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Existence and stability are proved by means of a decreasing func-
tional Q(u).

This functional is a potential: it measures all the possible future
interactions of non linear waves in (1).

The key estimate is that

TV(u)+CQ(u), C>1, (2)

is decreasing in time for "entropic” solutions of (1).

Remark. This functional is different from the entropy. It is
related to the growth of entropy dissipation.
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e [ he linear part of the Glimm functional
e Glimm functional for scalar conservation laws

ur + f(u)z =0, weER

e Glimm functional for vanishing viscosity and semidiscrete schemes
1 _
up+ (e = evgr,  uf +=(F(u™) = f(u"1)) =0

e Glimm functional for kinetic models

Ut + vy = O
vt + ug 2(f(u) —v)
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1. The linear part of the Glimm functional

We say linear part because it decreases also for linear systems.

Consider for example the linear 2 x 2 system

O
X (3)

Uile — Ul x
u2¢ + U2 x

The component w1 of the solution u travels with speed —1, while
the component us travels with speed 1:

the oscillations of wq belong to first family of waves of (3),
corresponding to the eigenvalue —1, while us is the second family,
corresponding to the eigenvalue 1.









The two components w1, and uy, cross because have different
speeds —1, and 1. Denote

P(t7xay) — ul,x(tay)UQ,x(tax)) Py + leiB((la _1)P) = 0.
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The extension of this linear part of the Glimm functional to
vanishing viscosity, semidiscrete schemes and relaxation can be
done by means of Fourier-Laplace transform, and some analytic
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The extension of this linear part of the Glimm functional to
vanishing viscosity, semidiscrete schemes and relaxation can be
done by means of Fourier-Laplace transform, and some analytic
tools.

Remark. For a scalar conservation laws

ut‘l‘f(u)a::(), u € R,

this part does not exists, and if f(u) = Au, then there is no
decreasing functional (the solution translates).

We will thus look for the part of the Glimm functional related
to the nonlinearity of f.
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Motion by in the direction of curvature

Fix two points A, B in the plane R? and consider a polygonal
line joining A with B.

A B

Define the functional (A is the external product in R?)

1 n

QM) =3 X iAvl (4)
ij=1
1<J
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Let 4/ be obtained from ~ by replacing the two segments Py,_1 P,
and PyP,4q by one single segment P,_1P,11 (a cut). The area
of the triangle with vertices Py_1, Py, Py satisfies

1
Area(Pp1PpPry1) = Sloppr Ao < Q) - QY. (5)
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Let 4/ be obtained from ~ by replacing the two segments Py,_1 P,
and PyP,4q by one single segment P,_1P,11 (a cut). The area
of the triangle with vertices Py_1, Py, Py satisfies

1 /
Area(Py_1PpPpy1) = §|W+1 ANgl < Q(y) — Q(Y). (5)

More generally, for absolutely continuous curves,
1 1 (1
Q) =5 [ | @) Ava(w)|dyde, (6)

(Area of the zonoid of the measure du(x) = dv(x).)

We say that v moves in the direction of curvature if ~(t) is
obtained from ~(s) by a sequence of cuts, for all s < ¢, s,t €
[t1,t2].
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Let Area (7; [tl,tg]) be the area swept by ~ in [t1,to].
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Let Area (7; [tl,tg]) be the area swept by ~ in [t1,to].

Theorem Let t — ~(t) € F denote a curve in the plane, moving
in the direction of the curvature. Then, for every t1 < to one has

Area(y; [t1,12]) < Q(v(t1)) — Q(v(t2). (7)
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((u(z), f(u(x)) u is continuous at
v(u; z) = { concave envelope of f|. 4+ - whasajumpinz, v~ >ut

convex envelope of flj,— 4+ whasajumpinz, u~ < uT
ﬂ,

Y
\J
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The fact that the curve ~ corresponding to Kruzhkov entropy
solution moves in the direction of curvature can be proved by
considering wavefront tracking approximation.
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We can construct the interaction functional also for the viscous
approximations

ut + f(u)x — ugg = 0. (8)
In fact, the curve in R2
. u
t == 9
v(t, ) (f(U)—’LLa;> (9)
satisfies the parabolic system

~v moves in the direction of curvature
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The functional

Q) =5 [[ @) ) |dyde

e %//x<y ux(t,x)ut(t,y) — ut(t,ac)ug;(t,y)‘dacdy, (11)

is decreasing, and controls the interaction quantity (Area swept)
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The functional

Q) =5 [[ @) ) |dyde

e %//x<y ux(t,x)ut(t,y) — ut(t,ac)ug;(t,y)‘dacdy, (11)

is decreasing, and controls the interaction quantity (Area swept)

/R‘/yt(t, LE) A\ ’Yaj(t, Q?)‘dﬂ? = /R‘ua;um — ua?xut‘dCU (12)

T heorem.

