EXAMINATION 2

(1) Let X be a Banach space, and Y be a closed subspace.
e Show that X/Y is a Banach space.
e On the dual space X*, consider the set (annihilator of V)

X*DYLZ{ZEX*:zyzover}.

Show that Y+ is closed, and (X/Y)* is isomorphic to Y+,
o If
X =(*= {u = (u1,uz,...): [lul| = sup |u;| < oo},

Y:Co: {u:(ul,ug,...): llmun:0}7

show that Y is closed subspace of X. Represent (£>°/co)* as the continuous functional on
£ such that (“supported at +00”)

1 72=n
le, =0, (en)i:{o itn

e Let Z be a linear complement of ¢y in £*°. Assume Z closed, so that (¢>°/Z)* = (co)* = £*.
Deduce that Z = 0, so that ¢y does not have any closed linear complement in £°°.
(2) For a € (0,1), consider the space

X, = {u € C([0,1]; R): supM < oo},
Tz#y |.Z' _y|a
with the norm

[z —yl|*
e Show that X, is a Banach space, and that the unit ball

{uecou:R), Jul. <1}

|lw]|o = sup |u(z)] + sup
T Ty

is compact in C([0, 1]; R) with the sup norm.
e Prove that the sets

O, = {u € Xo: HIL}i open covering of [0, 1] with |I;| < 1/n

u(zi-) — u(ziy)|
|ie — iy |

such that >n, ;- =inf I;,x;y = sup IZ}
are open and dense in X,.
e Deduce the existence of a function u € X, not differentiable in every point x € [0, 1].
(3) Consider the space

X = {u € C([0,1];R) : % € C([O,l],R)}

with the norm
ull = sup [u(t).

)

e Show that X is of first category, i.e. countable union of closed set with empty interior.
e Consider the operator
_du
Cdt
Show that this operator is closed graph, but it is not continuous.
1
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e Show that the completion of X is C([0,1];R) and that
D(A) = {u € C([0,1;R) : Au € C(]0,1];R) is well deﬁned}7

is dense in C([0,1];R) and A is closed graph in C([0,1];R) x C([0,1]; R).
(4) Let X be a normed space, Y C X a closed subspace.
e Prove that for all @ € (0,1) there is a point 2, € X \ Y such that

ol =1 d(ze,Y) = inf {||zq — = a.
ol (@a,Y) = inf {[lza [} = a
(If o ¢ Y, then d(zo,Y) = ¢ > 0, and hence there is y, such that |20 —ya| = ¢/a. Consider

(/) (@0 = Ya)-)

e As a consequence prove that if X has infinite dimension, then
B(0,1) = {x €X: ||zl < 1}

is closed but not compact in the topology generated by || - ||.
e Let X be the Fréchet space

o0

. U,,L‘

i=1
men:{ueX:uquun:O}CX.
Prove that Y, ,, is a closed subspace of X, and
VeeX d(z,Y,,) <27"4+27".
(5) Consider X = C'([0,1];R), with the norm

1
lull o = / fu(t)]dt.

and the linear operator M : X — X defined by
_du
S odt’

Mu
e Show that
Ny = {u = constant},

and thus N, is closed.

e Prove that M is unbounded, thus not continuous. Is its graph closed?

e In the completion X = L'((0,1);R) of X, prove that there is a subspace Y (linear comple-
ment) such that

LY(0,1;R) =X +Y, YNX=/{0}.

Using the fact that X is dense, show that the projections Px, Py defined by the decompo-
sition © = Pxu + Pyu are not continuous.
e Extend M: X — X to M : L1((0,1); R) — X by

Mu = M(Pxu).
Show that M is well defined, D(M) = L((0,1);R), but it is not continuous.
e Define M : L}((0,1);R) — (L((0,1); R) x L*((0,1);R)) by
Mu = (M(Pxu), Pyu).

Show that Ngz is closed, the domain is the whole L'((0,1);R), but M is not continuous.



