, 81 = dy as two differential forms
on S (here ¢ is the angular coordinate on the circle). The SFT Hamiltonian
HS' is an odd element of the Weyl algebra with generators p,, g,, n > 1
depending on even variables ¢? and odd variables ¢}, k > 0. Taking derivatives
with respect to odd variables produces the commuting quantum Hamiltonians
according to the following procedure [10].

8 Our definition differs by a factor i from the one of [10,11]. This factor will be restored
below, see the Schrodinger equation (3.9).



SFT and Schur Polynomials

Proposition 3.1. Restriction of the derivatives of HS = Hsl(t,q,p, h) onto
the locus t) = ug, 19 = 0 for k > 0, t; = 0 for all k yields the commuting
Hamiltonians (1.8)

- 0

Hn(u()?h) = @HS |t8:uo, t9=0 for k>0, tL=0> T > 0. (33)

More generally, with a symplectic cobordism W between two contact
manifolds V and V_,
oW =V, U (-V_)
one can associate a family of moduli spaces M ,,(W,v~,~") labeled by col-
lections of Reeb orbits v~ = (77,...,7,_ ) on V_ and v+ = (7] --- , Y, ) on
V4. To this end one has to consider pseudoholomorphic maps with cylindrical
ends of Riemann surfaces of genus g with r_ negative and r1 positive punc-
tures and also with n marked points z1, ..., x, to the symplectic manifold
W U (V_ x (—00,0]) U (Vy x [0,+00)) equipped with an appropriate almost
complex structure. Evaluation maps are defined

evi: My ,(W,y",vT) =W, i=1,...,n

by taking images of the marked points. In this way one arrives at the SFT
potential

Zé/II::‘T(t7q7p,h) = e% ZQZO hgfg’FT(taqvp). (3.4)

Here the genus g part F. gSFT (t,q, p) is the generating function of numbers

obtained by integrating over the compactified moduli spaces My, (W,~v~,v)
the pullbacks ev}(¢) of differential forms ¢ on W along with t-classes. The
independent variables q = (¢,-) and p = (p,+) are labeled by Reeb orbits on
V_ and V., respectively.

If W is obtained by gluing together two symplectic cobordisms

W=W,UW,, oW, =VU(V.), OWs=V,U(-V)

between contact manifold V_ and V' and V and V.. respectively, then the SF'T
potential of W can be obtained by applying the following gluing rules

Z%(a-,p+) = 2" (a-,P) Z™ (a4, P+) |a=0
=Z" (q-,p) 2" (4, p+) |p=0- (3.5)

The variables q = (¢,) and p = (p,) are labeled by Reeb orbits on V.
The left-acting operator ?7 and right-acting operator ?7 are defined by
0
—

0
P = hmult(y) —, = hmult(y) =—.
D~ () 94, q~ (") ap,

In the particular case of a symplectic manifold W with a boundary V =
V_ the total SFT potential depends only on the canonical coordinates g,
labeled by Reeb orbits on V. It can be considered as a state in the bosonic
Fock space generated by Reeb orbits on V. This state will be denoted by

\Ijg‘l/;’T(tv q, h) = Zg‘F/‘T(tv q, h)
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In a similar way, for a symplectic manifold W with a boundary V =V,
one obtains a state in the dual Fock space

\IJIS/I%T(ta P, h) = Zg‘l/?T(ta P, h)

Finally, for a closed symplectic manifold W the total SF'T potential co-
incides with the GW total descendent potential

Zr (6, h) = Zgw (¢, h).

To insert pullbacks of cohomology classes of the form ¢ = 6 A dp, 0 €
Qodd(V,), dp € QL. (R) along with their descendents one can use the SFT

comp
Hamiltonians (3.2):
AV
Zlfn(t.a i) = (Zihatas p e DT TR} g
p=0

where the quantum Hamiltonians H, ,l/ * are defined in a way similar to (3.3),

- 0
H;/+(q7p7h) = wHV_P (t7q7p7h)|t=07 k > 0.
k
In the calculations of this section the following two formulae from the
theory of Schur polynomials will be useful (see, e.g., the Macdonald book
[16]).

Proposition 3.2. The following formulae hold true

qr = Z dim A - sa(q1, .-, qn) (3.7)
[A|=n
dim A
5A(Q1>a‘]n): n Q?_Fv ’I’),:|A‘ (38)

where periods stand for monomials of lower degree in q; .

In these formulae dim ) is the dimension of the irreducible representation
of the symmetric group S5, associated with the Young tableau A. Recall that
this dimension can be computed using the hook length formula
) Al
dm\= =——F—
i jyex h(i9)
(ibid.)

We are now ready to prove Theorem 1.5.

Proof. According to the prescription (3.6) one has to solve a system of pairwise
commuting non-stationary Schrodinger equations for the wave function ¥ =

0 —
h—U=VH,, k=01,2,... (3.9)
Oty

with the plane wave initial data

pan
\I/|t:() =eh.
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Using Eq. (3.7) one decomposes the initial condition in a linear combi-
nation of common eigenvectors of the commuting Hamiltonians

_ b dim A
T, ()

With the help of such a decomposition, using (2.13), one arrives at (1.13).
O

We will now prove Corollary 1.7.

Proof. According to [18] tau-functions of the KP hierarchy correspond to sim-
ple multivectors

1
T(Cllvfh,---):@(w_%/\w_g/\m), vy €V, ueZ+§, v<0

(for notations see Remark 2.5 above). Choosing

Yy = Z Av,i6u+i

i>0

A, :lexp S [uo + 1% (v + )5+ — [ug + Az v]*+!
2 k1 1)

(cf. [14]) one obtains the expression (1.13). O

Proof of Corollary 1.8. According to the above procedures to compute the
Gromov-Witten potential of P! within the stationary sector one has to apply
the SF'T potential of the disk to the potential of the cap without insertions,
ie.,

z 411

Zp(t, 2, h) = UGEK (uo,t, Pili) e 7 |40

Here the independent parameter z is added for convenience to separate
terms of various degrees. Due to (3.8) one has

—\n rdim A, A =n
A(P)41'lg=0 = 0, otherwise.
This completes the proof. O
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