d
%Q + /R|Uacut:v — U:Uxut’dw < 0.
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The simplest semidiscrete scheme (stable and diffusive for f/ > 0)
iIs the upwind scheme,

ur(t, ) + f(u(t,z)) — f(u(t,z - 1)) =0. (13)
One can rewrite the scheme as

fu( z)) — f(u(t,z — 1)) _
ut(t, ) + w(t.o) —u(t.o— 1) (u(t, x) —u(t,r — l)) =

ur(t,x) + )\(u(t, x),u(t,z — 1)) (u(t, x) —u(t,z — 1)) = 0,
with A > O.
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Semidiscrete schemes

The simplest semidiscrete scheme (stable and diffusive for f/ > 0)
iIs the upwind scheme,

ur(t, ) + f(u(t,z)) — f(u(t,z - 1)) =0. (13)
One can rewrite the scheme as

fu( z)) — f(u(t,z — 1))
wilt,z) + u(t,z) —u(t,x — 1)
ur(t,x) + )\(u(t, x),u(t,z — 1)) (u(t, x) —u(t,z — 1)) = 0,

with A > 0.
The curve v solving

Yi(t, ) + At 2) (v(t,2) — vtz — 1)) =0 (14)
moves in the direction of curvature for A > 0.

(u(t,:c) —u(t,x — l)) =
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Similarly for the discrete scheme,
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Similarly for the discrete scheme,

u(t+1,2) —u(t,z) + f(u(t,z)) — f(u(t,r — 1)) = 0O,
and the curve ~ solving (A(t,z) = AM(u(z),u(x —1)))

Ye(t,2) = (1 = At 2)v(t 2) + At 2)y(tz — 1))

Remark. The construction of v as a function of u is nontrivial
for the semidiscrete scheme, and open for the discrete.
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Glimm functional and flux through the boundary

Consider again the parabolic equation
ut + f(u):c — ugg = 0,

and construct the variable
P(taway) = ut(t,x)ug;(t,y) — ut(t,y)um(t,x) (15)
P+ div( (' (u(t.2)), £ (u(t,y))P) = AP, @ >y, P(te,a) =0.

The interaction functional Q(u) can be now interpreted as the
L' norm of P in {z >y},

QPY= [ _ 1Ptz p)lddy, (16)
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Its derivative controls the flux of P along the boundary {z = y},

d
—Q(P) < —/ ‘VP- (1, —1)‘d:13 = —2/ |umum — utuwm)daz. (17)
dt r=1y R
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Kinetic models
We consider two classes:

BGK models: the simplest are

Ff 4+ aFS = 2(MO(u) — FY), u=Y F (18)
€

(8
For stability and compatibility,

> M*(u)=u, 0<DM%u)<I.

At equilibrium
&= M*u), u+ (Z Mo‘(u)> = 0.
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Broadwell model:
( — _
P
+ +
L Ft - Fx

7\

S((FO2 - FmFT)
Lprt - (79)?)
((FO)2 — F~FT)
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Broadwell model:

(Fy —F; = 2((FO)2-FF1)
R = iRt - (79)2)
| FP-FE = L((F0)2- FrR)

Define

wWr=F 4+ FO4+FT W2 =FT—-F , v=F +FT

u%—l—u% = O

2

uf vy = 0

vt u2 = L2+ @2)2 - 2ulv)

then its relaxation limit is
ug- _I_ U% 2\2
2 1
i+ (% +50),

Il
o ©
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t | N\

For BGK the probability of changing speed depends only on the
state u, while for Broadwell depends on the density of the parti-
cles with different speeds.
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Fr+rf = 1 —1pt
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An estimate for kinetic models

Consider the simplest BGK model, i.e. linear with only two

Speeds,
{ Fr —-F; = —-ir 4+ 3irt
Fr+rf = 1 —1pt

The Dirichlet boundary conditions are given by

F~(t,0) + FT(+,0) = 0.

(19)

44



An estimate for kinetic models

Consider the simplest BGK model, i.e. linear with only two
Speeds,

— - _ 1l — 1
{Ft —Fy = —3F 4 35FT (19)
Fr+rf = 1 —1pt

The Dirichlet boundary conditions are given by
F~(t,0) 4+ FT(t,0) = 0.

One can explain the above boundary condition by saying the
when a particle hits the boundary {z = 0} it changes sign.
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Y

Due to diffusion, it is possible to verify that after some time, in
each (¢,z) the number of particle which have bounced at x = 0
an even number of times is very close to the number of particles
which have bounced an odd number, more precisely

/O+oo IFH(t,0)|dt < 3/R(|F—(o,$)| +IFHO,0))dr.  (20)
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Explicit computations

We consider the slution as the sum of families of generations of

particles,
O

(F~,FT) =Y (F ', FT),
i=0
Ft—,i—l—l B Fx—,z'+1 _ F_’i—|2—F+’i _ i+l
Ft+,z’+1 4+ il = F_’i—|2—F+’i _ g+l

Each generation decays at a constant rate, and two particles of
the next generation are created with opposite speeds.
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eV2 —et/2

te 2

Y

% of the initial number of particles annihilates.

Y
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e 2

—et/2

te 2

% of the initial number of particles annihilates.

The total amount of crossing is bounded by

crossing of gen. 1,2  1+1/2 3

Y

mass disappearing

1/2

Y
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Estimate for BGK models

Consider the linearized BGK scheme

Ff+aFY = (Z Fﬂ> ~F% >0, Y =1 (21)
B (8

Define

«

g

_ OF® o= OF®
ot ’ or ’
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Estimate for BGK models

Consider the linearized BGK scheme

Ff + aFy :CQ(ZFﬂ> —F% >0, ) =1
o

s

Define
o OF® OF%

(6 2
g_at7 f_ﬁa:’

and introduce the functions

Paﬁ(taxay> — fa(tax)gﬁ(t?y) T fﬁ(tay)ga(t7$)

(21)

(22)
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The Glimm Functional is

Q1) = 3 IP* (O 1 (25y)
o3

=y / /R |ES (L 2) FO(t,2) — EQ(t,2) Ff (¢, 2)|dadt, (23)
o
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The Glimm Functional is

Q1) = 3 IP* (O 1 (25y)
o3

=y / /R |ES (L 2) FO(t,2) — EQ(t,2) Ff (¢, 2)|dadt, (23)
o

and the flux through the boundary {x = y} is

L= Z/ |2 =1 (e IPPO 1,

= Sla— 8 [ [ FR G FE @) FE G ) E (|t
of
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The solution to the BGK scheme can be written as

—+oc0
PP (t,z,y) = Y POP(t,x,y),

n=0
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The solution to the BGK scheme can be written as

—+oc0
PP (t,z,y) = Y POP(t,x,y),
n=0

where each function P8:" satisfies

Ptozﬁ,n + (Oz,ﬁ) _ vpaﬁ,n — %Z(Cﬁpa%n—l 4+ Cozpvﬁ,n—1> . Pozﬁ,n.
Y
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The solution to the BGK scheme can be written as

—+oc0
PP (t,z,y) = Y POP(t,x,y),

n=0
where each function P8:" satisfies

Ptozﬁ,n + (Oz,ﬁ) _ vpaﬁ,n — %Z(Cﬁpa%n—l 4+ Cozpvﬁ,n—1> . Pozﬁ,n.
Y

We will say that P%5:" is the n-th generation of particle.
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The cancellation is of the order

o8 = (;Zﬁ(a — B)Qco‘cﬁ> _4.
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The cancellation is of the order

o8 = (;Zﬁ(a — B)Qco‘cﬁ> _4.

The quantity o is the diffusion of the solutions F'¢:
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The cancellation is of the order

o8 = (;Zﬁ(a — B)Qco‘cﬁ> _4.

The quantity o is the diffusion of the solutions F'¢:

as t — oo, u=>_, F% behaves like

u + (Z aca) Ug — (% Z(O‘ — ﬁ)20a0ﬁ> Ury —
o a3
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Decomposition in travelling profiles
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Decomposition in travelling profiles
Writing @ as

3
— o 6 B Fy(t, ) B _Fa(tay)
Q(t) = a§ﬁj //RQ)FQc (t,z) F} (t,a:)\| FZ?(t,x) ( F%(t,y))‘dazdt.
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Decomposition in travelling profiles

Writing @ as

F (o) ( Fta(t’y)) ‘dwdt.

Q(t) = gﬁ://RQ’Fg(t,x)Fxﬁ(t,w)” - Fxﬁ(t,w) _an(t,y)

and the flux as

F/(t,x) <_Fto‘(t, :1:))
F2(t, z) F(t, x)

I=3 la—f /(fooijFg(t,x)Fﬁ(t,w)\'—
af
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Decomposition in travelling profiles
Writing @ as

Q) = Z//RQ)FS(t,@Ff(t,a:)H —
of

Fl(t,z) (_Fto‘(t,y)>‘ i
2t @) Fg(t,y) .

and the flux as

+oo o 3
I=) |oz—ﬁ|/o /R’Fx (t,z)Fy (t,:c)‘ — dxdt.
o3

F/(t,x) <_Fto‘(t, :1:))
F2(t, z) F(t, x)

(87

and noticing that % = —% IS the level set speed,
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Decomposition in travelling profiles

Writing @ as

F (o) ( Fta(t’y)) ‘dwdt.

Q(t) = gﬁ://RQ’Fg(t,x)Fxﬁ(t,w)” - Fxﬁ(t,w) _an(t,y)

and the flux as

+00 jde ot
7 = Zla—ﬁI/ /)Fﬁ(t,x)Ff(t,x)\'— tﬁ( ’x)—<— £ ’$)> dadt.
af3 0 R Fy(t,x) Fo(t, )
and noticing that % = —?—tz IS the level set speed,

we obtain an interpretation in terms of wave interactions of the
solution F¢.
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F Al gl 0% - of)

A

FB

FG

\j
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F Al 0% - of)

A

FB

FG

\j
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FB

|a-B|IFAF Y o of
FG
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FB

|a-B|IFAF Y o of

FAF D ot of

A

\j

The interaction functional is the sum of the products of all waves
in %, FP multiplied by their speed.
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